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Preface 

 

 The thesis contains a theoretical study on three important phenomena namely, 

Magnetic hyperthermia, Bose-Einstein condensation (BEC) of quasiparticles (magnons) and 

unconventional superconductivity. Magnetic hyperthermia refers to heating of magnetic 

particles with the application of external magnetic field which may be useful in hyperthermic 

oncology. The effect of a very high static magnetic field in a ferromagnetic system is 

investigated theoretically and found that it leads to a very small increase in temperature. 

However, the effect of a radio frequency (RF) magnetic field applied along with a static field 

leads to an appreciable increase in temperature. In the case of a radio frequency (RF) 

alternating magnetic field which is taken perpendicular to a static magnetic field, it is noted 

that the magnons of uniform mode get excited. The phenomenon is known as ferromagnetic 

resonance. In the case of a high applied RF magnetic field, one obtains a number of excited 

magnon modes which is different from the former case as discussed.  It is also noted that the 

absorption of energy from RF field leads to an increase in temperature of the system. 

 
 It is observed that  when an RF magnetic field  taken parallel to the static one,  

magnons of frequency equal to the half of the frequency of the applied field are  get excited. 

In this case, the temperature of a ferromagnetic substance also increases. The estimated rise 

in temperature agrees with that measured experimentally. 

 
 Recently Bose-Einstein condensation (BEC) of different quasiparticles has become an 

interesting topic of research as they have small effective mass and can be excited externally. 

In this direction magnons are particles that falls under the category. The condensation of 

these particles has been realized in thin film of ferromagnetic substance subjected to parallel 

pumping. Different aspects of this experimental observation are explored quantitatively 

through spin wave treatment. In the case of parallel pumping, the theoretical framework 

considered here is given by a formula connecting the time required for the formation of 

magnon BEC in a thin film of ferromagnetic material and the applied RF magnetic field. The 

estimated times required for the condensation with different applied fields are in good 

agreement with that of the experimental observed result. Using similar theoretical framework, 

the condition needed for the formation of BEC of magnons is also predicted in the case of 

perpendicular pumping. 
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 Unconventional superconductivity remains an interesting topic of research for last 

three decades. It is known that, superconductivity and the ferromagnetism occur 

simultaneously in UGe2, URhGe etc. substances.  It may be pointed out here that the BCS 

theory fails to account the phenomenon on the basis of electron phonon interactions. On the 

other hand, superconductivity and antiferromagnetism also found to occur simultaneously in 

iron pnictide superconductor under external pressure or with doping. To understand the 

mechanism behind the formation cooper pair in the case of unconventional superconducting 

materials is under hot debate.  In the thesis, the above problem is discussed by considering 

electron-magnon interaction with magnon as pairing glue.  The critical temperature of 

superconductivity is computed here making use of the modified BCS equation proposed here. 
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Abstract: 

 In the thesis, phenomena arising from spin waves in magnetic materials are discussed. 

In Chapter 1, a brief review of significant advances in the field of spin wave theory and 

related phenomena namely, perpendicular pumping, parallel pumping, Bose-Einstein 

condensation of magnon and unconventional superconductivity is presented. The current 

status of the research in the above fields is also discussed. 

 
 The Chapter 2 presents a concise report on the basic theoretical background related to 

magnetism, exchange coupling, Heisenberg model of magnetism, Spin wave theory, BCS 

theory of superconductivity and Density functional theory for computation of parameters of 

substances related to computational physics. In the beginning of the Chapter, the different 

category of magnetic materials relevant for the present study is discussed. The exchange 

energy described by Heisenberg Hamiltonian is introduced to explain the spontaneous 

magnetization in ferromagnetic and antiferromagnetic materials. The origin and the picture of 

spin wave in ferromagnetic and antiferromagnetic materials are presented. The deduction of 

dispersion relation of magnon using Holstein-Primakoff transformations is presented. The 

phenomenon of superconductivity and chronological development is presented in concise. 

BCS theory of superconductivity and deduction of critical temperature of superconductivity 

is also provided.  Finally, density functional theory (DFT) and chronological development is 

presented. 

  
 The Chapters 3 and 4 presents a study on magnetic hyperthermia, a phenomenon 

which is important for cancer treatment. In Chapter 3, an analysis of excitation of spin waves 

by applying static field and corresponding rise in temperature is calculated. It is found that, a 

huge magnetic field is required to increase the temperature appreciably. Thus, a static field is 

not suitable for local heating of a magnetic material as required in hyperthermic oncology. 

Nonetheless, an alternating magnetic field with radio frequency (RF) can excite magnons. If 

one applies a static magnetic field and an alternating RF magnetic field perpendicular to each 

other, then the uniform mode of magnons may get excited. This phenomenon is known as 

ferromagnetic resonance. In the high power level of the applied RF magnetic field, the 

phenomenon become quite different and named as perpendicular pumping. In this case, other 

magnon modes also get excited. The absorption of energy from RF field results in an ultimate 

increase in temperature of the system. The rise in temperature of a ferromagnetic material 

under perpendicular pumping is calculated Chapter 3. In this case, it is found that a small RF 
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field can give rise to increase in temperature by several degrees in centigrade which may be 

useful in hyperthermic oncology. 

 
 If one applies RF magnetic field parallel to the static one, then also magnon of 

frequencies near the half of the frequency of the applied RF field get excited. This 

phenomenon is known as parallel pumping. In this case, the temperature of the substance also 

increases. An expression for rise in temperature of a ferromagnetic substance under parallel 

pumping is obtained in Chapter 4. The predicted rise in temperature matches well with that of 

the experimental results.  

 
 Bose-Einstein condensation (BEC) of different quasiparticles has become an 

interesting topic research, because they have small effective masses and can be excited 

externally. Magnons are one type of such particles, the condensation of which has been 

realized in thin film of ferromagnetic substance under parallel pumping. In Chapter 5, the 

different aspects of this experimental observation have been explored quantitatively, through 

spin wave treatment. In the case of parallel pumping, a formula of the time required for the 

formation of magnon BEC in a thin film of ferromagnetic material has been developed. This 

relation is found to be in good agreement with known experimental results. In a similar 

treatment, we also predict the condition for the formation of BEC of magnons in the case of 

perpendicular pumping.  

 
 Superconductivity and magnetism are thought to be two mutually exclusive 

phenomena. Identification of pairing mechanism leading to ferromagnetic superconductivity 

is one of the most challenging issues in condensed matter physics. BCS theory of 

superconductivity is unable to explain this ferromagnetic superconductivity and they are 

known as unconventional superconductor. Although different models have been proposed to 

explain this phenomenon, a quantitative understanding about this pairing is yet to be 

achieved. In Chapter 6, using the localized-itinerant model, it is found that in ferromagnetic 

superconducting materials both triplet pairing and singlet pairing of electrons are possible 

through magnon exchange depending upon whether the Debye cut off frequency of magnons 

is greater or lesser than the Hund’s coupling (JH) multiplied by average spin (S) per site. 

Taking into account the repulsive interaction due to the existence of paramagnons, an 

expression for effective interaction potential between a pair of electrons with opposite spins 

is found. The developed formalism is applied in the case of UGe2 and URhGe. The condition 

of singlet pairing is found to be fulfilled in these cases, as was previously envisaged by Suhl 
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[Suhl, Phys. Rev. Lett. 87, 167007 (2001)]. The critical temperatures of superconductivity of 

the compounds URhGe at ambient pressure and of UGe2 under different pressures are 

computed for the first time through the modified BCS equation. Thus, this work outlines a 

very simple way to evaluate critical temperature in the case of a ferromagnetic 

superconducting system. A close match with the available experimental results strongly 

supports the theoretical treatment used here. 

 
 On the other hand, in the case of iron pnictides, superconductivity is accompanied 

with antiferromagnetism. These substances are superconductor under doping or external 

pressure. In the case of iron pnictides, the existence of localized and itinerant electrons has 

also been confirmed from spin wave analysis. After the successful application of localized 

model in ferromagnetic superconductor we passionately apply the same model in 

antiferromagnetic iron pnictides and is represented in Chapter 7. The dispersion relations of 

magnons in stripe and checkerboard antiferromagnetic configurations are figured out from 

Holstein-Primakoff transformation. Using the localized itinerant model, the expression of 

critical temperature of superconductivity is deduced. On the basis of this model, the variation 

of critical temperature with doping or pressure is predicted. It is predicted that the critical 

temperature of superconductivity is maximum near phase transition point and decreases on 

either side. This prediction matches with the experimental observation. The above formalism 

is applied in pressure induced superconductors CaFe2As2 and Ba2Fe2As2. It is also established 

that, the checkerboard spin configuration favours the occurrence of antiferromagnetic 

superconductivity. Using the values of optimized crystal parameters of CaFe2As2 and 

BaFe2As2, the critical temperatures of superconductivity are computed that matches with 

experimental observations. 

 
 Finally in  Chapter 8,  a general and comprehensive discussion  of the results obtained 

here is presented. The plan of future work is also presented. 
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1.1. Introduction 

 Ferromagnetic materials exhibit a large magnetization even when the external 

magnetic field is removed. Weiss proposed the molecular field theory to explain such 

phenomenon. According to Weiss, there exist an internal molecular field which enforce the 

spontaneous magnetization of a ferromagnetic material. However, it is not possible to 

describe the origin of such internal field of strength lying in the range 106-107 Gauss by 

classical dipole which can describe only about 103 Gauss. In 1928, Heisenberg opined that 

such high value of internal field can be realized in terms of exchange interactions between the 

electrons, which is expressed by the well known Heisenberg Hamiltonian  

 

 jiijexch  JH SS •−= 2ˆ .         (1)  

 

where Si and Sj represent the spin operators at the ith and jth sites respectively and Jij represent 

the exchange coupling constant between the sites. The value of the coupling constants are 

found positive for ferromagnetic materials where strong exchange force between electrons on 

neighbouring sites tend to enforce a spatial  ordering of their spin orientations parallel to each 

other. On the other, the coupling constants are found negative for antiferromagnetic materials 

which favour electronic spin at the neighbouring sites antiparallel to each other. In both the 

types of materials, the electronic spins are coupled.  Consequently, it is not possible to flip 

one of them without affecting the others. Excitation of a single spin does not remain 

localized, rather it is shared by the total network of spins through an exchange interaction 

between them. Therefore, the excitation propagates through the spin system in a wave like 

form which is known as spin wave [1]. 

 

 Bloch proposed that, in a spin system, low-lying excitations consist of propagating 

quantized spin deviations instead of a localized one [1]. In semi-classical picture, spin wave 

consists of arrangement spins precessing around the equilibrium direction with phase angle 

varies along the direction of propagation[2].To obtain the boson formalism, the spin operators 

are converted into boson operators through a transformation known as Holstein and 

Primakoff transformation [3]. This boson formalism allows one to calculate the 

thermodynamic properties of a magnetic system like magnon heat capacity and the variation 

of magnetization with temperature etc. [4].  
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 Now, it has been observed that if one applies radio frequency (RF) magnetic field 

perpendicular to a static magnetic field, then magnons of uniform mode absorb energy from 

the RF magnetic field when its frequency matches with the frequency of the applied RF field. 

This phenomenon is known as Ferromagnetic resonance (FMR) [5-7]. The phenomenon of 

FMR can be detected thermally [8] or may be understood  by studying the change in quasi-

static properties of ferromagnetic materials, such as magnetoresistance [9-12], 

magnetoimpedance[13] and caloric properties due to FMR [14]. The FMR is also recognized 

as one of the most sensitive methods for the study of magnetic anisotropy [15-16]. 

 

It is also known that, with the increase in the power of the RF field, the phenomenon 

becomes quite different from those observed at low power level. The height of the absorption 

maximum decreases with the increase in power with observation of subsidiary absorption 

maxima [17-19]. It was first explained in a satisfactory way by H. Suhl [20]. In this case, 

certain modes, other than uniform mode, of magnons also become unstable due to the 

interaction with the uniform mode driven by the external magnetic field. For the first order 

process the frequency of the unstable mode is equal to half of the frequency of the uniform 

mode and for the second order process the frequency of the unstable mode is equal to the 

frequency of the uniform mode.  As the number of magnons of uniform mode gradually 

increases, it is found to interact with other magnon modes and generate secondary degenerate 

magnons via two magnon relaxation processes. The secondary magnons so produced are also 

relaxed through three magnons and four magnons processes and produced magnons in turn 

relaxes until equilibrium is attained [21].  

 

Along this direction, it is also known that when an RF field is taken parallel to the 

static magnetic field, certain modes of magnons with frequencies near the half of the 

frequency of the RF magnetic are get excited. This phenomenon is known as parallel 

pumping and was comprehensively explained by Schlomann and others [22-25]. As the 

magnons of different modes are coupled to each other, the absorbed energy is redistributed 

over the spectrum of magnons by the process of relaxation [26-29].  

 

 The above mentioned phenomena have applicability in microwave limiter and also in 

local heating of magnetic particles of small size. This local heating of magnetic particles 

finds an immediate application in the field of hyperthermic oncology [30-31]. Sakran et al. 
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have reported a rise in temperature of several degrees due to application of an RF field [8]. 

Recently, a number of literature came up using the pumping processes as it  lead to Bose 

Einstein Condensation (BEC) of magnons at comparatively higher temperature, even at room 

temperature [32-35]. As the temperature (T) of a boson gas decreases at a given density of 

particles (N), or the particle density N increases at a given temperature T, the chemical 

potential µ describing the gas, increases as well. BEC of magnons takes place if the density 

of the particles in the system is larger than the critical density defined by the condition

( ) min, εµ =TN , minε being the minimum magnon energy [35].  

 

 The phenomenon of superconductivity, discovered by Kamerlingh Onnes [37], is a 

significant example of quantum effects operating on a macroscopic scale. A superconducting 

material has some peculiar properties like perfect diamagnetism [38], zero dc resistance [39], 

etc. The observation of Isotope effect signifies that lattice vibrations may play a vital role in 

bringing about the phenomenon superconductivity [40]. Gorter and Casimir put forwarded a 

two fluid model to explain this phenomenon [41]. London provided a phenomenological 

theory of the electromagnetic behaviour of superconductor based on the two fluid type 

concepts [42]. Microscopic theory of superconductivity proposed by Bardeen, Cooper and 

Schrieffer says that the superfluid is formed from pairs of electrons which are bound together 

by lattice polarization forces [43]. The microscopic theory explains essentially all the general 

features of superconductivity known at that time.  

 

 Recently, it has been found that the superconductivity in UGe2, ZrZn2 and URhGe is 

confined to ferromagnetic phase [44-46]. The well known BCS theory of superconductivity 

fails to account the origin of such ferromagnetic superconductivity.  Machida and Ohmi gave 

the phenomenological theory of ferromagnetic superconductivity [47]. The coexistence of 

ferromagnetism and superconductivity in solids has been an interesting topic of research for 

long time [48-51]. Karchev put forwarded the theory of magnon exchange mechanism of 

ferromagnetic superconductivity assuming the electrons to be itinerant[52]. But it has been 

confirmed that the electrons in those substances has both localized and itinerant nature which 

raises questions in contradiction to the theory proposed by Karchev[53]. On the other hand, 

the coexistence of antiferromagnetism and superconductivity has also been observed in high 

temperature cuprate superconductors and also in iron pnictides superconductors and in some 

heavy fermion U or Ce based compounds [54-70]. Many researchers have made attempts to 
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explain the phenomena but the mechanism behind these phenomena still remains 

unexplained. 

 

 

1.2. Objectives 

 
 The objective of the present thesis is to study the spin wave instability and 

unconventional superconductivity in ferromagnetic and antiferromagnetic superconductors. 

In the thesis we study the following: 

 

• The increase in temperature of a ferromagnetic substance in the presence of a static 

magnetic field, and also in a radio frequency (RF) field perpendicular to a static 

magnetic field. 

 

•  The rise in temperature of a ferromagnetic substance in the presence of an RF 

magnetic field parallel to a static uniform magnetic field.  

 

•  The formation of BEC in a magnon gas at a high temperature in the presence of 

parallel or perpendicular pumping.  

 

• The ferromagnetic superconductivity in Uranium compounds arising from electron 

magnon interactions. 

 

• The phenomenon of antiferromagnetic superconductivity in iron pnictides arising 

from electron magnon interactions.  
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2.1. Introduction 

 It is known that the spontaneous ordering of electronic spin in ferromagnetic and 

antiferromagnetic materials cannot be understood on the basis of dipolar magnetic field. It is 

proposed that there might exist a strong exchange force in ferromagnetic and 

antiferromagnetic materials given by well known Heisenberg Hamiltonian for explaining the 

spontaneous ordering. The origin of the exchange energy is considered as due to the 

difference between the energies of two-electrons system for which the space parts of the 

wave functions are symmetric and antisymmetric respectively. The symmetries of the space 

part of the electrons depend on the spin configuration. Consequently, the spin of the electrons 

are aligned in such a way for which the energy of the system is minimum. As the spins of the 

electrons are coupled via exchange energy in these materials, any spin deviations may be 

shared by the entire network of spins which may propagate in a wave like form. This is 

known as spin wave and quantum of exchange particle is termed as magnon. The dispersion 

relation of magnon can be deduced using Holstein-Primakoff transformations followed by 

Fourier transformations. 

 
 Some substances are found to show zero dc resistance below a critical temperature. 

This phenomenon is known as superconductivity. The comprehensive theory of 

superconductivity was presented by Bardeen, Cooper and Schrieffer, known as BCS theory of 

superconductivity. The BCS theory provides an expression for the computation of the critical 

temperature of superconductivity.  

 
 The most common electronic structure method known as Density functional theory 

(DFT) is discussed in concise in this chapter. Instead of using the many-body wave function, 

as used in Hartree-Fock theory, the electron density is taken as the fundamental property in 

Density functional theory (DFT). In DFT, all the energies like the kinetic, the potential, the 

exchange and the correlation energies are expressed in terms of density of electrons. In the 

ground state of the system, the density of the electrons is configured in such a way that the 

total energy of the system is minimized.   

 

 

2.2. Magnetic materials  

 Depending on the behaviour of the materials in the presence of an external magnetic 

field, they are divided into two main categories namely, diamagnetic and paramagnetic. In 
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diamagnetic substances, the elementary magnetic moments of atoms are found zero without 

application of external field. On the other, the elementary magnetic moments of atoms of 

paramagnets are found nonzero even without application of any external magnetic field. 

When a paramagnet is subjected to an external magnetic field, these magnetic moments are 

aligned along the field direction and consequently, the magnetic ordering arises. Now, if the 

temperature of a paramagnetic substance is decreased below a certain critical value, a 

spontaneous magnetization is built due to interaction between the individual atoms even in 

the absence of the external magnetic field. Depending on the nature of this interaction of the 

atoms, different types of ordered states are built. The main types of the magnetically ordered 

materials are ferromagnets and antiferromagnets.  

 

 

2.2.1. Ferromagnets 

 In ferromagnetic materials, there may exist a bulk magnetic moment and the 

magnetization is large even if external field is removed. A ferromagnetic substance consists 

of small magnetized regions which are called magnetic domains. The total magnetic moment 

of a sample of the substance is the vector sum of the magnetic moments of the domains. The 

electronic spins of the atoms within a particular domain are parallel to each other. In the 

presence of an external magnetic field, the domains are oriented along the direction of the 

field. When the external field is removed, the magnetization still continues to exist due the 

internal molecular field. If the temperature of a ferromagnetic substance is enhanced beyond 

a certain temperature, known as Curie temperature or Curie point, the ferromagnetic 

substance is transformed into a paramagnetic one.  

 
 Ferromagnetism is the one of the strongest forms of magnetism and it is liable for 

most of the magnetic behaviour encountered in our everyday life, and is the basis for all 

permanent magnets. Metals like Fe, Ni, Co, Dy and insulators like EuO and EuS are some 

examples of ferromagnets.  

 

2.2.2. Antiferromagnets 

 It has been observed that, in some magnetic materials, there may exist an antiparallel 

alignment of magnetic moments at the nearest neighbours which makes the total bulk 

spontaneous magnetization zero. These materials are known as antiferromagnetic material. In 



 FUNDAMENTAL CONCEPTS AND METHOLOGY  

~ 9 ~ 
 

such materials, the spins of the electrons align in a regular pattern such that neighbouring 

spins points in opposite directions. Generally, antiferromagnetic materials show 

antiferromagnetism property at low temperatures which become disordered above a certain 

temperature. The transition temperature is known as the Neel temperature. Above the Neel 

temperature, the antiferromagnetic materials usually turn into a paramagnetic one. An 

antiferromagnetic crystal may be considered as consist of two inter penetrating sub lattices 

with spin opposite to each other such that the resultant magnetization of a unit cell is equal to 

zero. However, materials with more than two magnetic sublattices may also exist in nature. 

Antiferromagnetic ordering is observed in some oxides such as MnO, FeO, CoO and in some 

fluorides such as MnF2, CoF2, FeF2 etc. 

 

2.3. Exchange Energy 

 In physics, the exchange interaction is a quantum effect between identical particles 

which cannot be explained from the view point of classical mechanics. The effect arises due 

to fact that the wave function of indistinguishable particles is subjected to exchange 

symmetry, i.e., either symmetric or antisymmetric. In the case of symmetric wave function, it 

remains unchanged on exchange of two particles and but in the case of antisymmetric wave 

function it changes sign on exchange of two particles. Both bosons and fermions can 

experience such exchange interaction. The exchange interaction alters the expectation 

value of the distance between two indistinguishable particles. In the case of fermions, the 

expectation value of distance increases whereas in the case of bosons it decreases.  

 
 The exchange interaction is found to be liable for the spontaneous ordering in 

ferromagnetic and antiferromagnetic materials. The effective internal magnetic field in a 

ferromagnetic material is of ~100 T which cannot be described as arising from the interaction 

of the atomic magnetic dipoles. The internal field arises from the exchange interactions of the 

electrons. There is an energy difference between parallel and antiparallel spin configurations 

of the two electrons at neighbouring sites. The spin configuration for which the energy is 

minimum is favoured. The Inter-atomic exchange is weaker than the intra-atomic exchange 

which leads to Hund’s first rule. The Pauli principle requires that the total wave function of 

two electrons is antisymmetric on exchange of two electrons numbered 1 and 2, i.e., 

 

              ϕ (1,2) = ─ϕ (2,1)              (2.1) 
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 The total wave function of two electrons may be considered as the product of two 

functions ( )21 rr ,ψ and ( )21, ssχ  which depends on the space and spin coordinates respectively, 

each of which may be either symmetric or antisymmetric. For parallel spin configuration, the 

spin part of the wave function is symmetric and consequently, the space part is 

antisymmetric. For antiparallel spin orientation, the spin part is antisymmetric and 

consequently the space part is symmetric. The total energy of the system can be written as  

 

      ( ) ( ) ( )212121 r,rr,rr,r ψψ= ∫
∗ HE .             (2.2) 

 

 

 

 

Figure 2.1. Symmetric and antisymmetric wave functions of electrons. 

 

In the above, ( )21 r,rH  is Hamiltonian of two electrons system. The symmetric and 

antisymmetric forms of the space part of wave function may be written as  

 

            ( ) ( ) ( ) ( )( )1221 rrrr 2121
2

1 ψψ+ψψ=ψ S
,             (2.3)  

and 

  

    ( ) ( ) ( ) ( )( )1221 rrrr 2121
2

1 ψψ−ψψ=ψ A
.             (2.4) 
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The energies evaluated with these two functions are in general not the same. The difference 

between these two energy levels is called exchange energy. Heisenberg generalized this 

exchange interaction to many-electron atomic spins Si and Sj and expressed in terms of his 

famous Hamiltonian [1], 

 

           jiexch  JH SS •−= 2ˆ .              (2.5) 

 

In some substances, the value of exchange coupling is found positive which favours parallel 

spin orientation exhibiting ferromagnetism. On the other hand, in some substances, the 

negative exchange coupling favours antiparallel spin orientation exhibiting 

antiferromagnetism. 

 

 

 

 

 

 

Figure 2.2. Positive J favours parallel spin orientation in ferromagnetic materials. 

 

 

 

 

 

Figure 2.3. Negative J favours antiparallel spin orientation in antiferromagnetic materials. 
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waves was first brought in physics by Bloch [2].According to 

excitations of the spin system of a magnetic crystal results in

precession of individual spins which can be represented as a propagating wave [3]. In

ferromagnetic and antiferromagnetic materials, the spins at nearest neighbou

exchange interaction. If the spin at a particular site of a spin system 

spin inversion may not be localized to that particular site, but is

network of the spins and the precessional motion will propagate 

spin wave. The corresponding quasiparticles that come out as a

waves are known as magnons. The magnons are very similar to 

phonons. Like phonons they are bosons and can be described by Bose

spin of a magnon, as a magnetic quasiparticle, is equal to one

unit of reduced Planck’s constant. For temperatures far below the Curie temperature

ferromagnetic substance and Neel temperature for a antiferromagnetic substance

magnetic moments in the crystal may be described well as a gas of magnons on the top of the 

round state. Such description is found to be successful to determine thermodynamic 

ferromagnets such as temperature dependence of the magnetization and 

contribution to heat capacity and thermal conductivity etc. [4]. 

 

Figure 2.4. Propagation of spin wave. 
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2.4. Holstein-Primakoff description of ferromagnetic spin waves 

 To find the magnon dispersion relation of ferromagnetic magnons, consider a 

ferromagnetic material magnetized to saturation by strong static magnetic field H0 taken 

along z-axis. Taking the exchange, dipolar and Zeeman energies into account, the 

Hamiltonian of the system can be written as [5] 

 

         

( )( )
∑∑∑












−µ+µ−−= +

ji
5

ij

3

ij

B

2

j

jzBj

jδ

j0
rr

gSHgJH
,

2
δ

3

2

1
.ˆ ijjijiji .rS.rS.SS
SS

        (2.6)

  

where the vectorδconnects jth atom with its nearest neighbours on the lattice , Si’s  are the 

spin at the ith site, rij is the displacement vector between the ith and jth site and H is the 

effective magnetic field compromising of external field, demagnetizing field and anisotropy 

field etc.. To frame the boson formalism, Holstein-Primakoff introduced the following 

transformation which converts the spin operators to magnon operators [4-6] 

       

( ) ( )
( ) ( )
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jxjxj

†

††

†

            (2.7) 

 With the help of the transformation and taking the Fourier transformations of the 

magnon creation and annihilation operators †
ja  and ja one can find the Hamiltonian of the 

magnon system as 

    [ ]∑






 +−+= − h.c.a)a2iexp(B

2

1
aaAH0 kkkkkkk ϕ†ˆ ,            (2.8) 

where h.c. denotes the Hermitian conjugate of the expression preceding it, and  

     )θπMDk(HgµA B kk

22 sin2++= ,                          (2.9) 

       
kk θπMgµB B

2sin2= .             (2.10) 
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 In the above, kθ  and kϕ  are the polar angles that characterize the wave vector k , 

22 /D JSa γ= h , with γ  the gyromagnetic ratio, is the phenomenological exchange constant 

and M is saturation magnetization. After diagonalization, using Bogoliubov linear 

transformation, the Hamiltonian becomes 

 

     kk

k

k ccωH †
0

ˆ ∑= h ,            (2.11) 

with the dispersion relation of magnons given by the following relation, 

 

   
( )( )[ ]

( )[ ] ( )[ ] 






=−−−−=

≠++−+−=
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zz

0

0sin4

2
1

0
2

1

0

2
1

22
0

2
0 kk

   

2.12)  

 
  
In the above, Nx, Ny and Nz are the demagnetizing factors along x, y and z-axes respectively. 

From the dispersion relation it is apparent that magnon frequency is a quadratic function of 

wave vector. 

 

 

2.5. Holstein-Primakoff description of antiferromagnetic spin waves 

 In the case of antiferromagnetic materials, the spin structure of the crystal may be 

divided into two interpenetrating sub lattices, named a and b, such that all nearest neighbours 

of an atom on a lie on b and vice versa. The model Hamiltonian of the system can be written 

as[4,5] 

 
 
   ∑∑ ∑ +−= +

j

b

jzB

jδ j

a

jzBδji SHgµSHgµ.JĤ SS .          (2.13) 

 
 
where J is the nearest neighbour exchange coupling constant with the new choice of sign is 

positive for antiferromagnet and H is the applied magnetic field taken along z-axis. To get the 

magnon picture, the following Holstein-Primakoff transformations are introduced [4-6], 
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and 
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One can introduce spin wave variables as [4,5]  
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         (2.17)  

 

The Hamiltonian of the system can be written in terms of magnon variable as follows  

 

      10B

2
HHHSµ2Ng2NzJSH ˆˆˆ ++−−= ,           (2.18) 

 

where z is number of nearest neighbour and 0Ĥ  is part of the Hamiltonian that contains only 

the quadratic terms in magnon variables and IĤ  is the part that contains higher order term in 

magnon variables. The part of the Hamiltonian containing only the quadratic term is given by 

 

    ( ) ( )[ ] ( )∑∑ +++++=
k

kkkk

k

kkkkkkkkk ddccHgµddccdcdcγ2JzSH B

††††††
0

ˆ ,              (2.19) 

 

with k

δ

k.δ

k −
− γ== ∑ i1 ezγ . To diagonalize the above Hamiltonian, the following Bogoliubov 

transformations are used 
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with 122 =− kk vu . These transformations provide the diagonalized form of the quadratic term 

of the Hamiltonian as given by the following expression  

 

    ( )∑ ++=
k

kkkkk 1ˆ ††
0 ββααωH .            (2.21)  

 

The magnon eigen frequencies kω  are given by, 

 

       ( ) 22

e

2

Ae

2 ωωω kk γω −+= .                       (2.22) 

 

with JzSe 2=ω  and HA 02µ=ω . The above equation is the dispersion relation for 

antiferromagnetic magnons. The higher order term 1Ĥ  gives the interaction between 

magnons. 

 

 

2.6. Interaction of magnons 

 The inclusion of the terms higher in order of magnon variables gives the interaction 

between magnons of different modes [7]. First in its kind are two magnon processes, where 

one magnon is destroyed and another is created [8] 

 

 

 

 

Figure 2.5 Two magnon processes 

 

 The term of order three in magnons variables gives two distinct processes, known as 

three magnon processes. The first kind of processes is called three magnon confluence 

process, where two magnon are combined to give one magnon , and the second kind is called 

three magnon splitting process, where one magnon is destroyed and two magnon are created 
 

 

 

magnon magnon 
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Figure 2.6 Three magnon a) splitting and b) confluence processes
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Figure 2.6 Three magnon a) splitting and b) confluence processes 

 

 

 

Figure 2.7 Four magnon processes 
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[9-11]. The processes are illustrated in Figure (2.6). The terms having four orders in magnons 

variables gives the different kinds of four magnon processes as shown in Figure (2.7) [12,13]. 

 

 If a particular mode of magnon is enhanced above the thermal level, the different 

interaction processes lead to a state of thermal equilibrium. 

 

2.7. Superconductivity 

 The phenomenon of superconductivity continues to be an important area of solid state 

physics with continuing surprises. It has been observed that some substances show zero dc 

resistance when cooled down a critical temperature. This phenomenon, discovered by H. 

Kamerlingh Onnes in 1911, is known as superconductivity [15]. In some metals, the 

superconducting state occurs due to the presence of a very small fraction of abnormal 

electrons, while the other free electrons remain absolutely normal. The correlated behaviour 

of the small fraction of the abnormal electrons dominates over the large fraction of the 

normal electrons.  The presence of these abnormal electrons is responsible for a metal to 

become a superconductor which cannot resist a small-magnitude electrical dc current. 

 
 Nonetheless, the superconductivity being a state of matters is not a property of 

isolated atoms, but is a collective effect determined by the structure of the sample. The 

superconducting state is a quantum mechanical state that occurs on a macroscopic scale and 

makes a connection between the microworld and the macroworld. This connection allows us 

to study the physics of the microworld directly and has attracted the attention of so many 

scientists. Between 1911 and 1957, so many scientists have tried to describe such mysterious 

state of maters caused by only about 0.01 % of conduction electrons. 

 
 In 1933, W. Meissner and R. Ochsenfeld discovered a important property of 

superconductors that the superconductors are perfect diamagnet [15]. They found that when 

the sample is cooled below its critical temperature of superconductivity in a weak external 

magnetic field, the magnetic flux is expelled out of the sample. This makes the net magnetic 

field zero inside a metal when it becomes superconducting. This phenomenon is known as the 

Meissner effect. 

 
  To explain the phenomenon of superconductivity, Dutch physicists C. J. Gorter and 

H. B. G. Casimir introduced in 1934 the two-fluid model to describe phenomenon of 
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superconductivity[16]. According to them, in the superconducting state, there are two types 

of the conduction electrons termed as normal and superconducting electrons. The properties 

of normal electrons are similar to those of the electrons in a normal metal, and the 

superconducting electrons are responsible for the anomalous properties. In the 

superconducting state, these two components of electrons coexist as interpenetrating liquids. 

The two-fluid model was found to be a useful concept for analysis of the different properties 

of superconductors. The brothers F. London and H. London together provided two equations 

to describe the microscopic electric and magnetic fields [17]. These two equations describe 

well the anomalous diamagnetic property of the superconductors in a weak external field. In 

the framework of the two-fluid model, the London equations and the Maxwell equations 

describe the behaviour of the superconducting electrons. The London equations provided an 

expression for the first characteristic length of superconductivity which is known as the 

London penetration depth λL. 

 
On the other hand, L. V. Shubnikov and coworkers in 1937, observed an unusual 

property of some superconductors in external magnetic fields. They found that there may 

exist two critical magnetic fields for some superconductors which are termed as type-II 

superconductors. The state of superconductors between two critical field is known as the 

mixed state or the Shubnikov phase [18]. 

 
 Fröhlich proposed that there may exist a relation between superconductivity and 

vibration atoms of the material[19]. According to Fröhlich, such relation may be established 

by discovering an isotope effect in superconductors. Following this scheme, E. Maxwell 

indeed discovered the isotope effect and confirmed the proposal of Fröhlich[20]. The study 

on different superconducting isotopes of mercury established that the critical temperature Tc 

depends on the isotope mass M given by the relation TcM
1/2= constant. The discovery of 

isotope effect played a crucial role in finding the accurate theory of superconductivity. 

 
  V. Ginzburg and L. Landau put forwarded a phenomenological theory of 

superconductivity in 1950 [21]. The theory involves the general theory of the second-order 

phase transition that was developed by L. Landau. The equations derived from the theory was 

confirmed on the basis of the microscopic theory. The Ginzburg-Landau theory played an 

crucial role in describing the superconducting state. This theory describes well the behaviour 

of superconductors in strong magnetic fields. The Ginzburg-Landau theory gives the 

expression for the penetration depth as which is same as derived from the London equations. 
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Moreover, the theory also provides an expression for the second characteristic length ξGL, 

which is known as the coherence length. Using the Ginzburg-Landau theory, A. A. 

Abrikosov theoretically confirmed the existence of vortix state and explained the result of 

Shubnikov’s experiments [22]. In 1956, Leon Cooper established that two conduction 

electrons can form a stable paired state due to the electron phonon interaction. This was a 

breakthrough which leads to formulation of the accurate theory of superconductivity. This 

paired state is now known as the Cooper pair. The comprehensive microscopic theory of 

superconductivity in metals was formulated by J. Bardeen, L. Cooper and R. Schrieffer in 

1957, which is known as the BCS theory [23]. According to the BCS theory, a weak electron-

phonon interaction can lead to the existence of an attractive potential between two electrons. 

The superconducting state occurs when this attractive interaction dominates over the coulomb 

repulsive interaction. The electrons may form Cooper pairs due to the overall attractive force. 

 

 

2.8. BCS theory of Superconductivity 

 The indirect interaction between electrons via phonon may be attractive in certain 

cases. When an electron interacts with the crystal and it deforms the crystal. Another electron 

finds the deformed crystal and adjusts itself to take advantage of the deformation to lower its 

energy. In the BCS theory, it is assumed that the formation of Cooper pairs may occur when 

the indirect attractive interaction between electrons dominates over the repulsive Coulomb 

force. An attractive indirect interaction between electrons via phonon can lead to a ground 

state separated by an energy gap. The critical field, the thermal properties, and the 

electromagnetic properties of the superconductors depends on the energy gap. A Cooper pair 

is a weak electron-electron bound pair mediated by a phonon interaction. 

 
 The model Hamiltonian is taken to be of the form 

 

    ∑∑ ↑↓−↓−↑+=
kk'

k'k'kkkk'kσk'

k

k ccccVccεH σ

σ

†††ˆ .          (2.23) 

 

The first term is the sum of the kinetic energies of the electrons where †
σck' and σck' are the 

electron creation and annihilation operators of wave vector k and spin σ . The second term is 
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the phonon mediated electron-electron interaction translated into the suitable form. Writing

avg
ccb ↑↓−=

kkk , the Hamiltonian can be written as  

 

    )ccbbc(cVccεH σσ

σ

∑∑ ↑↓−↓−↑ ++=
kl

llklkkklkk

k

k

††††ˆ .         (2.24) 

 

To obtain the solution of the above equation the following function, known as gap function, 

has been introduced, 

 

    ∑∑ ↓↑−−=−=
l

llkl

l

lklk ccVbV∆ .           (2.25) 

 

In terms of the gap function, the model Hamiltonian becomes 

 

   )bccccV(ccεH σσ

σ

††††† ∆∆∆ˆ
kk

kl
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k
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This Hamiltonian can be diagonalized using Bogoliubov transformation given by, 
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where uk and vk satisfy the relation 1
22 =+ kk vu , with 0kγ and 1kγ are new Fermi operators. 

Substituting these new operators into the model Hamiltonian one obtains the diagonalized 

form of the Hamiltonian as given below 

 

 

          ( ) ( )∑∑ +++−=
k

kkkkk

k

kkkk 1
†
10

†
0∆ˆ γγγγEbEεH ,          (2.28) 
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, with ( ) 2122 ∆kkk +ε=E . In the above 

Hamiltonian the first term is a constant, which differs from the corresponding sum for the 
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normal state at T=0 by exactly the condensation energy. The second sum gives the increase in 

energy above the ground state in terms of numbers operators 0
†

0 kk γγ and 1
†
1 kk γγ . These Fermi 

operators kγ  describe the elementary quasiparticle excitations of the system having energies 

Ek. Now, the gap function can be written as 

 

   ( )1
†
10

†
0

† 1∆ lllll

l

lkl

l
llklk γγγγvuVccV −−−=−= ∑∑ ↓↑− .          (2.29) 

 

Using Fermi Dirac statistics, the above function can be written as  
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where ( ) ( ) 1
1

−
+= l

l

βE
eEf , with TkB1=β . Making use of approximation VV −=kl within a 

very narrow range of electronic energy and consequently writing ∆∆∆ == lk , one can write 

the following relation 
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After changing the sum to an integral, using the symmetry of kε about the Fermi level, one 

can obtain the condition as 

 

    ( ) dx
x

x

VN

CC ωβ

∫=
2

0

tanh
0
1 h

,            (2.32) 

 

where ( )0N  is the density of states of electrons with spin of one kind. Evaluating the integral, 

one can find the following expression for the critical temperature of superconductivity as 

 

       λ1

CCB eω1.14Tk −= h ,            (2.33) 
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with ( )VN 0=λ is called coupling constant and Cω is the Debye cut off frequency of 

magnons. If one takes the repulsive coulomb interactions between electrons the above 

expression transformed to 

 

     ( )µλ1

CCB eω1.14Tk −−= h ,           (2.34) 

 

where the µ  is an empirical parameter introduced to account for the coulomb interaction 

between electrons. If the coupling constant becomes large then effect of mass renormalization 

should be taken into account which modifies the expression as 

 

     ( ) ( )µλλω −+−= 114.1 eTk CCB h .           (2.35) 

 

The above equation determines the critical temperature of superconductivity in metals. This 

equation computed correctly the critical temperature of the superconductors discovered then. 

 

 

2.9. Density functional theory 

 It is well-known that the physical and chemical properties of matters can be 

recognized from electronic structure calculations through density functional theory. With the 

introduction of band theory and numerical analysis, the density functional theory (DFT) has 

become widespread application in material science in the modern era. 

 
 The quantum mechanical wave function contains all the information about a given 

system. For the simplest case of a hydrogen atom, one can solve exactly the Schrödinger 

equation to get the wave function of the system and then the allowed states of energies of the 

system can be determined. But, it is not possible to solve exactly the Schrödinger equation for 

a many body system. As a consequence, one must involve in some approximations to 

simplify the problem to a form that is easily solvable. First of all, the Born-Oppenheimer 

approximation reduces the number of degrees of freedom of the system as far as possible 

[24]. Due to their large masses, the nuclei move much slower than the electrons and hence, 

one can consider the electrons as moving in the field of fixed nuclei. In Born-Oppenheimer 

approximation, the nuclear kinetic energy is neglected and their potential energy is taken as a 



 FUNDAMENTAL CONCEPTS AND METHOLOGY  

~ 24 ~ 
 

constant. Thus, the effective Hamiltonian of the electronic system is transformed to the form 

given below
  

 

   eeNe
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 In the above, the first term is the total kinetic energy of electrons, the second term is 

the sum of coulomb potential energies between nuclei and electrons and the third one is the 

sum of coulomb potential energies between electrons.  The Hamiltonian operator consists of 

operators that involve on the coordinates of one or two electrons only. To compute the total 

energy of the system one may not need to know the 3N dimensional wave function. The 

energy states of a system may be determined from the information of the two-particle 

probability density, i.e., the probability of finding simultaneously an electron at r1 and an 

electron at r2. 

 
 DFT is the most common electronic structure method of today which was first 

developed by Hohenberg & Kohn and Kohn & Sham [25,26]. A functional is a function of a 

function. In DFT, the functional is the electron density which is a function of space and time. 

In DFT, the electron density is taken as the fundamental property, unlike Hartree-Fock theory 

which deals directly with the many-body wave function. The electron density is defined as 

the following integral over the spin coordinates and the spatial coordinates srx ,≡  except 

one spatial coordinates
 

 

   
( ) ( ) N2N21 xx,....xx,x ......ddsd........Nrρ 1

2

∫ ∫= ψ ,                  (2.37) 

 

The density ( )rρ determine probability of finding any of the N electrons within the volume 

element. Hohenburg and Kohn introduced the two important theorems [25]. The first theorem 

states that the electron density determines the external potential. Consequently, it follows that 

the electron density uniquely determines the Hamiltonian operator. Thus, for a given the 

charge density, the Hamiltonian operator and wave functions may be uniquely determined 

that describe all the properties of the material. 
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The second theorem is the variational principle which states that for any positive 

definite trial density tρ  such that ∫ = Ndρt r  , the condition 0][ EE t ≥ρ is satisfied, with E0 

being the ground state energy. 

 
 From the Hamiltonian given in Equation (2.36), one can find that the energy 

functional comprise of three terms namely the kinetic energy, the interaction with the external 

potential and the electron-electron interaction and so one may write the functional as 

 

    ( ) ( ) ( ) ( )ρρρρ eeext VVTE ++= .           (2.38) 

 

The interaction with the external potential is given by following expression 

 

            ( ) ( ) rdrρVρV ∫= ˆ .            (2.39) 

 

The kinetic and electron-electron interaction functionals are unknown. If one can 

approximate these functional then direct minimization of the energy may be possible. To 

approximate the kinetic and electron-electron interaction functional, Kohn and Sham[26] 

introduced a fictitious system of N non interacting electrons to be described by a single 

determinant wave function in N orbitals iφ . In such a system the kinetic energy and electron 

density are known exactly from the orbitals as follows 

 

         ∑ ∇−=
i

iiT φφ 2

2
1 .            (2.40) 

 

Here the suffix implies that this is not the true kinetic energy but is that of a system of non-

interacting electrons, which reproduce the true ground state density given by 

 

     ( ) ∑
=

=
N

1i

2

iφρ r .             (2.41) 

 

The major component of the electron-electron interaction is potential energy due to the 

classical Coulomb interaction, known as Hartree energy, and is given by, 
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    ( ) ( ) ( )
21

21

21
H dd

ρρ

2

1
ρV rr

rr

rr
∫ −

= .            (2.42) 

 

The energy functional may be reorganized as follows 

 

      ( ) ( ) ( ) ( ) ( )ρρρρρ XCHext EVVTE +++= ,           (2.43) 

 

where the exchange-correlation functional is introduced which is given by, 

 

   ( ) ( ) ( )[ ] ( ) ( )][ ρρρρρ HeeSXC VVTTE −+−= .           (2.44) 

 

In the above, ( )ρXCE  is simply the sum of the error made in using a non-interacting kinetic 

energy and the error made in treating the electron-electron interaction classically. Writing the 

functional explicitly in terms of the density built from noninteracting orbitals and applying 

the variational theorem one can find the orbitals, which minimise the energy. 

 

 

2.9.1. The local density approximation (LDA) 

 
The local density approximation (LDA) is the basis of all approximation to compute 

the exchange-correlation functionals. In this approximation ( )rXCε  is taken as the exchange 

and correlation energy density of the uniform electron gas. Thus in this approximation, 

( )rXCε  is a function of only the local value of the density.  

 

         ( ) ( ) rd)r(ρεrρE XC

LDA

XC ∫= .                                             (2.45) 

 

In the above, XCε is the exchange-correlation energy per particle of a uniform electron gas of 

density ( )rρ . The quantity can be further divided into exchange and correlation contributions 

as follows 

 

       
( )( ) ( )( ) ( )( )rrr ρερερε CXXC += .                 (2.46) 
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 The first part represents the exchange energy of an electron in a uniform electron gas 

of a particular density. Bloch and Dirac derived the expression for the exchange part as given 

by the following expression 

 

     
( ) 31

X
π

3ρ

4

3
ε 







−= r
.            (2.47) 

 

In the case of correlation part, no such explicit expression is found. However, numerical 

quantum Monte-Carlo simulations of the homogeneous electron gas with high level of 

accuracy are available 

 

 

2.9.2. The generalized gradient approximation (GGA) 

 The generalized gradient approximation (GGA) is the logical step to improve LDA. In 

this approximation, beside the density ( )rρ at a particular point r, the gradient of the charge 

density ( ( )rρ ) is also taken into account for the non-homogeneity of the true electron density. 

Thus, one can write the exchange-correlation energy in the following form  

 

        ( ) rr dρ),(ερE XC

GGA

XC ∫ ∇ρ= .           (2.48) 

 

The GGA describes the binding energy of molecules significantly better than the LDA which 

lead to the very wide spread acceptance of DFT in the chemistry community. A number of 

functionals within the GGA family have been developed. 

 

In the thesis, these methodologies are used to compute the parameters of the 

substances to understand the theory of unconventional superconductivity. 
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3.1. Introduction 

 It is known that the dispersion relation of magnons in the case of ferromagnetic 

materials depends on the applied static magnetic field. The effect of a static magnetic field is 

found to change the total internal energy of a magnon system at a given temperature. Hence, 

in an adiabatic condition although the total energy of the system remains constant, the 

temperature of the system increases in the presence of a static magnetic field.  In this chapter   

we derive an expression which describes the increase in temperature in a ferromagnetic 

material due to application of a static magnetic field. The rise in temperature in our model for 

a known ferromagnetic material, viz., Yttrium Iron Garnet (YIG), is found to be very small 

when a high static magnetic field is considered. On the other hand when a radio frequency 

(RF) magnetic field is applied perpendicular to the static magnetic field it results in an 

excitation of magnons of uniform mode. This phenomenon is known as ferromagnetic 

resonance (FMR). However, at a very large applied RF magnetic field, it leads to a situation 

with excitations of the other modes of magnon. This phenomenon is known as perpendicular 

pumping. In this chapter an expression for the rise in temperature of a ferromagnetic 

substance under perpendicular pumping is obtained making use of the spin wave approach. 

The estimated rise in temperature, in the case of Yttrium Iron Garnet, is found to be few 

degrees in centigrade when a small RF field is applied, which may be utilized in the field of 

hyperthermic oncology. 

 

3.2. Rise in temperature of a ferromagnet under the application of static magnetic field 

 Consider a ferromagnetic substance which is magnetized to its saturation under an 

external static magnetic field (H0) applied along z-axis. The internal energy per unit volume 

of the system can be written as 

 

     k

Tk

k ωnU h∑= .              (3.1) 

 

where
T

nk  is the occupation number of magnons of a particular mode at temperature T  with 

energy given by the following dispersion relation 
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( )( )[ ]
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(3.2) 

 

For k

22

z θsinM4kDMNH π>>+−0  one can write approximately 

  

   ( )k

22

zk θsinMkDMNHγω π20 ++−=              (3.3) 

 

Using Planck distribution law for occupation numbers of magnons and converting the 

summation in Equation (3.1) into the integration over k and kθ , the expression for the total 

internal energy of the magnon system is obtained approximately which is given by 

 

     ( ) ( ) ( )34
163.0251.0

02323

23

2323

25

MMNH
Dh

h

Dh
U Z π

γπ
τγ

γπ
τ +−−≈ ,            (3.4) 

 

where TkB=τ . The variation of internal energy vs. temperature with and without magnetic 

field is plotted in Figure (3.1). It is evident that at a given temperature the internal energy of 

magnons decreases when an external magnetic field is applied. Let us now consider a 

ferromagnetic substance initially at temperature T0 in the absence of any magnetic field. Now 

if we consider an applied magnetic field H0 on it at the same temperature T0, there will be a 

rise in temperature in our model which is shown in Figure (3.1).  If we neglect magnon–

phonon interaction in an adiabatic system, we can use the condition U(T0,0)=U(T,H0), which 

is explained in Figure(3.1). For a small increase in temperature, that is, ∆T(=T-T0) being 

small, one obtains a simple expression for increase in temperature ∆T from Equation (3.4) 

which is given by 

 

        ( )3/4245.0628.0
163.0

00

00

MMNHTk

TH
T

ZB πγ
γ

+−−
=∆

h

h
.            (3.4) 

 

In the case of the substance YIG, with γ=1.77 x107 radians-1 Oe-1[1], 18004 =Mπ Oe (at 

room temperature) [2], it is estimated that for a uniform static field of strength 104 Oe, the 

rise in temperature in the ferromagnetic material found to be 0.35 K taking the initial 

temperature T0= 300 K. This result is in support of the estimation made taking into account 
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the Zeeman energy due to the magnetic

temperature change using only magnon specific heat of YIG [3]

that if magnon-phonon interaction is taken into account the rise i

that when magnon-phonon interaction is neglecte

 

 

 

Figure 3.1.Variation of internal energy (
field and (2) with magnetic field.
  

 

 

3.3. Ferromagnetic resonance 

 It is known that when a magnetic material is placed in a static

(H0,) a torque is acted on the magnetization vector. The torque

motion of the magnetization vector about the

effective magnetic field, the equation

[4-6], 
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eman energy due to the magnetic field considered above and thereby converted

magnon specific heat of YIG [3]. On the other hand it is noted 

phonon interaction is taken into account the rise in temperature is

phonon interaction is neglected. 

 

Figure 3.1.Variation of internal energy (U) with temperature (T) for (1) without magnetic 
field and (2) with magnetic field. 

 

a magnetic material is placed in a static external magnetic field, 

is acted on the magnetization vector. The torque produces a precessional 

motion of the magnetization vector about the effective magnetic field. Under the action of

the equation of motion of the magnetization vector can be written as 

       effH
dt

d ×= M
M γ ,     

 

ereby converted into a 

other hand it is noted 

n temperature is less than 

 

) for (1) without magnetic 

magnetic field, 

a precessional 

magnetic field. Under the action of the 

magnetization vector can be written as 

          (3.5)
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whereγ  is the gyromagnetic ratio of the magnetic material, and M is the magnetization 

vector. The effective magnetic field Heff may differ significantly from the external magnetic 

field H0 due to the magnetic anisotropy and demagnetizing field of the specimen. Now, in 

terms of components of the magnetization vector, the Equation (3.5) can be written as 

      






−=

=

.

,

effxy

effyx

HMMj

HMMj

γω
γω

             (3.6) 

In the above, Mx, My are the x and y-components of the magnetization vector respectively and 

ω  is the frequency of the precessional motion of the magnetization vector. The Equations 

(3.6) can be solved for Mx which leads to  

        ( ) 0222 =− xMH effγω
.
              (3.7) 

Similar equation may be obtained for the y-component of the magnetization vector. Thus the 

frequency of the precessional motion of the magnetization vector can be written as 

               effHγω =0 .               (3.8) 

Now consider the action of a radio frequency (RF) magnetic field in perpendicular to a static 

magnetic field on the ferromagnetic material. In this case, it is found that there is absorption 

of energy from the RF magnetic field when the precessional frequency of the magnetization 

vector is equal to the frequency of the applied RF field. This phenomenon is known as 

ferromagnetic resonance (FMR) [4-6]. Ferromagnetic resonance signifies the absorption of 

energy by a ferromagnet from an RF magnetic field at a particular frequency that coincides 

with the natural precessional frequency of the magnetization vector. Thus it is noted that the 

condition of resonance may be achieved either by varying the applied static magnetic field at 

a given frequency of the applied RF field or by varying the frequency of the RF field at 

constant static magnetic field. The linear response theory for FMR as the resonance 

absorption of microwave energy by magnons of uniform mode [5,6] has been described by 

Kittel, making use of spin wave theory. The phenomenon of FMR may be detected thermally 

[7] or by studying the change in quasistatic properties of a ferromagnetic materials, such as 

magnetoresistance [8–11], magnetoimpedance[12] and caloric properties due to FMR [13]. It 
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is found that FMR is one of the most sensitive methods for the investigation of magnetic 

anisotropy [14,15]. 

  

 

 

 

Figure 3.2.  (a) Magnetic field configuration for Ferromagnetic 
motion of magnetization (c) Absorption of microwave radiation at different frequencies.
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one of the most sensitive methods for the investigation of magnetic 

  

 

Figure 3.2.  (a) Magnetic field configuration for Ferromagnetic resonance (b) Precessional 
motion of magnetization (c) Absorption of microwave radiation at different frequencies.

 

one of the most sensitive methods for the investigation of magnetic 

 

resonance (b) Precessional 
motion of magnetization (c) Absorption of microwave radiation at different frequencies. 
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3.4. High power ferromagnetic resonance and perpendicular pumping 

 High frequency excitation in magnetic materials has attracted considerable attention 

for more than six decades, starting with the discovery of ferromagnetic resonance (FMR) by 

Griffiths[4]. With the increase in power of RF magnetic field, the phenomenon becomes quite 

different and magnetic excitation with nonlinear behaviour is noticed [16]. It is generally 

observed that the height of the absorption maximum decreases with increasing power level. 

In addition, a subsidiary absorption peak is noticed at a static field strength below that 

required to attain resonance condition. These effects have been explained in a very 

comprehensive way by Suhl [17]. According to Suhl, the nonlinear effects arise due to the 

fact that some of the spin waves become unstable when the amplitude of the uniform mode 

driven by the applied RF field exceeds a certain threshold value. For the first order process, 

the unstable spin waves have frequency half of the frequency of the applied RF field and for 

the second order process they have the same frequency as that of the applied RF field. This 

phenomenon is known as perpendicular pumping. These instability processes have also been 

theoretically studied by White and Sparks [18]. Rezende et al. theoretically probed the 

dynamics of spin wave instabilities driven by an RF field perpendicular to a static magnetic 

field in the second order Suhl process [19]. It has also been demonstrated that chaos in spin 

dynamics can be controlled by a small periodic perturbation in the applied magnetic field 

[20]. This perpendicular pumping process is found to be very helpful in studying the different 

complex relaxation mechanisms that arises due to the interaction of magnons with other 

magnons, and also with phonons [21-25]. In a pumping process, a particular mode of 

magnons is excited which interacts with all other magnons and also with phonons and the 

absorbed energy is distributed over the whole spectrum of magnons which is finally 

transferred to the lattice giving rise to an increase in temperature of the system[21-25]. The 

experimental observation on micron-size powder of manganites demonstrates the dependence 

of the microwave absorption rate on the temperature and the applied magnetic field [26-27]. 

It has also been reported [7] that a rise in temperature of several degrees is achievable due to 

perpendicular pumping. This ferromagnetic heating is important in the field of magnetic 

hyperthermia [28-29]. Recently, it has been reported that Bose-Einstein condensation could 

be realized in a magnon system even at room temperature through pumping process[30]. This 

has led to a spurt in activities to study this phenomenon in details [31-34]. Recently, a 

theoretical work in the field of spintronics proposes nano-devices in which spin-pumping 

mechanism is utilised for polarizing electron spins in a normal metal [35-37]. The conversion 
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of pure spin current into charge current, known as inverse spin

observed using pumping method under FMR configuration [

temperature of a ferromagnetic material due to p

spin wave treatment. The numerical value of the

estimated for a known ferromagnetic system, 

 

 

  

 

Figure 3.3.Schematic representation of processes involved in the instability thresholds

  Consider a ferromagnetic material magnetized to 

magnetic field H0 taken along z-

magnetic field Hrf of frequencyω
Hamiltonian of the system can be written as [19] 

 

             ωH =∑ˆ
k

h

 

where, H.C. is the Hermitian conjugate of the term preceding it,

creation and annihilation operator

by,
 

      ([ 0k NHγω −=
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of pure spin current into charge current, known as inverse spin-Hall effect, has recently been 

observed using pumping method under FMR configuration [38]. In this chapter, 

ferromagnetic material due to perpendicular pumping is quantified, using 

ment. The numerical value of the increment of local temperature has been 

estimated for a known ferromagnetic system, viz., Yttrium Iron Garnet (YIG). 

               

Schematic representation of processes involved in the instability thresholds

 

 

Consider a ferromagnetic material magnetized to its saturation by an external static

-axis which is simultaneously excited by a perpendicular RF 

ω turned on adiabatically. Taking up to quadratic

Hamiltonian of the system can be written as [19]  

( )H.C.ecH
NS

γccω ti

rf +






+ − ω†
0

21
†

2kkk h ,  

Hermitian conjugate of the term preceding it, †
kc  and c

creation and annihilation operators respectively, and the magnon dispersion relation is given 

)( )]2sinM k

2
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2

z 4πDkMNHkDMN θ++−+

 

Hall effect, has recently been 

38]. In this chapter, the rise in 

erpendicular pumping is quantified, using 

increment of local temperature has been 

 

Schematic representation of processes involved in the instability thresholds. 

n external static 

a perpendicular RF 

quadratic terms, the 

          (3.9) 

k
are magnon 

the magnon dispersion relation is given 

] 2
1

        (3.10) 
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with Nz is the demagnetizing factor along z-axis, 
kθ is the angle made by k vector with z-axis, 

and N is number of sites each with spin S. From the Hamiltonian given by Equation (3.9) it is 

evident that only the uniform mode with frequency given below may get excited [39] 

 

     ( )[ ] ( )[ ] 2
1

0
2

1

00 MNNHMNNH yzxz −−−−= γω .          (3.11) 

 

Considering the time development of the number operator 0
†
00 ccn =  of the uniform mode of 

magnon, one gets, 

 

        
( ) [ ]Hcc

i
cc

dt

d ˆ,
1

0
†
00

†
0

h
= .            (3.12) 

 

If the frequency of the applied RF field is taken equal to the frequency of the uniform mode, 

then from Equations (3.9) and (3.12) one obtains the following relation, 

 

       
αγ sin

2
2 0

2
1

0 nH
NS

dt

dn
rf







= ,           (3.13)
 

 

where α is the phase angle of spin wave operator 0c  with respect to the applied RF magnetic 

field. From the above equation, it is obvious that magnons with phase angle 2/π  are most 

unstable and for this unstable mode the following expression is obtained,
 

        0

2
1

0

2
2 nH

NS

dt

dn
rf







= γ .                       (3.14) 

 

If one takes into account the interaction of the unstable mode with all other modes, then the 

above expression is modified as, 

 

             
0

0
0

2
1

0

2
2

τ
γ n

nH
NS

dt

dn
rf −







= ,           (3.15) 
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where 0τ is the relaxation time for the uniform mode. Now, as the magnons of uniform mode 

absorb energy from the RF magnetic field, the absorbed energy is not restricted to that mode 

only but is distributed over the whole magnon spectrum and subsequently to the phonons 

through different relaxation processes and finally attains a uniform equilibrium temperature. 

The equilibrium condition is attained when  

 

     00 =
dt

dn
.                        (3.16) 

 

The equilibrium condition immediately provides the following relation between the applied 

RF magnetic field and the equilibrium temperature which is given by  

 

    
T

k

NS
H B

rf

0

2121
12

2
1

τωγ 















=

h
.           (3.17) 

 

 It is evident from the above equation that the equilibrium temperature depends on the 

relaxation time of the uniform mode. The sources of relaxation processes are different for 

different kinds of crystalline solids. At this point, two different kinds of crystalline solids, 

namely, single crystals and polycrystalline solids are taken into account. In the case of single 

crystal with rough surface, the main source of relaxation of uniform mode is the surface pits 

two magnon scattering [40]. If one considers a single crystal of radius r which is covered 

uniformly with pits of radius R, then the relaxation time is governed by the following 

expression[41], 

 

        
( )

θ
θγ

τ cos
1cos3

4
1

22

0

−=
r

R
M ,           (3.18) 

 

whereθ  represents the maximum angle of the degenerate mode that can be obtained using 

Equations (3.10) and (3.11). Therefore, from Equation (3.10) one gets the relation between 

the applied RF field and the equilibrium temperature of the system as, 

 

     
TAH rf = ,             (3.19)
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with 
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,          (3.20) 

 

In the case of poly-crystalline substances, there are mainly two sources of relaxations. The 

first one is the two magnon scattering due to the random anisotropy field and the second one 

is the two magnon scattering due to the random demagnetizing fields of voids [40]. 

Schlomann obtained the following expression for the relaxation time of the uniform mode 

due to random anisotropy field as [42], 
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where Ha= 2K1/M is the anisotropy field, with K1 is the anisotropy constant and 








M

H
G

π4
0 is 

the function which reflects the position of the k = 0 mode with respect to the remainder of the 

spin wave spectrum with high field limit of G being approximately unity. The relaxation time 

of the uniform mode due to porosity is governed by the following expression [40] 
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where P is porosity of the polycrystalline substance. Therefore, from Equation (3.17) one 

may write the relation between applied RF field and the equilibrium temperature as, 
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which is of the same form as Equation (3.19). If the initial temperature is taken as T0, then 

from Equations (3.19) and (3.23), one can write the expression of the threshold field as, 

 

     0TAH rfc = .             (3.25)
 

 

Now, if one takes an RF field greater than the threshold field governed by Equation(3.25), 

then the temperature of the substance increases which is given by, 

 

      
( )

02 T
H

HH
T

rfc

rfcrf −
=∆ .            (3.26)

 

 

Thus, the increment in temperature of a ferromagnetic single or poly crystalline substance 

due to perpendicular pumping may be estimated directly from Equation (3.25). In this case, 

the total microwave energy absorbed by the ferromagnetic substance estimated using the 

specific heats of magnons and phonons is given by the following expression, 

 

      
( )∫

∆+

+=∆
TT

T

pm dTccmQ
0

0

.            (3.27) 

 

where cm and cp are the magnon specific heat and phonon specific heat respectively and m is 

the mass of the substance. Using Equations (3.19) and (3.20)  for single crystal and Equations 

(3.23) and  (3.24) for polycrystal, it is found that the threshold field value is inversely 

proportional to the square root of the number of molecules or square root of the volume of the 

substance. The threshold field value is found to depend on frequency of the RF field. 

Consequently for a large value of the frequency of the RF field, it corresponds to a small 

value of the threshold field. As a result it is possible to enhance the temperature of a 

ferromagnetic particle so that it can attain a definite value suitable for Onchological 

application. For example, a polycrystalline sample YIG of size 100 nanometres with porosity 

0.1 and using the physical parameters of the given solid from Ref. [40], the estimated 

threshold field is 35.5 Oe, at 100GHz frequency. If the RF magnetic field is increased to 36 

Oe, the estimated temperature of the substance is found to increase by 8 K when the 

temperature of the substance taken is at room temperature to begin with. On the other hand, 
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for a single crystal of YIG, the threshold field is found at 4 Oe. Now if an RF field of value 

4.1 Oe is imposed, it is noted that estimated rise in temperature of the sample is 15 K. The 

predicted value of the rise in temperature of a ferromagnetic particle due to pumping effect in 

our model is comparable to that observed experimentally in the case of Magnetites [7]. 

 

3.5. Conclusion 

 In this chapter, an expression for the rise in temperature of a ferromagnetic substance 

under the application of a static magnetic field is found on the basis of spin wave theory. The 

rise in temperature in a ferromagnetic substance due to the presence of a static magnetic field 

is theoretically very small, and hence, is not appropriate for magnetic hyperthermia. 

Theoretically we note that in the presence of interaction of magnons with phonons the 

estimated rise in temperature is further reduced. On the other hand, if an RF field greater than 

a threshold value is considered perpendicular to a static magnetic field, it gives rise to 

excitation of uniform mode of magnon in a ferromagnetic material. Consequently, the 

temperature of the ferromagnetic material may increase. We determine the relevant 

expression for the increase in temperature using spin wave approach, for a ferromagnetic 

material under perpendicular pumping assuming the RF field greater than a threshold value. 

Using the perpendicular pumping approach in the case of YIG, it is found theoretically that 

the temperature may be increased by 10 K when the magnetic nano particles are at room 

temperature to begin with. It is evident that the threshold field depends on the number of 

molecules or the frequency of the applied RF field, thus it can be varied using those 

parameters. The estimated rise in temperature for YIG obtained here is interesting and it is 

noted that single crystals are more suitable than polycrystals in respect of its application in 

magnetic hyperthermia. 
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PARALLEL PUMPING AND HEATING OF MAGNETIC MATERIALS 

4.1. Introduction 

 It is known that when a 

static magnetic field, it gives rise t

frequencies both in ferromagnetic and 

parallel pumping. Schlomann [1]

concept of parallel pumping is helpful

ferromagnetic materials. In the case of parallel pumping, one photon is absorbed

field and thereby creation of two magnons may result. 

field by magnons may enhance the temperature of a ferromagnetic system. 

of ferromagnetic heating is importa

hyperthermia, the cancerous cells are tagged with nano

RF field, the temperature of the attached cells 

affected tissues. An expression for the rise

approach, when a ferromagnetic material

numerical value of this increment 

namely Yttrium Iron Garnet (YIG).
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a sufficiently strong RF magnetic field is applied parallel to a 

gives rise to the parametric excitation of spin waves of particular 

in ferromagnetic and ferrimagnetic materials. This phenomenon is known as

Schlomann [1] developed a general theory of parallel pump

concept of parallel pumping is helpful in studying complex relaxation process

case of parallel pumping, one photon is absorbed

and thereby creation of two magnons may result. The absorption of energy

the temperature of a ferromagnetic system. The q

of ferromagnetic heating is important in the field of magnetic hyperthermia [2-4]. In magnetic 

hyperthermia, the cancerous cells are tagged with nano-ferromagnets and on exposure to a

field, the temperature of the attached cells will increase resulting in the destruction of the 

expression for the rise in temperature is derived here using spin 

when a ferromagnetic material is under the configuration of parallel pumping

numerical value of this increment rise in local temperature is estimated for a known system,

arnet (YIG). 

 

Figure 4.1 Field configuration in parallel pumping 
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waves of particular 

ferrimagnetic materials. This phenomenon is known as 
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The quantification 

4]. In magnetic 

d on exposure to an 

the destruction of the 

using spin wave 

is under the configuration of parallel pumping. The 

a known system, 
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4.2. Parallel pumping and excitation of magnons in magnetic material 

 Consider a ferromagnetic system magnetized to its saturation value by a static 

magnetic field H0 which is in the direction of z-axis and it is also excited by a small RF 

magnetic field tHrf ωcos taken parallel to the static one, which is turned on adiabatically. 

The Hamiltonian of the above system can be written as [5] 

 

    pHHH ˆˆˆ
0 += .                                      (4.1) 

 

where 

 

   ∑ ω=
k

kkk0 ccH †ˆ h ,                                      (4.2)
 

   ( )∑ −− +−=
k

kkkkkk ccρccρωtHH rfp

†††cosˆ h ,             (4.3)
 

   ( )( )[ ] 2
1

2sin4 k

2

z0

2

z0k θMDkMNHDkMNHω πγ ++−+−= ,     (4.4) 

 

   ( )kkkk i2φexpθsinMωπγρ 22 −= .              (4.5) 

 

In the above, †
kc  and kc are magnon creation and annihilation operators respectively,

22 /D JSa γ= h  is the exchange stiffness, with  Nz is the demagnetizing factor along z-axis, 

kθ  and kϕ are the angles made by wave vector k  and its projector in xy plane with z-axis and 

x-axis respectively, γ is the gyromagnetic ratio and M is the magnetization. Considering the 

time evolution of the operator ck, one obtains 

 

           
[ ]pHH,c

idt

dc ˆˆ1
0 += k

k

h
.              (4.6) 

 

Using the expressions of 0Ĥ   and pĤ  provided in Equations (4.2) and (4.3) we get the 

following relation from Equation (4.6)  

 

    ( )†cos kkkk
k c ωtlcωi

dt

dc
−−−= ,             (4.7) 



 
PARALLEL PUMPING AND HEATING OF MAGNETIC MATERIALS 

  

~ 44 ~ 
 

 

with kk ρHl rf2= . The last term on the right hand side of Equation (4.7) is important which is 

responsible for the exponential enhancement of the magnon variable kc [6]. An exponential 

enhancement of kc may be obtained if †cos k−ωt c  contains a Fourier component at kω . Since, 

the operator †
k−c   varies as t)exp(iωk , a large response may be obtained if the pump frequency 

ω sets at twice the resonant frequency kω . To solve Equation (4.7), the following trial 

solution is considered, 

 

       














 +−= tκ
iω

cc
2

exp0kk ,              (4.8) 

 

and for non-zero amplitude of spin waves the following value of κ  is obtained 

 

    




















 −−±=
22

2

ω
ω

4

l
κ k

k .              (4.9) 

 

In the above expression when we set 2ωω =k  and get 

 

     
2

l
κ k±= .             (4.10) 

 

The positive value of the parameter κ gives rise to the exponential increase in spin wave 

amplitude whereas negative value gives rise to exponential decay. After a sufficiently long 

time, the term with positive κ will be non-vanishing whereas others will vanish. It is evident 

that lk is maximum when 2πθ =k . Consequently, spin wave with frequency 2ω and having 

direction perpendicular to the z-axis are found most unstable spin waves for which one has 

the following expression 

 

    t)
2

l
t)exp(iωexp(cc 0

k
kkk −= .            (4.11) 
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It is evident from Equation (4.11) that spin waves absorb energy from the external RF 

magnetic field. The magnon occupation number corresponding to the above mode can be 

expressed as 

 

     
t)lexp(nccn k0kkkk == †

.                      (4.12) 

 

As the spin wave with frequency 2ω  absorbs energy from the RF field it leads to an 

enhancement in the number of magnons exponentially with time. The physical picture behind 

this phenomenon is very comprehensible [7]. Due to dipolar interaction, electronic spin 

usually follows an ellipsoidal path instead of a circular cone in their precession. For spin 

waves with wave vector k making an angle kθ  with the z-axis, it is found that the ratio of 

major and minor axes of the ellipse is ( ) ( )2
0

22
0 sin4 DkMNHMDkMNH ZkZ +−++− θπ . 

The magnitude of the magnetization vector remains constant in their precession. 

Consequently, the z-component of the magnetization vector varies with a frequency twice 

that of the precessional motion. Before the RF field is applied, the spin waves are all excited 

to their thermal level. When an RF magnetic field of frequency double of that of the 

precessional motion is considered, the spin waves absorb energy from the field or convey  

energy to it depending on whether the periodic component of the longitudinal magnetization 

lags a quarter period behind or leads by quarter period respectively relative to the applied RF 

field. If the RF field is applied for a sufficiently long time, then the amplitude of the first kind 

is enhanced much above the thermal level where as the spin waves of second type is 

practically zero. From Equation (4.4), it is implicit that with an increase in H0, the wave 

vector k of magnons of frequency 2/ω  decreases and at a characteristic value (H0C) the 

magnitude of k becomes zero, which is given by 

 

   

212

2
0 2

)2(2


















++−=
γ

ωππ MMMNH ZC .          (4.13) 

 

 The condition 2ωω =k for resonant absorption cannot be attained when CHH 00 > . 

Now, if the magnon occupation number of a particular mode is increased, it starts interacting 

with the other modes giving rise to exponential decay of its amplitude by the process of 
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relaxation. Taking into account the relaxation processes, Equations (4.11) and (4.12) can be 

modified as 

 

   )tη
2

l
exp(t)iωexp(cc kT

k
kk0k −−= ,           (4.14)

 

   )tτlexp(nn 1

kTkk0k

−−= .            (4.15) 

 

In the above, Tkη is the relaxation rate and T

1

T 2 kk ητ =− is the inverse of the relaxation time at 

temperature T for spin wave with wave vector k. From Equation (4.15), it is apparent that if

1

Tl
−> kk τ , then the spin wave amplitude increases. On the other hand, the RF field has no 

effect on magnon occupation number if 1
Tl −< kk τ . If the initial temperature is taken T0, then 

the expression for the threshold field Hrfc is given by 

 

    
1

2 0

−= Trfc τ
Mγπ

ω
H k .                        (4.16) 

 

 For an RF field greater than Hrfc, the magnon occupation numbers of the unstable 

modes is found to increase, which in turn interact with other magnon modes and also with the 

phonons, resulting in an increase in temperature of the system. In this case the relaxation time 

of a particular mode increases with temperature and the equilibrium condition is set up at 

higher temperature T with the following condition 

 

                

112 −− = Trf τωMγπH k .            (4.17) 

 

Using the expressions of 1−
Tτ k  and 1

0

−
Tτk  as functions of temperature, the rise in temperature of a 

ferromagnetic system may be estimated. 

 

 

4.3. Calculation of relaxation time and increase in temperature 

 The Hamiltonian given by Equation (4.1), retains up to the quadratic terms with 

magnon variables. The inclusion of higher order terms gives rise to interaction of the 
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magnons. In the present case, as the magnon occupation numbers of the unstable modes are 

increased, their interaction with other modes will also be included. This results in the 

relaxation of spin wave of the unstable modes. The magnons are strongly coupled to phonon 

in the region where the dispersion curves of magnons and phonons intersect with each other 

[8]. If one takes the external magnetic fields in such a way that the unstable mode lies outside 

this region, then the relaxation due to their interaction with phonons can be made minimum. 

It is found that three magnon dipolar and four magnon exchange interactions are mostly 

responsible for attaining saturation [9]. Hence, one may consider only these processes. The 

inverse of total relaxation time may be written as 

 

             
e

T
d

TT 4

1

3

11 −−− τ+τ=τ kkk ,            (4.18) 

 

where 
d

kT 3

1−τ and 
e

kT 4

1−τ are the inverses of the relaxation times due to three magnon dipolar 

and four magnon exchange processes, respectively. According to Schlomann, the relaxation 

time due to three magnon processes can expressed as [10,11], 

 

          
split

T
conf

T
d

T

11

3

1 −−− τ+τ=τ kkk
,            (4.19) 

 

where 
conf

Tτ
1−

k
and 

split
T

1−τk
are inverses of the relaxation times due to three magnon confluence 

process, where two magnons are absorbed and one is emitted, and due to three magnon 

splitting process, where one magnon is absorbed and two are emitted respectively. Again 

following Schlomann, one can write the following expressions for relaxation time 

 

    FkωDMγTkπτ kB
conf

T

1121

2
1 −−− =k

,           (4.20) 

 

where 1
21

2

6
1

4
1

1 −− −






 += σσF with MK ωωσ =   and MM πγω 4= , 

and 

        
( )σπγτ fDMTkB
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16
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with 25)
3
2

(47.3)( σσ −=f , for 32<σ  and 0)( =σf for 32>σ . Relaxation time for four 

magnon exchange process can be written by the following expression [9] 
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4
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k

.           (4.22) 

 

From the above, one gets the expression for the threshold field, 
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where T0 is taken as the initial temperature of the substance. From Equations (4.23) and 

(4.24), an expression for rise in temperature up to first order can be obtained which is  
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+≈∆ 1

2
5 23
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25
00
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rf

kk

kk
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T .           (4.25) 

 

Again, taking the example of the known substance, namely, YIG and making use of the 

values of the parameters reported in References [10,12], the rise in temperature of the system 

is calculated. In this case, if one takes T0=300 K, H0=450 Oe, and the frequency of the field 

as 6 x 109 Hz, the critical RF field is found to be 1.47 Oe which is in agreement with the  

experimentally reported value[13]. Under this condition, on application of an RF field 

Hrf=1.5 Oe the temperature increases by 6.03 K. To obtain the increase in temperature of the 

same order of magnitude using only static field, an enormously high magnetic field of ~106 

Oe is required. The experimental value of the rise in temperature in ferromagnetic materials 
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under RF field [14] is same as that obtained theoretically in our model. It may be pointed out 

that for the purpose of hyperthermic oncology, the increase in temperature of same order of 

magnitude is essential [15]. 

 

4.4. Conclusion 

` In this chapter, the increase in temperature of a ferromagnetic substance is determined 

in the presence of an external static magnetic field and an RF magnetic field where the later is 

parallel to the static field. The numerical results for YIG obtained here using spin wave 

approach is in agreement with observations. Thus a large increase in temperature of the 

ferromagnetic system can be realized by the application of magnetic fields. 

 

 In the theoretical model considered here, it has been assumed that the applied field is 

sufficiently smaller than the characteristic field given by Equation (4.13) so that the wave-

lengths of the unstable spin waves are much smaller than the sample dimension, and the 

plane-wave analysis is applicable. Here, it has also been assumed that the variation of 

temperature lies in a range such that the change in magnetization is very small and one can 

assume that the magnetization is constant through the range. This quantification of 

ferromagnetic heating through spin wave approach is likely to find application in designing 

devices used in hyperthemic oncology. 
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5.1. Introduction 

 Bose–Einstein condensation (BEC) of quasiparticles such as polaritons [1] and 

magnons [2-10] have recently been considered as one of the interesting topic of research in  

condensed matter physics. The effective masses of these quasiparticles are very small and 

their density can be controlled using parametric pumping. For this reason, the condensation 

of these quasiparticle can occur at relatively higher temperature. Recent observation of BEC 

of magnons at room temperature, under the condition of parallel pumping, in a thin film of 

Yttrium Iron Garnet (YIG) has drawn the attention of physicists [5-9]. In a slab of 

ferromagnetic material, the magnon dispersion relation is considerably different from that in 

a bulk material. The effects of the exchange and magnetic dipolar interactions combine to 

produce a dispersion relation with a minimum of magnon frequency occurs at some non-zero 

value of wave vector [11,12], which is a necessary condition for BEC. In the case of parallel 

pumping, some modes of magnons absorb energy from the radio frequency (RF) field 

[13,14], and as the number of magnons of that particular modes increases, they interact with 

rest of the magnons and also interact with phonons. Consequently, the absorbed energy is 

distributed over the spectrum of magnons through magnon– magnon interactions and finally 

the energy may be transferred to the lattice through magnon–phonon interactions. In the case 

of ferromagnetic materials, like YIG, the relaxation time for magnon–magnon interactions is 

of the order of few nanoseconds whereas that for magnon–phonon interactions is of the order 

of 1 µs. Hence, firstly for the time period of the order below 1 µs the energy is transferred 

from the dominant group to the other groups of magnons, while the phonon system remains 

practically isolated from the magnon system. After the time period of the said order the 

energy is transferred to the phonon system and attains the thermal equilibrium state [15]. 

Hence, one can presume that, for the time period of the order 1 µs, the magnon system is in a 

quasi-equilibrium condition that is decoupled from the phonon system and have different 

temperature and chemical potential than the phonon. In bulk slab-like samples, the three-

magnon scattering processes are not allowed by kinematics in the high field limit of the static 

field ( 2H Mπ> ) [16,17]. Under this condition, four-magnon processes (two in and two out) 

turn out to be possibly responsible for magnon thermalization [18-20]. Due to an increase in 

magnon density at a given temperature, the chemical potential increases and as a result, 

Bose–Einstein condensation emerges when the chemical potential attains the minimum 

energy of the magnons. 
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 In terms of quantum field theory, the precession motion of magnetization vector can 

be described explicitly by a complex field ( )t,rψ , the real and imaginary parts of the wave 

function represent the Cartesian components of the magnetization vector perpendicular to the 

static magnetic field [21]. In this description, the complex field ( )t,rψ  possesses the global 

U(1) rotational symmetry with respect to the direction of magnetic field. In this case, the 

relaxation of the field amount ( ) ( )∫= rrr dttN ,,† ψψ is much slower than any other relaxation 

process in the system, in such case N can be considered as an approximately conserved 

number of magnons. If the initial magnon number density produced by the pumping process 

is greater than the critical density required for BEC of magnon, the system can develop BEC 

spontaneously before N decreases. In terms of the complex field ( )t,rψ , the BEC represents a 

finite fraction of the field amount, which gives a uniform evolving phase. 

 
 In general,  BEC magnons in thin magnetic films is observed [5-9]  in the presence of 

pulsed RF field of very short duration (~100 ns) with repetition time of the order of a few 

microseconds. Hence, the applied RF field should be much higher than the first threshold 

value in order to obtain BEC with magnon within a microsecond. In this chapter, a relation 

between the applied RF field and the time required for the attainment of BEC of magnons 

after the application of RF field is derived. The relation obtained here has considerable 

importance, it is noted that in few hundred nanosecond it may be possible to realize 

condensation of the magnons. Agreement of the theoretical estimation of the required time to 

that with the experiment confirms the validity of the treatment presented here. Using the 

similar analogy, it is predicted that BEC of magnons in a thin film is also possible under 

perpendicular pumping taking the value of the applied of RF field of the same order under 

suitable condition [10]. 

 

5.2. Magnon dispersion in thin film 

Investigation of the above theory with spin waves needs samples of finite sizes. The 

size and the shape of the sample determine the long-range dipole-dipole interaction which 

leads to a substantial modification of the spin wave spectrum at k ≤l/2π, where l is the 

characteristic dimension of the sample. Mathematically, this modification of dispersion arises 

due to the fact that the magnetostatic equations for the dipole-dipole field is subjected to the 

boundary conditions on the samples surfaces which produces static and dynamic 
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demagnetizing fields. In the case of BEC of magnons one requires a sample of ferromagnetic 

film or slab. This is the simplest one for the consideration of the effects in bounded 

ferromagnets. In the case of a film geometry there is a confinement in one direction. Since the 

boundary effects are caused by dipole-dipole interaction, only the long wavelength 

excitations are affected. In the initial theoretical studies on the spin waves in ferromagnetic 

films the exchange interaction [22-25] is not considered. Damon and Eschbach studied the 

boundary effects [22] considering a ferromagnetic slab magnetized in its plane. According to 

them, the normal modes of magnons in this geometry consist of waves propagating in the 

plane of the slab, but standing wave generates in the direction along its normal. The in-plane 

component k of the wave vector is continuously changing whereas the component 
Tnk  

normal to the surface is quantized as 
d

k
Tn

π=∆ , where d is the thickness of the slab. 

Subsequently the theory of spin waves in ferromagnetic films is studied by including both 

dipole-dipole and exchange interaction [26-28]. The introduction of exchange interactions 

enforce additional boundary conditions for the dynamic magnetization which accounts the 

fact that the precession of the surface spins differs from that in the bulk [29-31]. In general, 

the introduction of the exchange interaction in the theory gives rise to a complicated 

expression for dispersion, but in some case a simple expression may be obtained with 

approximation.  From in diagonal approximation for unpinned surface spins, where surface 

spins are considered not to differ from that of the bulk,  the approximate dispersion relation in 

explicit form can be obtained as follows [27] 

 

 

2 2
2 2 2 2 2

2 2

  
[ 4 (1 )sin ].[ 4 ]

T

T T

kn k k

n n
H Dk D M F H Dk D MF

d d

π πω γ π θ π= + + + − + + + , (5.1) 

where 

     ( ) kdeF kd

k

−−= 1 .              (5.2) 

In the above,θ  is the angle made by the wave vector with the z-axis, M is the magnetization, 

and γ  is the gyromagnetic ratio, 22 /D JSa γ= h  is the exchange stiffness, with J being the 

nearest neighbour exchange constant and a is the lattice parameter. 
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Figure 5.1 Spectrum of spin wave
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Figure 5.1 Spectrum of spin waves in 5 µm thick in-plane magnetized YIG film at 

(solid lines) along with spectrum of bulk ferromagnet (dotted lines)[11,12]. 

of magnons Parallel pumping 

thin film of ferromagnetic material of typical dimensions 

, magnetized in the plane (x–z plane) of the film by a strong

along the z-axis as indicated in Figure (5.2). Since the dimensions in 

directions are very large compared to the y direction, the spin waves are

propagating in the plane of the film with wave vector k and standing wave pattern in the 

transverse direction with wave vectors dnk Ty π= , where d=Ly is the thickness of the film 

]. The number of transverse modes is equal to the number of lattice points in the 

transverse direction and the energy difference between the nth and the first mode is 

which reflects the well-known quadratic behaviour of ferromagnetic spin 

]. Introduction of boson creation and annihilation operators 

] to a magnon-system Hamiltonian 
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           ∑ω=
T

TTT

n

nnn ccH
k,

k
†
kk0

ˆ h ,              (5.3)  

 

where
Tknω  is the magnon frequency given by the following dispersion relation 
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T
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kn k k

n n
H Dk D M F H Dk D MF

d d

π πω γ π θ π= + + + − + + +
     

(5.4) 

where 

            ( ) kdeF kd

k

−−= 1 .             (5.5)  

 

 Here,θ  is the angle made by the wave vector with the z-axis, M is the magnetization, 

and γ  is the gyromagnetic ratio, 22 /D JSa γ= h  is the exchange stiffness, with J being the 

nearest neighbour exchange constant and a is the lattice parameter. Unlike the three 

dimensional bulk materials, in a thin film the minimum value of the frequency occurs at some 

non-zero value of k, with a finite number of available states. Simple calculation shows that in 

the case of thin film of thickness not less than 1 µm or so, the minimum of the magnon 

frequency may occur in the region 1≥kd  and  at the k-value which is given by, 

 

     3
0k M Ddπ≈  .               (5.6) 

 

Consequently, the corresponding magnon frequency becomes 

 

        
2

3

,min 3k

M
H D

Dd

πω γ
  
 ≈ +  

   

.             (5.7)  

 

Now, the equilibrium magnon density (number of magnons per unit area of the film) at 

temperature T and chemical potential µ  is given by the following equation,  

 

( )( )∑∫∫ θ
−µ−ωπ

=
T T

n Bn

d dk k
Tk

N
1/exp

1
)2(

1
2

kh
.            (5.8) 
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Figure 5.2.  A thin ferromagnetic film is under a static magnetic field (H) and an RF field        

( ( )  
i t

Ph t h e
ω−= ) in parallel configuration. 

 

 

 

Consider a thin ferromagnetic film which is acted by a strong static magnetic field and 

a microwave magnetic field 
i t

Phe
ω−

 in the parallel configuration, both fields are applied in the  

plane of the thin film. Then the Hamiltonian of the system can be written as [11], 

 

                PHHH ˆˆˆ
0 += ,              (5.9)  

with 

( ) ∑ += −
−

T

TT

P

T

nk

knkn

ti

knP CHccehtH
,

†† ..
2

ˆ ωρh
          (5.10) 

 

where H.C. is the Hermitian conjugate of the term preceding it, while 
Tknρ  represents the 

coupling of the pumping field with the k,-k magnon pair with  frequency 
Tknω  and is given 

by,  

 

    ( )[ ]
TT knkkMkn FF ωθγωρ 4sin1 2 −−= ,           (5.11)
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with MM πγω 4= . Due to the time dependent term in the Hamiltonian, the magnon 

occupation numbers of particular mode will rise. Taking the commutator of the spin wave 

operators with the Hamiltonian in Equation (5.9), one finds the occupation number of 

magnons of particular mode as [11], 

 

          ( ) ( ) ( )tntn
TTT knknkn λ2exp 0=            (5.12) 

 

In the above, ( )0
Tknn  is the number of thermal magnons and 

 

          ( )[ ]
TTTT nnnkn h kkk η−ω∆−ρ=λ

2122  ,          (5.13)  

 

with
Tknη  is the relaxation rate of the magnons, as in turn relates the magnon relaxation time (

kτ ) as 
T

T

n

n

k

k τ
=η 1

2   while  
2

P
nn TT

ω−ω=ω∆ kk
.  From Equations (5.12) and (5.13) it is 

clear that the magnons with frequency near half the frequency of the applied field are the 

most dominant group and those magnons in a narrow range around the half of the frequency 

of the applied field are excited. Now if we consider the frequency of the applied field of GHz 

range then the range of frequency of the excited mode is noted of the order of MHz. For 

simplicity we assume that the relaxation rate and the magnon relaxation time are essentially 

constant in this narrow frequency range and represented by η and τ  respectively. The 

threshold microwave field for the parametric excitation of the dominant group can be 

obtained from Equation (5.13) as  

 

    
ηρ =

Tknch              (5.14) 

 

 Now, in the case of thin film, for a particular frequency of magnons, the value of the 

wave vector decreases with increasing θ   resulting in the increment in Fk as in Equation 

(5.11). This makes the coupling parameter almost constant in the relevant range ofθ  and we 

denote it as ρ . From Equation (5.13) one can calculate the number density of pumped 

magnons at time t as, 
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( ) ( )( )[ ]1322exp.
 2

0 2
1 −∆−−

∆
=∆ thh

D

nN
N

T

P ρηρ
πγ

.                      (5.15)

  

where ( )0n  is the number of thermal magnons of any mode in the dominant group,  ±∆  are 

the limits of kω∆  given by, 

 

    ( )
2

2 1
2

hρ
τ

 ∆ = −  
 

.            (5.16) 

 

This number 1PN∆  is the excess over the number in thermal equilibrium. Since the 

magnon system is practically decoupled from the phonon system and only the relaxation 

magnon-conserving processes are allowed, an increase in the number density of magnons 

increases the chemical potential. When the chemical potential reaches its maximum value 

(equal to the minimum energy of magnons) the pumped magnons are accumulated at the 

minimum-energy region in phase space. Under this condition the pumped magnon density 

can be divided into two parts; one portion of the magnons ( of numbers MN∆ ) are distributed 

over the whole spectrum according to the Bose-Einstein distribution function with the  

maximum value of chemical potential; whereas second portion ( of numbers CONN∆ ) consists 

of the coherent magnons which condense at the minimum magnon energy. Hence, we can 

rewrite Equation (5.15) as  

 

CONMP NNN ∆+∆=∆ 1  .              (5.17) 

 

In the above the first part of the number of pumped magnons can be estimated from 

the calculation of magnon densities for two cases, taking the chemical potential equal to 

min,kωh  and zero respectively and estimating their difference. This gives the following 

expression  
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The condensation occurs when the density of pumped magnons exceeds the value in 

Equation (5.18) and this immediately gives the expression for the rise-time for condensation 

of magnons which is 
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( )ρηρ

πγ

hh

Nn

ND

t
T

M

R 322

0

 2
1log

2∆−−












∆
∆

+
=  .               (5.19) 

 

For BEC to be observed, this time period should be of the order of magnon-phonon 

relaxation time or below. Taking the typical values of the parameters used in the 

experimental set up and a relaxation time of the order of 10 ns we find the numerical values 

of time required corresponding to different values of microwave field as presented in 

graphical form as in Figure (5.3). Now the power absorbed by the specimen from the 

microwave field depends on the imaginary part ( χ ′′ ) of the susceptibility [32]. Taking the 

value of χ ′′  of the order of magnitude 0.2/4π, as reported in Ref. [20] and using the relation 

21
 

2abs PP h Vω χ ′′= between the power absorbed by the specimen and the applied microwave 

magnetic field of amplitude h with V being the volume of the specimen. In actual 

experimental set up magnetic field is maximum in the thin film just above the resonator and 

decreases with distance from the region in the thin film [10]. To make comparison of the 

theoretical estimate with the experimental result we take the average value of the field. To do 

this we take the values of the parameters as 63.34 10ρ = × C.G.S. unit, the exchange stiffness, 

9104.4 −×=D Oe-cm
2 for the thin film of YIG. Taking NT=4000 [12], the static field (H) 

as1000 Oe and using the formula (17) we find that microwave field of 16.1 Oe and 14.9 Oe 

give respective rise-time of 300 ns and 900 ns for BEC formation. The corresponding values 

of the microwave field obtained from the experimental results are 22 Oe (power=4W) and 

19.56 Oe (power= 3.1 W) respectively [9]. Comparing it is found that the result supports the 

model considered here.  
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Figure 5.3.  Varition of time required for BEC of magnons in a thin film of ferromagnetic 
material with the microwave field applied parallel to a static field in the plane of the thin film 
as estimated from (5.19) with the relaxation time taken ~10ns. 
 
 

 

 

5.4. Rise –time for BEC of magnons perpendicular pumping 

 

 If the microwave magnetic field is considered perpendicular to that of the plane of the 

film and considering quadratic terms in the Hamiltonian, one obtains [34] 
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where NS is the number of sites with spin S.  From the Hamiltonian given in Equation (5.20), 

it is evident that only the uniform mode with frequency given below may become excited 

[35] 
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( )[ ] ( )[ ] 2
1

0
2

1

0 MNNHMNNH yzxzo −−−−= γω ,            (5.21) 

where Nx, Ny and Nz are the demagnetizing factors along the x, y, and z directions 

respectively.  Considering the time development of the operator 0
†
0 cc  one obtains  

 

( )† †
0 0 0 0

1 ˆ,
d

c c c c
dt i

 = Η h
.                (5.22)  

 

When the frequency of the microwave field is equal to that of the uniform mode, formula 

Equations (5.20) and (5.22) lead to [35]  

 

  

1
2

0
02 sin

2
Sdn SN

h n
dt

γ α =  
 

,           (5.23) 

 

with 0
†
00 ccn =  is the occupation number of the uniform mode, and α  is the phase angle of the 

spin wave operator 0c  with respect to the applied microwave field. From the above equation 

it is clear that magnons with phase angle π/2 are most dominant and for this dominant mode 

the following expression can be obtained, 

 

     

1
2

0
02

2
Sdn SN

h n
dt

γ  =  
 

.                          (5.24) 

 

Considering the interactions with other modes, the above expression is transformed to 

 

           

1
2

0 0
0

0

2
2

Sdn SN n
h n

dt
γ

τ
 = − 
 

,                      (5.25) 

 

where 0τ  is the relaxation time for the uniform mode. In the high field limit of the static field, 

the three magnon processes are prohibited by kinematics [16,17], only the two magnon and 

four magnon processes are mainly responsible for relaxation. In both of these processes the 

number of magnons remains conserved. Hence, one can assume that the total number of 
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pumped magnons is equal to magnons of uniform mode created. Solving Equation (5.25) 

using  2
00 )(tan =  , one arrived at 
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Then the total number of pumped magnons is given by 
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Application of the condition for BEC in this case leads to a relation between the applied 

microwave field and rise-time for BEC of magnons which is given by 
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exp12 
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τγ t

SN
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h

S

M .           (5.28) 

 

From our calculations it is clear that the required time can be reduced by decreasing 

the static magnetic field up to a certain level so that the condition of saturated magnetization 

is satisfied. For a typical value of NS ~10
16  and a microwave field of about 5 Oe , the time 

required for formation of BEC reduces to <100 ns. Recently, BEC of magnons is practically 

realized using the technique of perpendicular pumping [10]. The experimental result does not 

involve with the rise time for BEC of magnons and hence our theoretical estimate cannot be 

tested right now. The magnitude of the microwave field involved here is of the same order. 

 

 

 

5.5. Conclusion 

 In the chapter, the Bose–Einstein condensation of magnons in a thin film is 

considered, first under the condition of parallel pumping as tested recently in an experiment 

by Demokritov et al. [26]. Here, a theoretical model is given corresponding to the above 
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observations quantitatively, making use of spin wave formalism. The applied RF field is 

correlated with the magnon rise-time for Bose–Einstein condensation. The numerical 

estimation of the time required for BEC with different fields matches with the experimental 

observations, which confirm the validity of our approach. Using similar approach, we also 

find an analogous relationship and predict that the same order of RF field may result in BEC 

of magnons under the condition of perpendicular pumping. It is also predicted that one can 

tune the required RF field by changing the static magnetic field up to a certain limiting value. 

This formulation is applicable in the case of thin film of ferromagnetic materials where the 

magnon dispersion relation is dominated by dipole and exchange interactions with weak 

magnon–phonon coupling. 
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6.1. Introduction 

 The discovery of superconductivity in ferromagnetic substances for example, UGe2, 

under high pressure, sparked a lot of interest in the field of condensed matter [1,2], because 

ferromagnetism and superconductivity are considered as mutually exclusive phenomena. 

Subsequently, a number of other materials like ZrZn2, URhGe have been discovered which 

exhibit both the ferromagnetism as well as the superconductivity properties [3,4]. The 

standard Bardeen-Cooper-Schrieffer (BCS) theory of superconductivity fails to account for 

the existence of the above phenomenon, as in BCS theory superconductivity is realizable in 

the case of a substance exhibiting perfect diamagnetism. The phenomenon of ferromagnetic 

superconductivity sets a foundation for the investigation of the theory of superconductivity 

taking into account spin fluctuations. Although, different theoretical models have been 

proposed to describe the phenomenon, it remains to be understood the underlying mechanism 

of Cooper pair formation in them. In the beginning, it was presumed that the ferromagnetism 

as well as superconductivity arises from the itinerant or conduction electrons. In this 

direction, Fay and Appel considered [5] coupling of electrons due to the longitudinal spin 

fluctuation i.e. exchange of paramagnons. Nonetheless, the theory is found to entangle with 

problems and fails to account the complete absence of superconductivity in paramagnetic 

phase [6]. To overcome the problem Karchev [7] applied a theory of magnon exchange 

superconductivity on the basis of itinerant model of electrons. The order parameter in this 

case is a spin antiparallel component of a spin-1 triplet state with zero spin projection. 

According to Karchev, the attractive interaction between electrons might occur due to 

exchange of magnon, whereas the repulsive interaction due to the exchange of paramagnons. 

The existence of two successive phases, namely ferromagnetism and paramagnetism might 

arise due to the competition between these two mechanisms. UGe2 is considered as the 

archetypal material where the coexistence of ferromagnetism and superconductivity at 

elevated pressure is observed. It has been argued that the 5f electrons in Uranium compounds 

have both localized and itinerant nature, which is also known as dualism of 5f electrons. The 

muon-spin-relaxation (µSR) has been investigated in the case of UGe2 and it has established 

the dual nature of electrons [8,9]. Furthermore, this dual nature of electrons is also confirmed 

by measurements of magnetic susceptibility, magnetization, electrical resistivity, magneto 

resistivity, and specific-heat in single crystal of UGe2, which carried out in a wide range of 

temperature and magnetic field conditions [10]. Under this circumstance, Karchev’s proposal 

of treating the electrons in UGe2 to be completely itinerant in nature is quite ambiguous. Suhl 
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and Abrikosov further proposed that s-wave superconductivity may result from the electron 

interaction mediated by ferromagnetically aligned localized spins [11,12]. This is a process 

which is reverse to the magnetic ordering arising from the coupling of localized spins via 

conduction electron. Unlike UGe2, another ferromagnetic material URhGe shows 

superconductivity at ambient pressure. Despite of considerable difference in space group and 

detailed structure, there are similarities in the properties of UGe2 and URhGe. Both the 

materials may be considered as consisting of zigzag arrangements of uranium atoms with 

parallel spins[13]. The neutron scattering study on URhGe established the fact that the 

magnetization is almost exclusively due to uranium 5f electrons [13]. In this chapter, 

interaction potential of itinerant electrons via localized electrons having their spins aligned in 

the ferromagnetic ordering is obtained considering localized-itinerant model of electrons. The 

interaction potential is new and noted that it admits the phenomenon of unconventional 

superconductivity with triplet or singlet pairing of electrons that depends on the Debye cut off 

frequency of magnons. In the case of the phenomenon of superconductivity, the electrons, 

which are near to the Fermi surface, mostly take part in Cooper pair formation. Therefore, 

one can approximate the interaction potential to a constant value within a very short range of 

electronic energy near the Fermi surface. In this case BCS equation is used to determine the 

critical temperature of superconductivity where the above interaction potential is used in the 

place of phonon mediated interaction potential which we term as modified BCS equation. 

With the help of the above approximation, an expression for the critical temperature of 

superconductivity using the modified BCS equation is derived. Taking UGe2 as a 

representative of ferromagnetic superconductors, the Hund’s coupling and the nearest 

neighbour exchange coupling and density of state (DOS) at the Fermi surface are computed 

under normal pressure and also in higher pressures by varying the atomic positions according 

to the diffraction pattern [2]. This chapter is organized as follows. First of all, the expression 

for the interaction potential between electrons via magnon using localized-itinerant model is 

derived in section 6.2. The analytical expression for the critical temperature of 

superconductivity is also derived in a more general way. In section 6.3, the Hund’s coupling 

and the nearest neighbour exchange coupling and density of state (DOS) at Fermi surfaces of 

URhGe and UGe2is computed under normal pressure and also in higher pressures by varying 

the atomic positions. Finally, the computation of critical temperatures of the ferromagnetic 

superconductor UGe2 and URhGe are performed using the developed formalism within 

density functional theory (DFT) framework. The estimated value of the superconducting 

critical temperature of URhGe is in very well agreement with the experimental result. The 
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estimated value of maximum critical temperature of superconductivity of UGe2 and its 

dependence on pressure is also found to be in good agreement with experiment. 

 

6.2. Magnon mediated Cooper pair formation 

It is known that the 5f electrons in UGe2 have dual nature i.e. to have both itinerant 

and localized electrons. Hence, the UGe2crystal may be considered as consisting of two-

subset electronic systems. In the present case of localized-itinerant model, the interaction of 

itinerant electrons to form Cooper pair, in the background of ferromagnetically ordered 

localized electrons is considered. In this case, the localized 5f electrons are considered to be 

responsible for the ferromagnetic moment. The transverse fluctuations in this array of 

localized spin-moments results in the existence of quasiparticles magnons. The magnons are 

considered to mediate the coupling of the itinerant electrons which leads to an 

unconventional superconducting behaviour [10]. Now, taking the electron-magnon 

interaction into account, the Hamiltonian of the electron-magnon system in terms of electron 

and magnon creation and annihilation operators can be written as[14] 

 

        emHHH ˆˆˆ
0 += ,                 (6.1) 

  

where 0Ĥ  is the unperturbed Hamiltonian consists of electronic part and magnon part given 

by the following expression 

 

    qq

q

qkkk

k

bbccH ††
0

ˆ ∑∑ ω+ε= σσσ
σ

.             (6.2) 

 

The interaction part of the Hamiltonian, emĤ  includes the electron-magnon interaction which 

is given by the following expression,  

 

      
( )∑ ↓↑−↑↓+ +







=
qk,

qkqkqkqk

†††
2

1

2
ˆ bccbcc

N

S
JH Hem

,                      (6.3)  
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     22

2 SJ
E

m

k H
F +−=ε ∗↓k  .              (6.5) 

 

In the above, σεk is the energy of electrons with spin ( )σ  that is measured from the Fermi 

level, EF is Fermi energy of the electrons, qω is the energy of magnon with wave vector q, JH 

is the Hund’s coupling constant at a spin site, N is the number of spin sites and ∗m  is the 

effective mass of the electron near Fermi level. In the case of a ferromagnetic substance, the 

magnon dispersion relation can be written in the following way 

 

            )1(2 qq γ−=ω SzJ nn .              (6.6) 

 

In the above equation, ∑−=γ
a

k.a

q

iez 1 , nnJ  is the exchange coupling constant between nearest 

neighbour spin sites separated by a distance a and z is the number of nearest neighbours. In 

the case of straight or zigzag chain systems, from the expression of magnon frequency given 

by Equation (6.6), Debye cut off frequency of magnons, i.e., the maximum frequency of 

magnons can be written as  

 

         SzJnnD 4=ω .              (6.7) 

 

The Hamiltonian, given by the Equation (6.1), can be suitably diagonalized through a 

canonical transformation AA eHe ˆ−
, with 

nm

em

EE

mHn
mAn

−
=

ˆ
, to find the effective electron-

electron interaction via magnon [15]. For a ferromagnetic system near absolute zero 

temperature, one may take either n  or m as vacuum state ( )0 . Using the relations 

.qvFkk
+ε≈ε ↓↓+q  and SJH=− ↑↓ kk

εε , for small value of q, and considering the coupling of 

electrons with opposite wave vectors, Hamiltonian of the system can be written in the 

diagonalized form as given below 
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with kk'q −= . The wave function 

respectively consists of product of 

case of singlet pairing with antiparallel spins, the spin part 

antisymmetric with respect to the interchange of spins, 

symmetric with respect to the interchange of wave vectors. On the other hand, for triplet 

pairing with antiparallel spins the 

part is antisymmetric with respect to the interchange of spins

interaction potential for singlet and triplet pairing of electrons with antiparallel spins

obtained from Equation (6.8) as given below

 

              ,k'kV S

,kV T

 

This magnon mediated electron

through Figure (6.1). 

 

 

 

Figure 6.1. Magnon mediated electron
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. The wave function '', σσ−σσ = kkk ccb  of a Cooper pair with spins 

consists of product of an orbital part and a spin part as ', (σσ −φ= k,kb

singlet pairing with antiparallel spins, the spin part ( −↑↓=↑↓χ

antisymmetric with respect to the interchange of spins, whereas the orbital part 

symmetric with respect to the interchange of wave vectors. On the other hand, for triplet 

pairing with antiparallel spins the spin part ( ) 2/↓↑+↑↓=↑↓χ  is symmetric and the orbital 

with respect to the interchange of spins. Using these symmetries

interaction potential for singlet and triplet pairing of electrons with antiparallel spins

given below 
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This magnon mediated electron-electron interaction can be represented diagrammatically 

 

 

6.1. Magnon mediated electron-electron interaction. 

 

of a Cooper pair with spins σ and σ' 

') σσχ−k . In the 

) 2/↓↑−  is 

the orbital part )( kk,−φ is 

symmetric with respect to the interchange of wave vectors. On the other hand, for triplet 

and the orbital 

sing these symmetries, the 

interaction potential for singlet and triplet pairing of electrons with antiparallel spins can be 

          (6.9) 

        (6.10) 

diagrammatically 
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In the case of itinerant model of electrons, it has already been pointed out that there 

may exists a repulsive interaction between electrons due to longitudinal spin fluctuations i.e., 

due to exchange of paramagnons [7]. In the present formalism, under the framework of 

localized-itinerant model, the evaluation of the interaction potential between itinerant 

electrons is of key concern. In the present case, the effect of the repulsive interaction between 

electrons with opposite spins due to paramagnons is included which can be expressed as 

 

     2

2

',

1
.

4 qr

J
V HPM

δ+
=kk ,            (6.11) 

 

with kk'q −= , δ is a constant and the parameter ‘r’ is the inverse of the static susceptibility (

χ ). For a ferromagnetic system near the critical point of transition between paramagnetic 

and ferromagnetic phases, the static susceptibility is taken as the Pauli paramagnetic 

susceptibility. Pauli paramagnetic susceptibility is given by the relation 

( ) ( ){ } 2EE FF ↓↑ += ρρχ , with ( )FE↑ρ  and ( )FEρ↓  are the DOS at the Fermi level for 

electrons with spins up and down respectively[16,17]. The Cooper pair formation with 

antiparallel spins is possible if the magnon contribution to the interaction potential is negative 

and is greater in magnitude than the repulsive interaction potential due to paramagnons. It is 

noteworthy from the above discussions that the interaction potentials given in Equations 

(6.10) and (6.11) lead to electron-electron attraction under two different conditions. These 

cases are discussed in the following two subsections. 

 

 

A. Case-1: SJHD >ω  

 

 In the first case, the interaction potential due to triplet pairing may be attractive in 

nature for the condition SJH>ωq , with electronic energy lying in the range 

( ) ( )SJSJ HFH −ω−>>−ω qq qv . . Now, those electrons which are near the Fermi surface take 

part in Cooper pair formation and therefore the electronic energy qv .F  may be neglected in 

the expression of interaction potential. Taking the average over the magnon frequencies, the 

effective interaction potential can be written approximately as 
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        ( ) r
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,           (6.12) 

where ( )SJH−ωq

1
represents the average value of the expression within over the magnon 

frequencies. In the present case, the role played by the magnons is similar to that of the 

phonons in the case of conventional superconductors. Following the same procedure as 

followed in the case of standard BCS theory and taking the effect of the coulomb repulsive 

interaction between electrons into account, one can express the critical temperature of the 

ferromagnetic system by the following relation 

 

      








−
−−=

µλ
ω 1

exp)(14.1 SJ  Tk HD

T

B C
h ,          (6.13) 

 

where λ is the coupling constant which is given by the expression ( )  T

F eff
E Vλ ρ= ,with   

( ) ( ) ( )FFF EEE ↓↑= ρρρ  and µ  is a parameter that is introduced to take into account the 

effect of the coulomb repulsive interaction between electrons. Apart from the customary role 

that DOS performs in the BCS theory, it also tries to enhance the repulsive interaction and 

thus lessens the critical temperature. From Eq. (6.12), it is implicit that large Hund’s coupling 

constant makes effective interaction potential high. Nonetheless, from Eq. (6.13) it appears 

that high value Hund’s coupling (JH) is not useful for enhancing the critical temperature of 

superconductivity as it simultaneously makes the effective range of electronic energy to be 

narrow. On the other hand, the role of nearest neighbour exchange coupling is opposite to 

that of Hund’s coupling in affecting the interaction potential and the effective range of 

electronic energy.   

      

 

 B. Case-2: SJHD <ω  

 

 In the second case where the Debye cut off frequency is less than JHS (i.e. SJHD <ω ), 

the interaction potential for singlet pairing is found negative for the electronic energy in the 

range ( ) ( )
qFq .qv ω−>>ω -SJ-SJ HH . The electrons which are responsible for Cooper pair 
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formation are mainly near the Fermi surface and consequently the value of .qvF  is very 

small. The expression of the effective interaction potential between electrons is reduced to  
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The expression of critical temperature for superconductivity can be written similar to the case 

of triplet pairing as  
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S
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h            (6.15) 

 

with the coupling constant ( )  S

F eff
E Vλ ρ= . In this case the DOS at Fermi surface plays the 

same role as in the case of triplet pairing. However, the roles of Hund’s coupling and nearest 

neighbour exchange coupling are transformed and the critical temperature of 

superconductivity is expected to increase with increase in the parameters. Consequently, in 

this case, the critical temperature of superconductivity can be raised easily compared to the 

previous case by taking the large value of Hund’s coupling and the nearest neighbour 

exchange coupling constants. 

 

 

6.3. Application in UGe2 and URhGe 

 

6.3.1. Computational details 

 To validate the formalism presented here, the critical temperature of 

superconductivity of two known substances UGe2 and URhGe are estimated. We compute the 

necessary parameters of the substances, as required in our model, within the framework of 

Density Functional Theory (DFT) as realized within the OpenMX v.3.5 code [18,19]. We 

adopt a multiband Hubbard type augmentation of the energy correction [20] for the treatment 

of electron correlation in ‘f’ electron systems. LSDA+U method which is Successful in 

predicting the electronic structure of strongly correlated systems has been used [21]. It has 

been shown that the LSDA+U approach reproduces the magnetism of such heavy fermion 
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systems with greater accuracy [22]. Furthermore, to take into account the localized-itinerant 

nature of the 5f electrons in uranium atoms the “dual” version of the occupation number 

matrix is used in the LSDA+U method as implemented in OpenMX code [23]. This method 

assures the partial localization of the 5f electrons and partial delocalization through proper 

treatment of nearest neighbour overlap. Basis functions are used in the form of linear 

combination of localized pseudo atomic orbitals (LCPAO) [24]. Norm-conserving Troullier 

and Martine (TM) type pseudopotentials are used in the calculation. U-6.0-s2p1d2f1 and Ge-

5.5-s1p1d1 are used as basis functions [25], where U and Ge designate the atom type, 

followed by the cutoff radius (in Bohr radius units) in the confinement scheme [23, 27], and 

the set of symbols define primitive orbitals taken into account. Fully relativistic 

pseudopotentials are used in the computation with partial core correction [25, 27]. The energy 

convergence criterion (Self Consistent Field) is set to 10−6 Hartree. Numerical integrations 

use the energy cutoff of 150 Ry with the real space grid techniques of Junquera et al. [28, 

29]. To compute the exchange coupling constant and Hund’s coupling the module Jx under 

OpenMX code is used. The effective exchange-coupling parameters calculated using Green’s 

function formalism in application to the non-orthogonal basis set [30]. The computed result 

gives the value of JSi.Sj , with Si and Sj are the spins at respective sites and hence, the 

exchange coupling(J) is obtained by dividing computed result by ji .SS . To compute the 

Hund’s coupling is computed as the exchange coupling between the same site.  

 

 Structural studies on UGe2 describe an orthorhombic structure with full inversion 

symmetry. UGe2 crystallizes into Cmmm symmetry with crystal parameters a=4.0089Å, 

b=15.0889Å, c=4.095Å taken along three Cartesian axis [31]. The crystal structure can be 

considered as arising out of the zigzag arrangements of U atoms along a direction in the a-b 

plane (Figure (6.2a)). The atomic positions in the crystal under normal pressure are given in 

Table 6.1. A unit cell contains four Uranium atoms numbered 1,5,6,7 and form zigzag lines 

with spins, while eight Germanium atoms remain spinless. Based on the single crystal 

magnetization measurements and neutron powder diffraction data, a collinear magnetic 

structure with ferromagnetic ordering is predicted [32,33]. In the case of UGe2, 

superconductivity is reported to appear in the pressure range of 10-16 kbar with maximum 

critical temperature of superconductivity TC=0.8 K at pressure 12.5 kbar. The Curie 

temperature is TCurie=52 K at ambient pressure which subsequently decreases with applied 
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pressure and is found to vanish at 16 kbar. Hence, the superconducting phase is enclosed 

within the ferromagnetic phase and disappears in paramagnetic state. 

 

 

Table 6.1. Atomic position in UGe2 under normal pressure[28] 

Atom x y z 

U 0 0.14092 0 

Ge 0 0.30762 0.5 

Ge 0 0 0.5 

Ge 0.5 0 0 

 

  

This observation leads to a route to systematic study of the effect of pressure on the 

magnetic and superconducting behaviours of UGe2. The decrease in the intensity of the 

<312> and <310> peaks in diffraction pattern indicates displacement of atoms from the zero 

pressure position along b-axis resulting in a small increase in either or both of Uy  and Gey of 

the order 10-3/kbar [2]. Thus a straightening of the buckled Uranium chains with applied 

pressure is realized. To study the superconductivity under pressure, the crystal parameter 

along y-axis is taken as b=15.04Å [2] and the shift in position of Uranium and Germanium 

along b-axis as 310−×== Pyy GeU δδ , with pressure P kbar. The computed results along with 

the computational details are discussed in the following. 

 

The presumption that superconductivity could also appear in ferromagnets was 

stimulated by the observation of superconductivity in ferromagnet URhGe at ambient 

pressure. The physical properties of URhGe at ambient pressure are similar with those of 

UGe2 at higher pressures (10-16 kbar) where superconductivity is realized [34]. In similarity 

with UGe2, URhGe also have orthorhombic crystallization and contain zigzag chains of spin 

carrying U atoms numbered as 1, 4, 5 and 6 [35,36]. Recent experiments on single crystals of 

URhGe reveal that URhGe has the orthorhombic Pnma crystal structure. The zigzag 

arrangement of the U atoms along the ‘a’ axis is observable from Figure (6.2b). Table 6.2 

reports the atomic positions in the URhGe crystal. 
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Figure 6.2. Crystal structures of (a) UGe
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(a) 

 

 

 

 

 

(b) 

 

6.2. Crystal structures of (a) UGe2 and (b) URhGe. 
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6.3.2. Computational results   

 

I. In case of UGe2 

 

1. Under normal pressure 

 Under normal pressure all the four Uranium atoms are found to have spin 1.13 each 

which is near to the experimentally observed value 1.17 [37]. From Figure (6.2a), it is evident 

that the U atoms numbered 1 &7 and 5&6 in unit cell are nearest neighbours. Hund’s 

coupling at four sites are found same with value 2821.979 cm-1 and the nearest neighbour 

exchange coupling is found to be 72.79 cm-1. These values fulfil the relation SJHD <ω  and 

consequently, the condition of singlet superconductivity is fulfilled. The density of state 

(DOS) plot at normal pressure is given in Figure (6.3a). It is found that the DOS at the Fermi 

level has a characteristic peak at the normal pressure. Hence, a high DOS at the Fermi level 

results in an increase in the repulsive potential, which can easily be interpreted from Equation 

(6.12). The critical temperature of superconductivity (TC) is computed with the help of the 

formalism developed and discussed in the previous paragraphs. The critical temperature of 

superconductivity TC is found to be approximately 0 K, for UGe2 under normal pressure. The 

value of the parameter µ  is taken as 0.07 for the calculation of critical temperature of the 

substance UGe2. 

 

 

 

 

 

Table 6.2. Atomic position in URhGe crystal [33]    

 

 

 

 

 

Atom x y z 

U -0.012 0.25 0.201 

Rh 0.211 0.25 0.588 

Ge 0.808 0.25 0.592 
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2. Under High Pressure  

 The values of the critical temperature of superconductivity are computed considering 

the system experiencing external pressures of magnitude 12.5 kbar, 14 kbar. Under high 

pressure the value of Hund’s coupling and the spins at different sites are altered. In both the 

cases, the condition of singlet superconductivity is satisfied. It is found that the change in the 

nearest neighbour exchange coupling constant is more prominent with respect to spin and 

Hund’s coupling. The change in the Hund’s coupling and nearest neighbour exchange -

coupling with pressure results in a concomitant increase in the attractive potential. On the 

other hand, it is also obvious from the plots of DOS vs. energy given in Figure (6.3) that with 

the increase in pressure the density of states at Fermi level decreases leading to the reduction 

in the repulsive potential.  

 

The computational estimation of Hund’s coupling (JH) and nearest neighbour 

exchange coupling (Jnn) are given in Table 6.3. The value of Hund’s coupling changes a little 

with increasing the pressure. On the other hand, a drastic change in Jnn values is found as is 

previously envisaged by Karchev comparing results from experimental reports [38]. With the 

increase in pressure a concomitant change in the DOS for spin up electrons is also noticed. 

This increase in the Jnn sets the route to an associated increase in the Debye cutoff frequency 

(ωD) which can be found in Table 6.3. An increased ωD in its turn raises the critical 

temperature of superconductivity. The calculated critical temperatures of superconductivity 

of UGe2 under different pressure are shown in Table 6.3. It is reported that the experimental 

observed value of critical temperature is 0.8 K at a lower pressure 12.5 kbar [1]. In our 

theory, we note that the critical temperature of superconductivity is 0.87 K at pressure 14 

kbar. It may be due to the consideration of the crystal structure of UGe2 at higher pressure 

which has been determined from the experimental observation that the y-position of U and Ge 

atoms is increased by a value of the order 1x10-3 per kbar of external pressure [2]. To 

compute the different parameters of UGe2 at higher pressure given in Table 6.3, we set the 

incremental change 10-3 per kbar of external pressure in the above. However, if one sets the 

increment of y-coordinate of U and Ge atoms as 1.12x10-3 per kbar and µ at 0.0715, it leads 

to the critical temperature of superconductivity 0.8 K at 12.5 kbar as observed 

experimentally. It is also evident that the variation in the TC is an outcome of the change in 

the value of the exchange coupling between the spin centres of the UGe2 lattice with 

enhanced external pressure. Therefore, the superconducting behaviour of the substance UGe2 
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is readily comprehensible from the magnon exchange mechanism in the framework of the 

localized-itinerant model.  

 

 

             

                              (a)                                                                       (b) 

 

      

                                 (c)                                                                                                     

 

Figure 6.3. DOS of spin up (blue lines) and spin-down (red lines) electrons of atom U at 
Fermi surface in UGe2 calculated (a) under normal pressure , (b) at pressure 12.5 kbar, (c) at 
14 kbar. 
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Table 6.3 Computation of Critical Temperatures of superconductivity (TC) of UGe2 

under different pressures (taking kbar/10 3−== UU yy δδ ).   

 

External 

Pressure 
Spin/U 

JH in  

cm
−1

 

Jnn  in  

cm
−1

 

↑ρ  

/site 

↓ρ  

/site 

S

effV  in 

eV 

Dω  in 

K 
λ µ 

TC 

in K 

normal 1.13 2821.98 

 

 

72.79 

 

4.57 0.34 

 

0.135979 

 

 

946.85 

 

 

0.1695 

 

0.07 0 

12.5 kb 1.16 2853.67 

 

 

99.45 

 

2.98 0.39 

-

0.176319 

 

 

1327.85 

 

 

0.1901 

 

0.08 

 

0.17 

 

14kb 1.17 2865.43 

 

106.32 2.84 0.41 

-

0.187841 

 

 

1431.87 

 

0.2027 0.07 0.87 

 

 

II. In case of URhGe 

 The value of the critical temperature of superconductivity of URhGe is computed at 

its geometry in the ambient pressure. All the four U atoms in a unit cell of URhGe are found 

to have spin 1.3 each. As evident from Figure (6.2b), the U atoms numbered 1 and 5 are 

nearest neighbours. Hund’s coupling (JH) at four sites are found to have the same value of 

3376.72 cm−1 and the nearest neighbour exchange coupling (Jnn) is found to be 51.66 cm−1. 

This gives the relation ωD < JH S and consequently, the condition of singlet superconductivity 

is satisfied in this case. The density of state (DOS) plot is given in Figure (6.4). From the 

reduction in DOS at Fermi level it is evident that the repulsive potential is diminished thus 

leading to revelation of superconductivity at ambient pressure. The critical temperature of 

superconductivity in the case of URhGe is found to be 0.2 K as shown in Table 6.4, taking 

the value of the parameter µ as 0.08. This estimation is in well agreement with the 

experimental observed result of 0.2 K [39]. 
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Figure 6.4. DOS of spin up (blue lines) and spin
Fermi surface in URhGe calculated at ambient pressure
 

 

 

Table 6.4. Computation of Critical Temperatures of 

Spin/

U 

JH in  

cm
−1

 

Jnn  in  

cm
−1

 

↑ρ
/site

1.3 3376.72 51.66 4.03

 

 

6.4. Conclusion 

To surmise, the interaction of itinerant electrons with localized electrons aligned in 

ferromagnetic ordering is assessed through localized

singlet or triplet Cooper pairs is also explained 

found that if the condition D >ω

hand, if the satisfaction of the condition

case of singlet pairing, the critical temperature of superconductivity
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DOS of spin up (blue lines) and spin-down (red lines) electrons of atom U at 
Fermi surface in URhGe calculated at ambient pressure. 

. Computation of Critical Temperatures of superconductivity (TC

 

↑  

/site 

↓ρ  

/site 

S

effV  in eV 
Dω in K λ 

4.03 0.63 -0.124848 773.0417 0.198932 

 

To surmise, the interaction of itinerant electrons with localized electrons aligned in 

ferromagnetic ordering is assessed through localized-itinerant approach. The formation of the 

singlet or triplet Cooper pairs is also explained on the basis of Debye cut off frequency. It is 

SJH> is satisfied, then it is triplet pairing and on the other 

, if the satisfaction of the condition SJHD <ω leads to a singlet pairing situation. In 

the critical temperature of superconductivity is found to increase

 

down (red lines) electrons of atom U at 

C) of URhGe 

µ  
TC 

in K 

0.08 0.2 

To surmise, the interaction of itinerant electrons with localized electrons aligned in 

itinerant approach. The formation of the 

on the basis of Debye cut off frequency. It is 

it is triplet pairing and on the other 

leads to a singlet pairing situation. In the 

is found to increase with 
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the increase in Hund’s coupling (JH) and the nearest neighbour exchange coupling (Jnn). 

Whereas, in the case of triplet pairing no such parameter is found which effectively 

modulates the critical temperature of superconductivity. Apart from these, the density of 

states at Fermi level is also found to play a dual role. In the first way, DOS affects the 

electron-magnon coupling constant (λ), as λ appears as a product of DOS and the interaction 

potential, while in the other way DOS also affects the repulsive interaction. The genesis of 

superconductivity in ferromagnetic is justified through the singlet pairing of electrons on the 

basis of the present treatment taking UGe2 and URhGe as examples. The results validate 

pervious anticipation about the superconducting behaviour of UGe2 by Suhl [11]. The DOS 

vs. energy plot of ferromagnetic UGe2 (Figure (6.3)) reveals that under normal pressure there 

is a peak at Fermi level which subsequently vanishes at an elevated pressure. The reduction in 

DOS at Fermi level diminishes the repulsive potential leading to elucidation of 

superconductivity at high pressure. It is also evident from the DFT computation that the 

Hund’s coupling does not change radically with pressure but the nearest neighbour exchange 

coupling constant (Jnn) increases markedly with the increase in pressure. This enhancement in 

Jnn, leads the critical temperature to rise through an increment of the Debye cut off frequency. 

The DOS characteristic of URhGe at ambient pressure (Figure (6.4)) is found resemble with 

the high pressure behaviour of UGe2. The drop in DOS at the Fermi level is in accordance 

with the singlet superconductivity and concomitant elucidation of superconductivity at 

normal pressure. The critical temperature of superconductivity of URhGe computed at 

normal pressure closely resembles the experimentally observed result. On the other, it is 

found that UGe2 does not show superconductivity at ambient pressure. However, at higher 

pressure UGe2 behaves like a superconductor. The crystal structure of UGe2 is determined 

from the experimental observation that the y-coordinates of U and Ge atoms are increased by 

an order 10-3/kbar. If we set the increment in the above coordinate exactly as 1x10-3/kbar, 

then it leads to the critical temperature of superconductivity which is 0.87 K at 14 kbar of 

external pressure. But if we set the increment in y-coordinate to 1.12x10-3/kbar with µ at 

0.0715, then it is found that the critical temperature of superconductivity becomes 0.8K at 

12.5 kbar of external pressure. This result is exactly matches with the experimental 

observation. The agreement provides a strong support in favour of the formalism employed 

here and also advocates its general applicability in materials where ferromagnetism and 

superconductivity coexist. 
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7.1. Introduction 

 The discovery of superconductivity in the Fe-based systems has generated a noteworthy 

inventive curiosity for promising new routes leading to high-Tc superconductivity. Like Cuprate 

superconductors, the iron-based superconductors reveal a correlation between magnetism and 

superconductivity, signifying the possible occurrence of unconventional superconducting states. 

The family of Fe-based superconductors (FeSCs) is already remarkably large and keeps 

emergent. It includes a variety of Fe-pnictides, such as 1111 systems RFeAsO (R=rare earth 

element) [1–4], 122 systems XFe2As2 (X=alkaline earth metals) [5–8], 111 systems like 

LiFeAs[9], and also Fe-chalcogenides (Fe-based compounds with elements from the 16th group: 

S, Se, Te) such as FeTe1−xSex [10,11]. Superconductivity in FeSCs emerges upon either hole or 

electron doping, and can also be induced by application of an external pressure. In such systems, 

superconductivity arises at certain level of doping and critical temperature (Tc) of 

superconductivity attains maximum at a critical level of doping which however vanishes beyond 

a certain point. Similar nature of variation of critical temperature of superconductivity with 

pressure has also been observed [12,13]. The chemical substitution is a convenient method for 

changing the properties of a compound, but it unavoidably changes many of the physical 

parameters in uncontrollable ways. Nonetheless, the pure CaFe2As2 is very pressure sensitive and 

gives rise superconductivity with maximum critical temperature of value 12 K near external 

pressure at 5 kbar[12,13]. Similarly, BaFe2As2 exhibit superconductivity with critical 

temperature of superconductivity as 29 K under external pressure of 40 kbar [14]. Phase diagram 

of BaFe2As2 shows that the whole superconducting phase is covered by antiferromagnetic phase 

[15]. At low temperature, the system is in long range order antiferromagnetic phase for external 

low pressure region and is transformed to short order mesoscopic antiferromagnetic phase with 

increase in external pressure and finally, the systems become paramagnetic. The critical 

temperature of superconductivity is maximum at the transition point from macroscopic 

antiferromagnetic phase to mesoscopic antiferromagnetic phase. It is exposed that Heisenberg 

model well describe the magnetic susceptibility of the materials in the short order mesoscopic 

phase [16]. As a result, BaFe2As2 and CaFe2As2 may hold the key to understanding the nature 

and mechanism of superconductivity associated with the whole set of iron arsenide compounds.  
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 Antiferromagnetism and superconductivity are generally believed to be two exclusive 

phenomena. BCS theory, on the basis of electron phonon interactions, fails to account for the 

phenomenon of superconductivity in antiferromagnetic iron pnictides. A lot of efforts have been 

devoted after the discovery of the phenomenon to understand normal state properties of those 

materials and the pairing mechanisms, however, it remains to be understood the causes of the 

attraction between electrons. The nature and the origin of the pairing glue have been the subject 

of great debates in condensed-matter community over the years.  

 

 Magnetism in parent insulating materials has remains highly debated. In the iron arsenide 

compounds, the magnetism has been discussed from two limits; an itinerant and a local moment 

limit. Some argue that these materials should be viewed as weakly correlated itinerant magnets. 

A number of theoretical efforts [17–26] have been made on the basis of itinerant approaches in 

probing possible mechanisms responsible for superconductivity in iron pnictides. On the other 

hand, local-moment descriptions have also been promoted [27–34] in view of the d-electrons, 

local Coulomb and Hund’s rule interactions in the iron pnictides. Of them, the so-called J1-J2 

model [27,33,34], which emphasizes on the superexchange couplings  between the nearest-

neighbour (NN) and next-nearest-neighbour (NNN) local moments of the irons, have been used 

due to its natural tendency to form the collinear AF order at low temperature. The spin wave 

velocities, the neutron-scattering experiments, indicate that the exchange coupling along the 

ferromagnetic spin direction is much smaller than the one perpendicular to the chains i.e., J1b 

<<J1a [35]. The orthorhombic distortion between the lattice constants a and b of the columnar 

ordered layers is less than 1% [36,37] which by far does not give reasons for the large spatial 

anisotropy of the magnetic exchange. A possible microscopic origin for the anisotropy in the J1a-

J1b-J2 model is orbital ordering [38,39]. It was shown that the stripe antiferromagnetism is 

stabilized by ferro-orbital order which breaks the in-plane lattice symmetry and induces a strong 

anisotropy between the magnetic exchange couplings. The inclusion of nearest-neighbour 

biquadratic exchange also appears to generate a spatial anisotropy, purely from the magnetic 

order [40]. On the other hand, recent neutron scattering experiments predicted from the spin 

wave spectrum that the magnetism in CaFe2As2 is caused by a complicated mixture of localized 

and itinerant electrons consistent with the model proposed [33]. On confirmation of both the 

localized and itinerant nature of the electrons in iron pnictides, we assume itinerant electrons to 
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move over the sea of localized electrons in the antiferromagnetic alignment taking spatial 

anisotropy into account. In the previous chapter, the unconventional ferromagnetic 

superconductivity in uranium based compounds UGe2 and URhGe have been explored, using 

localized-itinerant model [41]. In the present chapter, the interaction potential between itinerant 

electrons via magnons is obtained, which may be attractive in nature for triplet pairing for 

umklapp scattering with scattering wave vector equal to the nesting wave vector between the 

Fermi surfaces. The interaction potential depends on the Hund’s coupling and nearest-neighbour 

and next-nearest-neighbour exchange couplings. The large Hund’s coupling in iron pnictides 

yields large value of interaction potential favouring triplet pairing. Now, under pressure the 

crystal parameters decrease and as a result the energy difference between checkerboard and 

stripe spin configuration also decreases [42,43]. In a recent work, various optimized structural 

parameters for nonmagnetic NM, checkerboard antiferromagnetic (AF1), and columnar stripe 

(AF2) spin configurations are also computed [44]. It has been pointed out that AF1 configuration 

is the next stable state (after the AF2), but the c-value is significantly reduced. The optimized 

lattice parameters, for the AF1 phase, are in good agreement with the neutron data [45]. Using 

computationally optimized parameters we find that superconductivity arises in higher pressure 

checkerboard (AF1) spin configuration while it vanishes in ambient pressure stripe (AF2) spin 

configuration. The computed values of the critical temperatures of superconductivity match well 

with the experimental observations, which in turn validate our approach. This chapter is 

organized as follows. First we find the interaction potential between electrons via magnon using 

localized-itinerant model in section 7.2. The analytical expression for the critical temperature of 

superconductivity is also derived in a more general way. In section 7.3 we compute the Hund’s 

coupling and the nearest neighbour exchange coupling and density of state (DOS) at Fermi 

surfaces of CaFe2As2 and BaFe2As2 under normal pressure and also in higher pressures. Finally, 

the computation of critical temperatures of the antiferromagnetic superconductor CaFe2As2 and 

BaFe2As2 are performed using the developed formalism within density functional theory (DFT) 

framework. The superconducting critical temperatures of these materials are in very well 

agreement with experimental result.  
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       (a)   

Figure 7.1 Different spin configuration (a) Stripe (b) Checkerboard spin configuration

 

 

7.2. Pairing via magnons in Antiferromagnetic 122 iron pnictides crystals

 Here we consider itinerant electrons move over the sea of localized electrons in 122 iron 

pnictides superconductor. At low temperatures

model maps onto a quantum Heisenberg model

localized part of the electrons and superconductivity arises from the itinerant part of 

electrons. As the itinerant electrons interact with localized electrons, they excite magnons. On 

the basis of localized-itinerant model of electrons in iron pnictides, one can write the

Hamiltonian of the system consist of electronic part, spin part and interacti

as[30,47] 
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          (b)

configuration (a) Stripe (b) Checkerboard spin configuration

magnons in Antiferromagnetic 122 iron pnictides crystals 

Here we consider itinerant electrons move over the sea of localized electrons in 122 iron 

low temperatures, the orbital degrees of freedom freeze

model maps onto a quantum Heisenberg model [46]. The antiferromagnetism arises from the 

electrons and superconductivity arises from the itinerant part of 

ns. As the itinerant electrons interact with localized electrons, they excite magnons. On 

itinerant model of electrons in iron pnictides, one can write the

consist of electronic part, spin part and interacti
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(b) 

configuration (a) Stripe (b) Checkerboard spin configuration 

Here we consider itinerant electrons move over the sea of localized electrons in 122 iron 

orbital degrees of freedom freeze-out and the 

The antiferromagnetism arises from the 

electrons and superconductivity arises from the itinerant part of the 

ns. As the itinerant electrons interact with localized electrons, they excite magnons. On 

itinerant model of electrons in iron pnictides, one can write the 

consist of electronic part, spin part and interaction part given 

     (7.1) 

     (7.2) 
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where †
σkc  and σkc are the creation and annihilation operator of itinerant electrons with spin σ  

and energy
kε , 

iS  and 
is  are the spins of localized and itinerant parts of electrons at the ith site,

aJ1 , bJ1  are the nearest-neighbour (NN) exchange coupling along a and b directions of the 

crystal  and 2J  is the next-nearest-neighbour (NNN) exchange coupling, and HJ  is the Hund’s 

coupling. In the case of orthorhombic crystal, with stripe antiferromagnetic spin configuration 

having parallel spin along crystal b directions, the performance of Holstein–Primakoff 

transformations followed by Fourier transformation on the spin-part of the Hamiltonian give the 

following expression of the spin part of the Hamiltonian  
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where †
ka  and †

kb  are magnon creation operators, kx and ky are the components of  magnon wave 

vectors k along crystal a and b directions respectively. In the case of checkerboard 

antiferromagnetic spin configuration in orthorhombic crystals with a=b, the above parameters 

has the following form 
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Following the above mentioned transformations, the interaction part of the Hamiltonian becomes 
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SJ
H H .            (7.6) 

 

Diagonalization of the spin part can be done making use of Bogoliubov transformations given 

below [43] 

 

          






φ+φ−=

φ−φ=

−−

−

,coshsinh

,sinhcosh
††

†

qqqqq

qqqq

βαb

βαa q

         (7.7) 

with 
q

q

q
A

B
=φ2tanh . These transformations give rise to the following form of diagonalized static 

part of spin Hamiltonian as 

  

      ( )∑ +ω=
q

S ββααH qqqqq

††ˆ ,         (7.8) 

with  

          22
qqq BAS −=ω .           (7.9) 

 

The interaction part of the Hamiltonian becomes 

 

            ( ) ( )[ ]( )
qq

kk'

qqk'kqkq'kqk'qkqkq'k
ϕ−ϕ++α+−= ∑ ↑+↓↓↑+↑↓+↓↑− sinhcoshˆ ††††††

int βccβccccαcc
N

S
JH H

.    (7.10) 

 

The total Hamiltonian, comprising of static part and interaction part, can conveniently be 

diagonalized through a canonical transformation AA eHe ˆ−
, with 

nm

em

EE

mHn
mAn

−
=

ˆ
, to obtain 

the effective electron-electron interaction via magnons [48]. For an antiferromagnetic system at 

absolute zero temperature we take either n  or m as vacuum state ( )0 . Using the relations  

qv
kqk

.F+≈ ↓↓+ εε  and ↑↓ ε=ε
kk

, for coupling of electrons with opposite wave vectors, the 

diagonalized Hamiltonian of the system can be written as 
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  ( ) ( )2

22

††
2

0 sinhcosh
.

2ˆˆ
qq

q

q

kkk'k'
qv

φφ
ω

ω
−

−
+= ↓−↑↑−↓∑

F

H cccc
N

SJ
HH ,    (7.11) 

 

where Se HHH ˆˆˆ
0 +=  is the unperturbed Hamiltonian with scattering wave vector of magnon 

kk'q −= . The wave function '', σσ−σσ = kkk ccb  of a Cooper pair with spins σ and σ' 

respectively can be separated into an orbital part and a spin part as '', ),( σσσσ χ−φ= kkkb . For 

singlet pairing with antiparallel spins, the spin part ( ) 2/↓↑−↑↓=↑↓χ  is antisymmetric with 

respect to the interchange of spins, while the orbital part ),( kk −φ is symmetric with respect to the 

interchange of wave vectors. On the other hand, for triplet pairing with antiparallel spins the 

symmetric spin part is ( ) 2/↓↑+↑↓=↑↓χ  and the orbital part is antisymmetric. Using these 

symmetries and using the relation ( )
qq

qq

qq
BA

BA

+
−

=φ−φ 2sinhcosh , one can write the interaction 

potentials between electrons with antiparallel spins for singlet and triplet pairing respectively as  

 

     ( ) qq

qq

q

q

k'k,
qv BA

BA
SJV

F

H

S

+
−

−ω
ω

= 22
2

.
,      (7.12) 

 

    ( ) qq

qq

q

q

k'k,
qv BA

BA
SJV

F

H

T

+
−

−ω
ω

−= 22
2

.
.                  (7.13)  

 

 From these expressions it is evident that singlet pairing is not possible in iron pnictides 

whereas triplet pairing may be possible. Now, for very small changes in electronic energy such 

that 0. ≈qvF , the interaction potential can be written as  

 

            
qq

qq

q

k'k,
BA

BA
SJV H

T

+
−

ω
−= 12 .      (7.14) 
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 Using the expressions for Aq and Bq , it is calculated that for ( )0,0→q , qq BA →  in both 

type of the spin configurations, resulting in 0=TV k'k, . For stripe spin configuration in 122 

pnictides, DFT computations show one Fermi pocket at Γ point and two Fermi pockets at

( )0,5.0± , in the unit of 
a

π
. The nesting vectors between Fermi surfaces are ( )0,5.0 , ( )0,1  

respectively. Now, for ( )0,1→q , the factor
qq

qq

BA

BA

+
−

 becomes 1. Under this condition the 

effective interaction potential for triplet pairing with umklapp scattering can approximately be 

written as  

 

       
a

HT

eff
JJ

J
V

12

2

48 +
−= .                  (7.15) 

 

 In the case of AF1 spin configuration, the Fermi surface consist of one Fermi pocket at Γ 

point and four Fermi pockets at ( )0,1±  and ( )1,0 ± . Hence the nesting vectors connecting Fermi 

pockets are ( )0,1± , ( )1,0 ±  or ( )1,1 ±±  respectively. The interaction potential is maximum for 

scattering with nesting vectors ( )1,1 ±±  and the corresponding interaction potential is given by, 

 

         .
88 21

2

JJ

J
V HT

eff −
−=       (7.16) 

 

 The large value of Hund’s coupling at spin sites in iron pnictides yields large value of 

interaction potential. In the present case, the role played by the magnons is the same as that of 

the phonons in the case of conventional superconductors. Following the same procedure as 

followed in the case of BCS theory and taking the mass renormalization into account, we can 

write the expression for the critical temperature of the ferromagnetic system as follows 

 

                 








−
+−=

µλ
λω 1

exp14.1   Tk D

T

B C
h ,      (7.17) 
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where Dω  is the Debye cut-off frequency of magnons, λ is the coupling constant which is given 

by the expression ( )  T

F effE Vλ ρ= , with   the parameter µ  is introduced to take into account 

the effect of the coulomb repulsive interaction between electrons and
 

( ) ( ) ( )FFF EEE ↓↑= ρρρ  with ( )FE↑ρ  and ( )FEρ↓  are the DOS of electrons near the 

Fermi level with spins up and down respectively. Using magnon frequency expression given by 

Equation (7.9), one can contemplate that Debye cut off frequency of magnons, i.e., the maximum 

frequency of magnons can be written for AF2 spin configuration as  

 

           )2(4 12 aD JJS +=ω ,                       (7.18) 

 

and for AF1 spin configuration the Debye cut off frequency of magnons can be written as 

  

           )(8 21 JJSD −=ω .                 (7.19) 

  

 From Equations (7.15) and (7.16) it is observed that in both spin configurations the 

interaction potential increases with the increase in Hund’s coupling and decreases with NN 

exchange couplings. On contrast, with increase in NNN exchange coupling constant, the 

interaction potential decreases in the case of stripe spin configuration, where as it increases in 

checkerboard configuration. With doping, the substances go from stripe antiferromagnetic phase 

to paramagnetic phase [49]. The interaction potential increases as the substances go from 

antiferromagnetic region to paramagnetic region. However, the Debye cut off frequency 

decreases from antiferromagnetic to paramagnetic region. Therefore one can expect that the 

critical temperature of superconductivity should be maximum near the transition point. Again

( )FEρ , the square root of the product of the density of states of electrons with spin up and down 

respectively near Fermi level, increases from antiferromagnetic to paramagnetic region and 

enhances the critical temperature of superconductivity near the transition point. From the 

experimental evidences on iron pnictides, it is observed that with doping the parent compounds 

which are stripe antiferromagnetic become paramagnetic after certain level of doping. The 
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critical temperature is maximum near transition point and becomes non superconducting in the 

paramagnetic region which is predicted in our model.  With the application of external pressure, 

the substances go from stripe antiferromagnetic state to checkerboard antiferromagnetic state and 

then finally become paramagnetic.  

 

7.3. Application in CaFe2As2 AND BaFe2As2: 

7.3.1. Computational details   

  All the calculations are carried out in the framework of Density Functional Theory 

(DFT), as implemented within the OpenMX v.3.6 code [50,51]. The generalized gradient 

approximation of Perdew-Burke-Ernzerhof (GGA-PBE) is employed to determine the exchange-

correlation energy [52]. Basis functions are used in the form of linear combination of localized 

pseudoatomic orbitals (LCPAO) [53]. Norm-conserving Troullier and Martine (TM) type 

pseudopotentials were used in the calculations. Ca- 9.0-s2p1, Ba- 10.0-s2p1, Fe- 5.0-s2p2d1 and 

As- 8.0-s1p1d1 are used as the basis functions [54], where Ca, Ba, Fe and As designate the atom 

type, followed by the cutoff radius (in Bohr radius units) in the confinement scheme [51,54], and 

the set of symbols define primitive orbitals taken into account. Fully relativistic pseudopotentials 

are used in the computation with partial core correction [53,55]. The energy convergence 

criterion (Self Consistent Field) was set to 10−6 Hartree and the electronic temperature was set to 

300 K. Numerical integrations use the energy cutoff of 150 Ry, with the real space grid 

techniques of Junquera et al.[56,57]. To compute the exchange coupling constant and Hund’s 

coupling the module Jx under OpenMX is used. The effective exchange-coupling parameters 

calculated using Green’s function formalism in application to the nonorthogonal basis set [58]. 

The computed result gives the value of JSi.Sj , with  Si and Sj are the spins at respective sites and 

hence, the exchange coupling(J) is obtained by dividing computed result by ji .SS . To compute 

the Hund’s coupling is computed as the exchange coupling between the same site. 

   

 The neutron-diffraction measurements on CaFe2As2 depict an orthorhombic structure and 

crystallizes into Fmmm symmetry with crystal parameters a=5.5312, b=5.4576, c=11.683[45]. 

The structure can be envisaged as planar structure of iron atoms as shown in Figure (7.2(a)). The 
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spins are in parallel alignment along b direction and in antiparallel alignment along a direction of 

the crystal [30]. The atomic positions in the crystal under ambient pressure are given in Table 1. 

For stripe spin configuration, the reported optimized parameters are a=5.69Å, b=5.48Å, 

c=11.61Å z(As)= 0.36695 [44]. Under pressure the c parameter decreases and checkerboard spin 

configuration is obtained [42,43]. For checkerboard type antiferromagnetic spin configuration 

the optimized parameters are a=b=5.65Å, c=10.60Å, z(As)=0.36440 [44].  

 The neutron-diffraction measurements show that, BaFe2As2 has the similar orthorhombic 

Fmmm crystal structure with crystal parameters as a=5.61587 b=5.57125, c=12.9428 [59]. Table 

7.2 reports the atomic positions in the BaFe2As2 crystal under ambient pressure. The planar 

arrangement of iron atoms can be observed from Figure (7.2(b)) and the spin arrangement is 

same as that of CaFe2As2 [30,59]. Computationally optimized parameters for antiferromagnetic 

stripe spin configuration (AF2) are a=5.70Å, b=5.59Å, c=12.83Å, z(As)=0.3549 [44]. For 

checkerboard antiferromagnetic spin configuration (AF1) the optimized parameters are 

a=b=5.64Å, c=12.73Å, z(As)= 0.35231[44].  

 

 

Table 7.1. Atomic position in CaFe2As2 crystal under ambient pressure. 

Atom x y z 

a 0 0 0 

Fe 0.25 0.25 0.25 

As 0 0 0.3689 
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Table 7.2. Atomic position in BaFe2As2 crystal under ambient pressure. 

 

Atom a b c 

Ba 0 0 0 

Fe 0.25 0.25 0.25 

As 0 0 0.35406 

 

 

 

 

 

 

 

      

   (a)       (b) 

 

Figure 7.2. Structures of  (a) CaFe2As2 and (b) BaFe2As2 crystals respectively  under ambient 
pressure. 
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Figure 7.3. Fermi surfaces of (a) CaFe2As2 and (b) BaFe2As2 crystals under AF2 spin 
configuration  
 
 
 

   (a)  

 

Figure 7.4. Fermi surfaces of a) CaFe
configuration  
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. Fermi surfaces of (a) CaFe2As2 and (b) BaFe2As2 crystals under AF2 spin 

     

     (b) 

. Fermi surfaces of a) CaFe2As2 and b) BaFe2As2 crystals under AF1 spin 

 

 

. Fermi surfaces of (a) CaFe2As2 and (b) BaFe2As2 crystals under AF2 spin 

 

crystals under AF1 spin 
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7.3.2. Computational Results  

 In the case of CaFe2As2 we find that iron atoms have spin 1.14 each under AF2 spin 

configuration. The spins along a-direction are antiparallel to each other while that along b-

direction are parallel to each other. In the case of BaFe2As2 the spin per iron atoms is 1.27 with 

same spin arrangement. The Fermi surfaces of the two substances under AF2 spin configuration 

are similar as shown in Figure (7.3). Under AF1 spin configuration the values of spin per iron 

atoms, densities of states, and the nature of Fermi surfaces are changed. The Fermi surfaces of 

two substances under AF1 spin configuration are shown in Figure (7.4). The densities of states at 

the Fermi level are enhanced drastically in checker board spin configuration as can be seen from 

Figure (7.5), favouring occurrence of superconductivity. The values of the necessary parameters 

of the two crystals under two different spin configurations are given in the Table 3 and Table 4. 

Since, the fraction of itinerant electrons is very small compared to localized part, we assume the 

total spin per iron site is equal to the localized part. In computation of the critical temperature of 

superconductivity the value of the µ parameter is taken as 0.075 for UGe2 and 0.1 for URhGe.  

 
 The critical temperature of superconductivity computed for the substances CaFe2As2 and 

BaFe2As2 under AF1 configuration are 12.12 K and 29.95 K respectively, which are close to the 

observed results of 12K and 29K respectively [12-14].The critical temperature of 

superconductivity of the substances under AF2 spin configuration are near to absolute zero 

temperature. So, one may conclude that the arising of superconductivity in those substances 

under pressure is also associated with a change in magnetic structure. Now, from the computed 

values of exchange coupling constant, it is understood that there is more spin frustration in 

checkerboard antiferromagnetic spin configuration. Therefore, it can be concluded that there is a 

correlation between spin frustration and superconductivity in those substances. 
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   (a)  

 

 

   (c)  

 
Figure 7.5. DOS of electrons per iron site in (a) CaFe
CaFe2As2 under AF1 spin configuration (c) BaFe
BaFe2As2 under AF1 spin configuration.
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            (b) 

      

           (d) 

DOS of electrons per iron site in (a) CaFe2As2 under AF2 spin configuration (b) 
under AF1 spin configuration (c) BaFe2As2 under AF2 spin configuration (d) 

iguration. 

 

 

    

under AF2 spin configuration (b) 
under AF2 spin configuration (d) 
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Table 7.3: Computation of TC under AF2 spin configuration 

 

 

 

 

 

 

Table 7.4: Computation of TC under AF1 spin configuration 

 

  

 

 

Substance 
Spin

/U 

JH in  

cm−1
 

J1a  in  

cm−1 

J1b in 

cm−1
 

J2  in 

cm−1 

↑ρ  

/site 

↓ρ  

/site 

T

effV   

in 

eV 

Dω in K λ 

TC 

in 

K 

CaFe2As2 1.14 3593.98 249.53 14.27 215.74 0.06 0.02 0.61 4468.26 0.021 0 

BaFe2As2 1.27 

 

3684.74 

 

 

252.99 

 

 

39.28 

 

 

190.80 

 

0.25 0.26 

 

0.66 

 

 

4682.72 

 

 

0.073 

 

0 

 

Substance 

Spin/ 

Fe 

J in  

cm−1
 

J1  in  

cm−1 

J2  in 

cm−1 

 

↑ρ  

/site 

↓ρ  

/site 

T

effV  in 

eV 

Dω in 

K 
λ 

TC in K 

Theo. Expt. 

CaFe2As2 0.67 
3065.20 424.08 237.16 

0.88 0.23 
0.78 1441.60 0.350 12.12 12 

BaFe2As2 1.2 
3167.20 302.68 148.77 

1.86 0.095 
1.01 2125.94 0.425 29.95 29 
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7.4. Conclusion 

 In the present chapter, we investigate the origin of the phenomenon of unconventional 

superconductivity in 122 iron pnictides on the basis of localized-itinerant model of electrons. The 

localized and itinerant nature of electrons in these compounds has already been confirmed 

experimentally. Here, magnons play the role of glue in cooper pair formation for 

superconductivity. The expression of the critical temperature of superconductivity has been                                  

established on the basis of localized itinerant model of electrons. It is found that the critical 

temperature of superconductivity is enhanced with the high value of Hund’s coupling in iron 

pnictides. However, the interaction potential increases with decrease in NN exchange coupling 

constant. On the other hand, Debye cut off frequency decreases with increase in exchange 

coupling constants. The combined effect considered here leads to a critical temperature of 

superconductivity which is maximum near the transition point and therefore, the proposed model 

predicts accurately the nature of variation of critical temperature of superconductivity with 

doping or pressure. Moreover, we find that the arising of superconductivity in CaFe2As2 and 

BaFe2As2 under pressure is associated with a change in magnetic structure from stripe AF2 

configuration to checkerboard AF1 configuration. The computed values of the critical 

temperatures of superconductivity of CaFe2As2 and BaFe2As2 under checkerboard 

antiferromagnetic configuration match well with the experimentally observed values. This 

renders strong support in favour of the validity of the model considered here.
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 The first chapter deals with the brief introductions of phenomena arising from spin 

wave. The advancement in the field of unconventional superconductivity in ferromagnetic 

superconductors and antiferromagnetic iron pnictides superconductors is presented. It is 

stated that magnon may play the role of pairing glue in these substances. 

 
 In the second chapter, we present the basic theories and methodology considered in 

exploring different problems and issues in magnetism and superconductivity. 

 
 In the third chapter, we explore the origin of rise in temperature of a ferromagnetic 

substance and its possible application. An application of large static magnetic field gives rise 

to a small increase in temperature and hence is not suitable for hyperthermic oncology. On 

the other hand in the presence of an RF magnetic field perpendicular to a static field, a 

sufficient increase in temperature with small RF field is noted.  

 

In the fourth chapter, we conclude that an application of RF field parallel to a static 

field can also gives rise to increase in temperature of a ferromagnetic substance of the order 

necessary for hyperthermic oncology. 

 
 In the fifth chapter, the phenomenon of Bose-Einstein condensation of magnon in thin 

film is discussed quantitatively. In the case of parallel pumping field configuration, the 

condensation starts within a time below 1 microsecond when the applied RF field is greater 

than a critical value that we estimated. It is noted that condensation may also be observed 

with perpendicular pumping configuration. In this case the applied RF field is of the same 

order as in parallel pumping configuration.  

 
 In the sixth chapter, the phenomenon of ferromagnetic superconductivity is described 

as arising from electron-magnon interaction under the framework of localized-itinerant 

model. The formation of the singlet or triplet Cooper pairs is also explained on the basis of 

Debye cut off frequency. It is found that if JSD >ω , it is triplet pairing and on the other hand 

D JSω < leads to singlet pairing situation. The genesis of superconductivity in ferromagnetic 

is justified through the singlet pairing of electrons on the basis of the present treatment taking 

UGe2 and URhGe as examples. The results validate pervious anticipation about the 

superconducting behaviour of UGe2 by Suhl. It is also evident from the DFT computation 

that the Hund’s coupling does not change radically with pressure but the nearest neighbour 



  DISCUSSION AND FUTURE WORK    

~ 102 ~ 
 

exchange coupling constant (Jnn) increases markedly with the increase in pressure. This 

enhancement in Jnn, leads the critical temperature to rise through an increment of the Debye 

cut off frequency. The critical temperature of superconductivity computed for UGe2 under 

different pressures, and URhGe at normal pressure closely resemble the experimentally 

observed results. This agreement provides a strong support for the formalism employed here 

and also advocates its general applicability in materials where ferromagnetism and 

superconductivity coexist. 

 
 The origin of the phenomenon of superconductivity in 122 iron pnictides on the basis 

of localized itinerant model of electrons is explained in seventh chapter. The localized and 

itinerant nature of electrons in these compounds has already been confirmed experimentally. 

Here, magnons play the role of glue in cooper pair formation for superconductivity. The 

expression of the critical temperature of superconductivity has been                                                         

established on the basis of localized itinerant model of electrons. It is found that the critical 

temperature of superconductivity is enhanced with the high value of Hund’s coupling in iron 

pnictides. However, the interaction potential increases with decrease in NN exchange 

coupling constant. On the other hand, Debye cut off frequency decreases with increase in 

exchange coupling constants. The combined effect considered here leads to a critical 

temperature of superconductivity which is maximum near the transition point and therefore, 

the proposed model predicts accurately the nature of variation of critical temperature of 

superconductivity with doping or pressure. Moreover, we find that the arising of 

superconductivity in CaFe2As2 and BaFe2As2 under pressure is associated with a change in 

magnetic structure from stripe AF2 configuration to checkerboard AF1 configuration. The 

computed values of the critical temperatures of superconductivity of CaFe2As2 and BaFe2As2 

under checkerboard antiferromagnetic configuration match well with the experimentally 

observed values. This renders strong support in favour of the validity of the model considered 

here. 

 The computation of critical temperature of superconductivity of iron pnictides under 

different level of doping has been recognized as our future work. 
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a b s t r a c t

If one applies an rf magnetic field parallel to a strong static field, temperature of a ferromagnetic

substance rises due to ferromagnetic resonance. This phenomenon finds immediate application in the

field of hyperthermic oncology. In this work, we have found expression for the increase in temperature

when a ferromagnetic material is placed under a static and a varying magnetic field of high frequency

through spin wave approach. The numerical value of this increment of local temperature has been

estimated for yttrium iron garnet (YIG). We also have examined the possibility of enhancing the

temperature of a ferromagnetic material only by applying a strong static field.

& 2009 Elsevier B.V. All rights reserved.

1. Introduction

It has been found that a sufficiently strong rf magnetic field
gives rise to parametric excitation of spin waves of particular
frequencies in ferromagnetic and ferrimagnetic materials. This is
called ferromagnetic resonance, which has been explained in a
comprehensive way by Suhl [1]. In this case, different modes of
spin waves are no longer independent of each other but are
coupled with many other modes. An externally applied rf
magnetic field induces a uniform precession. As a result, the
product of spin wave amplitudes which contains this particular
mode would have magnitude far exceeding their thermal value.
This gives rise to the transient growth of spin waves with
frequency half of that of the rf magnetic field for a first order
process. Parametric excitation of spin waves by rf magnetic field
applied parallel to the static field is known as parallel pumping,
which has been demonstrated by many researchers [2–4].

Smetana and Dusek have investigated the possibility of
instantaneous increase in temperature of a ferromagnetic materi-
al due to ferromagnetic resonance [5]. The investigation of
ferromagnetic resonance with possible applications in nanopar-
ticles has been demonstrated by Walton et al. [6]. Goennenwein
et al. estimated the change in electrical properties of ferromag-
netic materials due to ferromagnetic resonance [7]. Sakran et al.
demonstrated the localized heating of magnetite nanoparticles via
ferromagnetic resonance and reported the rise in temperature [8].

The general theory of parallel pumping has been developed by
Schlomann [9]. This concept of parallel pumping is instrumental

in studying relaxation process in ferromagnetic materials. The
transient growth of spin waves in ferromagnetic resonance cannot
go beyond certain limiting amplitude. As the amplitude of the
spin wave increases the effective temperature also increases, as a
result the relaxation rate is enhanced and the equilibrium
condition is set up at a higher temperature.

Thus, through the detailed study of the ferromagnetic
resonance phenomenon, one can calculate the rise in temperature
corresponding to an externally applied parallel rf magnetic
field or one can calculate the rf magnetic field required to
attain a particular temperature in case of a ferromagnetic
material. This is essentially the objective of this work. In this
work, we estimate the rise in temperature of a ferromagnetic
substance placed in an rf magnetic field parallel to a static
uniform magnetic field. In addition, we also quantify the increase
in temperature of a ferromagnetic material placed only in a static
magnetic field.

Quantification of ferromagnetic heating is important in the
field of hyperthermic oncology [10–12]. In magnetic hyperther-
mia, the cancerous cells are tagged with nano-ferromagnets and
on exposure to the alternating magnetic field, the temperature of
the attached cells increases resulting the destruction of the
affected tissues. The opposite effect, magnetic cooling, is a very
well known technique and being used routinely in realizing very
low temperature.

2. Rise in temperature due to an external static field

Let us consider a uniform external static field H0 applied along
the z-axis across a spherical ferromagnetic substance. Taking into
account Zeeman, exchange and dipolar interaction, the energy of a
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ferromagnetic system can be written as [9]

Ĥ¼
X

k

Akaykakþ
1

2
Bk expð�2ijkÞaka�kþh:c:
� �� �

ð1Þ

where h.c.� hermitian adjoint of the term preceding it, and

Ak ¼ gmBðH0 � NZMþDk2þ2pM sin2ykÞ

Bk ¼ gmB2pM sin2yk ð2Þ

In the above, yk, fk are the polar co-ordinates of the wave
vector k, D is the phenomenological exchange constant and NZ is
the demagnetizing factor along the z-axis and M is saturation
magnetization. After diagonalization we get the frequencies of the
normal modes as

_ok ¼ _g½ðH0 � NZMþDk2ÞðH0 � NZMþDk2þ4pM sin2ykÞ� ð3Þ

with gyromagnetic ratiog¼ gmB=_. For H0 � NZMþDk2444pM

sin2yk the above relationship becomes

_ok ¼ _gðH0 � NZMþDk2þ2pM sin2ykÞ ð4Þ

The internal energy per unit volume of the system is

U ¼
X

k

/nkST_ok ð5Þ

Using Plank distribution for the occupation number of
magnon, the internal energy can be obtained as

U ¼
0:251t5=2

p3=2ð_gDÞ3=2
�

0:163_gt3=2

p3=2ð_gDÞ3=2
H0 � NZMþ4pM=3Þ
�

ð6Þ

with t¼ kBT . We assume initially the substance is at temperature
T0 under zero external field and when a static external field H0 is
applied, the temperature becomes T. Neglecting magnon–phonon
interaction, for an adiabatic system we get U(T0,0)=U(T,H0), this is
demonstrated in Fig. 1. For small increase in temperature, that is,
DT(=T�T0) is small, one gets a simple expression for DT from
Eq.(6) as

DT ¼
0:163_gH0T0

0:628kBT0 � 0:245_gðH0 � NZMþ4pM=3Þ
ð7Þ

In case of yttrium iron garnet (YIG), with g=1.77�107

radians�1 Oe�1[13], 4pM=1800 Oe (at room temperature) [14],
when we apply a uniform static field of 10,000 Oe, the rise in
temperature estimated from the above expression is 0.35 K with
initial temperature of 300 K. If one simply calculates the Zeeman
energy due to this field and converts it into a temperature change
using only magnon specific heat of YIG [15], the result obtained is
of the same order of magnitude.

3. Rise in temperature of a ferromagnetic material in an rf
field

Now we consider a ferromagnetic system magnetized to
saturation by a static magnetic field H0 applied along the z-axis
and excited by parallel rf field H1 cos ot turned on adiabatically.
The Hamiltonian of the system can be written as [16]

Ĥ¼ Ĥ0þĤp ð8Þ

In the above,

Ĥ0 ¼
X

k

_okck
yck ð9Þ

and

Ĥp ¼ �
X

k

_H1 cosotðrkck
yc�k

yþrk
yckc�kÞ

Where ok is same as in Eq. (3) and rk is given by

rk ¼ pg
2Mok

�1 sin2yk expð�i2jkÞ ð10Þ

Considering the time development of the operator ck, we get

dck

dt
¼

1

i_
ck; Ĥ0þĤp

h i
ð11Þ

Putting the values of Ĥ0 and Ĥp from Eq. (9) one obtains,

dck

dt
¼ � iðokck � lk cosotcy

�kÞ ð12Þ

with lk=2H1rk. The last term on the right hand side of Eq. (12)
may be considered as a driving term of the resonator ck[17].
It produces a large response if cos otcy

�k contains a Fourier
component at ok. Since cy

�k likes to vary as exp(iokt), a large
response may be expected if the pump frequency o equals twice
the resonant frequency ok. In order to solve Eq. (12) one may
consider the trial solution

ck ¼ ck0exp �
io
2
þk

� �
t ð13Þ

and gets the value k for non-zero amplitude of spin waves which
is given by

k¼ 7

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l2k
4
� ok �o=2Þ2

 � vuut ð14Þ

For ok=o/2 one obtains

k¼ 7
lk
2

ð15Þ

We are interested in the positive value of k which gives rise
to the exponential increase in spin wave amplitude. Now, lk is
highest for yk=p/2. Hence, spin wave with frequency o/2 and
direction making angle p/2 with the z-axis are mostly unstable
spin waves for which

ck ¼ ck0 expð�ioktÞexp
lk
2
9t

����
��

ð16Þ

Spin waves described by Eq. (16) are mostly responsible
for absorption of energy from the external rf field. Magnon

Fig. 1. Schematic plot of internal energy against temperature: (1) without external

field and (2) with external field.

R. Kar, A. Misra / Journal of Magnetism and Magnetic Materials 322 (2010) 671–674672



Author's personal copy
ARTICLE IN PRESS

occupation number corresponding to the above mode is

/nkS¼ cykck ¼/nkS0 expð lk9tÞ
�� ð17Þ

Hence, spin wave with frequency o/2 absorbs energy from the
rf field and the number of magnons increases exponentially with
time. The physical picture behind this phenomenon is very clear
[18]. Due to dipolar interaction, electron spin in general follows
an ellipsoidal instead of a circular cone in their precessional
motion. For spin wave with wave vector k making an angle yk

with the z-axis, the ratio of minor and major axes of ellipse
isðH0 � NZMþDk2Þ=ðH0 � NZMþDk2þ4pM sin2ykÞ. The magni-
tude of the magnetization vector is constant, hence the z-component
of it varies with a frequency twice that of precessional motion.
Before the rf field is switched on, spin waves are excited to
their thermal level. When an rf magnetic field of frequency
double of that of the precessional motion is applied, the spin wave
which gives rise to a periodic component of the longitudinal
magnetization, lags a quarter period behind or leads by quarter
period relative to the rf field, absorbs energy from the field or
imparts energy to it. If the rf field is applied for a long time, spin
wave of second type is virtually disappeared whereas the
amplitude of the first type is increased to a level much larger
than the thermal level.

From Eq. (3), it is clear that as H0 increases the wave vector k of
frequency o/2 decreases and at a characteristic value (H0C) the
magnitude of k becomes zero, which is given by

H0C ¼NZM � 2pMþ ð2pMÞ2þ
o
2g

� �2
" #1=2

ð18Þ

If, H04H0C, the condition ok=o/2 cannot be satisfied.
As the magnon occupation number of a particular mode is

increased, it interacts with the other modes giving rise to
exponential decay of its amplitude by the process of relaxation.
Taking this relaxation into account, Eqs. (16) and (17) are
transformed into

ck ¼ ck0 expð�iotÞexp
lk
2

����
����� ZkT

� �
t ð19Þ

and

/nkS¼/nkS0 exp lk9� t�1
kT Þt

��� ð20Þ

In the above, ZkT is the relaxation rate and t�1
kT ¼ 2ZkT is the

inverse of the relaxation time at temperature T for spin wave with
wave vector k.

From Eq. (20), it is clear that the spin wave amplitude
increases if lk4t�1

kT , otherwise the rf field imparts no effect on
magnon occupation number. If the initial temperature be T0, then
the critical field H1C is given by

H1C ¼
o

pg2M
t�1

kT0
ð21Þ

When the rf field is greater than H1C, the magnon occupation
number of unstable mode increases, as a result the temperature
also increases. It is found that the relaxation rate increases with
temperature and the equilibrium condition is set up at higher
temperature T, with the condition given below

H1pg2Mo�1 ¼ t�1
kT ð22Þ

If we express t�1
kT and t�1

kT0
as functions of temperature then we

can estimate the rise in temperature.

3.1. Calculation of relaxation time

In Eqs. (1) and (8), we have retained up to quadratic terms with
magnon variables. However, in the present case, as the magnon
occupation number of the unstable modes is increased, their

interaction with other modes should also be included. This results
the relaxation of spin wave of the above mentioned mode.

The magnons are strongly coupled with phonon in the region
where the dispersion curves of magnons and phonons intersect
each other [19]. If we choose the external magnetic fields in such
a way that the unstable mode lies outside this region, then
the relaxation due to their interaction with phonons can be
minimized.

It is found that three magnon dipolar and four magnon
exchange interactions are mostly responsible for attaining
saturation [20]. Hence, we confine ourselves only to these
processes. The inverse of total relaxation time is given by

t�1
kT ¼ t

�1
kT 3dþt�1

kT 4ej
�� ð23Þ

where t�1
kT 3d

�� and t�1
kT 4ej are the inverses of the relaxation times

due to three magnon dipolar and four magnon exchange
processes, respectively.

Following Schlomann we calculate the relaxation time due to
three magnon processes [14,21],

t�1
kT 3d ¼ t�1

kT conf þt�1
kT splt

������ ð24Þ

where t�1
kT conf

�� and t�1
kT splt

�� are inverses of the relaxation times due
to confluence process, where one magnon is absorbed and two are
emitted, and due to splitting process, where two magnons are
absorbed and one is emitted respectively. Again following
Schlomann one can obtain the following expressions for relaxa-
tion time:

t�1
kT conf ¼

1

2
pkBTg2MD�1o�1

kT kF

���� ð25Þ

where F ¼ 1þ 1
4s
�2

� 1=2
� 1

6s
�1, with s¼ok=oM and oM=g4pM,

and

tkT
�1

splt ¼
1

16
kBTgð4pMÞ1=2D�3=2f ðsÞ

���� ð26Þ

with f ðsÞ ¼ 3:47 2
3� s
� 5=2

; for so2/3 and f sÞ ¼ 0;ð for s42/3.
Relaxation time due to four magnon exchange process has

been calculated as follows [20]:

t�1
kT 4e ¼ 5:224gD

mB

M


 �2 kBT

4p_gD

� �5=2

k3

����� ð27Þ

From the above relationships one gets the expression for the
critical field,

H1c ¼
oD�1

pgM
ðAkT0þBkT0

5=2
Þ ð28Þ

with

Ak ¼ pkBgMo�1kFþ
1

16
kBð4pMÞ1=2D�1=2f ðsÞ

Bk ¼
2:612ffiffiffiffi

p
p mB

4pM

� 2 kB
_g


 �5=2
DH�1=2k3

ð29Þ

where T0 is the initial temperature. From Eqs. (21) and (22), an
expression for rise in temperature up to first order can be given by

DT ¼
AkT0þBkT0

5=2

Akþ
5
2 BkT0

3=2

 !
H1

H1c
� 1

� �
ð30Þ

when H1ZH1C.
Again, taking the example of YIG with the values reported in

Refs. [13,14] we have calculated the rise in temperature of the
system. In this case, if one takes T0=300 K, H0=450 Oe, and the
frequency of the field as 6�109 Hz, the critical rf field is found to
be 1.47 Oe and the increase in temperature is 6.03 K when
H1=1.5 Oe. If one tries to obtain the increase in temperature of the
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same order of magnitude through only static field, an enormously
high magnetic field of �106 Oe would be required. Experimen-
tally measured increase in temperature in case of Fe3O4 is also of
the same order in magnitude [8]. Moreover, for the purpose of
hyperthermic oncology, the increase in temperature of same
order of magnitude is required [22].

4. Conclusion

In this work, we have found an expression for increase in
temperature of a ferromagnetic substance when an external static
magnetic field and an rf field parallel to the static field is applied.
From numerical results with the example of YIG, it is very clear that
a large increase in temperature of the ferromagnetic system can be
realized by application of such magnetic fields. We have also found
an expression for the increase in temperature when only uniform
static field is applied which reveals a very small effect.

In our treatment, we have assumed that the applied field is
sufficiently smaller than the characteristic field given by Eq. (18)
so that the wave-lengths of the unstable spin waves are much
smaller than the sample dimension, and the plane-wave analysis
is applicable. Here, we have also considered the variation of
temperature in a range such that the change in magnetization is
so small that we can assume that the magnetization is constant
through the range. This quantification of ferromagnetic heating
through spin wave approach is likely to find application in
designing devices used in hyperthemic oncology.

If one applies rf field transverse to the static field then also
certain mode of magnon gets excited and the temperature
increases [23,24]. This puts forward another interesting problem
and would be treated elsewhere.

Acknowledgment

Financial support form the Department of Science and
Technology, India, is gratefully acknowledged. Authors thank the
reviewer for fruitful comments. A.M. further thanks Dr. Soumya
Panigrahi for discussion regarding oncology.

References

[1] H. Suhl, J. Appl. Phys. 29 (1958) 416.
[2] E. Shlomann, J.J. Green, U. Milano, J. Appl. Phys. 31 (1960) 386S.
[3] F.R. Morgenthaler, J. Appl. Phys. 31 (1960) 95S.
[4] E. Shlomann, Raytheon Technical Report R-48, 1959.
[5] Z. Smetana, J. Dusek, Czech. J. Phys. 18 (1968) 389.
[6] D. Walton, H. Boehnel, D.J. Dunlop, Phys. Stat. Sol 15 (2004) 3257.
[7] S.T.B. Goennenwein, S.W. Schink, A. Brandlmaier, A. Boger, M. Opel, R. Gross,

R.S. Keizer, T.M. Klapwijk, A. Gupta, H. Huebl, C. Bihler, M.S. Brandt, Appl.
Phys. Lett. 90 (2007) 162507.

[8] F. Sakran, A. Copty, M. Golosovsky, D. Davidov, P. Monod, Appl. Phys. Lett. 84
(2004) 4499.

[9] E. Schlomann, J. Appl. Phys. 34 (1963) 1998.
[10] I. Hilger, R. Hergt, W.A. Kaiser, J. Magn. Magn. Mater. 293 (2005) 314.
[11] T. Atsumi, B. Jeyadevan, Y. Sato, K. Tohji, J. Magn. Magn. Mater. 310 (2007)

2841.
[12] M. Levy, C. Wilhelm, J.M. Siaugue, O. Horner, J.C. Bacri, F. Gazeau, J. Phys.

Condens. Matter 20 (2008) 204133.
[13] M. Sparks, R. Loudon, C. Kittel, Phys. Rev 122 (1961) 791.
[14] E. Schlomann, Phys. Rev. 121 (1961) 1312.
[15] D.J. Sanders, D. Walton, Phys. Rev. B 15 (1977) 1489.
[16] S.M. Rezende, Phys. Rev. B 3 (1971) 1771.
[17] E. Schlomann, R.I. Joseph, J. Appl. Phys. 32 (1961) 1006.
[18] E. Schlomann, J. Appl. Phys. 33 (1962) 527.
[19] S.C. Guerreiro, S.M. Kezende, Revista Brasileira de fisica 1 (1971) 207.
[20] P. Pincus, M. Sparks, R.C. Lecraw, Phys. Rev. 124 (1961) 1015.
[21] J.J. Green, E. Schlomann, J. Appl. Phys. 32 (1961) 168S.
[22] P. Wust, B. Hildebrandt, G. Sreenivasa, B. Rau, J. Gellermann, H. Riess, R. Felix,

P.M. Schlag, Lancet 3 (2002) 487.
[23] S.M. Rezende, O.F. de, A. Bonfim, F.M. de Aguiar, Phys. Rev. B 33 (1986) 5153.
[24] A. Azevedo, S.M. Rezende, Phys. Rev. Lett. 66 (1991) 1342.

R. Kar, A. Misra / Journal of Magnetism and Magnetic Materials 322 (2010) 671–674674



Delivered by Ingenta to:
Guest User

IP : 220.225.11.171
Fri, 19 Nov 2010 12:58:39

Copyright © 2010 American Scientific Publishers
All rights reserved
Printed in the United States of America

Nanoscience and
Nanotechnology Letters
Vol. 2, 253–256, 2010

Rise of Temperature in Ferromagnetic
Nanoparticles Due to Perpendicular Pumping

Rakesh Kar1 and Anirban Misra2�∗
1Department of Physics, University of North Bengal, Darjeeling, West Bengal 734013, India

2Department of Chemistry, University of North Bengal, Darjeeling, West Bengal 734013, India

In case of parallel pumping or perpendicular pumping certain modes of spin waves are excited
parametrically when the applied microwave field is greater than a threshold value. The saturation
condition is set up due to two competing processes, one is the absorption of energy from the
microwave field by the unstable mode of spin waves and the other is the damping of the mode due
to different relaxation processes. In this work, using spin wave treatment we find an expression for
the rise in temperature of ferromagnetic nanomaterials when they are placed in a strong static and
a perpendicular microwave magnetic field. The increase in local temperature has been estimated
taking the example of yttrium iron garnet (YIG) nanoparticles; in single crystal and in polycrystalline
form. One of the most important applications of this phenomenon is in the field of hyperthermic
oncology, in which cancerous cells are preferentially killed by local heating.

Keywords: Perpendicular Pumping, Ferromagnetic Resonance, Microwave Field, Spin Wave,
Magnon, Ferromagnetic Nanoparticle, Magnetic Hyperthermia.

High frequency excitation in magnetic materials has
attracted considerable attention for more than six decades,
starting with the discovery of ferromagnetic resonance
(FMR) by Griffiths.1 In a typical FMR experiment a ferro-
magnetic or ferrimagnetic material is subjected to a static
magnetic field and a microwave magnetic field in a per-
pendicular configuration. This gives rise to a microwave
absorption peak at certain static field depending upon
the frequency of the field. This observation was first
explained by Kittel in his linear response theory for FMR
as resonance absorption of microwave energy by the uni-
form mode.2�3 The phenomenon of FMR can be detected
thermally4 or may be perceived by studying the change
in quasistatic properties of ferromagnetic materials, such
as magnetoresistance,5–8 magnetoimpedance9 and caloric
properties due to FMR.10 The FMR is also known to be
one of the most sensitive methods for the investigation of
magnetic anisotropy.11�12

With the increase in microwave power, the phenomenon
becomes quite different and magnetic excitation with non-
linear behavior is noticed.13 It is generally observed that
the height of the absorption maximum decreases with
increasing power level. In addition, a subsidiary absorp-
tion peak is noticed at a static field strength below that
required to attain resonance condition. These effects were

∗Author to whom correspondence should be addressed.

explained in a very comprehensive way by Suhl.14 Accord-
ing to his theory; the nonlinear effects are caused by the
fact that some of the spin waves become unstable as soon
as the amplitude of the uniform mode driven by the applied
microwave field exceeds a certain threshold value. Two
possible mechanisms for this observation may be distin-
guished. In one of them, the unstable spin waves have
half the frequency of the applied field and for the other
one they have the same frequency as that of the applied
field. This is known as perpendicular pumping. A similar
non linear effect also occurs when one applies microwave
field parallel to the static field.15–20 In this process, one
photon is absorbed and two magnons of equal and oppo-
site wave vectors are created; which is known as parallel
pumping and has been explained by Schlomann.15–17 These
instability processes along with few others have also been
theoretically investigated by White and Sparks.21

Rezende et al. theoretically investigated the dynamics
of spin wave instabilities driven by a microwave field per-
pendicular to the dc magnetic field in the second order
Suhl process.22 It has also been demonstrated that chaos
in spin dynamics can be controlled by a small periodic
perturbation in the applied magnetic field.23 An investi-
gation on the excitation of spin waves in magnetic films
in presence of both the components of microwave field
parallel and perpendicular to the bias field shows a tran-
sition from parallel pumping to perpendicular pumping
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at a critical field with minimum threshold.24 Gall studied
the transient growth of spin wave population with three
magnon non-linear process under perpendicular pumping
on the basis of quantization of magnetic field.25 These
pumping processes are instrumental in studying compli-
cated relaxation mechanisms arise due to interaction of
magnons with magnons, phonons etc.26–30 In pumping
processes a particular mode is excited which interacts
with all other magnons and also with phonons and the
absorbed energy is distributed over the whole spectrum of
magnons and finally transferred to the lattice giving rise
to an increase in temperature of the system.26–31 Experi-
mental observation on micron-size powder of manganites
demonstrates the dependence of the microwave absorp-
tion rate on the temperature and the applied magnetic
field.32–33 It has also been reported that a rise in temper-
ature of several degrees is possible due to perpendicu-
lar pumping.4 This ferromagnetic heating is important in
the field of magnetic hyperthermia.34–35 Recently, it has
been demonstrated that Bose-Einstein condensation could
be realized in a magnon system even at room tempera-
ture through pumping process.36 This has sparked inter-
est among the researchers to study this phenomenon in
detail.37–40 A reduction in switching field for magnetiza-
tion was observed in presence of microwave field and is
interpreted in terms of pumping-damping competition.41

Recent theoretical work in the field of spintronics proposes
nano-devices in which spin-pumping mechanism is used
for polarizing electron spins in a normal metal.42–44 The
conversion of pure spin current into charge current, known
as inverse spin-Hall effect, has recently been observed
using pumping method under FMR configuration.45

In a recent work, we have estimated the rise in tem-
perature of a ferromagnetic material by parallel pump-
ing and discussed its possible application in magnetic
hyperthermia.30 In the present work we quantify the rise
in temperature of a ferromagnetic material due to perpen-
dicular pumping using spin wave treatment. The numerical
value of this increment of local temperature has been esti-
mated for a known ferromagnetic system, viz., yttrium iron
garnet (YIG).
Consider a ferromagnetic material magnetized to satura-

tion by a static magnetic field H0 applied along z-axis and
excited by perpendicular microwave field H1 of frequency
� turned on adiabatically. Taking up to quadratic terms,
the Hamiltonian of the system can be written as22

Ĥ =∑
��kc

†
kck+��

(
SN

2

)1/2

H1�c
†
0 e

−i�t +H�C�� (1)

where, H�C� is the Hermitian conjugate of the term pre-
ceding it, and

�k = ���H0−NzM +Dk2�

× �H0−NzM +Dk2+4�M sin2 	k�

1/2 (2)

with Nz is the demagnetizing factor along z-axis, 	k is the
angle made by �k vector with z-axis, and N is number of
sites each with spins S.
From the Hamiltonian given in Eq. (1) it is evident that

only the uniform mode with frequency given below may
get excited46

�o = ��H0− �Nz−Nx�M
1/2�H0− �Nz−Ny�M
1/2 (3)

Considering the time development of the operator c†0c0 we
get,

d

dt
�c†0c0�=

1
i�

�c†0c0� Ĥ
 (4)

If the frequency of the microwave field is equal to the
frequency of the uniform mode, then from Eqs. (1) and (4)
one obtains,

dn0

dt
= 2�

(
SN

2

)1/2

H1
√
n0 sin� (5)

with n0 = c†0c0 is the occupation number of the uniform
mode, and � is the phase angle of spin wave operator
c0 with respect to the applied microwave field. From the
above equation it is clear that magnons with phase angle
�/2 are most unstable and for this unstable mode the fol-
lowing expression can be obtained,

dn0

dt
= 2�

(
SN

2

)1/2

H1
√
n0 (6)

If one takes into account the interaction with all other
modes, then the above expression is transformed to

dn0

dt
= 2�

(
SN

2

)1/2

H1
√
n0−

n0

�0
(7)

where �0 is the relaxation time for the uniform mode. Now,
as the particular mode absorbs energy from the magnetic
field, the absorbed energy is not limited to that mode but
will be distributed in whole magnon spectrum and phonons
attaining a uniform temperature. The equilibrium condition
is set up with,

dn0

dt
= 0 (8)

This immediately gives the following relationship between
microwave field and the equilibrium temperature,

H1 =
1
2�

(
2
SN

)1/2(
kB
��

)1/2 1
�0

√
T (9)

The above equation indicates that the equilibrium tem-
perature depends on the relaxation time of the uniform
mode. The main sources of relaxation processes are differ-
ent for different kinds of crystalline solids. Here we take
into account two different kinds of crystalline solids, viz.,
single crystals and polycrystalline solids.
In case of single crystals with rough surface the main

source of relaxation of uniform mode is the surface pits
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two magnon scattering.47 If the sample is of radius r and
covered uniformly with pits of radius R then we have the
following expression for the relaxation time,48

1
�0

= �4M
R

r

�3cos2 	−1�2

cos	
(10)

where 	 is maximum angle of the degenerate mode and
can be obtained from Eqs. (2) and (3).
Hence from Eq. (9) one gets,

H1 = A
√
T (11)

with

A= 1
2

(
2
SN

)1/2(
kB
��

)1/2

4M
R

r

�3cos2 	−1�2

cos	

In polycrystalline substances there are two main sources
of relaxation (i) two magnon scattering due to the random
anisotropy field and (ii) two magnon scattering due to the
random demagnetizing fields of voids.47

Schlomann obtained the following expression for the
relaxation time due to random anisotropy field as,49

1
�0

∣∣∣∣
ani

= �
H 2

a

4�M

8�
√
3

21
G

(
H0

4�M

)
(12)

where Ha = 2K1/M , with K1 is the anisotropy constant
and G�H0/4�M� is the function which reflects the posi-
tion of the k = 0 mode with respect to the remainder of
the spin wave spectrum with high field limit of G being
approximately unity.
The relaxation time due to porosity is given by the fol-

lowing expression47

1
�0

∣∣∣∣
por

= �
16�2

9
M

�3cos2 	−1�2

cos	
P (13)

where P is porosity of the substance.
Hence from Eq. (9) we have,

H1 = A
√
T (14)

with

A = 1
2

(
2
SN

)1/2(
kB
��

)1/2[
H 2

a

4�M

8�
√
3

21
G

(
H0

4�M

)

+ 16�2

9
M

�3cos2 	−1�2

cos	
P

]
which is of the same form as Eq. (11).
If the initial temperature is T0, then from Eqs. (11) and

(14) the threshold field can be estimated as,

H1c = A
√
T0 (15)

and on application of a microwave field greater than the
threshold field, the increase in temperature is found to be,

T = 2
�H1−H1c�

H1c

T0 (16)

Thus, increase in temperature of a ferromagnetic crys-
talline substance due to perpendicular pumping can be
estimated directly from Eq. (16). In this case the total
microwave energy absorbed by the ferromagnetic sub-
stance is

Q =m
∫ T0+T

T0

�cm + cp�dT (17)

with cm and cp are the magnon specific heat and phonon
specific heat respectively and m is the mass of the
substance.
From Eq. (15) and the expressions for A, it is clear that

the threshold field is inversely proportional to the square
root of the number of molecules or the volume of the sub-
stance. However, the threshold field could be maintained to
a desired level by increasing the frequency of the applied
microwave field. Hence, one can increase the tempera-
ture of a ferromagnetic particle using a microwave field of
suitable frequency. Taking the example of polycrystalline
yttrium iron garnet (YIG) of 100 nanometer size with
porosity 0.1 and using the physical parameters of the solid
from Ref. [47], we find the threshold field of 35.5 Oe, with
frequency of the order of 100 GHz. Under this condition,
on application of a microwave field of 36 Oe, the temper-
ature of the substance will increase about of 8 K where
initially the substance is at around room temperature. If
one takes a single crystal of YIG, then the threshold field
becomes 4 Oe and on application of 4.1 Oe microwave
field, the temperature rises by 15 K. This is in good agree-
ment with already reported experimental observation.4

In this work we have found an expression for the thresh-
old field for excitation of uniform mode when a ferromag-
netic material is subjected to a strong static field and a
microwave field perpendicular to the static field through
spin wave approach. We also have obtained an expres-
sion for the increase in temperature of a ferromagnetic
material under perpendicular pumping when the applied
microwave field is greater than the threshold field. Using
this perpendicular pumping technique, taking the exam-
ple of YIG, it is estimated that temperature could be
enhanced by about 10 K when the magnetic nanoparticles
are kept around room temperature. From the expressions
obtained, we notice that the threshold field can be varied
by changing the number of molecules or the frequency of
the applied microwave field. From the numerical values
estimated for YIG, it is clear that single crystals are more
suitable for application in magnetic hyperthermia.
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Experimental evidence for Bose–Einstein condensation (BEC) of magnons at
room temperature in a thin film of yttrium iron garnet (YIG) excited by parallel
pumping is already available and different features of the experimental results
have been explained qualitatively [Nature 443, 430 (2006)]. In the present work,
we explain quantitatively different aspects of this experimental observation
through spin wave treatment. In the case of parallel pumping field, we have
developed a formula for the time required for the formation of magnon BEC in a
thin film of ferromagnetic material. This relation is found to be in good
agreement with known experimental results. In a similar treatment we predict the
condition for the formation of BEC of magnons in the case of perpendicular
pumping.

Keywords: magnon; spin wave; parallel pumping; perpendicular pumping; Bose–
Einstein condensation

1. Introduction

Bose–Einstein condensation (BEC) of quasi particles such as polaritons [1] and magnons
[2–10] has recently become an interesting topic of research. Since the effective mass of these
quasi-particles can be very small and their density can be easily controlled using
parametric pumping, the condensation can occur at relatively high temperature. Recent
observation of BEC of magnons at room temperature under the condition of so called
parallel pumping in a thin film of yttrium iron garnet (YIG) has attracted the attention of
physicists [5–9]. In a thin film of ferromagnetic material, the combined effect of the
exchange and magnetic dipolar interactions among the spins produces a dispersion
relation with a minimum at some non-zero value of wave vector [11,12], establishing a
necessary condition for BEC. In parallel pumping, certain modes of magnons absorb
energy from the radio frequency field [13,14], and as the number of magnons of the
particular modes rises they interact with all other magnons and also interact with phonons.
Hence the absorbed energy is distributed over the spectrum of magnons through magnon–
magnon interactions and finally transferred to the lattice through magnon–phonon
interactions. In the case of ferromagnetic materials like YIG the relaxation time for
magnon–magnon interactions is of the order of few nanoseconds whereas the time for
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magnon–phonon interactions is of the order of 1 ms. Hence, firstly for the time period of
the order below 1 ms the energy is transferred from the dominant group to the other groups
of magnons, while the phonon system remains practically isolated from the magnon
system. After the time period of the said order the energy is transferred to the phonon
system and attains thermal equilibrium state [15]. Hence, one can assume that, for the time
period of the order 1 ms, the magnon systems are in a quasi-equilibrium condition
decoupled from the phonon system and have different temperature and chemical potential
than the phonon. In bulk slab-like samples, the three-magnon scattering processes are
prohibited by kinematics in the high field limit of applied static Eeld (H4 2�M) [16,17].
Under this condition four-magnon processes turn out to be plausibly responsible for
magnon thermalization [18–20]. Due to an increase in magnon density at a constant
temperature, the chemical potential rises and Bose–Einstein condensation starts when the
chemical potential reaches the minimum energy of the magnons.

In general, to observe BEC in thin magnetic films, the pulsed microwave field of very
short duration (�100 ns) and repetition time of the order of a few microseconds is required
[5–9]. Hence the applied microwave field should be much higher than the first threshold
value in order to bring the magnon system to the condition for BEC within the time period
of the order of microseconds. We have found a relation between the microwave field and
the time period required for the attainment of BEC of magnons after the applied
microwave field is switched on. This is of considerable importance since the required time
period must be confined to the nanosecond order for the condensation of the magnons.
Comparison of the theoretical estimation with the experimental results confirms the
validity of the treatment. Using similar analogy, we predict that BEC of magnons in a thin
film is also possible under perpendicular pumping on application of microwave field of the
same order under suitable condition [10].

2. Rise-time for BEC of magnons in parallel pumping

Consider a thin film of ferromagnetic material of dimensions Lx� 2mm, Ly� 5 mm and
Lz� 20mm, magnetized in the plane (x–z plane) of the film by a strong static magnetic
field H applied along the z-axis as indicated in Figure 1. Since the dimensions in the x and
z directions are very large compared to the y direction, we have spin waves propagating in
the plane of the film with wave vector ~k and standing wave pattern in the transverse
direction with wave vectors ky ¼ nT�=d, where d¼Ly is the thickness of the film [11,12].
The number of transverse modes is equal to the number of lattice points in the transverse
direction and in the kd5 1 region the energy difference between the nth and the first mode
is DEn ¼ D �n2

d2
, which reflects the well-known quadratic behavior of ferromagnetic spin

waves in three dimensions [12]. Introduction of boson creation and annihilation operators
cyknT and cknT leads [11] to a magnon-system Hamiltonian

~H0 ¼ �h
X
k,nT

!knTc
y

knT
cknT , ð1Þ

where !knT is the magnon frequency given by the following dispersion relation

!2
knT
¼ �2 HþDk2 þD

�n2T
d2
þ 4�Mð1� FkÞ sin

2 �

� �

� HþDk2 þD
�n2T
d2
þ 4�MFk

� �
ð2Þ

832 R. Kar et al.
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with

Fk ¼ ð1� e�kdÞ=kd: ð3Þ

Here � is the angle made by the wave vector with the z-axis, M is the magnetization,

and � is the gyro-magnetic ratio, D ¼ 2JSa2=�h� is the exchange stiffness, with J being the

nearest neighbor exchange constant and a is the lattice parameter. Unlike the bulk

material, in thin-film the minimum value of the frequency occurs at some nonzero value of

k with a finite number of available states. A simple calculation shows that in the case of

thin film of thickness not less than 1 mm or so, the minimum of the magnon frequency

should occur in the region kd � 1 and at the k-value is given by,

k30 � �M=Dd: ð4Þ

Consequently, the corresponding magnon frequency is found to be,

!k, min � � Hþ 3
�M

Dd

� �2=3

D

" #
: ð5Þ

Now, the equilibrium magnon density (number of magnons per unit area of the film) at

temperature T and chemical potential � is given by the following equation,

N ¼
1

ð2�Þ2

X
nT

Z Z
1

exp �h!knT � �
� �

=kBT
� �

� 1
kdk d�: ð6Þ

Now we consider that the thin ferromagnetic film is placed under a strong static

magnetic field and a microwave magnetic field he�i!Pt in the parallel configuration, both

fields being in the plane of the thin film. Then the Hamiltonian of the system can be

written as [11],

~H ¼ ~H0 þ ~HP, ð7Þ

Figure 1. A thin ferromagnetic film is under a static magnetic field (H) and a microwave field
(hðtÞ ¼ he�i!Pt) in parallel configuration.

Phase Transitions 833
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with

~HP tð Þ ¼
�h

2

X
k,nT

h�knTe
�i!PtcyknTc

y

�knT
þH:C: ð8Þ

where H.C. is the Hermitian conjugate of the term preceding it, while �knT represents the

coupling of the pumping field with the ~k, � ~k magnon pair with frequency !knT and is

given by,

�knT ¼ �!M 1� Fkð Þ sin2 � � Fk

� 	
=4!knT , ð9Þ

with !M ¼ �4�M. Due to the time-dependent term in the Hamiltonian, the magnon

occupation numbers of particular modes rise. Taking the commutator of the spin wave

operators with the Hamiltonian in (7), one finds the number of magnons per unit volume

to be [11],

nknT tð Þ

 �

¼ nknT 0ð Þ

 �

exp 2�knT t
� �

ð10Þ

Here hnknTð0Þi is the number of thermal magnons and

�knT ¼ h�knT
� �2

�D!2
knT

h i1=2
��knT , ð11Þ

with �knT is the relaxation rate of the magnons, as in turn relates the magnon relaxation

time (	k) as 2�knT ¼
1
	knT

while D!knT ¼ !knT �
!P

2 .

From (10) and (11) it is clear that the magnons with frequency near half the frequency

of the applied field are the most dominant group and those magnons in a narrow range

around the half of the frequency of the applied field are excited. Now the frequency of the

applied field is of the order gigahertz and the range of frequency of the excited mode is of

the order of megahertz. For simplicity we assume that the relaxation rate and the magnon

relaxation time are essentially constant in this narrow frequency range and represented by

� and 	 respectively. The threshold microwave field for the parametric excitation of the

dominant group can be obtained from (11) as

hc�knT ¼ �: ð12Þ

Now, in the case of thin film, for a particular frequency of magnons, the value of the

wave vector decreases with increasing � resulting in the increment in Fk as in (9). This

makes the coupling parameter almost constant in the relevant range of � and we denote it

as �. From (10) one can calculate the number density of pumped magnons at time t as,

DNP1 ¼
NT n 0ð Þ

 �

D
2��D

� exp 2h�� 2�� D2=3h�
� �

t
� �

� 1
� 	

ð13Þ

where hnð0Þi is the number of thermal magnons of any mode in the dominant group, �D
are the limits of D!k given by,

D ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h�ð Þ2�

1

2	

� �2
s

: ð14Þ

This number DNP1 is the excess over the number in thermal equilibrium. Since the

magnon system is practically decoupled from the phonon system and only the relaxation

magnon-conserving processes are allowed, an increase in the number density of magnons

834 R. Kar et al.
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increases the chemical potential. When the chemical potential reaches its maximum value
(equal to the minimum energy of magnons) the pumped magnons are accumulated at the
minimum-energy region in phase space. Under this condition the pumped magnon density
can be divided into two parts; one portion of the magnons (of numbers DNM) are
distributed over the whole spectrum according to the Bose–Einstein distribution function
with the maximum value of chemical potential; whereas second portion (of numbers
DNCON) consists of the coherent magnons which condense at the minimum magnon
energy. Hence we can rewrite (13) as

DNP1 ¼ DNM þ DNCON: ð15Þ

Now the first part of the number of pumped magnons could be estimated from the
calculation of magnon densities for two cases, taking the chemical potential equal to
�h!k, min and zero, respectively, and estimating their difference. This gives the following
expression:

DNM ¼
1

4�D

kBT

�h�

� �X
nT

log
1� exp � �h�

kBT
Hþ 2�MþD nT�=dð Þ

2
� � �

1� exp � �h�
kBT

2�M� 3D �M
dD

� �2=3
þD nT�=dð Þ

2
 � �

2
4

3
5: ð16Þ

The condensation occurs when the density of pumped magnons exceeds the value in
formula (16) and this immediately gives the expression for the rise-time for condensation
of magnons as

tR ¼
log 1þ 2��DDNM

n 0ð Þh iNTD

 �
2h�� 2�� D2=3h�ð Þ

: ð17Þ

For BEC to be observed, this time period should be of the order of magnon–phonon
relaxation time or below. Taking the typical values of the parameters used in the
experimental set-up and a relaxation time of the order of 10 ns we find the numerical
values of time required corresponding to different values of microwave field as presented
in graphical form as in Figure 2. Now the power absorbed by the specimen from the
microwave field depends on the imaginary part (
00) of the susceptibility [21]. Taking the

Figure 2. Variation of time required for BEC of magnons in a thin film of ferromagnetic material
with the microwave field applied parallel to a static field in the plane of the thin film as estimated
from (17) with the relaxation time taken �10 ns.
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value of 
00 of the order of magnitude 0.2/4�, as reported in Ref. [20] and using the relation

Pabs ¼
1
2!P


00h2V between the power absorbed by the specimen and the applied microwave

magnetic field of amplitude h with V being the volume of the specimen. In an actual

experimental set-up, the magnetic field is maximum in the thin film just above the

resonator and decreases with distance from the region in the thin film [10]. For comparison

of the theoretical estimate with the experimental result we take the average value of the

field. To do this we take the values of the parameters as � ¼ 3:34� 106 C.G.S. units, the

exchange stiffness, D ¼ 4:4� 10�9 Oe cm2 for the thin film of YIG. Taking NT¼ 4000 [12],

the static field (H) as 1000Oe and using the formula (17) we find that microwave field of

16.1Oe and 14.9Oe give respective rise-time of 300 ns and 900 ns for BEC formation. The

corresponding values of the microwave field obtained from the experimental results are

22Oe (power¼ 4W) and 19.56Oe (power¼ 3.1W) respectively [9]. This comparison

supports our present approach.

3. BEC of magnons in a thin film under perpendicular pumping

If the microwave magnetic field is made perpendicular to the plane of the film, then

taking up through quadratic terms, the Hamiltonian of the system can be written in the

form [22]

Ĥ ¼
X
k,nT

�h!knTc
y

knT
cknT þ �h�

SNS

2

� �1=2

h cy0e
�i!t þH:C

 �
, ð18Þ

where NS is the number of sites with spin S. From the Hamiltonian given in (18),

it is evident that only the uniform mode with frequency given below may become

excited [23]

!o ¼ � H0 � Nz �Nxð ÞM½ 	
1=2 H0 � Nz �Ny

� �
M

� 	1=2
, ð19Þ

where Nx, Ny and Nz are the demagnetizing factors along the x, y, and z directions

respectively. Considering the time development of the operator cy0c0 one obtains

d

dt
cy0c0

 �
¼

1

i�h
cy0c0, Ĥ
h i

: ð20Þ

When the frequency of the microwave field is equal to that of the uniform mode,

formula (18) and (20) lead to [24]

dn0
dt
¼ 2�

SNS

2

� �1=2

h
ffiffiffiffiffi
n0
p

sin�, ð21Þ

with n0 ¼ cy0c0 is the occupation number of the uniform mode, and � is the phase angle of

the spin wave operator c0 with respect to the applied microwave field. From the above

equation it is clear that magnons with phase angle �/2 are most dominant and for this

dominant mode the following expression can be obtained,

dn0
dt
¼ 2�

SNS

2

� �1=2

h
ffiffiffiffiffi
n0
p

: ð22Þ
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If one takes into account the interaction with all other modes, then the above

expression is transformed to

dn0
dt
¼ 2�

SNS

2

� �1=2

h
ffiffiffiffiffi
n0
p
�
n0
	0

, ð23Þ

where 	0 is the relaxation time for the uniform mode. In the high field limit of the static

field, the three magnon processes are prohibited by kinematics [16,17], only the two

magnon and four magnon processes are mainly responsible for relaxation. In both of these

processes the number of magnons remains conserved. Hence we can assume that the total

number of pumped magnons is equal to magnons of uniform mode created. Solving (23)

by putting n0 ¼ a0ðtÞ
2, we find

n0 ¼ 2�2	20 SNSð Þh2 1� exp �
t

2	0

� �� �2

: ð24Þ

Then the total number of pumped magnons appears as

DNP2 ¼ 2�2	20 SNSð Þh2 1� exp �
t

2	0

� �� �2

: ð25Þ

Application of the condition for BEC to occur, one can find the relation between the

applied microwave field and rise-time for BEC of magnons as

h2 ¼
DNM

2�2	20 SNSð Þ 1� exp � t
2	0

 � �2 : ð26Þ

From our results it is clear that the required time can be reduced by decreasing the

static magnetic field up to a certain level so that the condition of saturated magnetization

is satisfied. For a typical value of NS� 1016 and a microwave field of about 5Oe, the time

required for formation of BEC reduces to 5100 ns. Recently, BEC of magnons has been

practically realized using the technique of perpendicular pumping [10]. The experimental

result does not involve the rise time for BEC of magnons and hence our theoretical

estimate could not be tested with the experimental values. However, the magnitude of the

microwave field is of the same order.

4. Conclusions

In this work, we have considered the Bose–Einstein condensation of magnons in a thin

film, first under the condition of parallel pumping as in the experiment performed by

Demokritov et al. [5]. We explain their observations quantitatively using spin wave

treatment, correlating the applied microwave field with the magnon rise-time for Bose–

Einstein condensation. With a similar approach, we also find an analogous relationship

and predict that the same order of microwave field can result in BEC of magnons under

the condition of perpendicular pumping. It is also predicted that one can tune the required

microwave field by changing the static magnetic field up to a certain limit. This

formulation is applicable in thin film of ferromagnetic materials where the magnon

dispersion relation is dominated by dipole and exchange interactions and magnon–phonon

coupling is weak.
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Identification of pairing mechanism leading to ferromagnetic superconductivity is
one of the most challenging issues in condensed matter physics. Although different
models have been proposed to explain this phenomenon, a quantitative understanding
about this pairing is yet to be achieved. Using the localized-itinerant model, we find
that in ferromagnetic superconducting materials both triplet pairing and singlet pair-
ing of electrons are possible through magnon exchange depending upon whether the
Debye cut off frequency of magnons is greater or lesser than the Hund’s coupling (J)
multiplied by average spin (S) per site. Taking into account the repulsive interaction
due to the existence of paramagnons, we also find an expression for effective interac-
tion potential between a pair of electrons with opposite spins. We apply the developed
formalism in case of UGe2 and URhGe. The condition of singlet pairing is found to
be fulfilled in these cases, as was previously envisaged by Suhl [Suhl, Phys. Rev. Lett.
87, 167007 (2001)]. We compute the critical temperatures of URhGe at ambient pres-
sure and of UGe2 under different pressures for the first time through BCS equation.
Thus, this work outlines a very simple way to evaluate critical temperature in case
of a superconducting system. A close match with the available experimental results
strongly supports our theoretical treatment. C© 2014 Author(s). All article content,
except where otherwise noted, is licensed under a Creative Commons Attribution 3.0
Unported License. [http://dx.doi.org/10.1063/1.4893472]

I. INTRODUCTION

The discovery of superconductivity in ferromagnetic UGe2 under high pressure is of special
significance in the study of condensed matter,1, 2 since ferromagnetism and superconductivity have
been considered to be mutually exclusive phenomena. Subsequently, a number of materials like
ZrZn2, URhGe are found to exhibit ferromagnetism as well as superconductivity.3, 4 This phenomenon
is not explicable from the viewpoint of standard BCS theory. Thus it sets a foundation for the
investigation of the underlying theory of superconductivity in presence of spin fluctuations. Different
theoretical models have been proposed to explain this fact but the mechanism of Cooper pairing
remains elusive till now. Initially, it was supposed that the same electrons are responsible for
ferromagnetism as well as superconductivity. In this direction, Fay and Appel tried to describe
the phenomenon as coupling due to the longitudinal spin fluctuation or exchange of paramagnons.5

Nevertheless, this theory meets some difficulties and fails to explain the absence of superconductivity
in the paramagnetic phase.6 To account for the properties of ferromagnetic superconductors, Karchev
puts forward a theory of magnon exchange superconductivity on the basis of itinerant model of
electrons.7 The order parameter in this case is a spin antiparallel component of a spin-1 triplet with

aPhone: +919434228745; Email: anirbanmisra@yahoo.com

2158-3226/2014/4(8)/087126/12 C© Author(s) 20144, 087126-1
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zero spin projection. According to Karchev, attractive interaction between electrons occurs due to
magnon exchange, whereas repulsive interaction originates from the exchange of paramagnons. The
competition between these two mechanisms leads to the existence of two successive phases, namely
ferromagnetism and paramagnetism.

UGe2 is considered as the archetypal material where we see a coexistence of ferromagnetism
and superconductivity at elevated pressure. It has been argued that the 5f electrons in Uranium com-
pounds are of both localized and itinerant nature, which is also known as dualism of 5f electrons. In
the case of UGe2, this fact has been established by muon-spin-relaxation studies (μSR) performed by
different groups.8, 9 Moreover, this dualism is confirmed by magnetic susceptibility, magnetization,
electrical resistivity, magnetoresistivity, and specific-heat measurements in single crystal of UGe2,
carried out in a wide range of temperature and magnetic field.10 In this scenario, Karchev’s proposal
of considering electrons in UGe2 are of completely itinerant nature is quite ambiguous. Suhl and
Abrikosov suggested that s-wave superconductivity may result from the electron interaction medi-
ated by ferromagnetically aligned localized spins.11, 12 This is analogous to the magnetic ordering
arising from the coupling of two localized spins via one conduction electron. Unlike UGe2, another
ferromagnetic material URhGe shows superconductivity at ambient pressure. Despite of signifi-
cant difference in space group and detailed structure, there are a number of similarities in UGe2

and URhGe. Both the materials can be viewed as arising out of zigzag arrangements of uranium
atoms.13 Neutron scattering study with URhGe reveals that the magnetization is almost entirely due
to uranium 5f electrons.13

In this work, we adopted the localized-itinerant model and considered the interaction of itinerant
electrons through the localized electrons having spins aligned in the ferromagnetic ordering. We find
that this interaction potential may give rise to unconventional superconductivity with triplet or singlet
pairing of electrons depending upon the Debye cut off frequency of magnons. Since the electrons
near the Fermi surface mostly take part in Cooper pair formation, we approximate the interaction
potential to a constant value in a very short range of electronic energy near the Fermi surface and
find an expression for the critical temperature of superconductivity using the BCS equation. Taking
UGe2 as a representative of ferromagnetic superconductors, we compute the Hund’s coupling and
the nearest neighbor exchange coupling and density of state (DOS) at the Fermi surface under normal
pressure and also in higher pressures by varying the atomic positions according to the diffraction
pattern.

This paper is organized as follows. First we find the interaction potential between electrons
via magnon using localized-itinerant model in section II. The analytical expression for the critical
temperature of superconductivity is also derived in a more general way. In section III we compute
the Hund’s coupling and the nearest neighbor exchange coupling and density of state (DOS) at Fermi
surfaces of URhGe and UGe2 under normal pressure and also in higher pressures by varying the
atomic positions. Finally, the computation of critical temperatures of the ferromagnetic supercon-
ductor UGe2 and URhGe are performed using the developed formalism within density functional
theory (DFT) framework. The superconducting critical temperature of URhGe is in very well agree-
ment with experimental result. The maximum critical temperature of superconductivity of UGe2 and
its dependence on pressure is also found to be in good agreement with experimentally determined
values.

II. MAGNON MEDIATED COOPER PAIR FORMATION

It has already been mentioned that the 5f electrons in UGe2 are known to have both itinerant
and localized nature. Hence, UGe2 can be viewed as a two-subset electronic system. The present
work considers the interaction of itinerant electrons to form the Cooper pair, in the background
of ferromagnetically ordered localized electrons. Here, the localized 5f electrons are responsible
for the ferromagnetic moment. The transverse fluctuations in this array of localized spin-moments
generate magnons. These magnons are considered to mediate the coupling of the itinerant electrons,
leading to an unconventional superconducting behavior.10 Taking the electron-magnon interaction
into account one can write the Hamiltonian of the electron-magnon system in terms of electron and

 All article content, except where otherwise noted, is licensed under a Creative Commons Attribution 3.0 Unported license. See: http://creativecommons.org/licenses/by/3.0/

Downloaded to IP:  14.139.211.54 On: Sat, 16 Aug 2014 07:13:50



087126-3 Kar et al. AIP Advances 4, 087126 (2014)

magnon creation and annihilation operators as14

H = H0 + Hem, (1)

where H0 is the unperturbed Hamiltonian given by the following expression

H0 =
∑
⇀
k σ

c†
⇀
k σ

c⇀
k σ

ε⇀
k σ

+
∑

⇀
q

b†
⇀
q

b⇀
q
ω⇀

q
. (2)

The interaction Hamiltonian, Hem is given by

Hem = J

(
S

2N

)1/2 ∑
⇀
k ,�q

(
c†

�k+�q↓c�k↑b�q + c†
�k−�q↑c�k↓b†

�q
)
, (3)

with

ε⇀
k ↑ =

�k2

2m∗ − EF − J S

2
, (4)

ε⇀
k ↓ =

�k2

2m∗ − EF + J S

2
. (5)

In the above, ε⇀
k σ

is the energy of electrons with spin (σ ) measured from the Fermi level, EF

is energy of the electrons at the Fermi level, ω⇀
q

is the magnon energy with wave vector q̄, J is the
Hund’s coupling constant at a spin site, N is the number of sites and m∗ is the effective mass of the
electron. In ferromagnetic substances the magnon frequency can be written in the following way

ω⇀
q

= 2Jnn Sz(1 − γ⇀
q

). (6)

Here γ⇀
q

= z−1 ∑
⇀
a

ei
⇀
q .

⇀
a , Jnn is the exchange coupling constant between nearest neighbor spin

sites at a distance a and z is the number of nearest neighbors. In case of straight or zigzag chain
systems, from the expression of magnon frequency given by Eq. (6), one can infer that Debye cut
off frequency of magnons, i.e., the maximum frequency of magnons can be written as

ωD = 4Jnn Sz. (7)

The Hamiltonian is conveniently diagonalized through a canonical transformation e−A HeA,
with 〈n|A|m〉 = 〈n|Hem |m〉

Em−En
, to obtain the effective electron-electron interaction via magnon.15 For a

ferromagnetic system at absolute zero temperature we take either |n〉 or |m〉 as vacuum state (|0〉).
Using the relations ε⇀

k +⇀
q ↓ ≈ ε⇀

k ↓ + ⇀

vF • ⇀

q and ε⇀
k ↓ − ε⇀

k ↑ = J S, for coupling of electrons with

opposite wave vectors, the diagonalized Hamiltonian of the system can be written as

H̃ = H0 − J 2S

2N

∑
�k,

⇀
k ′⇀q

c†
�k ′↓c†

−�k ′↑c−�k↓c�k↑
ω�q − J S

(ω�q − J S)2 −
(

⇀

vF • ⇀

q
)2 , (8)

with
⇀

q = ⇀

k ′ − ⇀

k. The wave function bk,σσ ′ = 〈c−⇀
k σ

c⇀
k σ ′ 〉 of a Cooper pair with spins σ and σ ′

respectively can be separated into an orbital part and a spin part as bk,σσ ′ = φ(
⇀

k,−⇀

k)χσσ ′ . For
singlet pairing with antiparallel spins, the spin part χ↑↓ = (↑↓ − ↓↑)/

√
2 is antisymmetric with

respect to the interchange of spins, while the orbital part φ(
⇀

k,−⇀

k) is symmetric with respect to
the interchange of wave vectors. On the other hand, for triplet pairing with antiparallel spins the
symmetric spin part is χ↑↓ = (↑↓ + ↓↑)/

√
2 and the orbital part is antisymmetric. Using these

symmetries one can write the interaction potential for singlet and triplet pairing of electrons with
antiparallel spins as

V S
⇀
k ,

⇀
k ′

= J 2S

2

ω�q − J S

(ω�q − J S)2 − (
⇀

vF • ⇀

q)2
, (9)
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FIG. 1. Magnon mediated electron-electron interaction.

V T
⇀
k ,

⇀
k ′

= − J 2S

2

ω�q − J S

(ω�q − J S)2 − (
⇀

vF • ⇀

q)2
. (10)

This magnon mediated electron-electron interaction can be represented through Figure 1.
In itinerant model of electrons, the existence a repulsive interaction between electrons due to

longitudinal spin fluctuations (i.e., paramagnons) has already been pointed out.7 In our formalism
under the framework of localized-itinerant model, we are interested in evaluation of the interaction
between itinerant electrons. Hence, we consider the effect of the repulsive interaction. The repulsive
interaction between electrons with opposite spins can be expressed in terms of the interaction
potential as

V P M
⇀
k ,

⇀
k ′

= J 2

4
.

1

r + δq2
, (11)

with
⇀

q = ⇀

k ′ − ⇀

k, δ is a constant and the parameter ‘r’ is the inverse of the static susceptibility (χ ).
Since, we are interested in the systems near the critical point of transition between paramagnetic
and ferromagnetic phases, the static susceptibility is taken as the Pauli paramagnetic susceptibility,
which is given by the relation χ = {ρ↑(EF ) + ρ↑(EF )}/2, with ρ↑(EF ) and ρ↓(EF ) are the DOS
at the Fermi level for electrons with spins up and down respectively.16, 17 Cooper pairing with
anti parallel spins is possible if the magnon contribution to the interaction potential is negative
and is greater in magnitude than the potential due to paramagnons. It is noteworthy from the above
discussions that the interaction potentials given in Eqs (9) and (10) lead to electron-electron attraction
under two different conditions. These cases are discussed in the following two subsections.

A. Case-1: ωD > JS

In the first case, the interaction potential due to triplet pairing may be attractive for ω�q > J S,
with electron energy lying in the range (ω⇀

q
− J S) >

⇀

vF • ⇀

q > −(ω⇀
q

− J S). Now, the electrons
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taking part in Cooper pairing are mostly near the Fermi surface and hence the electronic energy
⇀

vF · ⇀

q in the expression of interaction potential can be neglected. Taking average over the magnon
frequencies, the interaction potential can be written approximately as

V T
ef f = − J 2S

2
.

〈
1

ω⇀
q

− J S

〉
+ J 2

4
.
1

r
, (12)

where 〈 1
ω⇀

q
−J S 〉 means the average value over the magnon frequencies. In the present case the role

played by the magnons is the same as that of the phonons in case of conventional superconductors.
Following the same procedure as in the case of BCS theory and taking we can write the expression
for the critical temperature of the ferromagnetic system as follows

T T
C = 1.14(ωD − J S) exp

(
− 1

λ − μ

)
, (13)

where λ is the coupling constant which is given by the expression λ = ρ(EF ) |V T
ef f |, with ρ(EF )

= √
ρ↑(EF )ρ↓(EF ) and the parameter μ is introduced to take into account the effect of the coulomb

repulsive interaction between electrons. Here, ρ↑(EF ) is the density of states of spin up electrons,
while ρ↓(EF ) signify the density of states of spin down electrons. Apart from the customary role
that DOS performs in the BCS theory, it also tries to enhance the repulsive interaction and thus
lessens the critical temperature. From Eq. (12) it is clear that large Hund’s coupling constant makes
effective interaction potential high. Nevertheless, from Eq. (13) it appears that high value of J is not
useful for enhancing the critical temperature of superconductivity as it simultaneously makes the
effective range of electronic energy to be narrow. On the other hand, the role of nearest neighbor
exchange coupling is opposite to that of Hund’s coupling in affecting the interaction potential and
the effective range of electronic energy.

B. Case-2: ωD < JS

In the second case where the Debye cut off frequency is found to be less than JS (ωD < J S), the
interaction potential for singlet pairing is negative for the electronic energy in the range (J S − ωq )
>

⇀

vF • ⇀

q > −(J S − ωq ). The electrons involved in pairing are mainly near the Fermi surface and
hence the value of

⇀

vF • ⇀

q is very small. The effective interaction potential in this case reduces to

V S
ef f = − J 2S

2
.

〈
1

J S − ω⇀
q

〉
+ J 2

4
.
1

r
. (14)

The critical temperature for superconductivity can be written similar to the case of triplet pairing
as

T S
C = 1.14 ωD exp

(
− 1

λ − μ

)
(15)

with the coupling constant λ = ρ(EF ) |V S
ef f |. In this case DOS at Fermi surface plays the same role

as in the case of triplet pairing. However, the roles of Hund’s coupling and nearest neighbor exchange
coupling are altered and the critical temperature of superconductivity is found to increase with an
increase in the parameters. Consequently, in this case it is easier to raise the critical temperature
of superconductivity compared to the previous case by increasing Hund’s coupling and the nearest
neighbor exchange coupling constants.

III. APPLICATION IN UGe2

A. Computational Details

All the calculations are carried out in the framework of Density Functional Theory (DFT) as
implemented within the OpenMX v.3.5 code.18, 19 To avoid oversimplification of the treatment of
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electron correlation in f electron systems, a multiband Hubbard type augmentation of the energy
correction has been prescribed.20 We have employed LSDA+U method which is reported to be
successful in predicting the electronic structure of strongly correlated systems.21 In a number of
previous studies, it has been shown that the LSDA+U approach reproduces the magnetism of
such heavy fermion systems with improved accuracy.22 Moreover the partial localization of the 5f
electrons in uranium atoms are taken into account within the theory with the help of the “dual”
version of the occupation number matrix in the LSDA+U method as implemented in OpenMX
code.23 This method assures the partial localization of the 5f electrons and partial delocalization
through proper treatment of nearest neighbor overlap. Basis functions are used in the form of linear
combination of localized pseudoatomic orbitals (LCPAO).24 Norm-conserving Troullier and Martine
(TM) type pseudopotentials were used in the calculation. U-6.0-s2p1d2f1 and Ge-5.5-s1p1d1 were
used as basis functions,25 where U and Ge designate the atom type, followed by the cutoff radius (in
Bohr radius units) in the confinement scheme,26, 27 and the set of symbols define primitive orbitals
taken into account. Fully relativistic pseudopotentials are used in the computation with partial core
correction.25, 28 The energy convergence criterion (Self Consistent Field) was set to 10−6 Hartree.
Numerical integrations use the energy cutoff of 150 Ry with the real space grid techniques of
Junquera et al.29, 30

Structural studies on UGe2 depict an orthorhombic structure with full inversion symmetry.
UGe2 crystallizes into Cmmm symmetry with crystal parameters a = 4.0089 Å, b = 15.0889 Å, c
= 4.095 Å.31 The structure can be envisaged as arising out of the zigzag arrangements of U atoms
along a direction in the a-b plane (Figure 2(a)). The atomic positions in the crystal under normal
pressure are given in Table I. A unit cell contains four Uranium atoms numbered 1,5,6,7 and form
zigzag lines with spins, while eight Germanium atoms remain spinless. Based on the single crystal
magnetization measurements and neutron powder diffraction data, a collinear magnetic structure
with ferromagnetic ordering is predicted.32, 33 In case of UGe2, superconductivity is reported to
appear in the pressure range of 10-16 kbar with maximum critical temperature of superconductivity
TC = 0.8 K at pressure 12.5 kbar. The Curie temperature is TCurie = 52 K at ambient pressure
which subsequently decreases with applied pressure and is found to vanish at 16 kbar. Hence, the
superconducting phase is enclosed within the ferromagnetic phase and disappears in paramagnetic
state.

This invokes a systematic study of the effect of pressure on the magnetic and superconducting
behaviors of UGe2. The decrease in the intensity of the <312> and <310> peaks in diffraction
pattern indicates displacement of atoms from the zero pressure position along b-axis resulting in a
small increase in either or both of yU and yGe of the order 10−3/kbar.2 Thus a straightening of the
buckled Uranium chains with applied pressure is realized. To examine the superconductivity under
pressure we take b = 15.04 Å and the shift in position of Uranium and Germanium along b-axis as
δyU = δyGe = P × 10−3, with pressure P kbar. The computed results along with the computational
details are discussed in the following.

The presumption that superconductivity could also appear in ferromagnets was stimulate by the
observation of superconductivity in ferromagnet URhGe at ambient pressure. The physical properties
of URhGe at ambient pressure is highly in similarity with those of UGe2 at higher pressures
(10-16 kbar) where superconductivity is realized.34 In similarity with UGe2, URhGe also have
orthorhombic crystallization and contain zigzag chains of spin carrying U atoms numbered as 1, 4, 5
and 6.35, 36 Recent experiments on single crystals of URhGe reveal that URhGe has the orthorhombic
Pnma crystal structure. The zigzag arrangement of the U atoms along the a axis is observable from
Figure 2(b). Table II reports the atomic positions in the URhGe crystal.

B. Computation of TC

1. In case of UGe2

a. Under normal pressure. Under normal pressure all the four Uranium atoms have spin
1.13 each. This spin is near to the experimentally observed value is 1.17.37 As is evident from
Figure 2, the U atoms numbered 1&7 and 5&6 are nearest neighbors. Hund’s coupling at four sites
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FIG. 2. Crystal structures of (a) UGe2 and (b) URhGe.

TABLE I. Atomic position in UGe2 under normal pressure.31

Atom x y z

U 0 0.14092 0
Ge 0 0.30762 0.5
Ge 0 0 0.5
Ge 0.5 0 0

TABLE II. Atomic position in URhGe crystal.36

Atom x y z

U −0.012 0.25 0.201
Rh 0.211 0.25 0.588
Ge 0.808 0.25 0.592
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FIG. 3. DOS of spin up (blue lines) and spin-down (red lines) electrons of atom U at Fermi surface in UGe2 calculated (a)
under normal pressure, (b) at pressure 12.5 kbar, (c) at 14 kbar.
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TABLE III. Computed spin per Uranium site, Hund’s coupling, nearest neighbor exchange coupling and DOS at Fermi
surface of electrons with up and down spins.

Interaction Potential
Pressure Spin/U J in cm−1 Jnn in cm−1 ρ↑/site ρ↓/site in eV ωD in K λ TC in K

normal 1.13 2821.98 72.79 4.57 0.34 −0.135979 946.848 0.1695 0
12.5 kb 1.16 2853.67 99.45 2.98 0.39 −0.176319 1327.845 0.1901 0.17
14 kb 1.17 2865.44 106.32 2.84 0.41 −0.187841 1431.871 0.2027 0.87

is same with value 2821.979 cm−1 and the nearest neighbor exchange coupling is 72.79 cm−1. This
gives ωD < J S and hence the condition of singlet superconductivity is fulfilled. The density of state
(DOS) plot at normal pressure is given in Figure 3(a). It is observed that the DOS at the Fermi level
has a characteristic peak at the normal pressure. Hence a high DOS at the Fermi level will result
in an increase in the repulsive potential, which can easily be interpreted from Eq. (11). The critical
temperature of superconductivity is computed with the help of the method developed and discussed
in the previous paragraphs. Setting the parameter μ = 0.07, TC is found to be approximately 0 K,
which indicates the fact that UGe2 does not exhibit superconductivity under normal pressure.

b. Under High Pressure. The TC values are computed considering the system experiencing
external pressures of magnitude 12.5, 14kbar. Under high pressure the Hund’s coupling and spins at
different sites are changed. In both cases, the condition of singlet superconductivity is fulfilled. The
change in the nearest neighbor exchange coupling constant is more prominent with respect to spin
and Hund’s coupling. The change in the Hund’s coupling and nearest neighbor exchange coupling
with pressure results in a concomitant increase in the attractive potential. On the other hand, it is
also obvious from Figure 3 that with the increase in pressure the density of states at Fermi level
decreases leading to the reduction in the repulsive potential.

The computational estimate of Hund’s coupling (J) and nearest neighbor exchange coupling
(Jnn) are given in Table III. Hund’s coupling does not change much with pressure. On the other
hand, a drastic change in Jnn values is observed as is previously envisaged by Karchev comparing
results from experimental reports.38 With the increase in pressure a concomitant change in the
DOS for spin up electrons is also noticed. This increase in the Jnn sets the route to an associated
increase in the Debye cutoff frequency (ωD) which can be found in Table III. An increased ωD in
its turn raises the critical temperature of superconductivity. The calculated critical temperatures of
superconductivity of UGe2 under different pressure are shown in Table III. The critical temperature
of superconductivity is found to be 0.87 K at pressure 14 kbar which is well in agreement with
experimentally observed value 0.8 K at pressure 12.5 kbar. It is also evident that the variation in the
TC is an outcome of the alteration of the exchange coupling between the spin centers of the UGe2

lattice with enhanced external pressure. Therefore, the superconducting behavior of the substance
UGe2 is readily comprehensible from the magnon exchange mechanism in the framework of the
localized-itinerant model.

2. In case of URhGe

We also compute the TC value of URhGe at its geometry in the ambient pressure. All the four
U atoms in URhGe have spin 1.3 each. As evident from Figure 2(b) U atoms numbered 1 and 5 are
nearest neighbors. Hund’s coupling (J) at four sites is same with value 3376.72 cm−1 and the nearest
neighbor exchange coupling (Jnn) is 51.66 cm−1. This gives ωD < J S and hence the condition of
singlet superconductivity is fulfilled in this case. The density of state (DOS) plot is given in Figure 4.
From the reduction in DOS at Fermi level it is evident that the repulsive potential is diminished
thus leading to revelation of superconductivity at ambient pressure. The critical temperature of
superconductivity in case of URhGe is found to be 0.2 K as shown in Table IV. This estimation is
in agreement with the experimental observed result of 0.2 K.39
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FIG. 4. DOS of spin up (blue lines) and spin-down (red lines) electrons of atom U at Fermi surface in URhGe calculated at
ambient pressure.

TABLE IV. Computation of Critical Temperatures of superconductivity (TC) of URhGe

Interaction Potential
Spin/U J in cm−1 Jnn in cm−1 ρ↑/site ρ↓/site in eV ωD in K λ TC in K

1.3 3376.72 51.66 4.03 0.63 −0.124848 773.0417 0.198932 0.2

IV. CONCLUSION

To surmise, the interaction of itinerant electrons with localized electrons aligned in ferromagnetic
ordering is assessed through localized-itinerant approach. The formation of the singlet or triplet
Cooper pairs is also explained on the basis of Debye cut off frequency. It is found that if ωD > J S,
it is triplet pairing and on the other hand ωD < J S leads to a singlet pairing situation. In case of
singlet pairing the critical temperature of superconductivity increases with the increase in Hund’s
coupling (J) and the nearest neighbor exchange coupling (Jnn). Whereas, in case of triplet pairing no
such parameter is found which effectively modulates the critical temperature of superconductivity.
Apart from these, the density of states at Fermi level is also found to play a dual role. In the first case,
DOS affects the electron-magnon coupling constant (λ), as λ appears as a product of DOS and the
interaction potential, while in the other way DOS also affects the repulsive interaction. The genesis
of superconductivity in ferromagnetic is justified through the singlet pairing of electrons on the
basis of the present treatment taking UGe2 and URhGe as examples. The results validate pervious
anticipation about the superconducting behavior of UGe2 by Suhl.11 The DOS vs energy plot of
ferromagnetic UGe2 (Figure 3) reveals that under normal pressure there is a peak at Fermi level
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which subsequently vanishes at an elevated pressure. The reduction in DOS at Fermi level diminishes
the repulsive potential leading to elucidation of superconductivity at high pressure. It is also evident
from the DFT computation that the Hund’s coupling does not change radically with pressure but the
nearest neighbor exchange coupling constant (Jnn) increases markedly with the increase in pressure.
This enhancement in Jnn, leads the critical temperature to rise through an increment of the Debye cut
off frequency. The DOS characteristic of URhGe at ambient pressure (Figure 4) is found resemble
with the high pressure behavior of UGe2. The drop in DOS at the Fermi level is in accordance with
the singlet superconductivity and concomitant elucidation of superconductivity at normal pressure.
The critical temperature of superconductivity computed in this work for UGe2 under different
pressures, and URhGe at normal pressure closely resemble the experimentally observed results.
This agreement provides a strong support for the formalism employed here and also advocates its
general applicability in materials where ferromagnetism and superconductivity coexist.
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28 P. E. Blöchl, Phys. Rev. B 41, 5414 (1990).
29 J. Junquera, O. Paz, D. Sanchez-Portal, and E. Artacho, Phys. Rev. B 64, 235111 (2001).
30 J. M. Soler, E. Artacho, J. D. Gale, A. Garcia, J. Junquera, P. Ordejon, and D. Sanchez-Portal, J. Phys. Condens. Matter

14, 2745 (2002).
31 K. Oikawa, T. Kamiyama, H. Asano, Y. Onuki, and M. Kohgi, J. Phys. Soc. Jap. 65, 3229 (1996).
32 A. Menovsky, F. R. de Boer, P. H. Frings, and J. J. M. Franse, in High Field Magnetism (North–Holland, Amsterdam,

1983).
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