
Chapter 4 

Algorithms for Two Counterfeit Coins Problem while 

Both are Heavier or Both are Lighter 

4.1 Overview 

In this chapter, we are going to study about the two different algorithms for solving two 

counterfeit coin problems. This chapter is organized into seven sections. In the Section 4.2, 

we have briefly discussed about the two counterfeit coin problems. In Section 4.3, we have 

discussed general algorithm for differentiating two counterfeit coin problems. In Section 

4.4, we have talked about the algorithms for both the counterfeit coins are equally heavier 

and equally lighter. In Section 4.5, we have presented algorithms for both the counterfeit 

coins are equally heavier and equally lighter. In Section 4.6, we have discussed the 

computational complexity of the algorithms. In Section 4.7, we have presented 

experimental results. A summary of the chapter is presented in Section 4.8. 

4.2 A Brief Study on Two Counterfeit Coins Problem 

We have a set of n identical coins and it is known that there are two or more defective coins 

present. An equal arm balance is provided. When it is a one coin problem, i.e. we know 

that there is only one counterfeit coin among n cons. We are given that only one coin is 

defective out of n. It can weigh an equal number of coins on the two arms of the balance. 

Let us consider that we take 𝑘 coins in each pan for each weighing, k  n every time [31, 

33, 39], where k depends on n for each of the iterations, so we take 2k coins from n. If the 

two groups’ balance, the defective coin must be in the remaining n 2k set of coins. If the 

two groups do not balance, we know that the false coin is in one of the k groups. 

After each weighing, the number of coins to be examined further reduces, but the 

problem is of the same type. This allows us to apply dynamic programming to this problem. 

When it is a two coin problem the scenario changes. We know that there are two defective 
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coins in a set of n coins and it is given that both are heavier (lighter) than the others in the 

set. Each weighing has k coins on each pan. The following two cases can arise: 

1. If the two sets balance “” either they both contain one false coin, or both the false 

coins are in the remaining n2k set. In this case, examining the coins in one pan, 

we can take the conclusion that whether there is the counterfeit coin or not. Where 

lays the characteristic of dynamic programming, that the result of a case depends 

on the previous case. 

2.  If the two sets do not balance “” either one of them contain one defective coin 

and the other false coin is in the remaining n2k set or both the false coins lie in 

one of the 𝑘 sets with none in the remaining n2k set. 

4.2.1 Problem Formulation 

The problem under consideration conveys that in the search space, there are n coins all of 

which are identical in exterior. By a standard or true coin, we indicate that its weight is 

precise to a value, say x unit, and a forged (or false or counterfeit) coin is a coin which only 

differs from a standard one in terms of its weight. If the weight of a fake coin is y unit, then 

one of the following situations may arise: x > y; x < y, i.e. the anomalous coin is either 

lighter or heavier than a true coin. Now, it is restricted through the problem statement that 

we do not have the information about the original weights of the coins. We are only 

provided with a single arm balance using which the relative weights of the coins can be 

found out. Now, depending on the number of fake coins in the search space the problem 

shows variation in the outcomes of the weighing process [18, 29]. 

To explain this, let us take one example. Say, only one coin is false among 10 coins. 

We put five coins in the left pan and five coins in the right pan, and say, the left pan goes 

upside and right pan downside. From this weighing we may assume two things: either the 

fake coin is heavier residing on the right pan while the coins on the left pan are all true, or 

the fake coin being lighter than a standard one, resides on the left pan. Thus, from this 

single weighing we cannot conclude anything else. Whatever be the case, we can conclude 

that at least one false coin is there on the coin set. Hence, to detect the counterfeit coin 
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categorically we must proceed through further weighing and our objective is to focus on 

meaningful weighing instead of redundant comparisons, i.e. each comparison can reduce 

the search space and finally lead us to the conclusion. 

 To formulate the problem, we must define the cases emphatically. Let T, H, and L 

denote a true coin, a heavier false coin, and a lighter false coin, respectively, whereas their 

weights are denoted as ω(T), ω(H), and ω(L), respectively. For one counterfeit coin 

problem as only single coin is anomalous, there are two possibilities: ω(T) > ω(L) and ω(T) 

< ω(H). The scenario is not as straightforward in case of two coins problem as similar 

outcome of weighing may claim different false coin combination and thus introduces 

conflicts [9]. For an example, if the left pan is heavier than the right, we cannot conclude 

immediately that both the false coins (heavier) are in the left pan or both (lighter) are in the 

right pan as there are several false coin combinations as discussed below. 

4.2.2 Variation of the Problem 

As our objective is to detect counterfeit coins from a set of coins, we are given the number 

of counterfeit coins and the cardinality of the set of coins. We are developing an algorithm 

to find 2 (two) false coins among n coins. Here we may observe two issues. What is the 

minimum value of n? Also, what kind of false coins is there, heavier or lighter than the 

original coin? 

As a false coin means that it is either heavier or lighter than a true coin, finding out 

two false coins introduces several cases: 

 Both are heavier: Two heavier false coins may be equally or unequally heavier. If 

we denote them as H1 and H2 and their weights as ω(H1) and ω(H2), we can define 

this case as: 

 ω(H1)  ω(H2) [Equally heavier] 

 ω(H1) > ω(H2) [Unequally heavier and we assume H1 to be heavier than H2] 
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 Both are lighter: Two lighter false coins may be equally lighter. If we denote them 

as L1 and L2 and their weights as ω(L1) and ω(L2), we can define this case as: 

 ω(L1)  ω(L2) [Equally lighter] 

 ω(L1) < ω(L2) [Unequally lighter and we assume that L1 is lighter than L2] 

 One is heavier and the other is lighter: Let the true coin is denoted as T, and 

weight of the true coin is ω(T). Also, heavier and lighter coins are denoted as H and 

L respectively. Then, 

 ω(H)  ω(T)  H 

 ω(T)  ω(L)  L 

The following situations may arise: ∆H > ∆L, ∆H < ∆L, ∆H  ∆L. Thus, there are 

seven different cases for finding out 2 counterfeit coins. 

Lemma: To find p counterfeit coins among n coins, n  2p  1 

Proof: If there is Single false coin among two coins, a standard coin must be provided to 

detect the false coin unless the weight of the correct coin is given. Thus, if p  1 then min 

(n)  3  2p + 1. Now if there are two false coins (we know the type of them) we can 

identify them from four coins if and only if two false coins are of different weights. If they 

are of same weights we cannot conclude which set of coins are true as there are equal 

number false and true coins. Thus, we need a standard coin and the total number of coins 

is five, i.e. 2p + 1. To satisfy all the cases 𝑚𝑖𝑛(𝑛) for 𝑝 false coins is 2p + 1. 

In general, if there are 𝑝 counterfeit coins we can detect them from p  2 (coins if 

all the p coins are of distinct weights, but if at least two false coins are of same weights we 

cannot distinguish between the set of original coins and the false coins. So, the satisfy the 

above cases, especially the case where all the false coins are of same weight we need at 

least one more true coin than the false coin, i.e. the minimum number coins are required is 

p  p  1  2p + 1 [8, 9].  
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4.3 A General Algorithm for Differentiating Two Counterfeit Coins

 Problem 

Let us consider that there are n coins. Our objective is to find two false coins using a single 

arm balance. Here we assume that we always put an equal number of coins on the both 

arms of the balance for weighing. Observing the relative status of the arms, i.e. left pan is 

heavier or lighter than the right pan, we decide on which pan the false coin resides.  

Our algorithm proceeds by dividing the coins into three sets K1, K2, and K3 such 

that the cardinality of the set K1 and K2 are equal. At first, K1 and K2 is put on the arms for 

weighing. Depending on the result of this weighing and the specification of the counterfeit 

coins, i.e. both are equally heavier or equally lighter or one is heavier than the other etc., 

which is provided, we decide that which set contains the false coin(s). 

Now, as said above, we must divide into K1, K2, and K3. As n is an integer there are 

three cases: (a) n/3, (b) n  1/3, (c) n  1/3. For the first case K1  K2  K3  n3. For 

the second case, K1  K2  n  1/3 and K3  n  2n  13  n  23 so there is 

difference of single coin between K1 or K2 and K3. For the third case, K1  K2  n  13 

 1  n  23 and K3  n  2n  23  n  43. There is a difference of two coins 

between K1 or K2 and K3. 

After creating sets K1, K2, and K3 they are put into weighing, depending on the 

result of weighing at any node, information flows downward to the leaves. At the leaf nodes 

we are performing two operations [4, 6]: 

 OCP (One Counterfeit Coin Problem) Ki denotes the operation to find one 

counterfeit coin in Ki set. We call it whenever we are sure that there is only one 

false coin in Ki. 

 TCP (Two Counterfeit Coin Problem) Ki is performed when we are sure that 

we are sure that there are two false coins in Ki. 
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4.4 Algorithms for Both the Counterfeit Coins are Equally Heavier

 or Equally Lighter 

Case 1: ω(H1)  ω(H2) [Equally Heavier] 

 

The decision tree, in Figure 4.1 shows flow of algorithm for this version. At the root node, 

K1 and K2 are compared. At the internal node either K1 or K2 is compared with K3. And at 

the leaf node OCP is applied to the respective seats or TCP is further applied taking its 

input either K1 or K2 or K3, depending on the information it has got from the previous level 

of comparisons. 

 

Figure 4.1: Decision tree for finding two equally heavier coins among n coins where n/3. 

 

If n is such that (n – 1) is divisible by 3, and then the set K3 has two coins less than 

the set K1 and K2. So, after comparing K1 and K2 at the root node, we like to perform the 

comparison between (K2 – 2) or (K1 – 2) with K3 and depending on the information gained, 

we perform the OCP or TCP on the respective sets at the leaf node. 

 

n is divisible by 3, |K1| |K2| |K3| n/3 

= > < 

= < 

  K1:K2 

K2:K3 K2:K3 K1:K3 

OCP (K1) 

OCP(K3) 

TCP (K1) OCP (K1) 

OCP (K2) 

TCP (K3) OCP (K2) 

OCP(K3) 

TCP (K2) 

> = < 

(n  1) is divisible by 3, |K1| = |K2| = ((n  1)/3) + 1= (n + 2)/3, |K3| = n  2(n + 2)/3 

= (n  4)/3 

(n + 1) is divisible by 3, |K1| = |K2| = (n + 1)/3, |K3| = n  2(n + 1)/3 

 

< 
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Figure 4.2: Decision tree for finding two equally heavier coins among n coins where (n – 

1)/3. 

If n is such that (n + 1) is divisible by 3, of course the sets K1 and K2 have one more 

coin than the set K3. So, at the second level of comparison K3 is compared to either with 

(K1 – 1) or with (K2 – 1). 

 

Figure 4.3: Decision tree for finding two equally heavier coins among n coins where 

(n+1)/3. 

So far, we have seen that to find two false coins among n coins, the algorithm 

proceeds by comparing K1 and K2 at the root node and then at the second level performs 

the comparison between (K1 i) or (K2 i) with K3, where i is 0 or 1 or 2 depending on 

the fact n/3 or (n – 1)/3 or (n – 2)/3 respectively, and at the leaf we simply call one coin 

problem for the set (Kj) or two coin problem for the set (Kj). OCP finds a single counterfeit 

coin from the respective set [4]. To illustrate, from Figure 4.3, we may observe that if K1 

> K2 and there are two equally heavier coins in the set of n coins, there are several 

possibilities: 

= 
> < 

= < < = < 

  K1:K2 

(K2-2):K3  (K2-2):K3 (K1-2):K3 

OCP (K1) 

OCP (K3) 

TCP (K1) OCP (K2-2) 

OCP (K1) 

TCP (K3) OCP (K2) 

OCP (K3) 

TCP (K2) 

< 

OCP (RK2) 

OCP (K1) 

= 

= > < 

= < < = > 

   K1:K2 

(K2-1):K3 (K2-1):K3 (K1-1):K3 

OCP (K1) 

OCP (K3) 

TCP (K1) OCP (K2-1) 

OCP (K1) 

TCP (K3) OCP (K2) 

OCP (K3) 

TCP (K2) 

< 

Rk2 (H1) 

OCP (K1) 

= 
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 Two heavier coins may reside in the set K1 resulting K1 > K2. 

 One heavier coin resides in K1 and the other is in K3. 

 But K1 and K2 at the same time cannot contain one heavier coin each, as they are 

equally heavier, it would equal the pan.  

 K2 contains only true coins.  

Thus, we perform K2 : K3, as we like to know whether set K3 contains the false coin 

or not. If we find K2 < K3, we are then sure that the set K3 has a false coin (as the set K2 is 

of true coins). So now we have the information that set K1 and K2 contains a false coin 

each. But we do not know which one it is. So, we perform one counterfeit coin problem for 

K1 and K3 [4] individually; it takes only O(log n) time to find the odd ones.  

If we find K2  K3, we are sure that the set K1 contains both the heavier coins (as 

K2 is true set K3 is also true). So, the algorithm (TCP) is recursively applied taking its input 

set K1 instead of n, and proceeds at first dividing the set K1 into three sets depending on 

the division by 3 and so on. 

 

Figure 4.4: Decision tree for finding two equally heavier coins, where n  5 coins. 

We may observe the division of the set and the recursion of the algorithm reduces 

the cardinality of the set for the next iteration. Thus, this reduction may lead the algorithm 

to start with the set having only four coins or five coins. We call this the base for the TCP. 

< 

= > < 

= < > = < 

1 2: 3 4 

3: 5 1:2 1: 5 

5 (H1)      

1: 2 

1(H1) 

2(H2) 

1(H1)     

3: 4 

2(H1)   

3: 4 

5(H1)     

3: 4 

3(H1)    

4(H2) 

 5 

1 (H1)      

3 (H2) 

1 (H1)       

4(H2) 

5 (H1)      

1 (H2) 

5 (H1)       

2(H2) 

2 (H1)      

3 (H2) 

2(H1)       

4(H2) 

5 (H1)      

3 (H2) 

5 (H1)       

4(H2) 

> < > < < > > < 
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We will see later that only four comparisons are needed to identify the false coins in the 

base. 

Let us take n  15. So, K1  K2  K3  5. From Figure 4.4, we may observe that 

OCP or TCP is applied to only 5 coins in this case. So, if we solve the problem for the base, 

i.e. for the set n  5, for any number of coins greater than 5 (any large integer greater than 

5) we can find the false coins. 

Case 2: ω(L1)  ω(L2) [Equally Lighter] 

 

 

Figure 4.5: Decision tree for finding two false coins given ω(L1)  ω(L2) among n coins 

where n/3. 

As discussed in the Case 1 for ω(H1)  ω(H2), Case 2 can be solved in the same way. Only 

the difference is that when a set is heavier than the other set it must contain only the true 

coins. The decision tree, in Figure 4.5 shows the flow of the algorithm for this version. At 

the root node, K1 and K2 are compared. At the internal node either K1 or K2 is compared 

with K3, and at the leaf node OCP is applied to the respective sets or TCP is further applied 

taking its input either K1 or K2 or K3, depending on the information it has got from the 

previous level of comparisons. 

n is divisible by 3, |K1| |K2| |K3| n/3 

> 

= > < 

= > 

K1:K2 

K2:K3 K2:K3 K1:K3 

OCPL(K1)

OCPL(K3) 

 

TCP(K1) OCPL(K1)

OCPL(K2) 

 

TCP(K3) OCPL(K2)

OCPL(K3) 

 

TCP(K2) 

> 
= 

< 



78 

 

If n is such that (n – 1) is divisible by 3, and then the set K3 has two coins less than 

the set K1 and K2. So, after comparing K1 and K2 at the root node, we like to perform the 

comparison between (K2 – 2) or (K1 – 2) with K3 and depending on the information gained, 

we perform the OCP or TCP on the respective sets at the leaf node, shown in Figure 4.6. 

 

Figure 4.6: Decision tree for finding two false coins given ω(L1)  ω(L2) among n coins 

where (n – 1)/3. 

 

If n is such that (n + 1) is divisible by 3, of course the sets K1 and K2 have one more 

coin than the set K3. Subsequently, at the second level of comparison K3 is compared to 

either with (K1 – 1) or with (K2 – 1). Again, at the leaf node, as we can see, OCP or TCP 

are called. 

4.5 Algorithms for Both the Counterfeit Coins are Unequally Heavier

 or Unequally Lighter 

Case 1: ω(H1) > ω(H2) [Both are Unequally Heavier]: 

 

(n – 1) is divisible by 3, |K1| = |K2| = ((n – 1)/3) + 1 = (n + 2)/3, |K3| = n – 2(n + 2)/3 

= (n – 4)/3 

= > < 

= > > = < 

K1:K2 

(K2-2):K3 (K2-2):K3 (K1-2):K3 

OCPL(K1)

OCPL(K3) 

TCP(K1) OCPL(K2-2) 

OCPL(K1) 

TCP(K3) 

 

OCPL(K2) 

OCPL(K3) 

 

TCP(K2) 

> 

OCPL(K2) 

OCPL(K1) 

= 

(n + 1) is divisible by 3, |K1| = |K2| = (n + 1)/3, |K3| = n  2(n + 1)/3 

 

n is divisible by 3, |K1| = |K2| = |K3| = n/3 
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The decision tree in Figure 4.5 shows the flow of the algorithm for this version. At the root 

node, K1 and K2 are compared. If K1  K2, then we are sure that they contain only true 

coins and K3 has two false coins. Therefore, we perform TCP on the set K3. If K1 > K2, 

there are some possibilities: 

 K1 and K2 contains a false coin each and weight of the heavier coin in the set K1 is 

greater than that in the set K2. 

 Both the heavier coins are in K1. 

 K1 contains a false coin and K3 contains a false coin. 

 Thus, in the second level of comparison, we check K2 : K3. If we find they are equal, 

then K2 and K3 have true coins and we perform TCP on K1 as now K1 contains both the 

false coins. If we find K2 < K3 then one false coin is in K1 and other is in K3 and K2 is the 

set of true coins. So, we perform OCP on K1 and K3 separately. Again, as there are only 

two heavier coins, if K2 > K3 then the set K1 and K2 contains a false coin each and K3 has 

true coins only. The false coin in K1 is heavier than the false coin in K2. Similarly, if we 

find K1 < K3 taking K1 : K3 we perform the operations as shown by the decision tree in 

Figure 4.7. 

 

If n is such that n + 1 is divisible by 3, then the algorithm does the same thing as 

for the version n/3 except for the second level of comparisons, it takes (K2  1) instead of 

K2 and (K1  1) instead of K3. At the third level of comparisons we see that if (K2  1)  

K3 then (K2  1) and K3 are both the set of true coins and the remaining coin of the set K2 

(i.e. the coin is K2R) may be a false coin. Therefore, we take a true coin (here from the set 

K3, as we already have known that this is true. Moreover, the first coin of the set K3 is 

chosen) and compares it with the K2R. If we find K2R  a true coin from K3 then K1 contains 

both the false coins. Thus, we perform TCP on the set K1. If K2R is greater than the true 

coin, it is obvious that it is a heavier coin and to find the other heavy coin we perform OCP 

on K1. 

(n+1) is divisible by 3, |K1| = |K2| = (n + 1)/3, |K3| = n  2(n + 1)/3                 
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Figure 4.7: Decision tree for finding two false coins given ω(L1)  ω(L2) among n coins 

where (n + 1)/3. 

 

Figure 4.8: Decision tree for finding two unequally heavier coins among n coins where 

n/3. 

 

Figure 4.9: Decision tree for finding two unequally heavier coins among n coins where 

(n+1)/3. 

= > < 

= > > = < 

K1:K2 

(K2-1):K3 (K2-1):K3 (K1-1):K3 

OCPL(K1)

OCPL(K3) 

TCP(K1) OCPL(K2-1) 

OCPL(K1) 

TCP(K3) OCPL(K2) 

OCPL(K3) 

TCP(K2) 

> 

K2R(L) 

OCPL(K1) 

= 

= > < 

= 
< 

= 

K1:K2 

   K2:K3      K1:K3 

OCPH(K1)

OCPH(K3) 

TCP(K1) 

TCP (K3) 

OCPH(K2)

OCPH(K3) 

TCP (K2) 

< 

OCPH(K1)OCPH(K2) 

(H1 in K1 & H2 in K2) 

> 

OCPH(K1)OCP

H(K2) (H1 in K2 

& H2 in K1) 

> 

= > < 

< 

K1:K2 

 (K2-1):K3  (K1-1):K3 

OCP H(K1) 

OCPH(K3) 

 

TCP(K3) 

 

OCPH(K2) 

OCPH(K3) 

 

< 

OCP H(K1) 

OCPH(K2-1) 

 

> 

OCP H(K1-1) 

OCPH(K2) 

 

 

> = 

R1: one from K3 

TCP(K2) 

= 

RK1(H2) 

OCPH(K2) 

 

> 

= 

K2R: one from K3 

TCP(K1) 

= 

RK2(H2) 

OCPH(K1) 

 

> 
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Figure 4.10: Decision tree for finding two unequally heavier coins among n coins where 

(n1)/3. 

 

Similarly, if n1 is divisible by 3 at the second level of comparison the algorithm 

takes K22 instead of K2 or K11 instead of K1 to compare with K3. The algorithm performs 

as defined in the decision tree in Figure 4.8. To check the type of the remaining coins in 

the set K1 or K2, i.e. the set K1R or K2R, two true coins are now needed. 

The decision tree as shown in Figure 4.10 shows the base problem for the case 

ω(H1) > ω(H2). The base (n  5) is solved using only four comparisons. 

Case 2: ω(L1) < ω(L2) [Both are Unequally Lighter] 

 

The decision tree in Figure 4.7 shows the flow of the algorithm for this version. At 

the root node, K1 and K2 are compared. If K1  K2, then we are sure that they contain only 

true coins and K3 has two false coins. So, we perform TCP on the set K3. If K1  K2, there 

is some possibilities. 

 

= > < 

< 

K1:K

2 

 (K2-2):K3  (K1-2):K3 

OCP(K1) 

OCP(K3) 

TCP(K3) 

OCP(K2) 

OCP(K3) 

< 

OCP(K1) 

OCP(K2) 

> 

OCP(K1) 

OCP(K2) 

> = 

R1: two from 

K3 

TCP(K2) 

= 

OCP(R1)O

CP(K2) 

> 

= 

R2: two from 

K3 

TCP(K1) 

= 

OCP(R2) 

OCP(K1) 

 

> 

(n  1) is divisible by 3, |K1| = |K2| = ((n  1)/3) + 1 = (n + 2)/3, |K3| = n  2(n + 2)/3 

= (n  4)/3 

 

 

 

n is divisible by 3, |K1| = |K2| = |K3| = n/3 



 

 

Figure 4.11: Decision tree for finding two unequally heavier coins among five coins. 

ω(H1) > ω(H2) 

> 
< 

= 
> 

1 2 : 34 

3 : 5 

3 (H2)      

1 : 2 

4 : 5 

 5 

4(H2)  

1:2     

3 (H2)      

1 (H1)  

 

3(H2)       

2(H1)  

> < > 

4(H2)       

1(H1)  

> 

 1:2     

 

= 

< 

4(H2)       

2(H1)  

1(H1)       

2(H2) 

> < 

2(H1)       

1(H2) 

< 

5 (H)      

1 : 2 

5 (H)      

1 (H’) 

1 : 5 

> < 

5 (H)      

2 (H’) 

2 : 5 

1(H1)       

5(H2) 

5(H1)       

1(H2) 

2(H1)       

5(H2) 

5(H1)       

2(H2) 

> < > < 

= 
> 

1 : 5 

1 (H2)      

3 : 4 

2 : 5 

2(H2)  

3 : 4   

1 (H2)      

3 (H1)  

 

1(H2)       

4(H1)  

> < > 

2(H2)       

3(H1)  

> 

 3:4     

 

= 

< 

2(H2)       

4(H1)  

3(H1)       

4(H2) 

> < 

4(H1)       

3(H2) 

< 

5 (H)      

3 : 4 

5 (H)      

3(H’) 

3 : 5 

> < 

5 (H)      

4 (H’) 

4 : 5 

3(H1)       

5(H2) 

5(H1)       

1(H2) 

4(H1)       

5(H2) 

5(H1)       

4(H2) 

> < > < 



83 

 K1 and K2 contains a false coin each and weight of the lighter coin in the set K1 is 

less than that in the set K2. 

 Both the lighter coins are in K1. 

K1 contains a false coin and K3 contains a false coin. 

Thus, in the second level of comparison, we check K2 : K3. If we find they are equal, 

then K2 and K3 have true coins and we perform TCP on K1 as now K1 contains both the 

false coins. If we find K2 < K3 then one false coin is in K1 and other is in K2 and K3 is the 

set of true coins. Therefore, we perform OCP on K1 and K2, separately [4, 5]. If K2 > K3 

then the set K1 and K3 contains a false coin each and K2 has true coins only. The false coin 

in K1 is lighter than the false coin in K2. Similarly, if we find K1 < K3 taking K1 : K3 we 

perform the operations as shown by the decision tree in Figure 4.12. 

 

Figure 4.12: Decision tree for finding two false coins given ω(L1) < ω(L2) among n coins 

where n/3. 

 

If n is such that n+1 is divisible by 3, then the algorithm does the same thing as for 

the version n/3 except for the second level of comparisons, it takes (K21) instead of K2 

and (K11) instead of K3. At the third level of comparisons we see that if (K21) = K3 then 

(K21) and K3 are both the set of true coins and the remaining coin of the set K2 (i.e. the 

coin is K2R) may be a false coin. Therefore, we take a true coin (here from the set K3, as 
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we already have known that this is true. Moreover, the first coin of the set K3 is chosen) 

and compares it with the K2R. If we find K2R  True coin from K3 then K1 contains both 

the false coins. Therefore, we perform TCP on the set K1 [8]. If K2R is less than the true 

coin, it is obvious that it is a lighter coin and to find the other light coin we perform OCP 

on K1. The algorithm performs as defined in the decision tree in Figure 4.13. 

 

Figure 4.13: Decision tree for finding two false coins given ω(L1) < ω(L2) among n coins 

where (n + 1)/3. 

 

 

Figure 4.14: Decision tree for finding two false coins given ω(L1) < ω(L2) among n coins 

where (n1)/3. 
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Similarly, if n1 is divisible by 3 at the second level of comparison the algorithm 

takes K22 instead of K2 or K11 instead of K1 to compare with K3. The algorithm performs 

as defined in the decision tree in Figure 4.14. To check the type of the remaining coins in 

the set K1 or K2, i.e. the set K1R or K2R, two true coins are now needed. 

4.6 Computational Complexity of the Algorithms 

Each iteration n is divided into nearly three equal parts, and the cardinality of the set of 

coins on which the operations are performed, always reduces by a factor of three. Let us 

consider the case n/3. As we see at the ith level each set is of the cardinality n3i. Now if 

we reach to a set with five coins, then we can solve it using only four comparisons. So, let 

at ith level of comparison the cardinality of the set reduces to five. Thus, n/3i  5, i.e. 3i  

n/5. Hence, i  log3(n/5). Again, if TCP(Ki) is applied at each iteration before reaching a 

set with five coins, then 2×i comparisons are required resulting in a total of 2×i + 4 

comparisons. 

If OCPH(Ki), i.e. the method to identify one counterfeit coin (heavier than a true 

coin), or OCPL(Ki), i.e. the method to identify single counterfeit coin (lighter than a true 

coin) is applied at the kth level of comparison, it is sure that before this iteration TCP() is 

applied for k–1 times. We know that OCPH() or OCPL() requires log2n comparisons and 

at the kth level it is to be applied on n/3k coins. The tree shown in Figure 4.15 depicts how 

the cardinality of the set decreases in each level of comparisons. Hence, it would require 

total number of 2|K|+2log3(n/3k) comparisons. Therefore, in the worst case it would take 

O(2|K|+2log3(n/3k)) + O(2×log3(n/5)+4), i.e. O(log n) comparisons as a whole [13]. 

4.7 Experimental Results 

In this section, we discuss our algorithm in the analysis of the methods used, i.e. TCP() and 

OCP() with the purpose of showing the performance of the algorithm. As we observe in 

the decision tree structures in the previous section, at the leaf nodes we have applied OCP() 

or TCP() on some specific set of coins. Here, it is worth mentioning that to attain the leaves 
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starting from its root, the number of comparisons required is constant. Hence, the 

computational complexity of the algorithm depends on the complexity of these functions. 

 

Figure 4.15: This tree shows how the cardinality of the set decreases in each level of 

comparisons. 

Table 4.1: Average number of comparisons for different values of n considering Case A 

(equally heavier or lighter). 

Number of 

coins (n) 

Total number of 

comparisons (S) 

Possible number of false 

coin combination C 

(nC2) 

Average number of 

comparison (AVG  S/C) 

10 211 45 4 

18 1053 153 6 

29 2939 406 7 

46 9201 1035 8 

54 13365 1431 9 

72 27396 2556 10 

82 34267 3321 10 

100 54926 4950 11 

108 65232 5778 11 

144 130842 10296 12 

198 251883 19503 12 

200 254788 19900 12 

n 

n/3 n/3 n/3 

n/32 n/32 n/32 
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Table 4.2: Average number of comparisons for different values of n considering Case B 

(unequally heavier or lighter). 

Number of 

coins (n) 

Total number of 

comparisons (S) 

Possible number of false 

coin combinations C 

(2×nC2) 

Average number of 

comparisons (AVG = 

S/C) 

10 500 90 5 

18 1998 306 6 

26 4928 650 7 

70 50368 4830 10 

72 53712 5112 10 

80 65554 6320 10 

100 112370 9900 11 

107 127122 11342 11 

127 177694 16002 11 

146 265592 21170 12 

161 315772 25760 12 

162 306666 26082 11 

To incorporate generalization, we choose some values of n so that it covers all the 

three categories for the subdivision of n and calculate the average number of comparisons 

requisite in the case of TCP(). As we have developed four such algorithms to cover all 

possible false coin combinations among the search space, we individually show the 

performance of the algorithms in terms of average number of comparisons required for 

different values of n.  

Table 4.1 shows the variation of required number of weighing with the number of 

coins under consideration if the false coins are equally heavier (or equally lighter) [5]. In 

Figure 4.16(a), the horizontal axis denotes the total number of coins while the vertical axis 

refers to the average number of comparisons required to find two counterfeit coins among 

a set of identical looking coins. In this case we need to consider all possible combinations 

like, the counterfeit coin could be any coin at any position of the indexed location of the 
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given sequence and it could be either heavier (in case of equally heavier) or lighter (in case 

of equally lighter). To compute the average case complexity, we must consider all the 

possible false coin pairs. Hence, for a given value of n, there are nC2 numbers of 

combinations as the combination of ith heavier and jth heavier is same as the combination 

of jth heavier and ith heavier. Hence there are nC2 leaves in the decision tree. As a result, 

on an average number of comparisons required is O(log n) [5, 6, 8]. Taking this fact into 

account, there are nC2 various combinations of the false coins’ positions. Thus, for a given 

value of n, there are 2×nC2 permutations as ith more heavy coin and jth less heavy coin in 

a pair of locations is different from ith less heavy coin and jth more heavy coin in the same 

pair of locations. Therefore, whenever we calculate the average number of comparisons 

required, we first sum up the total number of comparisons required to find all possible false 

coin pairs for a given value of n and then divide that value by (2×nC2). When plotted on a 

graph with the average number of comparisons along x-axis and the total number of coins 

along y-axis, the resulting curve shows that the average number of comparison follows 

O(log n) as shown in Figure 4.16(b). 

 

Figure 4.16: Graph with the average number of comparisons along x-axis and the total 

number of coins along y-axis considering (a) Case A (equally heavier or lighter), (b) Case 

B (unequally heavier or lighter). 
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4.8 Summary 

In this chapter we have considered the two counterfeit coins problem, the usual objective 

of this problem is to find the false coin using a minimum number of comparisons, and in 

the form of a decision tree. We have developed two new algorithms for solving equally 

heaver, equally lighter and unequally heaver, unequally lighter counterfeit coins. The 

nobility of these two algorithms is that we can compute this algorithm in logarithmic time. 

We have considered all the possible case of the two counterfeit coins when n is divisible 

3, as well as n1 and n1 is divisible by 3. We established a clear picture of two counterfeit 

coins problem without any ambiguity. 

 

 




