
CHAPTER 1

Introduction

1.1 Nomenclature

NOMENCLATURE

R Set of real numbers

R+ {x ∈ R : x ≥ 0}
Z Set of integers

Z+ Set of positive integers

N Set of natural numbers

Q Set of rational numbers

Q+ Set of positive rational numbers

PMS Partial metric spaces

ρ(A) Diameter of a set A in a partial metric space

d(A) Diameter of a set A in a metric and b-metric space

ρrb(A) Diameter of a set A in a rectangular partial b- metric space

Ā Closure of a set A in a metric and b-metric space

Āρ Closure of a set A in a partial metric space

Ādρ Closure of a set A in a induced metric space
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Chapter 1 1.2. Background

1.2 Background

In the development of non linear analysis fixed point theory plays an important role.

Fixed point theories are useful in problems of differential equations, partial differential

equations, integral equations, non linear dynamics, fluid dynamics, probabilistic analysis,

eigen value problems. Banach [3] proved a classical result which states that a self map-

ping S on a metric space with metric d has a unique fixed point if the underlying space

is complete and for any points a, b of it the mapping satisfies the Lipschitz’s condition

d(Sa, Sb) ≤ ld(a, b) where l ∈ [0, 1) and l known as Lipschitz’s constant. Later many

generalization of Banach fixed point theorem have been established either by weakening

the contraction principle or by extending the mapping or by involving some controled

function in the Lipschitz’s condition. Despite of numerous advantages of Banach fixed

point theorem it has draw back that the mapping S requires continuity. In 1968 Kannan

[16] proved another classical result of fixed point theory that does not require continuity

of the mapping.

Later there appeared a number of papers generalizing Kannan contraction principle.

Among of which Ciric’s quasi contraction is most remarkable. Recently Suzuki [40] have

done a remarkable generalization of Banach fixed point theorem. In these thesis an

attempt is made to extend Suzuki type fixed point theorem in different metric spaces.

Classical metric assumes zero identically on diagonal of its domain. But there are

some mappings which are not metrics only for assuming nonzero values at some points

of the diagonals of their domains. One such witness is m : X ×X −→ [0,∞), where X

= [0,∞), defined by m(x, y) = max{x, y} for all x, y ∈ X. Motivated by the needs of

computer science for non Hausdorff topology, S. G. Matthews [19] in 1994 introduced

the concept of partial metric space to study of denotational semantics of dataflow net-

works. At this moment in time it is globally acknowledged that partial metric spaces

play an important role in formation of models in theory of computation and in the do-

main theory of computer science. There are several connections between partial metrics

and topological aspects of domain theory, marked by another authors as O’Neill [59],

Bukatin and Scott [4], Waszkiewicz ([70],[71]), Schellekens ([32], [33]), Escardo [11] and

Romaguera and Schellekens [61].

According to S. G. Matthews [19] a mapping ρ : X2 −→ R+, where X is a non empty

set with the properties

(i) ρ(a, b) ≥ ρ(a, a), for all a, b ∈ X;

(ii) a = b ⇔ ρ(a, a) = ρ(a, b) = ρ(b, b), for all a, b ∈ X;(indistancy implies equality)

(iii) ρ(a, b) = ρ(b, a), for all a, b ∈ X;
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(iv) ρ(a, b) ≤ ρ(a, c) + ρ(c, b)− ρ(c, c) for all a, b, c ∈ X

is a partial metric and (X, ρ) is a partial metric space. Partial metric space is generalized

version of metric space, in fact if we substitute ρ(x, x) = 0 then the above axioms reduce

to their metric parts.

Example 1.2.1. Let S denotes the set of all open balls in a metric space (X, d). Define

ρ(Bd(x, r), Bd(y, s)) = d(x, y) + max{r, s}, where x, y ∈ X and r, s ∈ R+. Then ρ is a

partial metric on S.

There is one fundamental change in definition of open balls. If we define open balls

in a partial metric space (X, ρ) like metric space. i.e., Bρ(x, ε) = {y ∈ X : ρ(x, y) < ε},
then for ε = ρ(x, x) > 0 we have Bρ(x, ε) = φ. So we get some open balls that are empty.

Hence open balls are defned as

Bρ(x, ε) = {y ∈ X : ρ(x, y) < ρ(x, x) + ε}.
The functions dρ, dw : X ×X −→ R+ given by

dρ(u, v) = 2ρ(u, v)− ρ(u, u)− ρ(v, v) and

dw(u, v) = max{ρ(u, v)− ρ(u, u), ρ(u, v)− ρ(v, v)}

= ρ(u, v)−min{ρ(u, u), ρ(v, v)}

for all u, v ∈ X are metrics on X.

I. Altun and G. Durmaz in [1] proved the following result.

Lemma 1.2.2. [1] In a partial metric space (X, ρ), dρ and dw are equivalent metrics on

X.

A real-valued function dq : X ×X −→ R+ is a quasi-metric on a non empty set X if

for all a, b, c ∈ X if it satisfied the following conditions

(i) dq(a, b) = dq(b, a) = 0⇔ a = b

(ii) dq(a, b) ≤ dq(a, c) + dq(c, b).

and (X, dq) is called quasi-metric space. A quasi metric can be obtained from partial

metric by the mapping dq(x, y) = ρ(x, y)− ρ(x, x).

According to [19] a sequence {αi} in a partial metric space (X, ρ) converges to

α if lim
i→∞

ρ(αi, α) = ρ(α, α). A sequence {αi} in (X, ρ) is called Cauchy sequence if

lim
i,j→∞

ρ(αi, αj) exists. A partial metric space (X, ρ) is complete if every Cauchy sequence

{αi} in X convergent to α ∈ X such that ρ(α, α) = lim
i,j→∞

ρ(αi, αj).

Matthews [19] shows that how a familiar fixed point theorem of metric space can be

carried over to a partial metric space.
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Theorem 1.2.3. [19] Let ψ be a mapping in a complete partial metric space (X, ρ) into

itself such that | ρ(ψ(a), ψ(b)) |≤ p | ρ(a, b) | ∀a, b ∈ X where 0 ≤ p < 1. Then ψ has

a unique fixed point.

Note: Inspired by the Matthews extension of the Banach theorem (Theorem 1.2.3

above), many fixed point theories for self-mappings in metric spaces have been extended

to the partial metric framework.

A remarkable change was suggested by S. J. O’Neill [24] on Matthews definition of

the partial metric and that was to enhance their range from R+ to R. Then (X, ρ) is

called dualistic partial metric space. S. Oltra and O. Valero [58] shows that Theorem

1.2.3, Theorem 1.2.5 can be achieved in this new defined space and proved the following

lemma:

Lemma 1.2.4. [58] In a dualistic partial metric space (X, ρ), the function

dq : X ×X −→ [0,∞) defined by

dq(u, v) = ρ(u, v)− ρ(u, u) for all u, v ∈ X is a quasi metric on X such that τ(ρ) =

τ(dq).

Heckmann [15] introduced the concept of weak partial metric space (WPMS) gen-

eralizing partial metric space excluding the self-distance axiom. That is, the function

ρ : X×X −→ [0,∞) is called weak partial metric on X if the conditions (ii),(iii) and (iv)

in the definition of partial metric space are satisfied. i.e., a mapping ρ : X×X −→ [0,∞),

where X is a non empty set, is a weak partial metric if whenever u, v, w ∈ X the following

conditions hold:

(i) u = v ⇔ ρ(u, u) = ρ(u, v) = ρ(v, v);

(ii) ρ(u, v) = ρ(v, u);

(iii) ρ(u, v) ≤ ρ(u,w) + ρ(w, v)− ρ(w,w)

and the ordered pair (X, ρ) is called weak partial metric space (WPMS). It is comprehen-

sible that every partial metric space is a weak partial metric space, but the converse may

not be true. An example to justify it is the pair (R+, ρ), where ρ(u, v) = u+v
2
∀u, v ∈ R+.

For one more evidence let D be the set of all intervals [x, y] for any real numbers x ≤ y.

Let ρ : D×D −→ R+ be the function such that ρ([x, y], [z, w]) = y+w−x−z
2

. Then (D, ρ)

is a weak partial metric space but not a partial metric space.

Theorem 1.2.5. [1] In a weak partial metric space (Y, ρ)

(a) Cauchy sequence in (Y, ρ) and (Y, dρ) are equivalent.

(b) Completeness of (Y, ρ) and (Y, dρ) are equivalent..
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A completion of a partial metric space is (X∗, ρ∗) where j : X −→ X∗ such that

(a) (X∗, ρ∗) is complete partial metric space,

(b) j is an isometry into X∗,

(c) j(X) is dense in X∗.

A partial metric space (X, ρ) is separable if there is a countable dense subset of X. Sim-

mon O’Neill [59] have changed the definition of complete partial metric space. According

to [59] if the induced metric space is complete then partial metric space is complete. Us-

ing this changed definition of complete partial metric space Simmon O’Neill [59] have

proved the following two results.

Theorem 1.2.6. [59] Every partial metric space (X, ρ) has a unique completion.

Theorem 1.2.7. [59] If (X, ρ) is a separable partial metric space then τ(ρ) is second

countable.

Simmon O’Neill [59] give natural generalization of a bounded space and compactness

from metric space and show how this can be naturally expressed in terms of the partial

metric. A partial metric space (X, ρ) is p-bounded if (X, dρ) is bounded, a partial metric

space (X, ρ) is compact if (X, dρ) is compact and proved the lemma.

Lemma 1.2.8. [59] (X, ρ) is p-bounded partial metric space if and only if there exists

k1, k2 ∈ R such that k1 ≤ ρ(x, y) ≤ k2 forall x, y ∈ X.

Using the above notation of the lemma, we say (X, ρ) is p-bounded above if k2 exists

and p-bounded bellow if k1 exists. we will also say the partial metric is unbounded if

neither k1 nor k2 exists. Let (X, ρ) is partial metric space and ε > 0, then a finite ε-net

of (X, ρ) is a finite set A ⊂ X such that X ⊂
⋃
x∈A

Bε(x; ρ).

Crezwik [7] in 1993 originate b-metric space like that:

Definition 1.2.9. [7] A mapping d : Y 2 −→ R+ satisfying the following conditions

(i) d(s, t) ≥ 0 ∀ s, t ∈ Y ;

(ii) d(s, t) = 0⇐⇒ s = t;

(iii) d(s, t) = d(t, s) ∀ s, t ∈ Y ;

(it) d(s, t) ≤ 2[d(s, w) + d(w, t)] ∀ s, t, w ∈ Y .

Then d is a b-metric and the ordered pair (Y, d) is a b-metric space.
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Later in 1998 Czerwik generalized this notion where the constant 2 was replaced by

a constant k ≥ 1 keeping the same name b-metric.

Definition 1.2.10. [8, 2] A mapping d : Y 2 −→ [0,∞) with the conditions for all

a, b, c ∈ Y

(i) d(a, b) ≥ 0

(ii) d(a, b) = 0⇐⇒ a = b;

(iii) d(a, b) = d(b, a)

(iv) d(a, b) ≤ k[d(a, c) + d(c, b)] .

Then d is a b-metric and the pair (Y, d) is a b-metric space with coefficient k ≥ 1.

Example 1.2.11. [50] Let q ∈ (0, 1) and Y = {a = {ai} ⊂ R :
∞∑
i=1

| ai |q<∞}.

Let d(a, b) = (
∞∑
i=1

| ai − bi |q)
1
q forall a, b ∈ Y . Then d forms a b-metric on Y with

coefficient k = 2
1
q .

S. Shukla [35] in 2013 generalized both the concept of b-metric space and partial

metric space and define partial b-metric space.

Definition 1.2.12. A mapping ρb : Y 2 −→ [0,∞), where Y 6= φ is a partial b-metric if

whenever a, b, c ∈ Y the following conditions hold:

(1) a = b ⇔ ρb(a, a) = ρb(a, b) = ρb(b, b);

(2) ρb(a, b) = ρb(b, a);

(3) ρb(a, b) ≥ ρb(a, a);

(4) ρb(a, b) ≤ s[ρb(a, c) + ρb(c, b)]− ρb(c, c) where s ≥ 1

and the pair (Y, ρb) is called partial b-metric space. The number s is called coefficient of

(Y, ρb).

Shukla [35] proved an analog to Banach fixed point theorem and Kannan fixed

point theorem in the language of partial b-metric spaces. N. V. Dung and V. Hang

[10] studied partial b-metric space in a different approach. They defined the following

relation between partial b-metric and b-metric and studied the same fixed point theorem

established by S. Shukla [35] in partial b-metric spaces.
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Lemma 1.2.13. Let ρb be a partial b-metric on Y . For all s, t ∈ Y let

db(s, t) =

{
0 if s = t

ρb(s, t) if s 6= t

Then db forms a b-metric on Y .

Further many mathematician [67],[42] have studied partial b-metric space to some

extend.

In 2015 A. Gupta and P. Gautam [42] introduced the concept of quasi partial

b-metric spaces. Lets begin with definition:

Definition 1.2.14. [42] A mapping qb : Y × Y −→ [0,∞), where Y 6= φ, is said to be

quasi partial b-metric if whenever a, b, c ∈ Y the following conditions hold:

(1) a = b ⇔ qb(a, a) = qb(a, b) = qb(b, b);

(2) qb(a, b) ≥ qb(a, a);

(3) qb(b, a) ≥ qb(a, a);

(4) there exists a real number s ≥ 1 such that

qb(a, b) ≤ s[qb(a, c) + qb(c, b)]− qb(c, c)

and the ordered pair (Y, qb) is called quasi partial b-metric space. The number s is called

coefficient of (Y, qb).

Example 1.2.15. [42] Let X = [0, 1] and qb(x, y) =| x− y | +x. Then (X, qb) is quasi

partial b-metric spaces.

A. Gupta et al. [42] define a function dqb : Y 2 −→ [0,∞) by

dqb(s, t) = qb(s, t) + qb(t, s)− qb(s, s)− qb(t, t) ∀s, t ∈ Y
is a b-metric on Y .

Lemma 1.2.16. [42] Let (Y, qb) be a quasi partial b- metric space and (Y, dqb) is the

induced b-metric space.

(A) The sequence {xn} is Cauchy in (Y, qb) if and only if {xn} is Cauchy in (Y, dqb).

(B) completeness of (Y, qb) and (Y, dqb) are equivalent.

Nizar Souayah [39] originate the concept of partial Sb-metric space as an addendum

of partial b-metric spaces and proved few fixed point theorems in such space.
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Definition 1.2.17. [39] A mapping ρh : Y 3 −→ [0,∞), where Y is a non empty set, is

said to be partial Sb-metric with coefficient s ≥ 1 if whenever a, b, c, t ∈ Y the following

conditions hold:

(i) a = b = c if and only if ρh(a, a, a) = ρh(b, b, b) = ρh(c, c, c) = ρh(a, b, c);

(ii) ρh(a, a, a) ≤ ρh(a, b, c);

(iii) ρh(a, a, b) = ρh(b, b, a);

(ib) ρh(a, b, c) ≤ s[ρh(a, a, t) + ρh(b, b, t) + ρh(c, c, t)]− ρh(t, t, t)

The pair (Y, ρh) is called partial Sb-metric space.
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