
Chapter 3

Intermittency in 28Si-Ag/Br

Interaction at 14.5A GeV

3.1 Introduction

The single particle density distributions of charged particles produced in high-energy col-

lisions exhibit rapid fluctuations having sharp peaks and deep valleys. The origin of such

fluctuations might be, (i) a statistical noise arising out of the finiteness of an event multi-

plicity, (ii) one or more kinematic conservation rules of energy, momentum etc., and (iii)

some nontrivial and hitherto unknown dynamical reason. By averaging over a large number

of events the effect of statistical component (noise) of these fluctuations can be substantially

reduced, but at the same time the nonstatistical (dynamical) components are also averaged

out leaving behind a smooth distribution. One way to study the nonstatistical (dynamical)

component of fluctuations is to use the technique of scaled factorial moments (SFM) first

introduced in [1, 2], and first applied to the JACEE events induced by ultra-high energy

cosmic ray nuclei [3]. In [1, 2] the SFM (Fq) of integer order q, was shown to depend on the

phase space resolution size (say, δX) obeying a power-law type scaling behavior such as

Fq ∼ (δX)−φq : δX → 0. (3.1)
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In high-energy physics the above dependence of Fq on δX is known as ‘intermittency’, a

term that usually is used to describe turbulence in fluid dynamics. The positive valued

exponent φq known as the intermittency index represents the strength of intermittency,

and it should be a scale-invariant quantity down to the experimental resolution. Several

speculative measures, some conventional and a few other exotic, are adopted to interpret

the intermittency phenomenon observed in high-energy interactions. As for example, to a

large extent intermittency can be explained in terms of the ordinary Bose-Einstein type of

correlation (BEC) [4, 5] arising out of an enhanced yield in the like charge sign mesons within

narrow phase space intervals. While incorporating the BEC into a numerical modeling

certainly reduces the mismatch between the observation and corresponding Monte-Carlo

(MC) simulation [6], the experimental results as we shall later see, still cannot always be

fully accounted for. Large particle densities within narrow phase space region may also

occur due to collective effects [7, 8] like the Cerenkov gluon emission [9]. The intermittency

may as well be due to a QCD parton shower cascading process of particle emission [10],

or it may be due to a nonthermal phase transition [11] similar to that observed in a spin

glass system. Last but not the least, large fluctuations in the final state particle density

particularly in the nucleus-nucleus (AB) collisions may be an outcome of a transition from

the exotic state QGP to an ordinary hadronic state [12, 13].

While the SFM accounts for local fluctuations in the particles densities, the correlations

among particles at different phase space points that are located at a distance larger than the

scale size at which the correlations are being examined, generated by the intermittency type

of fluctuation, are usually characterized by the two-fold factorial moment or the factorial

correlator (FC) [2]. Therefore, the FC corresponds to the bin-to-bin correlation. Both the

SFM and the FC are actually integrals of the same underlying correlation function, but

they differ from each other only with respect to the respective domains of integration. This

close relationship between the two can be traced into the sum rules involving the SFM and

the FC, an issue that we shall discuss later. Both moments are sensitive to the projection

(dimensional reduction) effects and both contain contributions from the corresponding lower-

order moments. In order to study the genuine multiparticle correlation, all lower-order

correlations must therefore be appropriately taken care of. To serve this purpose one can

study the phase space dependence of another set of moments known as the normalized

cumulant moments (NCM) [14]. The ratio of NCM and SFM of a particular order known

as the oscillatory moment (OM), can also provide some more insight of the multiparticle

dynamics [15, 16] e.g., the gluon-dynamical equation predicts a minimum of OM at rank

q ≈ 5. One should keep in mind though that the OM is effective only to the partonic

multiparticle dynamics [16].

The presence of dynamical components in particle density fluctuations has been confirmed
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in many high-energy experiments. There are some excellent compilations on the subject, see

ref. [17, 18]. The overall picture till date however is neither complete nor very clear. There

still exist plenty of unresolved issues related to this phenomenon that need to be further

scrutinized. To understand the dynamics of correlated particle emission, the SFM analysis

has to be complimented by other types of correlation analysis for the same set of data.

Moreover, it is also necessary to simulate experiments by using various computer codes on

high-energy AB interactions including all possible sources of correlations in multiparticle

production mechanism.

In this chapter we present some results on the SFM and other short-range correlation analysis

of singly charged particles produced in 28Si-Ag/Br interaction at an incident energy of 14.5A

GeV. We compare the experimental results with those obtained from the UrQMD model

and with the UrQMD data modified by the Bose-Einstein correlation (UrQMD+BEC).

Whenever felt necessary, the findings of this analysis are compared with similar other heavy-

ion induced experiments. The motivations of this analysis are: (i) to study intermittency

and various other short-range correlations in 28Si-Ag/Br interaction at 14.5A GeV, (ii) to

compare the experimental results with the UrQMD model and to check whether or not

the BEC implemented in the UrQMD output (discussed in Section 2.5.1) can account for

the experiment. However, before going into the detailed discussion on intermittency and

correlation analysis of our data, we provide below a section that shows the nature of the

multiplicity fluctuation and the local density fluctuation of the experimental events studied

here. A brief but general discussion on multiplicity moments is also incorporated in this

section.

3.2 Fluctuation of Particle Densities

Consider a collision between particles a and b yielding exactly n particles falling within a

subspace Ω of the total phase space Ωtot. We consider y as the basic variable which specifies

the position of each particle in Ω (e.g., y can be the rapidity variable of each particle and

Ω an interval of length δy). The distribution of n particles in Ω can be represented by

continuous probability densities Pn(y1, y2, . . . , yn), n = 1, 2, · · · etc. Now if all the final

state particles are of the same type, Pn is said to be an exclusive distribution of n particles

which describes the distribution in Ω when the multiplicity is exactly n. The inclusive

distribution for q particles in variable y is defined as,

ρq(y1, y2, · · · , yq) =
1

σinel

dqσincl

dy1 dy2 · · · dyq
, (3.2)
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with σinel and σincl the total inelastic and inclusive cross sections. For q = 1, 2, · · · the

inclusive distribution can also be written in terms of Pn as,

ρq(y1, . . . , yq) = Pq(y1, . . . , yq) +

∞∑
l=1

1

l!

∫
Ω
Pq+l(y1, . . . , yq, y

′
1, . . . , y

′
q)

l∏
i=1

dy′i, (3.3)

where ρq(y1, y2, . . . , yq) is the symmetrized number density for q points (particles) to be at

y1, y2, . . . , yq irrespective of the presence and location of any other particle. The inverse of

the above formula is

Pq(y1, . . . , yq) = ρq(y1, . . . , yq) +

∞∑
l=1

(−1)l
1

l!

∫
Ω
Pq+l(y1, . . . , yq, y

′
1, . . . , y

′
q)

l∏
i=1

dy′i. (3.4)

The mth order moment of the distribution function is

ρmq
∣∣
P

=

∫
Ω
· · ·
∫

Ω
P (y1, · · · , yq)ρmq dy1 · · · dyq (3.5)

and it can be generated from the moment generating function as given in the next section.

Integrating Eq. (3.3) over Ω in y yields∫
Ω
dyρ1(y) = 〈n〉 → average event multiplicity,∫

Ω
dy1

∫
Ω
dy2ρ2(y1, y2) = 〈n(n− 1)〉 → average number of particle pairs,∫

Ω
dy1 . . .

∫
Ω
dyqρq(y1, y2, . . . , yq) = 〈n(n− 1) . . . (n− q + 1)〉 → qth order FM. (3.6)

Here the angular brackets stand for the average over the event ensemble and n is the event

multiplicity in Ω.

3.2.1 Multiplicity Moments

Any statistical distribution can be characterized by its moments. Given a count probability

distribution Pn (n = 1, 2, · · · ) the ordinary q-th order moment is defined as,

mq ≡ 〈nq〉 =

∞∑
n=0

nq Pn : q = 0, 1, 2, · · · (3.7)

Corresponding moment generating function G(z) is given by

G(z) ≡
∞∑
n=0

enz Pn =
∑
q

mq

q!
zq. (3.8)
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Since Pn is a probability distribution, G(0) = 1, and one gets the ordinary moments from

the derivatives of G:

〈nq〉 =
∂qG(z)

∂zq

∣∣∣∣
z=0

. (3.9)

The reduced moments rq are obtained by normalizing the ordinary moments by the average

count as,

rq =
〈nq〉
〈n〉q

. (3.10)

They characterize a particular distribution in terms of the standard deviation, skewness,

kurtosis etc.. If the parameter z is assumed to be a constant, the generating functions G(z)

reduce to the generating functions G(z) for the multiplicity distribution (say, Pn). Then

one can write

G(z) =

∞∑
n=0

(1 + z)n Pn

= 1 +
∞∑
q=1

zq

q!

∫
Ω
dy1 . . . dyq ρq(y1, . . . , yq)

= 1 +
∞∑
q=1

zq

q!
〈fq〉 . (3.11)

Here

〈fq〉 =
〈
n[q]
〉
≡ 〈n (n− 1) · · · (n− q + 1)〉 (3.12)

is the unnormalized qth order (a positive integer) factorial (or binomial) moment averaged

over many events [Eq. (3.6)], n is the number of particles falling within an arbitrary phase

space interval. The multiplicity distribution in terms of G(z) is given by

Pn =
1

n!

dnG

dz n

∣∣∣∣
z=−1

. (3.13)

The normalized factorial moments can be derived from the generating function G(z) as,

Fq =
1

〈n〉q
d q G

dz q

∣∣∣∣
z=0

=

∞∑
n=0

n(n− 1) · · · (n− q + 1)Pn

〈n〉q
(3.14)

with F1 = 1, while the cumulant moments are given by

Kq =
1

〈n〉q
d q lnG

dz q

∣∣∣∣
z=0

. (3.15)
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Note that the generating function can be expressed in terms of the moments Fq and Kq as,

G(z) = 1 +
∞∑
q=1

zq 〈n〉Fq/q!, (3.16a)

lnG(z) = 〈n〉 z +

∞∑
q=2

zq 〈n〉Kq/q!. (3.16b)

Using dG/dz = G (d lnG/dz) we see that for q > 2

Fq =

q−1∑
l=0

(
q − 1

l

)
Kq−l Fl. (3.17)

However, normalized or not, the ordinary moments cannot address the issue of noise elim-

ination, but the factorial moment can do so. As for example, for a Poisson distributed

noise

Pn =

∫ ∞
0

tn

n!
e−tD(t) dt, (3.18)

where D(t) is the dynamical component of the distribution in the same bin. The critical

point here is that, for a large event sample the bin-multiplicity n can run from zero to a

very large value. Therefore,

〈fq〉 =
∞∑
n=0

n (n− 1) · · · (n− q + 1)Pn =
∞∑
n=q

n!

(n− q)!
Pn

=
∞∑
n=q

∫ ∞
0

tn

(n− q)!
e−tD(t) dt

=

∫ ∞
0

tqD(t) dt (summing over n). (3.19)

This shows that 〈fq〉 is identical to the ordinary qth order moment of the dynamical com-

ponent of the distribution Pn. The normalization property of the Poission distribution is

used in the above derivation. This shows that the statistical fluctuations have been success-

fully eliminated by averaging over the event sample. A detailed discussion on multiplicity

moments especially related to the hadronic physics can be found in refs. [18, 19].

3.2.2 Fluctuation in η-space

As mentioned in Section 3.1, a high energy AB collision can have highly fluctuating density

distribution that gets smoothed out when the distribution is averaged over many events. To

have an idea about the nature of the fluctuation, the η distributions of the shower tracks
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emerging from two high multiplicity 28Si-Ag/Br events at 14.5A GeV are shown in Fig. 3.1.

For each event the shower track multiplicity ns is given in the corresponding figure and each

distribution is drawn at two different scales: δη = 0.2 (left panel) and 0.1 (right panel).

Presence of high particle densities (spikes) as well as empty bins (dips) can be seen in η-
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Figure 3.1: Pseudorapidity distribution of shower tracks of two high multiplicity events in
28Si-Ag/Br interactions at 14.5A GeV. Note how the fluctuation increases with decreasing
bin size from δη = 0.2 to δη = 0.1. ns and nh represent respectively the number of s-tracks
and heavy fragments of the event. Gaussian fits to the distributions are shown.

space. One can also see that the local particle density (ρ = δns/δη) can shoot up to 110,

which is about 6 times the average density (ρ ∼ 18). The peak ρ value in one of the JACEE

events was found to be ∼ 300 at δη = 0.1 [3], and one NA22 event showed a rapidity spike of

ρ ∼ 100 at a resolution δy = 0.1 [20] – the latter corresponds to 60 times the average density.

When the same distribution is made for many events, the local fluctuations disappear as

illustrated in Fig. 2.3(a) for our 28Si-Ag/Br event sample.

Distributions of the local densities around the central η-region obtained from individual

events are shown in Fig. 3.2: (a) for η0 − 1 < η < η0 and (b) for η0 < η < η0 + 1,

where η0 = 1.9 is the centroid of the η-distribution, and the density values are obtained

for δη = 0.2. These diagrams provide a qualitative idea of the density fluctuation in and

around the central particle producing region in 28Si-Ag/Br interaction at 14.5A GeV.
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Figure 3.2: Distributions of local pseudorapidity density of shower tracks in 28Si-Ag/Br
interactions at 14.5A GeV.

3.3 Scaled Factorial Moments

The normalized or scaled factorial moment (SFM) [2] can be defined in two distinct ways,

and based on the normalization method adopted, it is customary to call them either a

horizontally averaged or a vertically averaged factorial moment. In terms of the inclusive

distribution ρq(η) the horizontally averaged SFM is defined as,

〈
FHq (η)

〉
=

1

M

M∑
m=1

∫
δη ρq(η1, . . . , ηq)

∏q
i=1 dηi(∫

δη ρ(η)dη/M
)q

=
1

M

M∑
m=1

〈
n

[q]
m

〉
〈n̄m〉q

, (3.20)

where 〈n̄m〉 = 〈n〉 /M , n =
∑

m nm is the total number of particles in an event. Here we

consider that a large phase space interval ∆ is divided into M smaller non-overlapping bins

of equal size δ = ∆/M . The symbol 〈 〉 represents an average over all events of our sample.

Note that, in the above expression δ can be any phase space variable such as the rapidity

(y), pseudorapidity (η), azimuthal angle (ϕ), transverse momentum (pt), or even a suitable

combination of any two (or three) of them. In emulsion experiments we consider either η or

ϕ as our phase space variable, and in two-dimension (2d) it is the (η, ϕ)-plane that serves

our purpose. On the other hand the vertically averaged SFM is defined as,

〈
F Vq (η)

〉
=

1

M

M∑
m=1

∫
δη ρq(η1, · · · , ηq)

∏q
i=1 dηi(∫

δη ρ(η)dη
)q

=
1

M

M∑
m=1

〈
n

[q]
m

〉
〈nm〉q

. (3.21)
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In Eq. (3.21) 〈nm〉 is the average number of particles in the mth bin in the event sample.

Irrespective of the averaging techniques, the SFMs are capable of suppressing the Poission

type statistical noise, which the ordinary moments cannot. The vertically averaged SFMs are

more sensitive to the bin-to-bin density variations within events but they become unstable

at small bin sizes, whereas the horizontally averaged SFMs are sensitive only to the local

fluctuations of the particle densities and they remain stable over a large range. It should be

pointed out here that both the moments are equal for M = 1 and also when 〈nm〉 = 〈n〉 /M
for all m, i.e. the underlying distribution in the particular phase space variable is flat. To

satisfy the latter criterion one can use a cumulative variable [21]

Xη =

∫ η

ηmin

ρ(η)dη
/∫ ηmax

ηmin

ρ(η)dη, (3.22)

where ηmin(ηmax) is the minimum(maximum) value of η, and ρ(η) = N−1
ev (dn/dη) is the

single particle inclusive density in terms of η. Irrespective of its original form, density

distribution in terms of Xη is always uniform ∈ (0, 1). The present analysis is based on the

cumulative variables corresponding to the η and/or ϕ variables, though we shall continue

to call the corresponding space either the η or the ϕ-space.

3.3.1 Intermittency in 1d

In 1d intermittency analysis the data have been analyzed in terms of η and ϕ variables.

Figure 3.3 shows the log-log plot of the horizontally averaged SFM 〈Fq〉 against the phase

space partition number M in η-space for q = 2, · · · , 6. Note that the superscripts h or

v is omitted from the subsequent text, though a horizontal averaging used here. We have

noticed that there is little deviation in the horizontally averaged SFM from the corresponding

vertically averaged moment. The experimentally obtained, the UrQMD generated and the

UrQMD+BEC generated results have been plotted side by side in the same figure. A similar

set of plots in the ϕ-space is shown in Fig. 3.4. In both diagrams one can see that for each

q there is a definite linear rise in the experimental ln 〈Fq〉 values with lnM that confirms a

power-law behavior like

ln 〈Fq〉 = φq lnM + cq, (3.23)

as is also suggested in Eq. (3.1). The UrQMD simulated ln 〈Fq〉 values remain practically

uniform with varying lnM over its entire range that indicates almost no intermittency in

the UrQMD events. On the other hand, the UrQMD+BEC sample shows moderate rise in

the ln 〈Fq〉 values and thereby in comparison with the experiment a weaker intermittency.

All these observations are true in the ϕ-space as well. At this point one may remember

that the string fragmentation model FRITIOF [22] also did not show any intermittency for
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AB interactions at 200A GeV [23]. The values of the intermittency index along with the
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Figure 3.3: Variation of the event averaged SFM of shower tracks with phase space
resolution in η-space. Straight lines best fitted to the data points are shown.
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Figure 3.4: Same as Fig. 3.3 but in ϕ-space.

Pearson’s R2 coefficients, indicating the goodness of fit, are shown in Table 3.1. For each q, a

linear fit of ln 〈Fq〉 against lnM has been performed by excluding the very small M (or large

δX) region (first two points in each diagram), so that the effects of kinematic conservation

rules are minimized. The errors associated with 〈Fq〉 as shown in the figures, and those

associated with φq as quoted in the table, are only of statistical origin. For each event the

Fq is assumed to be an error free quantity, and the standard error of the mean 〈Fq〉 over

event space is calculated and shown in the diagrams. On the other hand, as the data points

in 〈Fq〉 versus M plots are highly correlated, the errors in φq are nontrivially estimated [24]

by generating several event samples based on random numbers that have same statistics
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Table 3.1: The values of 1d intermittency exponent (φq) for order q = 2−6 in 28Si-Ag/Br
interaction at 14.5A GeV. The errors are of statistical origin only.

η-space ϕ-space

Order φq R2 φq R2

q = 2 0.011±0.001 0.989 0.016±0.001 0.955

q = 3 0.039±0.003 0.972 0.065±0.002 0.940

Experiment q = 4 0.112±0.007 0.949 0.214±0.005 0.911

q = 5 0.255±0.013 0.941 0.600±0.011 0.908

q = 6 0.477±0.023 0.938 1.941±0.029 0.934

q = 2 -0.0001±0.0006 0.971 0.002±0.001 0.982

q = 3 0.0001±0.0018 0.963 0.004±0.002 0.985

UrQMD q = 4 0.006±0.005 0.960 0.005±0.002 0.951

q = 5 0.028±0.011 0.951 0.008±0.003 0.943

q = 6 0.075±0.048 0.943 0.018±0.011 0.927

q = 2 0.001±0.0005 0.991 0.0045±0.0015 0.982

q = 3 0.003±0.0017 0.972 0.041±0.004 0.981

UrQMD+BEC q = 4 0.013±0.006 0.963 0.099±0.007 0.980

q = 5 0.045±0.013 0.987 0.219±0.010 0.978

q = 6 0.091±0.024 0.983 0.352±0.015 0.970

as the experimental one. Following the same scaling-law as the data points follow, the

φq values for each individual random event sample is determined, and then the statistical

spread about the mean 〈φq〉 are quoted as errors in Table 3.1. Since in the process the

nonstatistical component is not taken into account the errors are certainly underestimated.

One can see that the φq values are consistently larger in the ϕ-space than in the η-space.

To conserve transverse momentum, probably the particles experience extra correlation in

the azimuthal plane. However, such differences in the φq values are more prominent in

interactions induced by nuclei with higher mass number e.g., 28Si or 32S, and are not so

much when the interaction is induced by a comparatively lighter (16O) nucleus [23]. Results

of the present investigation are also significantly different from what was previously obtained

from the analysis of another set of 28Si-Ag/Br data at the same incident energy [25, 26].

This discrepancy is probably due to the non-conversion of the phase space variables (η, ϕ)

to their respective cumulant variables. Hence, the intermittency phenomenon depends more

on the colliding system and less on the collision energy. It is also dependent on the choice

of the phase space variable, which is in contradiction to the observation of ref. [24], but

consistent with our previous observation on AB interactions [23].

One can now put the φq values to further tests and try to look for the underlying physical

processes (e.g., phase-transition or no phase-transition) that probably have resulted in the
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Figure 3.5: Normalized intermittency exponents as a function of order number q. Lines
joining points are drawn to guide the eye.

observed intermittency pattern. In order to check to what extent the particle correlation

embedded within a higher order SFM is influenced by the contribution from lower order

(two or three-particle) correlation(s), one can introduce the normalized exponents ζq and

the true three-particle correlation function ζ
(3)
q , and can then study their dependence on q.

These exponents are defined as [24],

ζq = φq

/(q
2

)
, (3.24a)

ζ(3)
q = (q − 2)ζ3 − (q − 3)ζ2. (3.24b)

In Fig. 3.5 the normalized exponents for the experiment, for the UrQMD and for the

UrQMD+BEC simulated data have been plotted against q. Results in η-space and in ϕ-

space are shown together in the same diagram. We see that the experimental ζq value

increases with increasing q, and the rate of increase is much higher in the ϕ-space than what

it is in the η-space. The observation also confirms a linear relationship between ζ
(3)
q and q as

prescribed in Eq. (3.24b). Expectedly, the experimental and the simulated results behave in

quite different ways and within statistical errors the UrQMD simulated values exhibit little

intermittency and thereby no correlation. The effect of incorporating BEC into the UrQMD

simulation can be clearly seen in these diagrams. However, one has to note that the shower

tracks are caused by all kinds of charged mesons. Therefore, due to intermixing of different

charge and particle states, the usual BE type correlation arising out of the symmetrization

of the wave function of a system of identical bosons is significantly weakened. The results

on normalized exponents suggest that to a large extent higher order (q > 4) correlations

may be understood in terms of two and three-particle correlations.
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Figure 3.6: Plots of dq/d2 as a function of order number q for the experiment–(a) curves
represent the best fitted log-Lévy low, Eq. (3.27) and (b) curves represent the Ginzburg-
Landau model, Eq. (3.28).

A power-law behavior of the 1d SFMs characterizes some kind of scale invariance of the

dynamics of multiparticle production. This can be realized either in terms of the self-similar

random cascading models [27], or in the statistical systems at critical temperature for a

second-order phase transition [28] (for a review see ref. [17]). The dependence of φq on q

would be different in these two cases that can be examined by establishing a connection

between intermittency and (multi)fractality [29]. The generalized Rényi dimensions of mul-

tifractality Dq, a direct measure of multifractality, are directly related to the intermittency

exponents φq through the relation:

Dq = DT −
φq
q − 1

, (3.25)

where DT is the topological dimension of the supporting space, DT = 1 in 1d and DT = 2

in 2d analysis. On the other hand, the anomalous dimension dq is defined as

dq = DT −Dq. (3.26)

For a system at the critical temperature of a second-order phase transition, the multifractal

behavior reduces to a monofractal behavior for which the SFM of a single cluster will have

the same structure as the NCMs of all events. Based on a linked pair approximation, it has

been shown that under such a circumstance a scaling relation like Eq.3.23 would imply the

presence of Poisson distributed monofractal clusters characterized by a unique anomalous

dimension i.e., dq/d2 = 1 [30]. A plot of dq/d2 against q presented in Fig. 3.6 shows that

our results are certainly not indicating a monofractal structure of the density function, and

therefore, not toward a second-order phase transition either. For multiplicative cascade

mechanisms like the α-model [2], where the final state particle density is given as a product
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of random numbers, the density function can be approximated by a long-tailed log-Lévy

distribution. Under this approximation, the following relation holds:

dq
d2

=
1

(q − 1)

qµ − q
2µ − 2

, (3.27)

where µ(0 6 µ 6 2) is called the Lévy stable index [27]. The Lévy-law approximation allows

a simple description of multifractal properties of random cascade models using only one

free parameter µ. Under this scheme µ < 1 is indicative of a second-order (thermal) phase

transition, while µ > 1 indicates a nonthermal phase transition. Moreover, a monofractal

behavior is characterized by µ = 0 and dq = 0 for q > 2. On the other hand, in the limit of

the log-normal approximation µ = 2, dq = d2 and all bunching parameters follow the same

power-law. A fit of our experimental data points to Eq. (3.27), shown in Fig. 3.6(a), results

µ = 3.15± 0.03 in η-space, and µ = 3.70± 0.03 in ϕ-space. Both these values far exceed the

allowed limit of the stability index, thereby showing that the (dynamical) density function in

the present case cannot exactly be represented by a log-Lévy type of distribution. Similar

observation was also made in the 1d intermittency analysis in 12C-(Cu, Ne) interactions

at 4.5A GeV/c [31], where a second-order phase transition was ruled out as a probable

mechanism of hadronization. Note that an incident energy of 14.5 GeV/nucleon is not very

much different either. The reason may as well be due to the ‘projection’ effect as is usually

found in the lower dimensional intermittency analysis. In Section 3.3.2 where the results

on 2d analysis have been presented, we would expect a better estimate of d2. The stability

index can also be obtained through other approaches, e.g. using the multifractal spectrum

as discussed in Chapter 5. Though the present µ-values (> unity) indicate a nonthermal

phase transition during the particle emission process, the issue needs further scrutiny before

arriving at a definite conclusion. Intermittency can also be studied in the framework of the

Ginzburg-Landau (G-L) model. According to which the ratio dq/d2 should obey a relation:

dq
d2

= (q − 1)ν−1, (3.28)

where ν(= 1.304) is a dimension independent universal parameter, as suggested in ref. [32].

For our 28Si-Ag/Br data we found ν = 2.30 ± 0.02 in η-space and ν = 2.65 ± 0.03 in ϕ-

space. A graphical representation of the Ginzburg-Landau prediction has also been shown

in Fig. 3.6(b). Thus, our intermittency results cannot be explained in terms of the Ginzburg-

Landau theory either.

A more direct measure of the intermittency strength can be obtained from its connection

with (multi)fractality, at first in the framework of the α-model [2], and subsequently in a

model independent way irrespective of any particular hypothesized mechanism of particle

production [33]. According to the α-model, the strength parameter αq is related to Dq by
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Figure 3.7: (a) Plot of λq with order number q. (b) Plot of intermittency strength αq

with q. (c) Plot of generalized Rényi dimension Dq with ln q/(q−1). The curves are drawn
to guide the eye.

a simple relation:

αq =

√
6 ln 2

q
(DT −Dq). (3.29)

The αq values in 1d have been calculated for all three data sets, one experimental and two

simulated, and their variation with q has been schematically presented in Fig. 3.7(b). One

can see that for the experiment the strength parameter linearly increases with increasing

order, whereas for the simulation it hovers around a very small value (≈ 0.05) except the

UrQMD+BEC generated plot in ϕ-space. From the above discussion it cannot be claimed

in clear terms as to which process (i.e., second-order phase transition or random cascading)

is actually responsible for the observed intermittency. For an arbitrary underlying dynamics

it is possible to define an effective fluctuation strength αeff =
√

2φ2 [33]. We found that

αeff = 0.15 ± 0.003 in η-space and αeff = 0.18 ± 003 in ϕ-space for the present set of

experimental data. These values are about 1/6 times the maximum fluctuation strength

(α = 1.0) allowed in the α-model. Comparing with our previous results, we find that the

present values are even less than what we observed in 16O-Ag/Br interaction at 200A GeV

(about one fourth the maximum value), but within error they are of same magnitude as

the 32S-Ag/Br interactions at 200A GeV [23]. Thus, it appears that for same target the

intermittency strength depends more on the projectile mass number than on the energy of

interaction.

A thermodynamic interpretation of multifractality has also been given in terms of a constant

specific heat C that is related to the Rényi dimensions as [34],

Dq = D∞ +
C ln q

q − 1
. (3.30)
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Table 3.2: The values of multifractal specific heat C calculated from the SFM analysis.
The C values evaluated at different q-regions are specified.

Fit region η-space ϕ-space

2 6 q 6 4 0.103±0.035 0.224±0.089

Experiment 2 6 q 6 5 0.158±0.049 0.047±0.156

3 6 q 6 5 0.273±0.061 0.758±0.229

2 6 q 6 4 0.009±0.006 -0.001±0.0010

UrQMD 2 6 q 6 5 0.022±0.011 0.0001±0.0013

3 6 q 6 5 0.046±0.017 0.0006±0.0004

2 6 q 6 4 0.013±0.007 0.120±0.011

UrQMD+BEC 2 6 q 6 5 0.013±0.005 0.149±0.008

3 6 q 6 5 0.052±0.018 0.214±0.021

While deriving the relation (3.30) it has been assumed that only Bernoulli type of fluctua-

tions are responsible for a transition from monofractality to multifractality. A monofractal

to multifractal transition corresponds to a jump in the value of C from zero to a nonzero

positive finite value. By examining the variation of Dq with q one can obtain the value of C.

A plot of Dq can be found in Fig. 3.7(c) for all the data sets used in this analysis. Whereas

the simulated Dq values are always very close to the dimension of the supporting space

(DT = 1), the experimental values are consistently different from unity. Over the full range

(q = 2, · · · , 6) the experimental Dq varies nonlinearly with ln q/(q−1), and the nonlinearity

is more prominent in the ϕ-space than in the η-space. The C value will obviously depend

on the range of q over which the data are fitted. In Table 3.2, the fit results in different q

ranges are given, which always show nonzero positive C. The simulated values are within

error, either zero or about an order less than the corresponding experimental values. One

can also see that contrary to what is found in 32S-Ag/Br interaction at 200A GeV [35], in

the present case the C value in ϕ-space is always higher than that in η-space. However, the

values of C are not consistent with the universality of the parameter as claimed in ref. [34].

The phase transition, if there is any, may not necessarily always be a thermal one, as the new

phase is not essentially defined by a (set of) thermodynamic parameter(s). Simultaneous

existence of two nonthermal phases (like those in a spin-glass system) is a possibility that

can be investigated by the intermittency parameter [36]

λq =
φq + 1

q
. (3.31)

In the α-model λq exhibits a minimum at a critical point q = qc, where the regions q < qc and

q > qc are respectively, dominated by a large number of small fluctuations (liquid phase), and
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a small number of large fluctuations (dust phase). The variation of λq has been schematically

presented in Fig. 3.7(a) for the experiment as well as for the simulations. In η-space there

is a hint of a probable minimum beyond our region of investigation (q > 6). Whereas,

in ϕ-space a clear minimum at qc = 4 can be seen. The UrQMD and the UrQMD+BEC

simulated values do not follow such pattern. The present experimental results are similar

to what was observed in 12C-Cu interaction at 4.5A GeV/c [37].

3.3.2 Intermittency in 2d

As mentioned above to a great extent the projection effect influences the intermittency

results. We therefore, extend our analysis to the two dimensional (η, ϕ) plane. Since our

analysis is based on the cumulative variables, the (η, ϕ) plane is effectively a (Xη, Xϕ)

square of unit area. As mentioned before, we continue to call it the (η, ϕ) plane. Setting

the partition numbers along each direction equal i.e., Mη = Mϕ, the phase space is first

symmetrically (or self-similarly) partitioned to result in M (= M2
η ) smaller non-overlapping

squares of equal size. The qth order two-dimensional SFM F
(2)
q is now defined in the similar

way as in Eq. (3.20), and nm is now the number of particles falling within the mth sub-cell

(a smaller square) of size 1/(Mη ·Mϕ). Figure 3.8 shows the plot of ln
〈
F

(2)
q

〉
against lnM

which we shall later refer to as the 2d-SFM plot, and where (a) is for the experiment, (b) is

for the UrQMD simulation and (c) is for the UrQMD+BEC simulation. The experimental
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Figure 3.8: Plot of 2d-SFM for a self-similar partitioning of the (η, ϕ) plane. The lines
represent linear regressions to the data points.

points show a nonlinear dependence of ln
〈
F

(2)
q

〉
on lnM . In contrast, the UrQMD simulated

2d-SFMs are almost independent of M . For q > 2 only at large M they exhibit an irregularly

fluctuating pattern. On the other hand, the UrQMD+BEC data points follow more or less a

self-similar power-law like Eq. (3.23). We denote the corresponding exponents by βq (similar
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Table 3.3: The values of 2d intermittency exponent βq of order q = 2 − 4 for self-similar
partitioning of the (η, ϕ) space in 28Si-Ag/Br interaction at 14.5A GeV.

Order βq χ2(dof)

q = 2 0.086±0.005 18.92(32)

Experiment q = 3 0.322±0.036 28.98(32)

q = 4 1.124±0.074 44.88(32)

q = 2 0.0043±0.0027 04.27(14)

UrQMD q = 3 0.0002±0.0046 10.28(14)

q = 4 0.0103±0.0092 26.45(14)

q = 2 0.028±0.002 04.38(16)

UrQMD+BEC q = 3 0.067±0.003 16.35(16)

q = 4 0.122±0.006 34.04(16)

to φq in 1d) and calculate them by fitting straight lines to the data points. For a nonlinear

variation obviously the slope will depend on the region of fit. Hence, we have done so in

a region where the variations are visibly linear as shown in the diagrams. The βq values

obtained from the linear fits are given in Table 3.3. As a measure of the goodness of the

fits the χ2 values along with the number of degrees of freedom (dof) are also quoted in the

table. However, we insist that the βq values only represent a qualitative estimate of the rise

in 2d-SFMs with diminishing phase space partition size. When the rise is nonlinear, these

indices are in no way connected to the power-law scaling, or for that matter to intermittency.

The UrQMD generated graphs are always almost uniformly distributed showing very little

or no intermittency. Correlation of any type, either due to the symmetry property of the

underlying field(s) and/or due to any dynamical reason, is virtually non-existing. When

the BEC is numerically modeled into the UrQMD data to some extent we can retrieve the

power-law type of scaling. Corresponding βq values also indicate that by accommodating

the BEC into the simulated data, one can to a certain degree account for the intermittent

behavior. However, as mentioned above, the experimental values are still several times larger

than the UrQMD+BEC values, and the experiment still cannot be fully accounted for. The

observation here supports our results on 1d analysis. We have checked that there is hardly

any nonlinearity in the variation of ln
〈
F

(2)
q

〉
with lnM in the UrQMD+BEC simulation.

As the simulated data do not exhibit any anisotropy in the (η, ϕ) plane we did not extend

our self-affine analysis for them. We notice that the experimental βq values are several times

larger than the 1d intermittency indices φq obtained for the same sets of data [Table 3.1].

The distribution of particles in the (η, ϕ) plane is anisotropic [38], while the allowed η range

depends on the collision energy, the ϕ range irrespective of all kinematic conditions is bound

within (0−2π). Similarly depending on the kinematic conditions, the longitudinal momenta
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(pl) of produced particles can vary over a wide range, whereas the average transverse mo-

menta p⊥ of these particles, irrespective of the nature of interactions and for a reason that

is still unknown to us, are limited within a relatively small range of 0.3− 0.5 GeV/c. As a

direct consequence of this anisotropy, an equal bin partitioning of the 2d distribution results

in an upward bending in the corresponding log-log plot of SFM. It is suggested that in the

2d SFM analysis, the phase space should be partitioned differently in a self-affine way as

said in the fractal theory, taking the anisotropy of the phase space into account [39]. One

way to implement this is to introduce a ‘roughness’ parameter called the Hurst exponent

(H). The anomalous scaling of the 2d-SFM that characterizes intermittency, can then be

retrieved only with a proper choice of the H value. Then the phase space scale factors in

the longitudinal (η) and transverse (ϕ) directions can be related as,

Mη = MH
φ , for H 6 1.0; Mφ = 1, 2, · · · ,Mmax

φ ; (3.32a)

Mφ = M1/H
η , for H > 1.0; Mη = 1, 2, · · · ,Mmax

η . (3.32b)

Here we choose Mmax
φ = Mmax

η = 50. For H < 1.0 the ϕ-direction is partitioned into

finer intervals than the η-direction, whereas for H > 1.0 the reverse is true. It is obvious

that, both Mη and Mϕ simultaneously cannot always be integers. After dividing the η

(ϕ) direction by a non-integer partition number, only the integer part is retained. As for

example, if δXi = ∆Xi/Mi and Mi = Ni + ai : i = η or ϕ, where Ni is integer and ai is

a positive fraction (< 1) that one can do away with. In effect, contribution from a smaller

strip of width ai∆Xi/Mi is discarded while summing (or averaging) over bins, which is done

either by placing the smaller strip at the beginning or at the end of all other equal sized

strips of width δXi. In doing so no error should in principle be incurred, as the translational

invariance of both the particle density and the SFM is ensured by choosing the cumulant

variables. We have calculated the second order 2d-SFM F
(2)
2 as a function of M over a wide

range of H(= 0.4− 3.0 in steps of 0.1) values. The variation of some of the F
(2)
2 values are

graphically represented in Fig. 3.9. Once again the errors associated with the data points

are of statistical origin. The solid curves in each case represent a quadratic function like

f(ζ) = aζ2 + bζ + c, (3.33)

where ζ ≡ lnM and f(ζ) ≡ ln
〈
F

(2)
2

〉
. The first two points are always excluded from the

fitting process. By doing so one can get rid of the effects arising out of kinematic constraints.

From Fig. 3.9 it can be seen that the strong upward bending of ln
〈
F

(2)
2

〉
with lnM , as it is

observed for H = 1 in Fig. 3.9(a), gets systematically weakened as H deviates from unity.

For H < 1 we find the weakest bending at H = 0.5 and for H > 1 at H = 2.5. The

SFM plots corresponding to these values of H are almost linear as demanded by the theory

of intermittency. A quantitative description of the above observation is provided by the
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Figure 3.9: Plot of 2d-SFM of order q = 2 against (η, ϕ)-space resolution for several
different values of H. The lines represent the quadratic function Eq. (3.33) with best fitted
parameter set given in Table 3.4. First two data points are excluded from the fits.

quadratic fit of the data points in terms of Eq. (3.33) along with the χ2(dof) values listed

in Table 3.4. We see that for the H 6 1.0 category ‘a’ is minimum and ‘b’ is maximum at

H = 0.5, while for the H > 1.0 category similar values are obtained at H = 2.5. The fit

quality as seen from the χ2(dof) values are always reasonably good. Our observation shows

that the power-law scaling of the 2d-SFM can be recovered through an asymmetric partition

of the (η, ϕ) space.

The self-affine analysis of the NA22 [40] data on pp interaction and of the NA27 [41] data

on hp interactions show that the power-law characterizing intermittency is obtained for

H < 1.0, which suggests that the transverse direction has to be partitioned finer than the

longitudinal one. In these experiments the appropriate Hurst exponent is calculated by

fitting the 1d SFM with Ochs’ formula [10]. In contrast, the EMU01 experiment on AB

collisions [24] finds that the power-law is valid for H > 1.0 i.e., the longitudinal direction

has to be partitioned finer than the transverse direction. An AB interaction can be viewed

as a superposition effect of many elementary NN interactions, as a result of which the

effective Hurst exponent Heff � H. On the other hand, in all of our AB experiments,

previous and the present one, we consistently find that the power-law of intermittency is

obtained only if H 6= 1. It does not matter which direction (i.e., longitudinal or transverse)

is partitioned finer. We have also calculated the event averaged F
(2)
q for q = 2, 3 and 4
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Table 3.4: The parameters of the quadratic Eq. (3.33) fit to the experimental data for
various H values. The χ2(dof) values showing the goodness of the fits are given.

H a b c χ2(dof)

0.4 0.0051±0.0033 0.0098±0.0321 0.0298±0.0579 6.17(45)

0.5 0.0047±0.0026 0.0155±0.0300 0.2919±0.0584 4.79(45)

0.6 0.0066±0.0032 0.0062±0.0281 0.2988±0.0581 5.72(45)

0.7 0.0121±0.0030 -0.0393±0.0274 0.3904±0.0598 6.68(45)

0.8 0.0140±0.0027 -0.0530±0.0262 0.4154±0.0602 8.57(45)

0.9 0.0145±0.0025 -0.0562±0.0252 0.4202±0.0608 8.27(45)

1.0 0.0180±0.0023 -0.0918±0.0242 0.5036±0.0615 13.5(45)

1.2 0.0152±0.0026 -0.0675±0.0258 0.4523±0.0605 7.36(45)

1.5 0.0126±0.0030 -0.0492±0.0275 0.4123±0.0591 8.45(45)

2.0 0.0132±0.0036 -0.0533±0.0295 0.4205±0.0575 8.56(45)

2.4 0.0051±0.0039 -0.0019±0.0308 0.3427±0.0570 5.18(45)

2.5 0.0032±0.0021 0.0104±0.0310 0.3246±0.0568 3.60(45)

2.6 0.0041±0.0035 0.0053±0.0313 0.3303±0.0567 3.69(45)

3.0 0.0057±0.0044 -0.0064±0.0325 0.3485±0.0566 5.49(45)
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Figure 3.10: 2d-SFM of order q = 2−4 against (η, ϕ) space resolution with two optimized

values of H for which the power-law scaling of F
(2)
2 can be recovered at its best: (a) for

H = 0.5 and (b) for H = 2.5.

using the optimized values of H obtained from F
(2)
2 (M) analysis. Figure 3.10 represents

such plots, where ln
〈
F

(2)
q

〉
is plotted against lnM , (a) for H = 0.5 and (b) for H = 2.5.

The solid curves in either of these plots represent the linear fit to the data points, leaving

first two points in each case for the same reason as mentioned earlier. The intermittency

index φ
(2)
q is nothing but the slope of these linear fits, which indirectly is related with the

intermittency strength. Table 3.5 shows the values of φ
(2)
q along with χ2(dof). One can
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Table 3.5: The values of 2d intermittency exponents φ
(2)
q of order q = 2− 4 for self-affine

partitioning of the (η, ϕ) space in 28Si-Ag/Br interaction at 14.5A GeV.

H = 0.5 H = 2.5

Order φ
(2)
q χ2(dof) φ

(2)
q χ2(dof)

q = 2 0.053±0.004 06.39(46) 0.035±0.004 04.27(46)

q = 3 0.222±0.012 27.06(46) 0.141±0.008 16.82(46)

q = 4 0.778±0.033 46.23(46) 0.436±0.022 59.63(46)
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Figure 3.11: (a) 2d intermittency strength αq in (η, ϕ) space with order q. (b) Anomalous
fractal dimension dq with order q. (c) The generalized dimension of (multi)fractality Dq

with ln q/(q− 1). The lines in (a) and (b) are drawn joining the data points, whereas those
in (c) are linear regressions.

see that the φ
(2)
q indices obtained for a symmetric partitioning are much larger than the

corresponding values for H = 0.5 and 2.5. Moreover, the H = 0.5 scaling reproduces larger

φ
(2)
q than those obtained for the H = 2.5 scaling. Comparing with our previous works we

find that the present set of self-affine φ
(2)
2 values [42] are of the same order of magnitude as

those obtained in 32S-Ag/Br and 16O-Ag/Br interactions at 200A GeV [43].

In Fig. 3.11(a) the intermittency strength αq values are plotted against the order number q

for both the H values. It can be seen that the strength parameter nonlinearly increases with

increasing order, though the values obtained for H = 0.5 are consistently higher than those

for H = 2.5. In view of our observation mentioned above regarding the intermittency index,

it is not surprising that the 2d intermittency strength in 28Si-Ag/Br interactions at 14.5A

GeV is of the same order of magnitude as those obtained in the 32S-Ag/Br and 16O-Ag/Br

interactions at 200A GeV [43]. The generalized dimension of (multi)fractality Dq is related

to the anomalous fractal dimension dq by Dq = DT −dq, where dq can be expressed in terms
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of the intermittency exponents as [44],

dq =
φq
q − 1

. (3.34)

The direct relationship between intermittency and (multi)fractality is not yet fully under-

stood. But it has been argued that, if a second-order phase transition from QGP to hadron

phase takes place, then the particle density distribution would show such intermittency that

the anomalous dimension dq becomes independent of q [45]. On the other hand, hadroniza-

tion through a cascading process will lead to dq linearly increasing with q. The dependence

of dq on q is shown in Fig. 3.11(b) for H = 0.5 and 2.5. The plot shows that the anomalous

fractal dimension increases approximately linearly with increasing order q in both cases and

the rate of increase for H = 0.5 is greater than that for H = 2.5. Hence the observation

is in agreement with the prediction of the cascade model. Similar to the 1d analysis, we

make an attempt to interpret the observed multifractality in terms of the constant specific

heat C, defined through Eq. (3.30). In Fig. 3.11(c), plots of Dq with ln q/(q − 1) are given

for H = 0.5 and 2.5. The multifractal specific heat is extracted by fitting straight line to

the data points, shown in the figure. For H = 0.5, C = 0.657 ± 0.083 and for H = 2.5,

C = 0.453 ± 0.064, are found. The C values in 2d are larger than the universal value of

C = (1/4) suggested in ref. [34], they are larger than the 1d values of C in 32S-Ag/Br and

16O-Ag/Br interactions at 200A GeV [43], and they are very close to the 1d values obtained

in a similar 28Si-induced experiment [46].

3.4 Factorial Correlators

The dynamics of particle correlation beyond that obtained from the single particle inclusive

spectra, can be investigated by studying the two-fold factorial moment or the factorial

correlator (FC). As mentioned, whereas the SFM can be used to measure the local density

fluctuations, the FC can extract additional information on the bin-to-bin correlation between

such fluctuations within an event. The FC in terms of single particle factorial moment n
[q]
m

[see Eq. (3.12)] is defined as [2],

f̃pq =
〈
n[p]
m n

[q]
m′

〉
, (3.35)

where nm(nm′) is the number of particles falling within the m(m′)th bin. The FCs are

calculated at a fixed resolution (say, δX) and for each combination of nonoverlapping pair

of intervals (e.g., mm′) that are separated by a distance D along the considered phase

space variable. As mentioned above, using cumulant variables [see Eq. (3.22)] we ensure

the translational invariance of particle density, and for the sake of statistics the FCs are

averaged over all such combinations of bins as well as over the entire event sample. The
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multivariate correlator f̃pq is then normalized as

F̃pq =
f̃pq

f̃p f̃q
, (3.36)

where f̃q =
〈
n

[q]
m

〉
is the single-variate factorial moment averaged over many non-overlapping

equal sized phase space intervals belonging to different events. Hence, factorial moments

and factorial correlators are intimately related quantities. In terms of inclusive densities one

has

F̃pq =

∫
Ω1

dη1 . . . dηp

∫
Ω2

dηp+1 . . . dηp+q ρp+q(η1, . . . , ηp; ηp+1, . . . , ηp+q), (3.37)

where ρp+q is the inclusive densities of order p + q. The integrations are performed over

two arbitrary phase space cells Ω1 and Ω2, separated by D. Factorial moment and factorial

correlators of the same order are thus seen to differ only in the choice of the integration

domains. It should be noted that the above definition is more general than Eq. (3.35). For

Ω1 = Ω2 or D = 0, Eq. (3.37) reduces to the correct definition of f2 Eq. (3.12), whereas

Eq. (3.35) equals to
〈
n2
〉

and misses the so called ‘short-noise’ term, −〈n〉.

Since p 6= q, the normalized FCs F̃pq as defined in Eq. (3.36) are not symmetric under the

p↔ q interchange. For analysis purpose the symmetrized correlators

Fpq = (F̃pq + F̃qp)/2 (3.38)

are often used. According to the α-model, Fpq should depend on the correlation distance

D but not on the phase space interval size δXη, and as D approaches a small value the FC

should follow a power-law type of dependence like,

〈Fpq〉 ∝ (∆Xη/D)φpq . (3.39)

Figure 3.12 depicts how ln 〈Fpq〉 depends on − lnD for (a) the experiment, (b) the UrQMD

simulation and (c) the UrQMD+BEC simulation for various combinations of (p, q). In the

experimental case for each such combination with increasing − lnD one can see a rapid

growth in the ln 〈Fpq〉 value at the beginning, a saturation next, followed by a moderate but

systematic linear rise near the end. Over the entire range of − lnD this variation may not be

linear. But at the end when 1/D is large, an approximately linear variation can be observed

over a limited range. The exponents φpq are obtained by fitting straight lines to the data

points only in the large− lnD region (the last five/six data points), a region that corresponds

to short range correlation. Once again the errors either in 〈Fpq〉 or in φpq are of statistical

origin and they are estimated by using data sets generated by random numbers. For the
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Figure 3.12: Factorial correlators with correlation length in η-space. The error bars are
only of statistical origin. For clarity successive orders are shifted by one unit along the
vertical axis as shown in the diagram. Lines joining points are drawn to guide the eye.

UrQMD and the UrQMD+BEC events one can hardly see any variation in the ln 〈Fpq〉 values

with varying − lnD. The FC exponents φpq and the R2 values corresponding to the best

linear fit are presented in Table 3.6 for all three data samples employed in this analysis. As

expected, negligibly small values of φpq in the simulated data shows that the UrQMD as well

as the UrQMD+BEC simulation cannot reproduce the experimentally observed correlation

effects among the final state charged mesons. Moreover, the φpq values obtained from the

UrQMD+BEC simulation always underestimate the corresponding UrQMD values, though

in case of intermittency indices the reverse is observed. According to the α-model, under a

log-normal approximation, the exponents φpq should follow a sum rule, like

φpq = φp+q − φp − φq = (p · q)φ11. (3.40)

Table 3.6: The φpq exponents of the FC scaling relation Eq. (3.39) for several different
combinations of (p, q).

Experiment UrQMD UrQMD+BEC

(p, q) φpq R2 φpq R2 φpq R2

(1,1) 0.012±0.002 0.959 0.006±0.006 0.964 0.003±0.001 0.985

(2,1) 0.024±0.004 0.958 0.011±0.009 0.932 0.007±0.003 0.910

(3,1) 0.045±0.009 0.923 0.013±0.011 0.971 0.011±0.007 0.967

(2,2) 0.057±0.013 0.911 0.021±0.015 0.893 0.014±0.005 0.820

(3,2) 0.089±0.017 0.933 0.033±0.021 0.887 0.021±0.020 0.821

(3,3) 0.203±0.025 0.979 0.041±0.032 0.851 0.028±0.043 0.830
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of the α-model.

2.5 3.0 3.5 4.0

0.3

0.6

0.9

1.2

1.5

2.5 3.0 3.5 4.0

0.3

0.6

0.9

1.2

1.5

ln
<F

p,
q>

 -ln X

 

ln
<F

p,
q> D = 0.05

(p,q)

(1,1)

(2,1)

(3,1)

(2,2)

(3,2)

(3,3)

(a)

 

D = 0.1

 

 

-ln X

(b)

(p,q)

(1,1)

(2,1)
(3,1)

(2,2)

(3,2)

(3,3)

Figure 3.14: Factorial correlators with phase space resolution for two different values of
correlation length D = 0.05 and 0.1. The plots are for the experiment. The dashed lines
are the best fitted horizontal lines to the data points.

Therefore, the φpq/φ11 value should linearly rise with the product (p · q), which can be

used as a consistency check between the experimental data and the α-model. Such a plot

for the experiment together with the UrQMD and the UrQMD+BEC simulated data is

given in Fig. 3.13. The expected linear variation is satisfactorily ascertained in this plot.

One also notices that the UrQMD line is well short of reproducing the experiment, and

the UrQMD+BEC line falls in between these two. Though the experiment and both the

simulations are consistent with this prediction of the intermittency model, there exists a

certain quantitative difference between them. Another prediction of the α-model is that,

for a fixed D the correlators should be independent of δXη. This aspect has been verified
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in Fig. 3.14, where graphical plots of ln 〈Fpq〉 at fixed D(= 0.1, and 0.2) and for several

different values of ln δXη are shown for the experiment. Within errors the δXη independence

of Fpq is established. It should be pointed out here that, such a property does not hold for

the α-model only, but is a feature of any model that takes short range correlation into

consideration.

3.4.1 Sum Rules

Suppose the initial interval ∆Xη is divided into M subintervals of size δXη = ∆Xη/M

for the calculation of the bivariate factorial moments
〈
n

[p]
m (δXη) n

[q]
m′(δXη)

〉
, while the same

interval is divided into L = M/2 bins of size 2δXη for the determination of the single variate

factorial moments
〈
n

[p]
l (2δXη)

〉
. Between the two types of factorial moments the following

relation should hold:〈
n

[p]
l (2δXη)

〉
=

〈
(nm(δXη) + (nm+1(δXη)

[p]
〉

=

p∑
q=0

(
p

q

)〈
n[p]
m (δXη) n

[p−q]
m+1 (δXη)

〉
, (3.41)

with m = 2l− 1 for l = 1, 2, . . . , L. The relation is obtained by application of the binomial

theorem generalized to factorial powers [47]. In case of translational invariance, the above

equation can be used to derive a relation between F11 and F2. For p = 2, after a division

by 〈nm〉 〈nm+1〉 Eq. (3.41) becomes

〈
(nm + nm+1)[2]

〉
〈nm〉 〈nm+1〉

=

〈
n

[2]
m

〉
〈nm〉 〈nm+1〉

+

〈
n

[2]
m+1

〉
〈nm〉 〈nm+1〉

+ 2
〈nmnm+1〉
〈nm〉 〈nm+1〉

. (3.42)

Since translational invariance is assumed,

〈nm〉 〈nm+1〉 = 〈nm〉2 = 〈nm+1〉2 =
1

4

〈
(nm + nm+1)2

〉
. (3.43)

After averaging over m, one can obtain [48]

〈F11(D)〉 = 2 〈F2(2D)〉 − 〈F2(D)〉 . (3.44)

Here F11(D) denotes the FC calculated for a distanceD between the bins of size δXη. Guided

by the predictions of the α-model, one can state that the relationship (3.44) holds for all bin

sizes δXη for which F11(D) is effectively independent of δXη in the range δXη 6 D 6 D0.

Relation (3.44), known as the ‘sum-rule’, can be trivially extended to more than two cells.

They allow to measure high-order correlations by varying the distances between the cells. In

Fig. 3.15 we have shown such a plot of ln 〈F11(D)〉 and ln [2 〈F2(2D)〉 − 〈F2(D)〉] as functions
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Figure 3.15: The validity of the scaling relation Eq. (3.44) for (a) the experiment, (b) the
UrQMD and (c) the UrQMD+BEC.

of − lnD for (a) the experiment, (b) the UrQMD simulation and (c) the UrQMD+BEC

simulation. One can see that the data points corresponding to either side of Eq. (3.44)

fall almost over each other for the experiment as well as for both the simulations, thereby

proving the validity of the scaling relation. Overall, our study on FC shows the presence

of a short range correlation in the 28Si-Ag/Br data, and gross features of the experiment

are consistent with the predictions of the α-model. Due to intermixing of many sources

of particle production in AB interaction most of the long range correlations are probably

smeared out. The present set of observations on factorial correlator is qualitatively consistent

with those of similar such studies in high energy AB interactions [49, 50].

3.5 Factorial Cumulant Moments

The inclusive q-particle densities ρq(η1, . . . , ηq) in general contains ‘trivial’ contributions

from the lower-order densities. Under certain conditions it is advantageous to consider a new

sequence of correlation functions Cq(η1, . . . , ηq) which vanish whenever one of the arguments

becomes statistically independent of the others. The quantities with such properties are

called the cumulant functions defined via the sequence,

C1(1) = ρ1(1), (3.45a)

C2(1, 2) = ρ2(1, 2) + ρ1(1)ρ1(2), (3.45b)

C3(1, 2, 3) = ρ3(1, 2, 3)−
∑
(3)

ρ1(1)ρ2(2, 3) + 2ρ1(1)ρ1(2)ρ1(3), (3.45c)

and so on . . .
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Likewise, the higher order expressions can be derived from the related formulae. With the

help of the cumulant functions the cell averaged normalized factorial cumulant moments are

defined as,

Kq(δη) =
1

M(δη)q

M∑
m=1

∫
δη

∏
i

dηi
Cq(η1, . . . , ηq)

(ρ̄m)q
. (3.46)

The cumulants provide a measure of genuine higher order correlation beyond the contribu-

tion(s) coming from the lower order. The inter-relationship between the cumulant moments

and the factorial moments is guided by Eq. (3.17)

Fq =

q−1∑
j=1

(
q − 1

j − 1

)
Fq−jKj +Kq; q = 2, 3, · · · , (3.47)

with F0 = F1 = K1 = 1, and K0 = 0. Successive terms in the expansion correspond

to contributions coming from genuine 2, 3 · · · , q-particle correlation present in the local

particle densities. In order to calculate the cumulant moment, one needs to calculate Fq first

following Eq. (3.20), and then the corresponding cumulants are obtained from the following

set of explicit relations (for q = 2− 5):

F2 = 1 +K2, (3.48a)

F3 = 1 + 3K2 +K3, (3.48b)

F4 = 1 + 6K2 + 3K2
2 + 4K3 +K4, (3.48c)

F5 = 1 + 10K2 + 15K2
2 + 10K3K2 + 10K3 + 5K4 +K5. (3.48d)

The bar average is defined as AB = (1/M)
∑

mA
(m)B(m). For a Poisson distribution

Kq = 0 for q > 1. Nonzero Kq values (q > 1) should therefore, indicate an existence of

nontrivial correlation in the inclusive density distribution of produced particles. In Fig. 3.16

we graphically present the variation of ln 〈Kq〉 for (q = 2, · · · , 5) with lnM for the present

28Si-Ag/Br data. The errors shown in these diagrams are calculated by making use of the

random number generated data sets, and hence they are of statistical origin only [51]. The

cumulants increase with diminishing phase space interval size. There are obvious statistically

significant contributions coming from two and three-particle correlation(s). However, the

same is not true for K4 or K5, which are either vanishingly small within errors (at wide

δXη), or the cumulant values are associated with large statistical uncertainties (in narrow

δXη interval), and it is difficult to draw any definite conclusion from the data. We do

not attach much significance to the observation that at η ∼ 3.5 a few points suddenly rise

above the neighboring points. The UrQMD and UrQMD+BEC generated points are almost

uniform over the entire lnM range, and both simulations underestimate the corresponding

experimental result on K2, K3 and K4. The same is however not true for K5. In the
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Figure 3.16: The normalized cumulant moments plotted against the phase space partition
number in 28Si-Ag/Br interaction at 14.5A GeV.

latter case there is hardly any difference between the experiment and the UrQMD or the

UrQMD+BEC simulated points where statistical errors are small. The errors attached

correspond to one standard deviation and any conclusion regarding a systematic behavior

will be only at the ∼ 68% confidence level. While the present observation is consistent

with one previously obtained AB result [52], it is in contradiction with a few similar other

experiments [53, 54].

3.6 Oscillatory Moment

By a parton shower cascade model based on the QCD it has been predicted that the Kq

moments should oscillate irregularly around the zero value with increasing order q [15, 16].

Both Fq and Kq have strong energy and order dependence, and due to finite multiplicity in

an event the high rank moments are difficult to measure at high phase space resolution. To

overcome the deficiency a new set of moments is introduced that are defined as,

Hq = Kq/Fq. (3.49)

The Hq moment also known as the oscillatory moment, shows a very interesting oscillatory

behavior with q, which even at large q is also much more regular than Fq or Kq. The ratio

reflects genuine q-particle correlation integral relative to the global correlation integral,
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Figure 3.17: The oscillatory moments Hq plotted with its rank q for the experiment
(solid circle) and for the UrQMD (empty circle). The lines joining points are shown to
guide the eye. The pseudorapidity cuts taken as (a) η0 − 0.25 6 η 6 η0 + 0.25, (b)
η0 − 0.5 6 η 6 η0 + 0.5, (c) η0 − 0.75 6 η 6 η0 + 0.75 and (d) η0 − 1.0 6 η 6 η0 + 1.0.

and it is very sensitive to the tail of the multiplicity distribution. In the cases of high

energy e+e−, hh and hA interactions oscillatory behavior of Hq with increasing q around

the zero value has been experimentally confirmed. Whereas, for e+e− and hh interactions

the oscillatory behavior has been attributed to the multicomponent structure of the particle

production process [16], in the hA case [55] the result has been explained in terms of a

leading particle cascade model. In all cases, for each participating particle/nucleon either a

negative binomial distribution, or a modified negative binomial multiplicity distribution, or

both have been successfully used.

In the present case of 28Si-Ag/Br interaction at 14.5A GeV of energy, the variation of Hq

moments with order q is graphically presented in Fig. 3.17, for the experiment as well as

for the UrQMD model simulation. The BEC effect introduced into the UrQMD output

does not make any measurable deviation in Hq from its original values, and hence are not

adopted in the diagrams. The jet structure has been examined in the central particle-

producing region with four different η windows selected as: (a) η0 − 0.25 6 η 6 η0 + 0.25,

(b) η0 − 0.5 6 η 6 η0 + 0.5, (c) η0 − 0.75 6 η 6 η0 + 0.75 and (d) η0 − 1.0 6 η 6 η0 + 1.0,

where η0 is the mean of the η-distribution. One can see that after an initial fall the Hq

values oscillate about the Hq = 0 line. In the considered η-intervals there are always a

marginal difference between the experiment and the UrQMD. However, the differences are

not statistically significant. The extent of oscillation is large in the high q region where
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Hq values have large statistical errors (once again calculated from random number based

data sets). As the η window is increased beyond ηcut = 1.0, probably due to intermixing

from different particle producing sources the correlation effects are washed out, and the

experiment and simulation start to coincide, showing only a small or no oscillation. We

observe that the Hq moment though oscillating, is not a very sensitive parameter that can

filter out the correlation effects of the experiment from the simulation which is otherwise

lacking any significant correlation.

3.7 Discussion

Multiplicity moments related to intermittency and short-range particle correlation phenom-

ena have been studied in 28Si-Ag/Br interaction at 14.5A GeV. The experimental results

are compared with the prediction of the microscopic transport model UrQMD, and with the

UrQMD output supplemented by the Bose-Einstein type of correlation included as an after-

burner. In general we observe a nonstatistical component present in the final state charged

particle density distribution. On most occasions neither the UrQMD nor the UrQMD+BEC

model can replicate the experimental pattern well. The following specific observations can

be made from the analysis.

The 1d intermittency analysis shows that in AB interaction the phenomenon is dependent

more on the colliding objects than on the collision energy involved. The 1d intermittency

also depends on the choice of the underlying phase space variable. It is slightly stronger in

ϕ-space than in the η-space. The higher order intermittency exponents can be explained in

terms of two- and three-particle correlations. The shower tracks are caused by non-identical

mesons (both positive and negative charge). Hence, the observed correlations are not entirely

due to the usual Bose-Einstein type which is being reflected from the comparison of our

experiment with the UrQMD+BEC results. The order dependence of the intermittency

indexes is neither in conformity with a second-order thermal phase transition, nor with a

multiplicative cascade mechanism. Instead, our intermittency results indicate that there

may be a nonthermal phase transition and (or) simultaneous coexistence of two different

states of hadronic matter. Using the generalized Rényi dimensions, the multifractal specific

heat C has also been obtained for the interactions. However, no universality is found to be

associated with this parameter.

The 2d intermittency is several times stronger than the 1d one. Like in the 1d case, due to the

absence of any correlation between particles in the input, the UrQMD model alone cannot

produce significant intermittency, but definite improvement in this regard is observed when

BEC is incorporated into the UrQMD output. The experimental slope values however, still
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remain several times larger than the UrQMD+BEC simulation, and the upward bending

that is so typical of the anisotropy in two dimensional density distribution, is absent in both

the UrQMD and UrQMD+BEC simulated plots. As reflected from the upward bending

in the variation of the 2d-SFM, there is a strong anisotropy in the (η, ϕ) space. This

anisotropy is taken care of by introducing the Hurst exponent H, which in the present

case comes out to be 0.5 and 2.5. With the above choice of H values we can retrieve the

anomalous scaling of the 2d-SFM, and obtain the actual intermittency strength. As the

anomalous scaling is obtained both for H < 1 and H > 1, in our case it is not mandatory

that one particular direction (e.g., longitudinal η or transverse ϕ) has to be partitioned

finer with respect to the other. This in a sense contradicts the observations of similar AB

experiments [56, 57], and an interpretation of AB results in terms of the superposition of

many elementary NN collisions seems inadequate [58]. Using the appropriate H values we

have determined the intermittency strength, the generalized multifractal dimension, and the

multifractal specific heat in (η, ϕ)-plane. The 2d intermittency strength is of the same order

of magnitude as obtained from similar AB experiments at a much higher incident energy

(200 GeV per nucleon). This in a sense indicates that the intermittency phenomenon in

nucleus-nucleus experiments is less sensitive to the variation in collision energy. The general

nature of the fractal parameters obtained here tells us that a multifractal structure is present

in the underlying dynamical fluctuation of the particle density function, which probably is

an outcome of a random cascading process of particle production.

The short-range particle correlation study on the other hand demands, besides local fluctua-

tions bin-to-bin correlations should also be present in the experimental data. However, such

correlation effects cease to exist beyond a small length in η-space. The experimental results

on FC are in conformity with the sum rules and the scaling-laws suggested by the α-model.

That the observed intermittency effects primarily result from two and three-particle corre-

lation is verified from our results on the factorial cumulants. As expected, these correlations

grow with diminishing phase space interval size as it narrows down to the experimental res-

olution. There is an indication that small amount of higher order (q > 3) correlations may

also be present in the experiment. Due to large statistical errors however, the observation

cannot be considered very seriously. All these correlation effects could not be reproduced

either by the UrQMD model or by the BEC effect implemented over the same model. The

oscillatory nature of Hq has been confirmed for the present data on 28Si-Ag/Br interactions.

However, in this case the difference between the experimental and the simulated (UrQMD

or UrQMD+BEC) results is not very significant. Note that the Bose-Einstein correlation

has been accommodated into the UrQMD output as an after-burner without any check

on the two-particle correlations, and not directly at the real correlation level. Hence, the

method adopted cannot be considered as a fully convincing way of taking the BEC effect

into account as a probable cause of the intermittency in the 28Si-Ag/Br data analyzed here.
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