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ABSTRACT

The present work deals mainly with the properties of the galactic halo such as structure

formation of the galaxies, stability of the circular orbits, size of the galaxies as well as of the

stars that it contains, inner structure of the galaxies such as its core and central density etc.

Recently, Harko et al. (2014) derived an approximate metric of the galactic halo in the

Eddington inspired Born-Infeld (EiBI) gravity. We showed that, in this metric, there is an

upper limit ρupper0 on the central density ρ0 of dark matter such that stable circular orbits

are possible only when the constraint ρ0 ≤ ρupper0 is satisfied in each galactic sample. To

quantify different ρupper0 for different samples, we followed the novel approach of Edery &

Paranjape (1998), where we have used as input the geometric halo radius RWR from Weyl

gravity and equated it with the dark matter radius RDM from EiBI gravity for the same halo

boundary. This input then showed that the known fitted values of ρ0 obey the constraint

ρ0 ≤ ρupper0 ∝ (RWR)
−2. Using the mass-to-light ratios giving α, we, also, evaluated ρlower0

∝ (α − 1)MlumR
−3
WR and the average dark matter density 〈ρ〉lower. Quantitatively, it turns

out that the interval ρlower0 ≤ ρ0 ≤ ρupper0 verifies reasonably well against many dark matter

dominated low surface brightness (LSB) galaxies for which values of ρ0 are independently

known. The interval holds also in the case of Milky Way galaxy. Qualitatively, the existence

of a stability induced upper limit ρupper0 is a remarkable prediction of the EiBI theory.

Motivated exactly by the novel idea of Edery & Paranjape, we equated the same EiBI

radius of dark matter RDM (caused by dark matter source) with the geometric Weyl radius

of the galactic halo RWR (caused by the luminous matter alone). The radius RWR is to be

understood as the geometric halo radius with its interior being filled with Weyl vacuum and

is defined by the absence of stable circular orbits at the halo boundary. The radius RDM is

defined by the absence of dark matter density at the halo boundary. We have taken the risk

to equate RDM with RWR. With the numerical input RDM = RWR, we have quantified the

relevant central densities in the EiBI theory. We wish to clarify that we are not talking here



of merging or mapping the two theories into one another per se. The theories are of course

different from each other − one is with dark matter source and the other is without, among

other differences. Therefore, without any bias to either theories, we investigated that this

input lead to limits on dark matter central density ρ0 consistent with those estimated from

fits to different known profiles. Fortunately, the reported data on Rlast for individual samples

have so far been found to obey Rlast < RWR. So we conjectured that this radius RWR just

might be the dark matter radius RDM specific to individual galaxies.

We especially point out that the maximal value ρupper0 ∝ R−2
WR ∼ 1012 M⊙kpc

−3 is purely

a stability induced constraint on all galaxies with dark matter, while (α − 1)MlumR
−3
WR ∝

ρlower0 ≤ ρ0 is not, due to uncertainties in α. Thus, we would particularly advocate a practical

verification of ρupper0 (∝ 1/κ) rather than ρlower0 .
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1

Chapter 1

INTRODUCTION.

1.1 Prologue

�The Universe is made mostly of dark matter and dark

energy, and we don�t know what either of them is.�

- Saul Perlmutter, Astrophysicist (Nobel prize laureate,

2011).

Dark Matter (DM) problem is at the core of modern Astrophysics. Since any

updated standard model particle is unable to describe dark matter, it is also a central

focus of elementary particle physics. The problem of dark matter is introduced when

astrophysicists have found the mismatch between how objects in the sky ought to

move according to some preconception and how they are rightly observed to move.

The universe consists of galaxies, di¤use radiation, dark matter and the vacuum

energy. A galaxy is a gravitationally bound collections of stars, gas, dust, planets
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and most probably of dark matter. The visible matter in the universe is mostly

contained in galaxies. A typical galaxy can contain 1011�1012 stars and a total mass

of, nearly, 1012M� (M� is the solar mass). Roughly, there are 1011 galaxies in the

observable part of the universe. If the distribution of the visible matter in galaxies

over the largest scales is uniformed, then it�s present density would be, very nearly

to, �visible(t0) � 10�31 g/cm3 (p-372 of Ref. [1])

Amount of gas and dust in galaxies may vary from a few percent of the total stellar

mass (as in lenticular galaxies) to about ten percent for the spiral galaxies which are

supposed to be most gas-rich objects. According to Binney and Tremaine(1987)

"galaxies are to astronomy what atoms are to physics". The other component of

the universe is the radiation that contains zero rest mass particles such as photons,

neutrinos and gravitational waves. This radiation travels at the speed of light and is

not clustered in the gravitationally bound clumps like the matter.

Clusters of galaxies are the largest and most massive stable gravitationally bound

structures raised from the process of cosmic structure formation in the universe.

They generally contain a few hundred to 1000 galaxies (5%), hot X-ray emitting gas

at temperature of 10 � 100 millions degrees (15%) and huge amount of DM (80%)

(p-56 of Ref. [2]). Galaxy clusters have a total mass (1014 � 1015)M� with volume

5-30 millions light years. The velocity for the individual galaxy in such a cluster

is about 800-1000 km/s. Gravitational e¤ects due to dark matter is responsible for

the equilibrium of galaxies within a cluster (p-31 of Ref. [2]). Galaxies are clumped
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into clusters as stars does into galaxies. The universe has a clumped structure with

relatively dense and empty areas.

According to Hubble�s classi�cation system, there are mainly four types of galax-

ies, namely, ellipticals, lenticulars, spirals and irregulars (p-2 of Ref. [3]). The exis-

tence of DM in elliptic galaxies can be found in Danziger (1997), Binney andMerri�eld

(1998) and Bertin (2000). Here, we will consider only the spiral galaxies (including

our own, the Milky Way) which contains a disk containing spiral arms �lled with

stars, gas and dust.

1.2 Evidences for the existence of Dark Matter in

the galactic halo

In 1932, Jan H. Oort (p-15 of Ref. [4]) carried out to a detailed study of the

amount of matter in the disk of galaxy. He made a broad analysis of the average and

random motions of stars around the galaxy and also their motion perpendicular to the

plane of the galaxy to reckon the amount of matter in the disk of the Milky Way. Stars

protect themselves from collapsing towards the centre of the galaxy with its average

and random motion while galaxy protects itself from collapsing to a structure similar

to a completely �at disk with the vertical motions of the stars. Gravitational force

pulls all the stars down towards the plane of the galaxy and is balanced by the random

vertical motions of the stars. According to Oort, the random velocity of the stars
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occupying the thick disk are twice that of the stars in the thin disk. The greater

vertical motions of the stars in the thick disk certainly implies the average vertical

motions of the stars in the disk of the galaxy was a lot higher than it really is. From

that he concluded that there had to be much more matter �perhaps twice as much

as was represented by the stars of the Milky Way to hold the disk together.

After the announcement of Oort about the existence of dark matter in the disk

of the Milky Way, another astronomer Fritz Zwicky declared its existence not only in

individual galaxy but also in clusters of galaxies (p-21 of Ref. [4]). Zwicky, in 1937,

has given the thought that the rotation curve1 law would be an unreliable probe of

the gravitational force. Horace Babcock (p-35 of Ref. [4]), in 1939, found no sign

of a Keplerian decline in the rotational velocity, as one would expect from the light

distribution. He explained it as �either the outer regions of the galaxies absorb more

star-lights or Newton�s laws would have to modify to apply it at the larger scales but

there was no inclusion of dark matter by him at all.

In 1963, Finzi (p 23-24 of Ref. [5]) noted that the mass in the Milky Way directly

increases with the distance i.e. M(r) / r, beyond the position of the Sun. Finzi

proposed about the modi�cation of Newton�s law beyond the scale of about 1 kpc

(where the forces act like 1=r1:5 instead of 1=r2). In�uenced by Zwicky, Kenneth

Freeman (in 1970) intended that the rotational curve of some of the galaxies were in

wrong shape as one can see it by considering that the component of the galaxies are

1The rotational curve of a galaxy is the rotational velocity of the galaxy about the center, given
in km/s, plotted as a function of radius usually given in kpc.
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stars, gas and nothing else (p-37 of Ref. [4]) i.e. the observed rotational curves were

not as expected. He noticed that the Keplerian declination, beyond the optical radii

of the galaxy, are not followed by rotational curves of NGC 300 and M33.

Figure 1.1. Plot of the dissension between the observed and expected rotational

curve for the Milky Way. a) the expected rotation from stars and gas alone; b)

the observed rotation of the Milky Way; c) additions required from the dark

halo to produce the observed rotation curve [4].

We are interested to discuss the kind of evidences that astronomers have accumu-

lated still date to ensure their presence in the halo (a hypothetical spherical region

that envelops the galactic disk and extends well beyond the edge of the visible galaxy)

or to characterize them.
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1.2.1 Astrophysical evidence

At the present time, baryons can be foundmostly in three forms� stars in galaxies,

gas in clusters of galaxies, and gas in group of galaxies. In 1998, Peebles, Fukugita

and Hogan [6] made a complete measure of the amount of the baryons present in

the universe. In the present, the universe contains matters in the form � stars in

galaxies (
 = 0:004), gas in clusters (
 = 0:003) and gas in groups (
 = 0:014) (p-87

of Ref. [4]). With that, we have a total baryonic mass 
b = 0:021 � 0:008 (here all

the baryonic masses are in the units of the critical density �c =
3H2

0

8�G
, where H0 is

the Hubble parameter). But, according to Wilkinson Microwave Anisotropy Probe

(WMAP) launched in 2001, the accurate value of it is 
b = 0:044�0:04 and the total

matter density 
m = 0:2� 0:3 (p-87 of Ref. [4]).

The study of the Coma Clusters of galaxies at a redshift of Z = 3; by a group

of Astronomers lead by Simon White (a former director of the Max Planck institute

for Astrophysics, Germany) published their results in 1993. They wanted to heap

up a list of the masses in this clusters as Zwicky did. They examined the stars and

hot gases. With a great accuracy, they found that the total mass of stars is about

1:4� 1013M�, while the total amount of the gas is about 13� 1013M� i.e. 10 times

higher than that of the stars. On the other hand, the total gravitational mass found

from the movements of the galaxies is about 160 � 1013M� �ten times higher than

the stars and gas (p-90 of Ref. [4]). The net amount of the gravitational mass in

the form of baryons is about 10% of all the mass in the Coma Cluster. Several
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experiments on di¤erent types of clusters and super-clusters of galaxies agree with

the results obtained by White. Thus, the only important point that comes out from

the above analysis is that baryons are only a small fraction of the total mass of the

universe. This discrepancy between 
b and 
m is the evidence for the existence of a

large amount of non-baryonic matter in the universe.

1.2.2 Gravitational �at rotational curve

Freeman (in 1970) proved that the rotational curves of the galaxies are �at. Since

then, the �atness of galactic rotation curves are a strong evidence for the existence of

the dark matter in the galactic halo. According to Oort (latter by Morton Roberts,

1975), neutral Hydrogen gas can be taken as probe particle to measure the galactic

rotational velocity as it extends well beyond the optical disks of the galaxy. Its ro-

tational velocity plays a crucial role to determine the gravitational force law beyond

the galaxy as the planetary motion in the solar system does for the force law beyond

the Sun.

For the motion of a particle in a circular orbit, Newtonian gravitational force (F )

balances the acceleration due to circular motion. So,

F =
v2tg
r
, (1.1)

where vtg is the rotational velocity of a particle in the circular motion at a radial

distance �r�. According to Newton�s law, the gravitational force due to the mass M
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to a unit mass at a distance r is

F =
GM

r2
, (1.2)

where G is the gravitational constant. Combining this two equations, we can write

vtg =

r
GM

r
, (1.3)

or, M =
v2tgr

G
. (1.4)

So, theoretically, the rotational velocity should fall according to 1
r1=2

(Eq.(1:3)) in

the outer part of the galaxy. In other words, the rotational curves should decline in a

Keplerian way beyond the visible edge of the galaxy. Observations of extended rota-

tional curve of M31 from 21-cm line made by Morton Roberts and Robert Whitehurst

(1970), suggest that the rotational velocity does not obey Keplerian law (/ 1
r1=2
). In

fact, it is not declined at all rather it is �at and completely opposes our expectation.

As vtg =constant, Eq.(1:4) gives M(r) / r i.e. the mass enclosed within a radius �r�

is not constant but a function of �r�, the distance from the centre. It is increasing

with the distance from the centre of the galaxy. Luminous mass distribution does

not follow this behavior. So there are a large amount of non-luminous mass in the

universe. This non-luminous mass is the so called �dark matter�.

1.2.3 Galaxy clusters

A structure consists of hundreds to thousands of galaxies, bound together by

gravity is called a galaxy cluster or cluster of galaxies. They are the largest, still
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now, gravitationally bound structures in the universe. Zwicky studied the dynamics

of the galaxies, individually and in a group, in the Coma cluster (a prodigious system

having size more than 200 times the size of a typical spiral galaxy) (p 27-32 of Ref.

[4]). He considered the clusters as spherically symmetric structures of galaxies and

heated gas, so the resultant gravitational force of all the galaxies attracts each one

toward the cluster�s center. Outermost galaxies compel to move following Newtonian

mechanics under the in�uence of a mass equal to the total mass of the cluster. He

determined their average velocity from the Doppler shifts of the spectral lines of these

galaxies and calculated the total cluster mass require to produce the observed galactic

motions. For the comparison, he also calculated the total mass based on the surface

brightness of the galaxies. He found a �abbergast result �the mass require to produce

the observed galactic motions is about 10 times larger than the mass based on the

brightness of the galaxies. So, stars and heated gas can not be treated as the only

ingredient of the intracluster medium, there are gigantic amount of unseen mass to

hold the galaxies together.

1.2.4 Gravitational lensing

A model independent and totally di¤erent probe of the dark matter in the central

region of clusters comes from Einstein�s gravitational lensing e¤ect. In recent years,

use of gravitational lensing in astronomy have developed in a surprising manner.

The gravitational attraction of mass de�ects light. We can measure the de�ection
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angle (��) from Einstein light bending formula �� = 4GM
bc2

where b is the impact

parameter (the radial distance between the lens position and the photon in the lens

plane), M is the mass of the lens and G is gravitational constant (Eq. (9.84) of Ref.

[1]). The capability of a massive object to change the paths of light-rays provides

an important device in the search of dark matter. Due to the bending, there can

be multiple pathways for light to use in travelling from a source to an observer. An

intervening mass can, therefore, produce multiple images of a distance source. Acting

in this way, a concentration of mass is called a �gravitational lens�. Gravitational lens

can give informations about the source that is imaged, about the object that acting

as lens and about the intervening large scale geometry of the universe when source,

lens and observer are at cosmological distances from one another.

Similarly, the gravitational �eld of the cluster curves the space around it. Emitted

light rays from the objects behind the cluster follow curved paths rather than straight

paths on their way to us [7]. For strong lensing, there are multiple paths, passing

through the di¤erent sides of the cluster, for the rays from the same object that arrive

at our present location in the Universe. This results in multiple images of the same

object which may be a galaxy or active galactic nucleus. More over, as the light from

di¤erent sides of the same galaxy travel along the paths which are slightly di¤erent,

the images of strongly lensed sources are bent into arcs. Weak lensing causes slightly

elongated images even if they are not multiply imaged. For a lensing, de�ection angle
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is given by (Eq. (5.3) of Ref. [8])

� = (
GM

dc2
)1=2, (1.5)

where M is the total mass of the cluster and d is the impact parameter. Thus, if

we know the de�ection angle (�) and impact parameter, d (which can be measured

from the redshift to the lensing cluster and source), we can measure M . It is found

that the mass M obtained by lensing measurement is much larger than the observed

baryonic mass Mb. As this method of determination of the mass is not a¤ected by

the factors that require assumptions and theories, it has higher accuracy. But, we

have to treat the geometry (source-lens and observer-lens distances) carefully.

1.3 Broad outline of the aim and plan of the thesis

The present investigation deals mainly with the properties of the galactic halo

such as structure formation of the galaxies, stability of the circular orbits, size of the

galaxies as well as of the stars that it contains, inner structure of the galaxies such

as its core and central density etc.

In the present work an emphasis has given on the solution of the �eld equations

of di¤erent halo models such as Scalar Field Dark Matter(SFDM) model, Perfect

Fluid model on the supposition that dark matter is a dominant component of the

universe containing a major portion of the halo. The validity of the solutions not

only in the Newtonian limit but also in the post-Newtonian regime is mentioned here
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because a post�Newtonian description of galactic halos is essential for the study of

their interaction with physical e¤ects that lacks a Newtonian equivalent.

Di¤erent features of the Cold Dark Matter (CDM) model, Navarro-Frenk-White

(NFW) pro�le, Bose-Einstein Condensates model and the models that mentioned

earlier, have studied here along with their limitations with respect to observations on

di¤erent physical quantities.

Additional assumptions may bias the problem of DM. So, cautions on the determi-

nation of the physical quantities such as mass, gravitational potential etc. are also a

matter of interest. Following Faber-Visser method of measuring the pseudo quantities

by combining rotational curves with gravitational lensing, physical substantiability

of the solutions of a space-time metrics with respect to the observed pseudo pro�les

has been studied.

For a better understanding of the galactic rotational curves and to avoid DM prob-

lem, modi�cations of Newtonian equations describing the halo are indeed important.

So, the study of conformal gravity to measure the e¤ects of local and global objects on

galactic rotational velocity is a matter of utter interest. The study of Weyl conformal

theory, implemented by Mannheim and O�Brien [9; 10], which can explain the �at

rotational curve with out any need of dark matter, is very important to understand

the role of the global and local potential on rotational velocity.

Here a study has been made to examine �the possibility of the termination of

the galaxies, the role of the central density for the stability of the circular orbits in
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Eddington inspired Born-Infeld (EiBI) model [11], possibility of the existence of any

universal lower and upper limit on the central density.

The organization of the thesis is as follows : In Chapter 1, after giving a short

review on the history of the dark matter problem, evidences for the existence of it in

the galactic halo are discussed. Chapter 2, deals with the CDM and SFDM model.

Solution of a spherical symmetric and static line element together with it�s restric-

tions is discussed here, also. Following the way of Faber-Visser, how a combining

measurement of rotation curves and gravitational lensing can describe the nature of

the pseudo pro�les, are mentioned in the same chapter. In Chapter 3, some features of

the BEC model and NFW pro�le together with a comparison between them are stud-

ied. Some common features among BEC model, NFW pro�le and Pseudo Isothermal

(PI) pro�le are mentioned there in. In Chapter 4, we have discussed solution of gen-

eral static spherically symmetric space-time metric in the perfect �uid regime and it�s

physical viability are, also, studied there in. Cautions regarding the solution of a �eld

equation is also mentioned there. More over, how measurements of de�ection angle

and rotational curve can be an important tool to discriminate di¤erent model, studied

in the same chapter. Chapter 5, studied the explanation of the �at rotational curve

with the help of the conformal gravity without any assumption of dark matter. It also

contains the study of limit on the size of galaxies. In Chapter 6, a brief outline of the

EiBI halo model and Mannheim and O�Brien model have been discussed. Stability

of the circular orbits in the EiBI theory and testing the constraints on density with
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regard to di¤erent dark matter pro�le are mentioned in the same chapter. Finally, in

Chapter 7, the results of this thesis are shortly summarized.
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Chapter 2

DARK MATTER MODELS.

2.1 Introduction

Astronomers have spent many nights asleep to characterize those "unseen matter".

Still now, they are searching for the ingredients that best suits for it. A few questions,

like what is the kind of dark matter? What are the amount of the dark matter

that the universe contains? How was the observed structure of the universe formed?

How did the dark matter a¤ect this? �puzzle those astronomers as well as those

physicists who are trying to solve the "unseen mass" problem. There are mainly two

expedients that one can foster in confronting with these challenges. One is, the most

popular approach at present, a phenomenological approach where one can introduce

a minimum number of new parameters (for example �a cosmological constant) to the

standard model and try to obtain the best �tted model which can �t as many data as

possible. The other one is a theoretical one in which one tries to construct a model
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which is most appealing from the logical point of view, based on the fundamental

principles.

There are several candidates in the literature to present dark matter in the uni-

verse. We will now discuss some of them.

2.2 Dark Matter Models

2.2.1 Cold Dark Matter (CDM) model

Cold Dark Matter (CDM) [1; 2; 3] is an important candidate to describe dark

matter and played an important role in galaxies formation scenario. With the word

�cold�, we mean particles in this model move much slower than the speed of light.

According to that model, if cold dark matter is the only candidate to form dark

matter, then galaxies would form �rst and latter assemble them into clusters. In CDM

model, structure has grown up hierarchically �small structures collapsed under their

self-gravity and merged to form larger and more massive objects i.e. galaxy formed

�rst then the clusters [4]. This is appreciated by the observations. In the history of the

CDM model, in 1982, Peebles found evidences for a cold pressureless medium as the

key player of structure formation of the universe. George Blumenthal, Sandra Faber,

Joel Primack and Martin Rees accepted the role of CDM in galaxy formation[5]. As

the matter is cold, there is no limit on the density of CDM particles in the galaxy

halo. So, cold dark matter particles can adjust well into very low-mass galaxies. CDM



18

will follow the following properties:

i. Being dark, dark matter does not interact, re�ect or radiate energy in the

form of electromagnetic spectrum. So, it would have to lack of interaction with the

electromagnetic force.

ii. CDM particles would have to interact with any gravitational �eld through the

gravitational interaction only.

iii. Weak interactions may be a property of some dark matter candidates, like neu-

trinos and neutrino-like particles. Other candidates, like axions, may not necessarily

interact with the weak force.

The most recent researches indicate to a universe �lled with a mixture of both

cold dark matter and hot dark matter; the bulk of the dark matter is cold, but a very

small fraction is hot (p.-124 of Ref.[6]). Elementary particle theory assumes several

candidates like Weakly Interacting Massive Particles (WIMPs) [7; 8; 9; 10], Axions

[11; 12], Massive Compact Halo Objects (MACHOs)[13] etc. for the particle that

makes the CDM.

Some problems of CDM models :

Despite the successes of the CDM model to describe cosmological observations

such as the large scale distribution of galaxies, the temperature variations in the

cosmic microwave background radiation and the recent acceleration of the universe

[14; 15; 16; 17] �recent observations on di¤erent types of galaxies have revealed that

this model faces serious con�icts when trying to explain the galaxy formation at



19

small scale [18]. Several discrepancies between the predictions of the particle cold

dark matter paradigm and observations of galaxies and their clustering have raised.

The large scale simulations of collissionless cold dark matter show that the density

distribution in the inner region of DM halos obeys the power law � � r� with � � �1

[19]. This type of behavior is commonly known as cusp. But di¤erent observations,

mainly on dwarf and LSB galaxies, showed that this is not the case rather they will

follow � � r0 [20; 21] in the inner region of DM halo. This discrepancy between

observation and the prediction of CDM model for the case of density pro�le is known

as cusp/core problem [22].

With the received data from a wide range of galaxies of di¤erent morphologies,

Donato et al. (2009) [23] �t their rotational curves (RC) with the help of Burkert

pro�le for the DM (Burkert 1995) [24]. Donato et al. found that

lg(�0=M�pc
�2) = 2:15� 0:2, (2.1)

remains approximately constant where

�0 = �0r0, (2.2)

�0 is the central DM density and r0 is the core radius. Kormendy & Freeman (2004);

Spano et al. (2008) [25] are few well known names in that context. The galaxies, in

the CDM model, have revolved through huge number of mergers and developed in

di¤erent environments. So, the star formation and basic properties of the galaxies will

expected to vary from galaxy to galaxy. Therefore, expounding both the constancy
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of �0 and the core in the central regions of galaxies seems very unlikely in this model

[4].

According to CDM model, galaxies are formed by a hierarchical clustering process

in which galaxies were came of by merging and accretion of numerous satellites of

di¤erent sizes and masses. All of the accreted satellites may not be abolished by the

ongoing process; as for example, the satellites of our own galaxy and of M31. CDM

model foretold that a halo with the size of our galaxy should have about 50 dark

matter satellites and their velocity should be more than 20 km/s with the mass >

3� 108M� within the radius of 570 kpc. This number of satellites is su¢ ciently higher

than the approximately dozen satellites really observed around our galaxy. There

should have approximately 300 satellites inside a 1:5 Mpc radius while only nearly

40 satellites are found in the Local Group. Therefore, a large fraction of the Local

Group satellites has been missed in observations �that arise the dramatic discrepancy

between observations and CDM model, regardless of the model parameters. This is

known as "the missing satellites problem" [26].

Observations suggest that dwarf galaxies around the Milky Way and Andromeda

galaxies are orbiting in thin planar structures. But, simulations foretell about the

random distribution around their parent galaxies [27]. This is the well known "disk

of satellites problem".

Looking at those problems, physicists are searching for alternative ones. Scalar

Field Dark Matter (SFDM) model is a such one.
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2.2.2 Scalar Field Dark Matter (SFDM) model

Physicists have suspected that the scalar �eld could be a dark matter candidate

at galactic scales. The idea that a scalar �eld would be a dark matter candidates was

�rmly established by a paper of Cho and Keum [28]. The reasons behind this are �

i. Numerical simulations suggest that the critical mass for structure formation in

the Universe with a potential energy of the form [29]

V (�) = V0[cosh(�
p
�0�)� 1], (2.3)

is

Mcrit ' 0:1
m2
Plp
V0�0

= 2:5� 1013M�, (2.4)

where

V0 ' (3� 10�27mPl)
4, (2.5)

� is a free parameters of the model, �0 = 8�G and mPl � G�1=2 � 10�5g is the

Planck mass. This is an astonishing result in the sense that using the same scalar

�eld for analyzing the dark matter at relativistic scales, it will always collapse with a

mass which corresponds to the halo of a real galaxy. Thus, this result foretells that

SFDM model may be use to describe the galaxy formation.

ii. The behaviors of the scalar �eld and a dust �uid, like CDM, during the linear

regime of cosmological �uctuations are similar. The density contrast in the SFDM

model evolve in exactly the same form as we see in the CDM model. So, the large

scale structure formation in the Universe for both models are same. The di¤erences
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in their predictions on galaxy formation begin to appear in the non linear regime of

structure formation [29]:

iii. A scalar �eld object contains a �at central density pro�le, as seems to be the

case in galaxies [29].

iv. A scalar �eld has no interaction with the rest of the matter and it can form a

Bose condensate and thus could behave strictly as cold dark matter from the beginning

[29].

Contribution of the luminous matter, gasses and scalar dark matter to the

tangential velocity of spiral galaxies

Quintessence [30], a dynamical slow evolving spatially inhomogeneous scalar �eld,

may be an explanation for dark matter and dark energy [31; 32]. Let us consider the

standard static spherically symmetric line element describing the dark matter halo

given by

ds2 = �B(r)c2dt2 + A(r)dr2 + r2(d�2 + sin2 �d�2), (2.6)

where A and B are arbitrary functions of the coordinate r.

Consider, also, the scalar �eld action [33]

S =

Z
d4x
p
�g[�R

�0
+ 2(r�)2 � V (�)], (2.7)

where R is the scalar curvature, � is the scalar �eld, �0 = 8�G and V (�) = �e�2�0�.

Therefore, Klein-Gordon and Einstein�s equations can be obtained, respectively, as
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[33]

�;�;� �
1

4

dV

d�
= 0, (2.8)

R�� = �0[2�;��;� +
1

2
g��V (�)], (2.9)

where R�� is the Ricci tensor and a semicolon stands for covariant derivative with

respect to the background space-time; �, � = 0, 1, 2, 3. An exact solution for the

system of Eqs.(2:8) and (2:9) can be taken as [33]

ds2 = �f0c2(r2+b2 sin2 �)dt2+
r2 + b2 cos2 �

f0
(
dr2

r2 + b2
+d�2)+

r2 + b2sin2�

f0
d�2. (2.10)

With the assumptions that a galaxy is a virilized system and the space-time is

due to the scalar �eld, the total circular velocity of a test particle can be expressed

as [33]

v2tg = v2L(f0(r
2 + b2) + 1), (2.11)

where vL is the circular velocity of the test particle due to the contribution of the lumi-

nous matter only. This velocity pro�le greatly coincides with the observed one and the

contribution of luminous matter to the circular velocity (vL = v2(Ropt)�
1:97x1:22

(x2+0:782)1:43

[33]) is a very convincing phenomenological model. In other word, this result �rmly

established the assumption that the scalar �eld could be a good viable alternative

candidate to the dark matter in the halos of galaxies.

Considering individual contributions due to the luminous matter, the gas and the

dark matter, the velocity along circular trajectories in the equatorial plane of the
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galaxy can be taken as [34]

v2tg = v2L(1 + f0(r
2 + b2)) + v2gas, (2.12)

with the parameters f0 and b are to be chosen to adjust to the observed RC. With

v2L(r) =
GML(r)

r
(ML(r) is the total luminous mass at a distance r from the center of

the galaxy), expression (2:12) simpli�es to [34]

v2tg =
GML(r)

r
(1 + f0(r

2 + b2)) + v2gas. (2.13)

This individual contribution from luminous matter, gas and the scalar �eld to the

velocity �ts the observe RC of the galaxies with a quite good agreement (within 5%

in all cases). In other words, the dark matter in the universe could be in the form of

the scalar �eld. As a consequence, the question arises is that if the dark matter is in

the form of the scalar �eld then how much the universe contains it ?

Measurement of the amount of dark matter

Observing the galaxy clusters and dynamical mass measurements in galaxies, it

was found that the main components of the Universe are matter and vacuum energy

and given by 
0 = 
M + 
� with 
M � 0:4 [35]. Experiments on the Cosmic

Background Radiation and measurements of the mass power spectrum propose that

the acceptable value of 
0 for the Universe is 
0 = 1. Therefore, 
� � 0:6 which

has the good agreement with observations of Ia supernovae [36; 37]. The matter

component 
M is made of with baryons, neutrinos, etc. and dark matter. Considering
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the contribution of stars and dust, it was found that 
M = 
b+
v+ ::: = 0:05+
DM

where 
DM represents the dark matter part of the matter contributions which has a

value 
DM � 0:35. Therefore, 
DM + 
� � 0:95 i.e. dark matter and dark energy

form 95% of the whole matter in the Universe without any information about the

nature of the dark matter 
DM or of the dark energy 
�.

Solution of a spherical symmetric and static line element describing the

scalar dark matter halo and it�s validity

If the dark matter is in the form of the scalar �eld then what would be the nature of

the scalar potential ? To answer this question, let us consider the energy momentum

tensor

T�� = �;��;� �
1

2
g���

;��;� � g��V (�), (2.14)

where � and V (�) are the scalar �eld and the scalar potential, respectively. Then

Klein-Gordon and Einstein equations are, respectively,

�;�;� �
dV

d�
= 0, (2.15)

R�� = �0[�;��;� + g��V (�)], (2.16)

where R�� is the Ricci tensor, �0 = 8�G and a semicolon stands for covariant deriv-

ative with respect to the background space-time; �, � = 0, 1, 2, 3.

For particles in stable circular orbits, the tangential velocity can be obtained as

[38]

(vtg)
2 =

rB0

2B
, (2.17)
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(where prime means derivative with respect to r). As the tangential velocity in the

region far away from the centre of the galaxy to be constant, the above expression

(2:17) yields B = B0r
l where l is given by l = 2(vtg=c)2 and B0 > 0 is an integration

constant. As vtg=c is nearly constant at a value 7 � 10�4 in the halo region, it is

reasonable to take l � 10�6 [39]. There after the metric (2:6) becomes

ds2 = �B0rldt2 + A(r)dr2 + r2d�2 + r2 sin2 �d'2. (2.18)

Solution of Klein Gordon equation and Einstein equations with the help of the

metric (2:18) are given by [40]

V (r) = � l

�0(2� l)

1

r2
, (2.19)

A(r) =
4� l2

4 +D(4� l2)r�(l+2)
, (2.20)

where D be an integration constant. Thus, for a spherically symmetric metric with

the �at rotational curve condition, the scalar potential varies as V / 1
r2
. Observe

that for the particular solution with D = 0 (if it possible) the stress tensor goes like

1=r2. Again, as (�;r)2 � 1=r2 then � � ln(r) indicating that the scalar potential

V � exp(2��). Such exponential scalar potential has been found very e¤ective for

the structure formation scenarios and also in quintessential scenarios. Despite the

success of describing the �atness and matter density of the universe, this solution

faces some unavoidable situations regarding the constants of integration D which we

will discuss in the next few paragraphs.
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Constraint on the arbitrary constant

A crucial condition that has to satisfy by any valid metric and so for the metric

(2:6) is that A(r) > 1 which is also essential for signature protection of the metric.

Now, for the sake of simplicity, if we choose D = 0, it will make the metric component

A < 1. Thus to see the true picture of the model described above, it is necessary to

proceed further with D 6= 0.

The density and pressure pro�les in the rest frame of the �uid can be found as

[41]

� =
1

8�

r�(4+l)[D(l3 + l2 � 4l � 4) + l2r2+l]
l2 � 4 ,

pr =
1

8�

r�(4+l)[D(l3 + l2 � 4l � 4)� l(4 + l)r2+l]

l2 � 4 ,

pt =
1

8�

r�(6+l)[D(l3 + l2 � 4l � 4) + l2r2+l][(r2 � 1)l � 2(r2 + 1)]
4(l2 � 4) , (2.21)

where �, pr and pt are the energy density, radial pressure and transverse pressures,

respectively. A non zero value of D is very essential to get rid o¤ from repulsive

gravity and also to determine the correct relativistic strengths between pressure and

density.

For the value D = 1, for instance, in the distant halo region i.e. at r � 100� 300

kpc and with l � 10�6, the numerical values of the energy density to be � � 10�9 and

pr � 10�9 i.e. they are of the same order while pr + 2pt � 10�11 ) pr + 2pt � 10�2�

which reads that the density is nearly one hundred times larger than the total pressure.

Similarly, for D = 10�5, we �nd that pr+2pt � 103�. Further decreasing the value of
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D, but never exactly to zero, we can arrive at the conclusion that the total pressure

dominates more and more over density reinforcing the non-Newtonian nature. For the

survival of the Weak Energy Condition (WEC) and attractive nature of the gravity

in the halo, we have to impose a limit on D.

The value D = 10�7 corresponds to the extreme possible non-Newtonian halo

in the scalar �eld model under consideration with ! = pr+2pt
3�

= 3 � 105 (attractive

gravity) (Figure 2:1:). For D = 10�8, we have ! > 0 up to r = 200 kpc (attractive

gravity) and ! < �1 beyond r = 200 kpc (repulsive gravity). This value of D

representing a transition from attraction to repulsion (Figure 2:2:). At D = 10�9,

we have � < 0; ! < �1 (repulsive gravity) (Figure 2:3:), which shares the same

adversity that also follows from the choice D = 0. Thus, we have to maintain the

condition D � 10�7 in order to acquit from repulsive gravity. As � > 0; � + pr > 0;

�+ pr+2pt > 0 i.e. the standard energy conditions are satis�ed everywhere with this

choice of D, we can recover the non exotic nature of the halo matter. Therefore, we

can anticipate the attractive gravity in the halo.

To assure this, one can follow the direction by Lynden-Bell; Katz and Bicak [42],

and deduce that the total gravitational energy (EG) is indeed negative i.e. EG =

4�

Z r2

r1

[1 � A
1
2 ]�r2dr < 0 as � > 0, [1 � A

1
2 ] < 0 and r2 > r1. As the scalar �eld

model corresponding to D = 10�7 is highly non-Newtonian (pr+2p = 106�), a purely

Newtonian de�nition of mass, M(r) = 4�

Z
�r2dr is not applicable. However, the

dynamical mass in the �rst post Newtonian order becomes MpN(r) = 4�

Z
(�+ pr +



29

2pt)r
2dr = 106M(r) which clari�es the non-Newtonian nature of the model in terms

of masses.

Figure 2.1. Plot of !(r) vs r for l = 10�6 and D = 10�7. The

distance r in galactic halo region is taken in the range 100 �

300 kpcs. The non-Newtonian behavior of ! are evident.
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Figure 2.2. Plot of !(r) vs r for l = 10�6 and D = 10�8. The

distance r in galactic halo region is taken in the range 100 �

300 kpcs. The �gure displays the transition behavior of ! as

discussed in the text.
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Figure 2.3. Plot of !(r) vs r for l = 10�6 and D = 10�9. The

distance r in galactic halo region is taken in the range 100�300

kpcs. The values of ! are negative indicating repulsive gravity.
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Combine measurement of rotational curves and gravitational lensing: In-

troduction of pseudo pro�les

Faber and Visser [43] have shown the way, how to measure the in�uence of the

arbitrary constant �D�on the equation of state and to �nd the contrast between the

predictions and actual measurements. They proposed that in the �rst post-Newtonian

approximation, the combined measurements of rotational curves and gravitational

lensing permit us to decide not only about the mass and pressure pro�le of the

galactic halo but also about the relation between energy density and pressure.

The static and approximately spherically symmetric gravitational �eld of a galaxy

is represented by the space-time metric (Misner, Thorne & Wheeler, 1973),

ds2 = �e2�(r)dt2 + 1

1� 2m(r)
r

dr2 + r2d�2 + r2 sin2 �d'2, (2.22)

which is completely determined by the two metric functions �(r) and m(r). Remem-

ber that one can not directly measure the metric functions but indirectly measures

gravitational potentials and masses from rotation curve and lensing observations.

The most general static and spherically symmetric stress-energy tensor along with

the Einstein �eld equations give [43]

8�� =
2m

0
(r)

r2
, (2.23)

8�pr(r) = �
2

r2
[
m(r)

r
� r�

0
(r)(1� 2m(r)

r
)], (2.24)

8�pt(r) = �
1

r3
[rm

0
(r)�m(r)][1+r�0

(r)]+(1�2m(r)
r

)[
�
0
(r)

r
+�

0
(r)2+�

00
(r)]. (2.25)
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Eq.(2:23) unveils the physical interpretation of m(r) as the total mass-density

within a sphere of radius r. One can recover standard Newtonian physics as the limit

of general relativity where (Misner et al. 1973) :

i. the gravitational �eld is weak (2m=r � 1 or 2�� 1),

ii. the speed of the probe particles (v) involved are slow compared to the speed

of light (c) i.e. v2=c2 � 1,

iii. the pressures and matter �uxes are small compared to the mass-energy density.

The mass mRC(r) which is inferred by the rotational curve measurements can be

obtained as [43]

mRC(r) = r2�
0

RC(r) � 4�
Z
(�+ pr + 2pt)r

2dr. (2.26)

Therefore, in general, mRC(r) 6= m(r).

In general, the potentials obtained from rotation curve and lensing observations,

�RC and �lens respectively, are not same [43] :

�RC(r) = �(r), (2.27)

and by de�nition

�lens(r) =
�(r)

2
+
1

2

Z
m(r)

r2
dr. (2.28)

But, it is only in the Newtonian limit for which the condition (iii) holds, we get

�RC = �lens(r) = �N .

With the Newtonian assumptions, the mass and the potential are related by a

�eld equation of the form r2(�) � 4��. With these potentials, the rotational curve
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mass(mRC) and lensing mass(mlens) are de�ne by [43]

mRC(r) = r2�
0
(r), (2.29)

mlens(r) =
r2�

0
(r)

2
+
m(r)

2
, (2.30)

which are equivalent to the potentials (2:27) and (2:28). Furthermore, the dimension-

less quantity and the equation of state parameter is given by [43]

!(r) =
pr(r) + 2pt(r)

3�(r)
� 2

3

m
0
RC(r)�m

0
lens(r)

2m
0
lens(r)�m

0
RC(r)

, (2.31)

is an e¤ective tool to measure the equation of state.

Thus, we see that rotational curve measurements provide a pseudo-mass pro-

�le mRC(r) while another pseudo-mass pro�le with di¤erent physical interpretation,

mlens(r), is produced by gravitational lensing observations. A combination of this

two pseudo-masses helps one to �nd the density and pressure pro�les in the lensing

galaxy via [43]

�(r) =
1

4�r2
[2m

0

lens(r)�m
0

RC(r)], (2.32)

pr(r) + 2pt(r) �
2c2

4�r2
[m

0

RC(r)�m
0

lens(r)] (2.33)

(the factor c2 is introduced in the formulae to make it suitable for SI unit).

Impact of the arbitrary constant

Now, we are eager to compute the impact of small non-zero values of �D� on

the analytic pseudo pro�les. If the pseudo quantities that are observable from the
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combined measurement (i.e. that are on the right hand side of Eqs.(2:31)�(2:33))

agree with the analytic pseudo pro�les coming from a known metric functions, the

solution would be physically substantiated. Otherwise, it would be treated as non-

viable.

From the metrics (2:6) and (2:22), we have

�RC(r) = �(r) = lg(B0r
l).

Therefore, the gravitational potential, rotational curve mass and gravitational lensing

mass in Matos et al. solution [40], are given by

�lens(r) =
1

4
[Log[B0] + lLog[r] +

(�2 + l)Dr�2�l + l2Log[r]

(l2 � 4) ],

mRC(r) =
lr

2
� 10�6r,

mlens(r) =
r�1�l[�(l2 � 4)D + l(l2 + l � 4)r2+l]

4(l2 � 4)

� l(l2 + l � 4)r
4(l2 � 4) � 10�6r.

From Eq.(2:31),

!(r) � l(l2 � l � 4)r2+l �D(l3 + l2 � 4l � 4)
3[D(l3 + l2 � 4l � 4) + l2r2+l] ; (2.34)

which within the range r � (100� 300) kpc and with D = 10�7, yield ! � 3� 105. If

we put directly D = 0 in Eq.(2:34), we have ! < �1, conveying a completely wrong

physical interpretation about the halo. Therefore, we should have to maintain D �

10�7 to avoid some unavoidable situations like ! < �1. It is obvious that the lowest
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limit on D is quite small and nearly set to zero, although not, the price for setting it

to zero is that one would see a completely wrong picture of the halo. Consequently,

the solution of the metric (2:18) given by Eq.(2:20) would be a physically viable one

on the restriction D � 10�7.
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Chapter 3

BOSE-EINSTEIN CONDENSATE MODEL: AN

APPROACH TO GET RID OFF FROM

PROBLEMS IN CDM MODELS.

3.1 Introduction

One of the most acceptable way to explain the dark (invisible) matter scenario,

distributed in a spherical halo around the galaxies, is the Bose-Einstein Condensation

(BEC) model which is, �rstly, observed in 1995 by the experiments on vapours of

rubidium (Anderson et al., 1995) and sodium (Davis et al., 1995). A dilute atomic

Bose gas enclosed in a trap and cooled to very low temperatures is an ideal system for

the experimental observation of the Bose-Einstein condensate. Particles in a dilute

Bose gas can occupy the same quantum ground state at very low temperature to form

Bose-Einstein condensate (BEC) stars. BEC can be found not only in momentum
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space but also in coordinate space which is very implacable in both the theoretical

and experimental points of view and o¤ers an important models to search the fact like

the temperature dependence of the condensation, energy and density distributions,

interference phenomena, frequencies of collective excitations and so on.

BEC is a particular case of coherence phenomena in which all the particles are

in the same quantum state. Due to the cooling of the gas, the condensation of a

large part of the particles in the gas takes place via a phase transition which occurs

when the wavelengths of individual particles overlap and behave identically. Strongly

correlation among the particles is an important condition for the transition to take

place [1; 2]. The momentum distribution of the atoms of helium measured in neutron

scattering experiments (Sokol, 1995), paraexcitons in semiconductors (Wolfe, Lin and

Snoke, 1995) are few evidences for BEC.

A dilute Bose-Einstein gas with only two-body mean �eld interaction near zero

temperature can be modelled with the Gross-Pitaevskii equation [2]. An analytical

equation of the mass-radius relation of a Newtonian self-gravitating Bose-Einstein

condensation described by the Gross-Pitaevskii-Poisson system, obtained in [3]. A

numerical solution of the hydrostatic equilibrium equation that balances between the

gravitational attraction and the pressure due to quantum e¤ects or short-range inter-

actions (scattering), obtained in [4]. The core-cusp problem which is an important

problem faced by many standard CDM models can be solved by considering that

the dark matter is the composition of ultralight scalar particles, initially in a cold
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Bose-Einstein condensate, with masses of the order of 10�22 eV [5].

When particles (bosons) have a correlation with each other then the Bose-Einstein

condensation occurs. This is possible when their wavelengths overlap i.e. the mean

inter-particles distance a is less than the thermal wavelength �T =
p
2�h2=mkBT

where T , m and kB are respectively the thermodynamic equilibrium temperature,

particle mass and the Boltzmann�s constant [1; 2]. Therefore, the critical temperature

for the condensation is given by Tcr < 2�h2n2=3=mkB where n = a�3 is the particle

number density.

In CDM paradigm, there are two types of halo models. One is idealized mod-

els obtained from a Kinetic Theory approach, it may based on speci�c theoretical

consideration or on convenient ansatzes. The other one is based on universal mass

density pro�les obtained empirically from the outcomes of N�body numerical simu-

lations [6; 7]. Navarro�Frenk�White model is one such a model that emerge from the

latter approach and is based on Navarro-Frenk-White (NFW) [7; 8] numerical simu-

lations. Here, we will discuss important features of both the halo models, BEC and

NFW, and a brief comparison between them are mentioned there in.
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3.2 Static Newtonian Bose-Einstein Condensate

In case of a static Bose-Einstein condensate where all the physical quantities are

independent of time, the governing �eld equations reduced to [9]

rP (�m=m) = ��mr(
V

m
), (3.1)

r2V = 4�G�m, (3.2)

where �m = m� is the mass density inside the Bose-Einstein condensate, m is the

mass of the condensed particles, P (�m=m) = g
0
(�m=m)(�m=m)� g(�m=m), g(�) is an

arbitrary non-linear term with g
0
= dg=d� and V is the gravitational potential.

Assume the non-linearity as

g(�) = ���; (3.3)

where � > 0 and � > 0 are constants. The equation of state of the gravitational

Bose-Einstein condensate, now, simpli�es to,

P (�m) = �(�� 1)��m = K��m ; (3.4)

which is a polytropic equation where K = �(�� 1).

Introducing the dimensionless coordinate � via r = [(n+1)K�1=n�1cm =4�G]1=2� and

taking �m = �cm�
n where � is a dimensionless variable and �cm is the central density of

the condensate [10], the structure of the static gravitationally bounded Bose-Einstein

condensate can be expressed as the Lane-Emden equation [9]

1

�2
d

d�
(�2

d�

d�
) + �n = 0, (3.5)
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with polytropic index n = 1=(�� 1).

De�ning �1 as the zero-pressure and zero-density surface of the condensate i.e.

�(�1) = 0, the radius and the mass of the condensation can be obtained as

R = [
(n+ 1)�

4�Gn
]1=2�(1�n)=2cm �1, (3.6)

and

M = 4�[
(n+ 1)�

4�Gn
]3=2�(3�n)=2ncm �21

����0(�1)��� , (3.7)

respectively [9].

In another approach which is considered as one of the standard approach to the

Bose-Einstein condensation, one can choose the non-linearity term as

g(�) =
u0
2
j j4 = u0

2
�2, (3.8)

where u0 = 4�h2a=m, a is the inter-particle scattering length [1]. Then the equation

of state of the condensate is given by

P (�m) = U0�
2
m; (3.9)

which is a polytropic equation with index n = 1, where

U0 = 2�h
2a=m3. (3.10)

The solution of the Lane-Emden Eq.(3:5) for the present case can be obtained as

�(�) =
sin �

�
; (3.11)

which satis�es the boundary condition �(0) = 1 [10].
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The radius of the gravitationally bound system is de�ned by the condition �(�1) =

0 which corresponds to �1 = �. Then the radius R of the Bose-Einstein condensate

is [9]

R = �

q
h2a=Gm3; (3.12)

which is independent of the central density but the total mass of the condensate

M = 4�3(h2a=Gm3)3=2�cm

����0(�1)��� = 4�2(h2a=Gm3)3=2�cm =
4R3�cm
�

; (3.13)

where
����0(�1)��� = 1=� is not. With the help of the Eq.(3:13), the mean density of the

condensate h�mi simpli�es to

h�mi =
3M

4�R3

= 3�cm=�
2. (3.14)

3.3 Dark Matter as a Bose-Einstein Condensate

From Eq.(3:11), it follows that if the dark matter is formed due to Bose-Einstein

condensation, it�s density distribution would be [9]

�DM(r) = �
(c)
DM
sin kr

kr
, (3.15)

where k =
q

Gm3

h2a
and �

(c)
DM is the central density of the condensate i.e. �cDM =

�DM(0).
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Corresponding mass pro�le is given by

mDM(r) =

Z r

0

4��DM(r)r
2dr

= (
4��

(c)
DM

k2
r)(
sin(kr)

kr
� cos(kr)). (3.16)

Therefore, the tangential velocity of a test particle moving in this halo is given by

v2tg(r) = GmDM(r)=r

=
4��

(c)
DMG

k2
(
sin(kr)

kr
� cos(kr)). (3.17)

The boundary of the halo is de�ned by the radius RDM for which the density

of the Bose-Einstein condensate is negligible i.e. �DM(RDM) = 0 giving RDM = �
k
.

Therefore, the radius and total mass of the dark matter condensate are, respectively,

as follows

RDM = �

r
~2a
Gm3

, (3.18)

MDM = mDM(RDM) =
4R3DM�

(c)
DM

�
. (3.19)

Tangential velocity of a test particle near the vacuum boundary can be obtained

from Eq.(3:17) as

v2tg(RDM) =
4��

(c)
DMG

k2
=
4�
(c)
DMGR

2
DM

�
; (3.20)

which is constant for a particular galaxy.

A complete study on the Eqs.(3:15 � 3:20) can unveil the physical properties of

the galactic dark matter condensates and these equations together with Eqs.(3:12)

and (3:13) can constrain on the physical properties of the condensate namely on the
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central dark matter density of the condensate, �(c)DM; and on the dark matter radius,

RDM, which are very essential for the stability of the dark matter halo structure.

A restriction on the maximum central density of the Bose-Einstein condensate

star due to the quadric nonlinearity and with equation of state P (�) = U0�
2, can be

found from the causality condition cs < c where c is the speed of light and cs is that

of the sound given by c2s =
@P
@�
. The causality condition gives [11]

�
(c)
DM �

m3c2

4�ah2
= 2:42� 1016��2 g/cm3 ! 2:42� 1016 g/cm3; (3.21)

for a = 1fm and m = 2mn, where

� = (
a

1 fm
)1=2(

m

2mn

)�3=2; (3.22)

and mn = 1:6749� 10�24g is the mass of the neutron.

With the help of Eq.(3:21), restriction on the maximum mass of the Bose-Einstein

condensate star can be obtained from Eq.(3:19) as [11]

M =
4R3DM�

(c)
DM

�
� �c2h

p
a

(Gm)3=2
= 4:46�M� ! 4:46M�; (3.23)

for a = 1fm and m = 2mn.

A stronger limit on both the mass and central density can be found from the

condition that the radius RDM of the Bose-Einstein condensate star must be greater

than the Schwarzschild radius RS = 2GM
c2

=
8GR3DM �

(c)
DM

�c2
i.e. RDM � RS. This will

govern to [11]

�
(c)
DM �

m3c2

8�ah2
= 1:21� 1016 ��2 g/cm3 ! 1:21� 1016 g/cm3, (3.24)
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M � c2h
p
a

(Gm)3=2
�

2
= 2:23�M� ! 2:23M�. (3.25)

The maximum mass of the condensation Mmax, the maximum central density

(�
(c)
DM)max and the radius of a dark matter halo (RDM) are the functions of the boson

mass m and scattering length a (which can be determined by fundamental physics)

and � is proportional to the ratio a=m3. The general relativistic e¤ect and the best

available data for the values of m and a, may lead to a better constrains on the

physical parameter of the galactic halo, one such is given by Tolman-Oppenheimer-

Volko¤ (TOV) [12],

(RDM)min = 3:974� km! 3:974 km,

Mmax = 0:710�M� ! 0:710M�,

(�
(c)
DM)max = 2:035� 1016 ��2 g/cm3 ! 1:21� 1016 g/cm3, (3.26)

(a = 1fm and m = 2mn).

On the other hand the mass of the particle in the condensate can be obtained

from Eq.(3:12), which is

m = (
�2h2a
GR2

)1=3 � 6:73� 10�2[a(fm)]1=3[R(kpc)]�2=3 eV. (3.27)

For a � 1 fm and R � 10 kpc, the typical mass of the condensate particle (given by

Eq.(3:27)) is m � 14 MeV and that for a � 106 fm is m � 1:44 eV. These results

have a great agreement with the limit m < 1:87 eV obtained from cosmological

considerations [13].
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3.4 Navarro�Frenk�White (NFW) model

The density pro�le predicts by the Navarro-Frenk-White model [6] can be taken

as

�NFW (r) =
�s

r
rs
(1 + r

rs
)2
, (3.28)

where rs is a scale radius, �s = �0�0 with

�0 = �crit
0h
2 = 253:8
0h

2 M�

kpc3
, (3.29)

�0 =
�c30

3[ln(1 + c0)� c0
1+c0

]
; (3.30)

where the concentration parameter c0 is given in terms of virial mass Mvir [14] by

c0 = 62:1� (
hMvir

M�
)�0:06(1 + �); (3.31)

and �1=3 . � . 1=2, �crit �
3H2

0

8�
= 1:88 � 10�29 h2 g/cm3 is the critical density

of the universe.

The virial radius rvir is de�ned by the condition that the average halo density is

� times the cosmological one, �0, and can be found from

��0 =
3Mvir

4�r3vir
. (3.32)

The factor� depends on the chosen model. For a �CDMmodel with 
0 = 1,� � 100

[15].

The mass function in this pro�le is given by

MNFW (r) =

Z
4��r2dr

= 4�r3s�s[ln(1 +
r

rs
)�

r
rs

1 + r
rs

]. (3.33)
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The tangential velocity, vNFWtg , that can be obtained by equating the gravitational

force with the centrifugal one, is given by

vNFWtg (r) =

s
v20(
ln(1 + r

rs
)

r
rs

� 1

1 + r
rs

); (3.34)

and the gravitational potential is given by

�NFW (r) = �v20
ln(1 + r

rs
)

r
rs

, (3.35)

where v20 = 4�Gr
2
s�s is three times the tangential velocity of particles at the limb of a

sphere of radius rs. It can be mentioned that though �NFW (r) diverges at the centre

of the halo, other quantities (i.e. MNFW , vNFWtg and �NFW ) are regular as r ! 0.

The divergence of �NFW (r) at the centre can be remove by replacing a small central

region of the NFW halo with an interior Schwarzschild solution with constant density

[16].

3.5 Comparison of the BECmodel with CDMmodel

Observations on the high-resolution rotational curves are the evidence for the pro-

found nature of the density pro�le, presents a nearly constant density core, which is

signi�cantly di¤erent from the one which is de�ned by Eq.(3:28) [17]. Observations on

the dwarf galaxies (a cosmic structure dominated by dark matter) done by �The HI

Nearby Galaxy Survey�(THINGS) [18], showed some worthy discrepancies between

observations and simulations done in the scenario of the CDM model. The obser-

vations on the rotational curves of the dwarf galaxies show that it rises too slowly
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compared to that of the cuspy like dark matter distribution in CDM halos. The mean

value of the logarithmic slopes of the mass density pro�les of the dwarf galaxies is

�(r) = �0:29 � 0:07 [19] while that for the LSB galaxies is �(r) = �0:2 � 0:2 [20]

which are remarkably di¤erent from �(r) = �1:0, obtained from dark-matter-only

simulations. The luminosity of the dwarf galaxies formed in current hydrodynamical

simulations are not the same that we usually expect [21]. This produce a serious

problem related to the mass and observed properties of the dwarf galaxies.

Dark matter with ultralight scalar particle having mass of the order of 10�22 eV,

initially in a cold Bose-Einstein condensate, may be a viable alternative to standard

CDM models [5]. A sound agreement between the theoretical predictions and obser-

vations of the rotational curves in the BEC model for several High Surface Brightness

(HSB), Low Surface Brightness (LSB) and dwarf galaxies, are found in [9]. The

following reasons prompt us for the further analysis of the rotational curves :

i. Updated data that are available due to modern telescope system and instru-

ments, may increase the accuracy of rotational curve data for dwarf galaxies which

are supposed to be �lled with dark matter [18; 19].

ii. It is important to analyze the observed mean values of the logarithmic inner

density and velocity slopes to discriminate between di¤erent dark matter models.

The analysis of the discrepancies, via logarithmic slope, between observations and the

theoretical predictions of the CDM models will be more fruitful than the rotational

velocity curves analysis.
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iii. A directive comparison between the predictions of the density pro�le (3:28)

and that of the BEC pro�les may unveil some important features of both the models.

BEC model gives a very good description of the rotational curves for all most

all the curves described in [22] where as the NFW velocity �t fails to produce any

signi�cant description of the rotational curves, either in the inner region or outer one

[22]. At the center of the galaxy, the density pro�le of the BEC model is regular.

The mass distribution is being a function of the radius and central density, decreases

slowly with r in such a way that most of the matter concentrated in a core-like region.

This theoretical behavior of the BEC model is in sharp contrast with the cuspy nature

of the models arise from the numerical simulations [6].

On the other hand, the NFW density pro�le is singular(cusp) at the center of

the galaxy (�NFW (r) ! 1 as r ! 0). It increases very rapidly for small r while

for large radial distance, it tends more rapidly to zero than the BEC pro�le. The

radius, RDM, for the dark matter halo in the BEC model is �nite and it corresponds

to a surface on which density tends to zero. But for the NFW density pro�le no such

radius exists. Therefore, Bose-Einstein condensation processes in dwarf galaxies can

remove the central cusps predicted by dark- matter- only cosmological simulations

to convert it into a dark matter halo characterized by a large and almost constant

density core consistent with normal dwarf galaxies in the local universe [18; 19]:

The logarithmic slope of the density pro�le �(r) (de�ned by �(r) = d[log(�DM )]
d[log(r)]

) for
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the BEC model is given by

�(r) = �[1� r�

RDM
cot(r�=RDM)]

= �
�2v2tg(r)

4�G�DMR
2
DM

: (3.36)

As r ! RDM, �(r)!1. Observations of the rotational curves of dwarf galaxies [19]

and low surface brightness galaxies [20], provide us the mean value of the logarithmic

inner slopes of the mass density pro�les which is de�ned by [22]

h�ini =
1

Rin

Z Rin

0

�(r)dr, (3.37)

where Rin is the radius of the inner core of the dark matter distribution. For Rin =

0:6R, h�ini = �0:2818 which is consistent with the limit �0:29 � 0:07 obtained in

[19]. Therefore, h�ini in the BEC dark matter model is in good concordance with the

observations. Where as, in the CDM model �(r) � �1.

The discrepancies of masses in standard estimation and BEC may open a new

window to solve the mass discrepancy problem between observations and simulations

[21]. The standard core-like models (e.g. pseudo-isothermal model) dominated by

a central constant-density core [19], forecast a much higher galaxy mass than the

BEC models. Since dwarf galaxies are supposed to highly �ll with dark matter, the

possibility of recovering their rotational curves and the mean value of the logarithmic

inner slope of the mass density pro�les, shows a signi�cant instance in favour of the

strongly-coupled dilute Bose-Einstein condensate dark matter model.

The density pro�le of the BEC model slowly decreases with r and have a large
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core. All the physical quantities are regular in any of the physical parameters for all

r. Therefore, they can be forecasted from the model and can be compared with the

corresponding observational parameters. This o¤ers a systematical comparison of the

BEC model with other standard models or astrophysical observations.

3.6 A common behavior among some dark matter

pro�les

Observations suggest that the behavior of Pseudo Isothermal (PI) pro�le, Navarro-

Frenk-White (NFW) pro�le and some Scalar Field Dark Matter (SFDM) pro�les in

the central region of galaxies are di¤erent. The density pro�le of NFW pro�le di-

verges at the centre of the halo while PI density pro�le is consistent with a constant

density core. In this section, we will show that the tangential velocity(vtg(r)), the log-

arithmic slope of the density pro�le(�(r)) and the logarithmic slope of the rotational

curve(�(r)) of Pseudo Isothermal (PI) pro�le[23], Navarro-Frenk-White (NFW) pro-

�le and some other two dark matter pro�les are nearly constant in the region far away

from the centre of the galaxy.

Pseudo Isothermal (PI) pro�le

The density function for the Pseudo Isothermal (PI) pro�le (Begeman et al. 1991)
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is given by [23]

�PI(r) =
�PI0

1 + (r=Rc)2
, (3.38)

where Rc is the scale radius and �PI0 is the central density of the dark matter.

The mass(m) within the radius r is given by [24]

m(r) =

Z r

0

4��r2dr = 4��PI0 (rR
2
c + ArcTan[

Rc
r
]R3c). (3.39)

This gives the tangential velocity of a test particle at a distance r,

vtg(r) = (
Gm(r)

r
)1=2 = 2

p
�

s
�PI0 GR2c(r + ArcTan[Rc

r
]Rc)

r
. (3.40)

The logarithmic slope of the density pro�le is given by

�(r) =
d(lg(�PI))

d(lg(r))
= � 2r2

r2 +R2c
. (3.41)

Similarly, the logarithmic slope of the rotational curves is given by

�(r) =
d(lg(vtg))

d(lg(r))
= �

Rc(r
2ArcTan[Rc

r
] + rRc + ArcTan[Rc

r
]R2c)

2(r + ArcTan[Rc
r
]Rc)(r2 +R2c)

. (3.42)

Navarro-Frenk-White (NFW) pro�le

The NFW pro�le emerges from numerical simulations that uses only CDM and

is based on the CDM model (Dubinski et al. 1991; Navarro et al. 1996, 1997). The

mass(m), tangential velocity( vtg(r)), the logarithmic slope of the density pro�le(�(r)),

the logarithmic slope of the rotational curve(�(r)) of the NFW density pro�le (3:28)

are given by [24]

m(r) = 4��sr
3
s(Log[r + rs] +

rs
r + rs

), (3.43)
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vtg(r) = 2
p
�

s
�sr

3
sG(Log[r + rs] +

rs
r+rs

)

r
, (3.44)

�(r) = �3r + rs
r + rs

, (3.45)

�(r) = �r
2(�1 + Log[r + rs]) + (r + 2rLog[r + rs])rs + (1 + Log[r + rs])r

2
s

2(r + rs)(rLog[r + rs] + (1 + Log[r + rs])rs)
. (3.46)

Here, for the comparison, we have considered the following density pro�les �

Case-I : � = 1
8�
r�(4+l)[D(l3+l2�4l�4)+l2r2+l]

l2�4 where D is an arbitrary constant of

integration, D � 10�7 and l � 10�6 [25].

Case-II : � = 1
8�
[ l(l+2)r

�2

�
+ Dr��l(l+1)

l+4
] where � = l2+4l+12

l+4
and � = l2+2l+4 [26].

The mass(m(r)), tangential velocity(vtg(r)), logarithmic slope of the density pro�le(�(r))

and logarithmic slope of the rotational curve(�(r)) of the above pro�les are given by

[24] :

Case-I :

m(r) =
l2r �D(�4 + l2)r(�1�l)

2(�4 + l2) , (3.47)

vtg(r) =

q
Gr�2�l(�D(�4+l2)+l2r2+l)

(�4+l2)p
2

, (3.48)

�(r) = �D(�16� 20l + 5l
3 + l4) + 2l2r(2+l)

D(�4� 4l + l2 + l3) + l2r(2+l)
, (3.49)

�(r) = � D(�2 + l)(2 + l)2

2D(�4 + l2)� 2l2r(2+l) . (3.50)

Case-II :

m(r) =
1

2
(
l(l + 2)r

4 + 2l + l2
�Dr�

l(l+1)
4+l ), (3.51)

vtg(r) =

r
G(

l(l+2)r

4+2l+l2
�Dr�

l(l+1)
4+l )

rp
2

, (3.52)
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�(r) =
r(� 2l(l+2)

(4+2l+l2)r3
� Dl(l+1)(12+4l+l2)r

� 16+5l+l2

4+l

(4+l)2
)

l(l+2)
(4+2l+l2)r2

+ Dl(l+1)r
� 12+4l+l2

4+l

4+l

, (3.53)

�(r) = � D(4 + 2l + l2)2

2(4 + l)(D(4 + 2l + l2)� l(2 + l)r1+
l(l+1)
4+l )

. (3.54)

Now, we will plot the graph of the tangential velocity(vtg(r)), logarithmic slope

of the density pro�le(�(r)) and logarithmic slope of the rotational curve(�(r)) for

PI pro�le, NFW pro�le, Case-I and Case-II for the galaxy ESO1870510 [23] with

D = 10�2. Now the graphs are as follows [24] :

For PI pro�le :

Figure 3.1. Plot of vtg(r) vs r for the galaxy

ESO1870510 (for PI pro�le).
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Figure 3.2. Plot of �(r) vs r for the galaxy

ESO1870510 (for PI pro�le).

Figure 3.3. Plot of �(r) vs r for the galaxy

ESO1870510 (for PI pro�le).



59

For NFW pro�le :

Figure 3.4. Plot of vtg(r) vs r for the galaxy

ESO1870510 (for NFW pro�le).

Figure 3.5. Plot of �(r) vs r for the galaxy

ESO1870510 (for NFW pro�le).
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Figure 3.6. Plot of �(r) vs r for the galaxy

ESO1870510 (for NFW pro�le).

For Case-I with D = 10�2:

Figure 3.7. Plot of �(r) vs r for Case-I with

D = 10�2 and l = 10�6.
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Figure 3.8. Plot of �(r) vs r for Case-I with

D = 10�2 and l = 10�6.

For Case-II with D = 10�2:

Figure 3.9. Plot of vtg(r) vs r for Case-II with

D = 10�2 and l = 10�6:
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Figure 3.10. Plot of �(r) vs r for Case-II with

D = 10�2 and l = 10�6:

Figure 3.11. Plot of �(r) vs r for Case-II with

D = 10�2 and l = 10�6:
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The above pro�les emerge from di¤erent points of view with di¤erent postula-

tions. The NFW pro�le emerges from numerical simulations that use only CDM and

are based on the CDM model (Dubinski et al. 1991; Navarro et al. 1996, 1997).

We, generally, use the PI pro�les to describe the constant density behavior in these

galaxies. The above pro�les may have di¤erent behavior in the central region but the

plotted graphs suggest that in the large distance scale the tangential velocity (vtg(r)),

the logarithmic slope of the density pro�le(�(r)) and the logarithmic slope of the

rotational curve(�(r)) give a constant value i.e. the tangential velocity and density

are nearly constant in the region far away from the centre of the galaxies. Similar

results can be found for other values of D(� 10�7) up to a wide range of large values

of D and for the other galaxies in [23].

Again, D � 10�7 is the condition that must be maintained in order to have a non-

Newtonian halo. So for a non-Newtonian halo, the tangential velocity and density

are nearly constant for large values of r. But we think that, it is necessary to use the

observations in order to make same conclusions for other halo models.
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Chapter 4

PERFECT FLUID DARK MATTER MODEL

AND CAUTIONS REGARDING THE

DETERMINATION OF HALO MASS.

4.1 Introduction

A �uid is said to be perfect when heat conduction, viscosity or other transport or

dissipative process are negligible. Perfect �uid has the simple form of stress-energy

tensor T��. In an inertial frame a prefect �uid which is at rest, is characterized by

its energy density(�) and pressure(p). Its stress energy tensor is given by

T�� = diag(�, p, p, p). (4.1)

In general a typical �uid may not be at rest rather it may �ow with a four velocity

u(x) which depends on the position of the point. Therefore, stress-energy tensor
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will be a function of u(x), �(x) and p(x). The most general admissible form of the

stress-energy tensor that can be made of by u(x) and g�� is

T�� = Au�u� +Bg��. (4.2)

The coe¢ cients A and B can be determined by the requirement that the stress-energy

tensor given by (4:2) must reduces to (4:1) in the frame of an observer at rest with

respect to the �uid where u� = (1; 0; 0; 0). With this restriction, expression (4:2)

reduces to [1]

T�� = (p+ �)u�u� + pg��. (4.3)

If the pressure of a perfect �uid vanishes, it is called �dust�and (4:3) will, then, reduce

to T�� = �u�u�.

Here, we are interested to study the general features of dark matter such as its

equation of state with the input of �at rotational curve condition and the assumption

that dark matter can be described as a perfect �uid. Stress tensor controls the grav-

itational in�uence of an arbitrary dark matter component. There are many models

in the literature that deal with the prediction of anisotropic dark matter �uid stress

tensor while, on the other hand, there are neither physical mechanism nor observa-

tional evidence explaining why a spherical distribution should have such anisotropy.

Therefore, it should be more reliable to consider an isotropic perfect �uid distribution

for dark matter because predictions from such model at stellar and cosmic scales have

been observationally supported without any uncertainty.
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As we are searching for the unknown nature of the DM which is one of the most

relevant question that modern scientist would like to solve, this is particularly impor-

tant to know what exactly is determined by the observations and what comes as extra

assumptions. Any extra assumption on the nature of dark matter, in order to obtain

informations about it, will bias the problem. Matos et al.(2011) [2] have shown that

how an extra assumption on the nature of dark matter will skew the problem, with a

simple model for the DM halo.

4.2 Perfect Fluid solution of the Dark Matter

We shall treat the matter compositions in the galactic halo region as a perfect �uid

de�ned by stresses T rr = T �� = T �� = p where T �� is the matter energy momentum

tensor. The general static spherically symmetric space-time is given by the metric

ds2 = �e�(r)dt2 + e�(r)dr2 + r2(d�2 + sin2 �d�2), (4.4)

�(r) and �(r) are the metric potentials. With the �at rotational curve condition for

a circular stable geodesic motion in the equatorial plane, the metric potential e�(r)

takes the form e�(r) = B0r
l with l = 2(vtg)2 and B0 is an integration constant [3]. For

a typical galaxy, the tangential velocity(vtg) becomes approximately a constant with

vtg � 10�3 km/s and therefore l � 10�6. Einstein �eld equations [2] with the help of

chosen stress tensor will give [3]

(e��)
0
+
ae��

r
=
c

r
, (4.5)
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where

a = �4(1 + l)� l2

2 + l
,

c = � 4

2 + l
. (4.6)

A solution of Eq.(4:5) is given by [3]

e�� =
c

a
+
D

ra
, (4.7)

with D as an integration constant. The space time metric given by (4:4) with its

coe¢ cients e�(r)(= B0r
l) and e� (given by Eq.(4:7)) is an interior solution describing

the region with constant tangential velocity and it has to be joined with the exterior

region having other types of space time. Though this space-time metric is not as-

ymptotically �at, the extent of vtg = constant ends at some larger distance where the

region becomes asymptotically �at. Even now, the galactic boundary is not de�ned

observationally. If we can do so properly, the junction conditions will provide us the

value of the constant �D�.

4.2.1 Features of the Perfect Fluid solution

The pressure(p) and density(�) can be found from Einstein �eld equations as [3]

� =
1

8�G
[
l(4� l)

4 + 4l � l2
1

r2
� D(6� l)(1 + l)

2 + l
r
l(2�l)
2+l ]; (4.8)

p =
1

8�G
[

l2

4 + 4l � l2
1

r2
+D(1 + l)r

l(2�l)
2+l ]. (4.9)



71

The last term in the expressions of both energy density and pressure given by Eqs.(4:8)

and (4:9), respectively, increases with radial distance. This terms are the general

relativistic corrections to Newtonian expressions �Newton =
1
8�G

1
r2
: The �rst term on

the right hand side of Eq.(4:8) corresponds to the expected Newtonian term in the

leading order with a general relativistic correction term 1
8�G

5l2

4r2
which is very small.

Due to the second term in Eq.(4:8), corresponding mass increases non-linearly with

radial distance r showing a completely di¤erent customary feature of dark matter

energy density. This contribution will vanish if D vanishes.

The equation of state parameter ! is given by

p

�
= ! =

l2ra +D(1 + l)(4 + 4l � l2)

l(4� l)ra �D(6� l)(1 + l)(4 + 4l � l2)=(2 + l)

� l2ra + 4D

4lra � 12D (4.10)

(as l is small). Total matter in the �at rotational curve region of galaxies would

be non-exotic if ! is positive. Thus, the dark matter will satisfy the known energy

conditions if [3]

� l
2ra

4
< D <

lra

3
. (4.11)

As r is typically between ten kpc to few hundred kpc and l = 10�6, D would be very

small in order to maintain the non-exoticness of !. The equation of state of the dark

matter component for D = 0 is

! =
l

4� l
= 2:5� 10�7. (4.12)

Thus, p� � indicating it�s Newtonian nature. Also, as ! is positive, the �uid is non-
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exotic in nature. But, the recommended value of D for the existence of non-exotic

matter in the halo is that D � 10�11 [3].

Now, from the metric function (4:7), with D = 0, we can infer that

e� =
a

c
= 1 +

4l � l2

4
> 1. (4.13)

Thus, we reproduce the crucial condition e� > 1 that has to satisfy by any valid

metric and is essential for signature protection. As the halo matter is not exotic in

nature (follows from Eq.(4:10)), so we expect attractive gravity in the halo. However,

a positive energy density does not always lead to attractive gravity [4; 5]. Hence we

have to calculate the total gravitational energy EG as proposed by Misner, Thorne &

Wheeler 1973; Lynden-Bell, Katz & Bicak, 2007 [6]. It can be shown that the total

gravitational energy is small but negative for arbitrary D (non-zero or zero) with

r2 > r1 > 0. So, the gravity in the halo is attractive in nature. The study of the

geodesic equations for a test particle also show that particles are attracted towards

the center i.e. gravity on the galactic scale is attractive.

More over, the circular orbits in which test particles are moving around galaxies are

stable whatever the value of D may be. Thus, the solution given by Eq.(4:7) satis�es

some crucial physical requirements like stability of circular orbits, attractive gravity in

the halo region. Also the matter in the galactic halo is non-exotic. Again, if the matter

in the �at rotational curve region be non-exotic then the universe should be nearly

�at (if not exactly so) which is consistent with modern cosmological observations.
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4.3 Einstein�s equations for Perfect Fluid and Scalar

Field model

Let us recall the static and spherically symmetric space-time metric described by

the line element

ds2 = �e2�(r)=c2dt2 + 1

1� 2m(r)
c2r

dr2 + r2d�2 + r2 sin2 �d'2. (4.14)

Due to the symmetries of this space-time, all physical quantities depend only on

radial coordinate r as the gravitational potential �(r) and the mass function m(r)

does. Einstein�s equations for the given metric are [7],

m0 = �4�r
2

c2
T tt , (4.15)

(1� 2mG
c2r

)
�
0

c2
� mG

c2r2
=
4�Gr

c4
T rr , (4.16)

where the prime 0 � @=@r . In order to make a comparison between two hypothesis on

the nature of DM, Matos et al. have chosen two types of dark matter model namely

perfect �uid dark matter model and scalar �eld dark matter model. For the di¤erent

nature of the �uids under consideration, the conservation equations of the matter

energy generating the curvature of the space-time will be treated separately for each

�uid.

Consider the stress-energy tensors

T�� = (p+ �c2)u�u� + pg�� , (4.17)
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T�� = �;��;� �
1

2
g��(g

���;��;� + 2V (�)), (4.18)

for the perfect �uid and scalar �eld respectively where � = (1 + ")�0 is the energy

density of the �uid with �0 is the rest mass energy density, " is the internal energy

per unit mass, u� is the co-moving four velocity normalized by u�u� = �c2, p being

the pressure of the �uid, �;� = @�=@x� and V (�) is the scalar potential.

The �eld equations that can be deduced from the conservation equations T ��;� = 0,

for both the perfect �uid and scalar �eld, can surprisingly be expressed as a single

equation i.e. one have to consider a single �eld equation for both types of matter,

which is [3]

T r
0

r + (T
r
r � T tt )(

�
0

c2
+
2a

r
) = 0, (4.19)

with the speci�cation that a = 0 for the perfect �uid and a = 1 for the scalar �eld.

In order to determine what kind of model suit the present dark matter scenarios

best, we are to solve two types of system of equations namely, the Einstein�s equations

(Eqs.(4:15, 4:16)) and the �eld Eq.(4:19). In short, we have to �nd out m; �; p and

� for the case when the space-time is curved due to the perfect �uid or m; �, � and

V (�) for the case where the curvature of the space-time is due to the scalar �eld.

Thus, we have to deal with three equations corresponding to four unknown functions.

Therefore the unknown functions can not uniquely be determined from the system of

equations and we can make one and only one extra assumption and no more. It is

important to stress on the fact that once the extra assumption is made i.e. additional

data are given, there is no more room left for any other extra assumption and the
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rest of the functions can automatically be determined by the Eqs.(4:15), (4:16) and

(4:19). As for example, if we choose an equation of state for the perfect �uid p = p(�)

as an extra assumption or an explicit form for the potential V (�) in the case of the

scalar �eld, the form of the rest of the functions will automatically be determined

by the system of equations not by any supposition on them. To solve the system of

equations, Matos et al. have chosen the observations on rotation curves in spirals

galaxies to complement the above �eld equations and used the light de�ection by

lensing to discriminate between di¤erent halo type models.

4.3.1 Discrepancy of mass functions

The gravitational potential (�) and the tangential velocity of a test particles, vtg,

in circular motion is related by

�
0

c2
=
�2

r
, (4.20)

where �2 = v2tg=c
2: With a given tangential velocity, vtg, measured by observations of

rotational curves in galaxies help us to determine the gravitational potential through

Eq.(4:20) letting no room for an equation of state for the perfect �uid or for a given

scalar �eld potential. Therefore, the approximations 2Gm=c2r � 1 and especially

p << � are, in general, extra hypothesis which will strongly bias the DM problem.

The gravity equations, Eqs.(4:15, 4:16), with the help of the Eq.(4:20) reduced to

an equation (with no approximations) with mass function as the only free function
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[3]

m
0
+ P (r)m = Q(r), (4.21)

where

P (r) =
2r�2

0 � (1 + 2�2)(3� 2a� �2)

(1� 2a+ �2)r
, (4.22)

Q(r) =
c2

G

r�2
0 � �2(2� 2a� �2)

(1� 2a+ �2)
. (4.23)

The functions P (r) and Q(r) are the function of the type of the �uid that we are

dealing with i.e. a function of "a" and of the rotation curves pro�le. Solving the

di¤erential Eq.(4:21), the mass function can be obtained in terms of the gravitational

potential(�) through the integral

m =

R
e
R r P (r0)dr0Q(r)dr + C

e
R r P (r0)dr0 , (4.24)

C is an arbitrary constant of integration. For the case of the perfect �uid, other

functions, namely, the density and pressure can directly be computed from Eqs.(4:15)

and (4:16), respectively.

The gravitational mass inferred by the same velocity pro�le is su¢ ciently di¤erent

for the perfect �uid and scalar �eld cases, as we will see in the next. When the

velocity function is a constant, say �0, the gravitational potential and mass function

are respectively given by [3]

� = c2 ln(
r

r0
)�

2
0 , (4.25)

m�0 =
c2

G
(

�20(2(1� a)� �20)

2(1 + 2(1� a)�20 � �40)
r + Cr

(1+2�20)(3�2a��
2
0)

1�2a+�20 ), (4.26)
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where C is the integration constant of Eq.(4:24). A non zero value of C may cause

the change of the singularity of the line element (4:14). The mass function in the case

of the perfect �uid with a = 0, is given by [3]

mpf =
c2

2G

�20(2� �20)

1 + 2�20 � �40
r. (4.27)

Considering scalar �eld as the DM candidates, the mass function is (from Eq.(4:26))

given by [3]

msf =
c2

G
(� �40
2(1� �40)

r + Cr�(1+2�
2
0)). (4.28)

As �20 > 0, the second term which goes as r�(1+2�
2
0) will diverge at the origin. To get

ride o¤ from this problem, we had to take non-static space-times, like the oscillations

[8]. It can be mentioned that some features for the case of scalar �eld with a non zero

constant C in the mass function, have been discussed in [5]. Taking C = 0, one can

have [3]

msf = �
c2

2G

�40
(1� �40)

r. (4.29)

The e¤ective mass of the scalar �eld meff � 2

r0
p
1��20

, is a function of the char-

acteristic distance of the halo which is of the order of kilo-parsecs. For a typical

galaxy with �0 � 10�3, this will correspond to a very light boson mass � 10�23 eV=c2

which is in a good concordance with the one found in [9]: Thus, looking at the mass

functions given by Eqs.(4:27) and (4:29), we can infer that how remarkably di¤erent

are the mass expressions derived from each type of the ingredient of the DM halo. In

other way, we are able to show how the single observation of the rotational velocities
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in halos decides the salient features of the perfect �uid model or of the scalar �eld.

As the mass (as in Eq.(4:28)) associated to the scalar �eld may be negative with a

proper choice of C, we have to be cautious with the assumption on static metrics

which are very limited for the scalar �eld. Although, a negative mass is not too new

to us [10].

4.3.2 Measurement of discrepancies via de�ection angle

We have previously shown that the DM halo models are discriminateable through

the measurement of mass function. Another e¤ective tool, in this regard, is the

measurements of the de�ection angle which not only strongly depends on the type of

matter but also on the speci�c characteristics of the type of matter considered.

The de�ection angle (�') of the light ray by the gravitational lensing for the line

element (4:14), is given by [11]

�' = �
Z rm

1

rmdr

r2
q
(1� 2Gm

rc2
)[e�2�(r)=c2e�2�(rm)=c2 � r2m

r2
]
, (4.30)

where rm is the radius of maximal approach. For our present models with constant

rotational velocity, the de�ection angle with C = 0 reduce to the following expressions

�'pf =

Z 1

0

s
1� �20(�

2
0 � 2)

x2�
2
0 � x2

dx, (4.31)

�'sf =

Z 1

0

s
1� �40
x2�

2
0 � x2

dx, (4.32)

with x = rm
r
. Since the de�ection angle is independent of the radius of maximal

approach (rm), it can be measured for a typical value of the velocity. Taking vtg = 250



79

km=s, that corresponds to �0 = 1=1200, the de�ection angle can be evaluated as [2]

�'pf = 0:899547,

�'sf = 0:449546, (4.33)

where the de�ection angles are expressed in arc second units. Notice that the di¤er-

ence between these two de�ection angles is of almost half arc second. Therefore, the

rotational velocity together with the de�ection of light produced by the galactic halo

can uncover the true nature of the DM.

Matos et al.[2] have shown that how the graph of the mass functions of the dark

matter models can be an e¤ective tool to discriminate them, by considering a velocity

pro�le from well known NFW [12; 13] model. They have shown that (FIGURE 1. of

[2]) the behavior of both the halo masses (perfect �uid and scalar �eld), near the origin

and far away from it, are signi�cantly di¤erent. They have also mentioned that the

observations of the de�ection angle can be a e¢ cient tool to determine which type of

matter is actually composing the DM halo. These examples show how two di¤erent

types of matter can be consistent with the observation of rotation curves of DM halos,

though they lead to di¤erent conclusions to the inferred mass function.
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Chapter 5

CONFORMAL GRAVITY: A DIFFERENT

APPROACH TO EXPLAIN FLAT

ROTATIONAL CURVE.

5.1 Introduction

We have mentioned earlier that the observed velocity pro�le of the spiral galaxies,

�at rotational velocity, mismatches with the Newtonian velocity which decreases with

distance from the centre. This mismatch have forced us to incorporate a new idea, the

"Dark Matter" i.e. the �at rotational velocity is an input here and the dark matter

hypothesis comes out as a result. Thus, we have imported the concept of dark matter

to explain the galactic rotational curve velocity. As there is no clear evidence about

the non-luminous component of the Universe, some authors trying to emphasis on the

�eld of di¤erent modi�ed theory rather than on �Dark Matter�. A few author have
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taken the risk to suggest that the dark matter may not exists in real and modi�ed

Newtonian law may have the answer to it at the galactic scale. Milgrom�s Modi�ed

Newtonian Dynamics (MOND) [1] and Mo¤at�s Metric Skew Tensor Gravity (MSTG)

[2] are some candidates in the literature of the alternative theories of DM.

The existence of dark matter is based on nothing else rather than the validity (on

all distance scales) of the standard Newton-Einstein gravitational theory expressed

via Einstein equation

R�� �
1

2
g��R


 = 8�GT��, (5.1)

for the gravitational �eld g��. Generally, we take Einstein equation as an empirical

one and would like to modify T�� through the introduction of necessary gravitational

sources so that the observational di¢ culties may remove. The only apparent way

for a better understanding of the galactic rotational curve and to rid o¤ from DM

problem is that we have to modify or generalize the left-hand side of Eq.(5:1) not

it�s right. Conformal gravity is such a candidate. We will, now, discuss about this

modi�ed theory of gravity.

5.2 Local e¤ects on rotational velocity in confor-

mal gravity

Conformal gravity [3] is a covariant metric theory of gravity with equivalence

principle structure of standard Einstein gravity. The geometry under this theory is
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a standard Riemannian geometry and all the general coordinates are invariant. The

action in this theory is left invariant under the local metric transformation

g��(x)! e2�(x)g��(x), (5.2)

where �(x) is any arbitrary local phase. The unique Weyl action is de�ned by

SWeyl = ��g
Z
(�g)1=2C����C����d4x

= �2�g
Z
(�g)1=2[R��R�� �

1

3
(R��)

2]d4x, (5.3)

where

C���� = R���� �
1

2
(g��R�� � g��R�� � g��R�� + g��R��)

+
1

6
R��(g��g�� � g��g��), (5.4)

is the conformal Weyl tensor and �g is the dimensionless gravitational coupling con-

stant. Unlike the standard Einstein theory, this theory posses the control over the

cosmological constant [4; 5].

The equation of motion under the action SWeyl is given by [3]

4�gW
�� = 4�g[2C

����
;�;� � C����R��] = 4�g[W

��
(2) �

1

3
W ��
(1) ] = T �� , (5.5)

where

W ��
(1) = 2g

��(R��)
;�
;� � 2(R��);�;� � 2R��R�� +

1

2
g��(R��)

2, (5.6)

W ��
(2) =

1

2
g��(R��)

;�
;� +R��;�;� �R��;�;� �R��;�;� � 2R��R�� +

1

2
g��R��R

��. (5.7)
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In the Schwarzschild solution, all the Ricci tensor vanishes and so also it�s co-

variant derivatives. Again, when R�� = 0 then both W ��
(1) and W

��
(2) vanish. Thus

Schwarzschild vacuum solution is also a solution to the conformal gravity. But, we

are interested to some non-Schwarzschild solutions of the conformal theory. To deter-

mine the nature of such a solution, Mannheim and Kazanas (1989) have considered

a metric outside of a localized static, spherically symmetric source of radius r0 em-

bedded in a region with T��(r > r0) = 0. They have considered a standard static

spherically symmetric geometry with line element

ds2 = �B(r)c2dt2 + A(r)dr2 + r2d
2, (5.8)

where d
2 = d�2 + sin2(�)d�2.

Using the conformal symmetry, one would able to transform this line element into

one that would be conformally equivalent to a line element with A(r) = 1=B(r) where

the exterior metric coe¢ cient B(r > r0) is given by [6]

B(r > r0) = ! � 2�
r
+ r � �r2, (5.9)

and ! = (1 � 6�)1=2. As the product � being numerically too small to neglect,

we can set ! = 1: So, the Eq.(5:9) recovers the Schwarzschild solution in the region

where 1 � 2�
r
� r � �r2 while it departs only at large distances and not at small

ones i.e. departing from it exactly in the region where the dark matter problem is

�rst observed.
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With the help of the line element (5:8), it is straightforward to show that [6]

3

B
(W 0

0 �W r
r ) = B0000 +

4B000

r
=
1

r
(rB)0000 = r4B, (5.10)

(the primes here denote derivatives with respect to r).

Let us de�ne the convenient source function f(r) as

f(r) =
3

4�gB(r)
(T 00 � T rr ). (5.11)

The equation of motion (5:10), now, takes the form [7]

r4B(r) = f(r). (5.12)

Solving this exact di¤erential equation of motion, one can have [6]

B(r) = �r
2

Z r

0

dr
0
r
02f(r

0
)� 1

6r

Z r

0

dr
0
r
04f(r

0
)

�1
2

Z 1

r

dr
0
r
03f(r

0
)� r2

6

Z 1

r

dr
0
r
0
f(r

0
) + B̂(r), (5.13)

where B̂(r) satis�es r4B̂(r) = 0. In Eq.(5:13), we see that f(r) governs the solution

of Eq.(5:12). The �rst two integral terms of the metric coe¢ cient (5:13) are the

contribution of the local matter inside of a source to the gravitational force while,

on the other hand, the last two integral terms are the same due to the global matter

exterior to it. Consideration of the local contributions coming from the luminous

material inside of the galaxy and global contributions due to material outside of it

(viz. the rest of the universe), is essential to determine the motions within galaxies.

Look that r4(r2) vanishes identically everywhere and both of r4(1=r) and r4(r)
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evaluate to delta functions and their derivatives. Matching of the interior and exterior

metrics yield [7]

 = �1
2

Z r0

0

dr
0
r
02f(r

0
), (5.14)

2� =
1

6

Z r0

0

dr
0
r
04f(r

0
). (5.15)

A given local gravitational source, in conformal gravity, generates a gravitational

potential per unit solar mass [8]

V �(r) = ��
�c2

r
+
�c2r

2
, (5.16)

where �� is given by

�� =
GM�

c2
= 1:48� 105cm, (5.17)

and the best data �tting gives the numerical value of �. The �rst term of the

potential V � is the Newtonian potential and the second one is the linear potential.

V � will reduce to a standard Newtonian potential for the small value of �r�where

the factor ��c2=r dominates over �c2r=2. But in the region where �c2r=2 becomes

competitive with ��c2=r, we would observe a departure from standard Newtonian

gravity. Integrating V � over the visible galactic mass distribution in a given galaxy,

the visible local material would produce local gravitational potential, VLOC(r).

Suppose that the galaxies are to be a thin disk consisting of stars distributed in

such a way that it has the surface brightness

�(R) = �0e
� R
R0 , (5.18)
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and luminosity

L = 2��0R
2
0, (5.19)

where R0 is the scale length such that most of the surface brightness is contained in

the R � 4R0 region of the optical disk. The total number of solar mass units N� in

the galaxy is de�ned with the help of the observed galactic mass-to-light ratio via

(M=L)L =Mlum = N�M�. (5.20)

Then, on integrating V �(r) over this visible matter distribution, one can obtain the

net local luminous contribution [3]

v2LOC(R)

R
=

N���c2R

2R30
[I0(

R

2R0
)K0(

R

2R0
)� I1(

R

2R0
)K1(

R

2R0
)]

+
N��c2R

2R0
I1(

R

2R0
)K1(

R

2R0
), (5.21)

for the centripetal acceleration of particles in circular orbits in the plane of the galactic

disk. For the limit R� R0, Eq.(5:21) approximates to

v2LOC(R)

R
=

N���c2

R2
(1 +

9R20
2R2

) +
N��c2

2
(1� 3R

2
0

2R2
� 45R

4
0

8R4
)

! N���c2

R2
+
N��c2

2
, (5.22)

on the supposition that the entire galaxy acting as if it were a point source located

at the galactic center.

In the next section, we will discuss the e¤ects of the rest of the material in the

Universe on the rotational velocity of galaxies.
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5.3 Global contributions to local motions

In standard gravity, the solution to the second-order Poisson equation

r2�(r) = g(r), (5.23)

is

�(r) = �1
r

Z r

0

dr
0
r02g(r

0
)�

Z 1

r

dr
0
r
0
g(r

0
), (5.24)

with it�s derivative

d�(r)

dr
=
1

r2

Z r

0

dr
0
r02g(r

0
), (5.25)

g(r) is the general static spherically symmetric source.

The importance of Eq.(5:25) is that to determine the force at any radial point r

one have to consider only the material in the local 0 < r0 < r region though g(r) could

continue globally all the way to in�nity. Since to explain the gravitational e¤ect in

some local region one only needs to consider the material in that region that�s why

Newtonian gravity is called local. Thus, to explain the behavior of galactic rotational

curve in Newtonian gravity with the help of dark matter, one must locate the dark

matter where the problem exactly exists and not elsewhere. Since the discrepancy

problem of rotational curve in galaxies occurs primarily in the region beyond the

optical disk, thus one must locate galactic dark matter precisely in the region of

galaxies where there is little or no visible matter. This local character to Newtonian

gravity is not a generic property of all gravitational potential.
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Let us consider, for instance, the fourth-order Poisson equation

r4�(r) = h(r) = f(r)c2=2. (5.26)

The general solution of Eq.(5:26) is [6]

�(r) = �r
2

Z r

0

dr
0
r
02h(r

0
)� 1

6r

Z r

0

dr
0
r
04h(r

0
)

�1
2

Z 1

r

dr
0
r
03h(r

0
)� r2

6

Z 1

r

dr
0
r
0
h(r

0
), (5.27)

with its derivative

d�(r)

dr
= �1

2

Z r

0

dr
0
r
02h(r

0
) +

1

6r2

Z r

0

dr
0
r04h(r

0
)� r

3

Z 1

r

dr
0
r
0
h(r

0
). (5.28)

The third integral in Eq.(5:28) is a potential global contribution to local motions.

The material in the region 0 < r
0
< r and that beyond the radial point of interest

are responsible to the force given by Eq.(5:28). Thus, a test particle in the orbit

of a galaxy being able to sample not only the local �eld due to the matter in the

galaxy but also the global �eld due to the material in the rest of the Universe. As

the motions of particles, in conformal gravity, inside of galaxies are a¤ected by the

material outside of them, we have to take into account of it. The e¤ects of the

homogeneous background cosmology and the inhomogeneities in it that arise due to

�uctuations around that background are the two e¤ects that the material exterior to

galaxies might have on it.

In the conformal theory, one have to take the account of two linear potential terms,

namely, a local N�� �dependent term associated with the matter within a galaxy
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and a global cosmological one 0c
2r=2 associated with the cosmological background.

Therefore, in the weak gravity limit, one have to add this 0 dependent potential

term with the local one to get total circular velocity, vTOT , given by [9]

v2TOT (R) = v2LOC +
0c

2R

2

! N���c2

R
+
N��c2R

2
+
0c

2R

2
. (5.29)

The third and fourth integrals in the Eq.(5:13) are the contribution due to inho-

mogeneities in the cosmological background. To apply Eq.(5:13) on galactic distance

scales which are much smaller than any typical cluster of galaxies scale rclus associ-

ated with cosmological inhomogeneities, to evaluate v2TOT (R� rclus) one can replace

the lower limits in each of those two integrals by rclus. Thus with the quadratic term

in Eq.(5:27), up to peculiar velocity e¤ects for weak gravity and on scales r < rclus,

we can modify Eq.(5:29) to [6]

v2TOT (R) = v2LOC +
0c

2R

2
� �c2R2

! N���c2

R
+
N��c2R

2
+
0c

2R

2
� �c2R2, (5.30)

where

� =
1

3c2

Z 1

rclus

dr
0
r
0
h(r

0
) =

1

6

Z 1

rclus

dr
0
r
0
f(r

0
). (5.31)

Thus, Eq.(5:30) gives the expectation of conformal gravity for galactic rotational

velocities and one can apply it to galactic rotational curve data. v2TOT contains

only one free parameter per galaxy, the total number of stars N�. With Eq.(5:29),

Mannheim and O�Brien are able to �t the galactic rotational curve data of a sample of
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111 galaxies. The best �tted values for the two universal linear potential parameters

being found to be [9]

� = 5:42� 10�41 cm�1,

0 = 3:06� 10�30 cm�1. (5.32)

The linear potential of the Sun for the value obtained for � is so small that it is

di¢ cult to �nd any modi�cation of it to standard solar system phenomenology. With

that N�� and 0, is indeed of cosmological magnitude, one has to go all the way to

galactic systems before their e¤ects can become as big as the Newtonian contribution.

Despite the small e¤ect of the term �c2R2 for the �tting of the galactic rotational

curves to some galaxies [9] via Eq.(5:29), the role of that term for the �tting of the

galactic rotational curve of highly extended galaxies is not a matter of utter contempt.

Through the �tting of 21 highly extended galaxies as reported in [9], the extracted

value for � is given by

� = 9:54� 10�54 cm�2 � (100 Mpc)�2. (5.33)

One of the important features of the Eqs.(5:29) and (5:30) is that there are sit-

uations in which departure from the luminous Newtonian prediction can be very

proclaimed �one of the situation is when N� is small (then the net Newtonian contri-

bution will unable to compete with the �xed magnitude 0 and � term) and another

one is when the quantity N�=R20 � �0 is small. As the quadratic term is surpassed by

the linear one until the largest distances so in both small N� and/or small �0, galaxies
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rotational curves expect to start rising immediately just as is systematically seen in

the data sample. In case of HSB galaxies where the luminous Newtonian contribution

is not suppressed and the falling Newtonian contribution can be a competitor for the

rising linear term to give a region of approximate �atness before any rise could set in.

Finally for all galaxies, the quadratic term will eventually take over to then arrest the

rising linear potential terms and cause all rotation velocities to fall. As v2 is always

positive, any bound circular orbit is not possible beyond radius R where

R ' (N�� + 0)=2�

(� 100 kpc for N� = 0=
� ' 5:65�1010) [10]. With that natural way of terminating,

the allowable size of galaxies being determined by an interplay between galaxies and

the global structure of the Universe. Eq.(5:30) is not simply a phenomenological

or empirical formula that is extracted solely from consideration of the systematics

of galactic rotational curves, rather it is explicitly derived from �rst principles in

a fundamental, uniquely prescribed metric-based theory of gravity, the conformal

gravity.
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5.4 Contribution of gases and bulges

The contribution of the gas distribution with a total atomic mass NgasM� to

rotational velocities will follow [10]

v2LOC(gas) =
Ngas�

�c2R2

2R30(gas)
[I0(

R

2R0(gas)
)K0(

R

2R0(gas)
)

�I1(
R

2R0(gas)
)K1(

R

2R0(gas)
)]

+
Ngas

�c2R2

2R0(gas)
I1(

R

2R0(gas)
)K1(

R

2R0(gas)
), (5.34)

similar to Eq.(5:21).

For the galaxies having a spherical bulge with a spherical mass density �(r) per

unit solar mass and a total mass Nbu lg eM�, the net gravitational potential due to a

spherical bulge can, then, be obtained by integrating Eq.(5:16) over the �(r) distrib-

ution and is given by[10]

v2LOC(bulge) =
4���c2

r

Z r

0

dr
0
r
02�(r

0
) +

2��c2

3r

Z r

0

dr
0
(3r2r

02 � r
04)�(r

0
)

+
4��c2r2

3

Z 1

r

dr
0
r
0
�(r

0
), (5.35)

with

Nbu lg e = 4�

Z
dr

0
r
02�(r

0
). (5.36)

So, considering the gas and bulge contributions along with the disk contributions,

Eq.(5:30) modi�es to[10]

v2TOT (R) = v2LOC(disk) + v2LOC(gas) + v2LOC(bu lg e) +
0c

2R

2
� �c2R2

! NTOT�
�c2

R
+
NTOT

�c2R

2
+
0c

2R

2
� �c2R2, (5.37)
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where NTOT = N� +Ngas +Nbu lg e.

The only one parameter in Eq.(5:37) that can vary from one galaxy to the next

is the total stellar mass (N� +Nbu lg e)M� in each galaxy. Newtonian contribution is

the most in�uential candidate (as we can see in the Eq.(5:37)) in the inner regions

of galaxies and thereby allow us to determine (N� + Nbu lg e)M� from inner region

rotational velocity data alone. Surprisingly, the ratios of (N� + Nbu lg e)M� to the

measured luminosities are very close to the mass to light ratio i.e. are in same order of

the mass to light ratioM�=L� measured in the local solar system neighborhood. The

use of Eq.(5:37) to �t rotational curves in the outer regions is e¤ectively parameter

free as (N� + Nbu lg e)M� being determined by inner region data alone. Thus, the

predictions in the outer region by the conformal gravity theory are highly constrained

and the theory is fully capable of accounting for the rotational curve systematics that

are observed right across the updated galaxy sample. Eq.(5:37) is thus very sensitive

to distances of the galaxies as the parameters �; 0 and � are absolute quantities

and any variation in R would a¤ect the spontaneous contributions of the linear and

quadratic terms in it.
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5.5 Limit on the size of galaxies

We are interested to �nd a possible limit on the size of galaxies in terms of �, 0

and �. To do this, let us consider a point particle Lagrangian[10]

L =
_r2

2
+
r2 _�

2

2
� V (r), (5.38)

for the motion in a plane having central potential V (r). For a circular orbit

�r = 0

) r _�
2 � V

0
(r) = 0

) V
0
(r) =

J2

r3
, (5.39)

where

r2 _� = J .

On de�ning

Veff (r) = V (r) +
J2

2r2
,

one can show that if r _� is real then the circular orbits will satisfy V
0
(r) � 0 and for

the stability of the orbit one must have [10]

V
00

eff (r) = V
00
(r) + 3V

0
(r)=r � 0. (5.40)

Now considering V = 0c
2r
2
� �c2r2

2
, V

0
(r) vanishes at r = 0=2� while V

00
eff (r) vanishes

at r = 30=8�. Thus, the orbit with r � 30=8� would be stable [10] but not for

30=8� < r � 0=2�.
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The potential in conformal theory is an e¤ect of the interplay between each local

galaxy and the global cosmology, that�s why this problem in cosmology is actually

a many body in nature. On the other hand, the above stability analysis would be

applicable if the problems were a one-body problem [10]. Perturbations in the cos-

mological background are the inhomogeneities and are responsible for the existence

of galaxies. The fate of the galaxies generated by this way will depend on the cosmo-

logical perturbations i.e. they will be stable as long as the cosmological perturbations

themselves are stable. It could thus be very didactic to investigate both theoretically

and observationally where (and of course whether) galaxies might actually terminate.

As the Eq.(5:37) (also Eq.(5:30)) account for the data, one would need to be able to

derive it in the theory of dark matter with out any approximation if the dark matter

theory to be the correct explanation of the missing mass problem. Despite its suc-

cess in �tting of galactic rotational curves with only one free parameter per galaxy,

namely galactic mass to light ratio for each individual galaxy and given in addition

its theoretical underpinnings, the future will test the reliability of conformal gravity

as a candidate for alternate theory of gravity.
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Chapter 6

CONSTRAINT ON CENTRAL DARK MATTER

DENSITY IN THE EDDINGTON INSPIRED

BORN-INFELD (EiBI) GRAVITY.

6.1 Introduction

The proportional relation between the stress-energy tensor and the geometry in

general relativity is an e¤ect of the coupling between matter and gravity. This matter-

gravity coupling is linear, in general, though there is no obvious reason behind it.

Modi�ed theories of gravity that usually e¤ect the vacuum dynamics are the evidence

for the linearity of the matter-gravity coupling [1; 2]. Based on Eddington gravity

action [3] and Born-Infeld nonlinear electrodynamics [4], Eddington-inspired Born-

Infeld (EiBI) theory has been proposed [5] recently to provide matter-gravity coupling

modi�cations. This theory agrees with the stable compact pressureless stars coined
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by perfect �uid, which opens a new horizon of self-gravitating dark matter.

The impact of positive coupling parameters on the collapse of dust and on sin-

gularities, optimal constraint on the coupling parameters are elaborated in [6]. The

evolution of a homogeneous and isotropic Friedmann-Robertson-Walker universe in

the context of the EiBI theory of gravity has been discussed in [7]. Its non-trivial

coupling to matter restrain singularities in early cosmology and in the non-relativistic

collapse of non-interacting particles. Any positive coupling corresponds to a collapse

to pressureless star rather than a singularity. Chandrasekhar limit for the mass of

non-relativistic white dwarf does not exist in this theory [8]. The initial state of an

anisotropic universe, in this theory, may be regular if the quadratic power for large

�eld value dominates the scalar potential [9]. EiBI theory may be used to avoid cos-

mological singularities [10]. This theory recalls the Palatini gravity formulation in

aspect of curvature singularities at the surface of polytropic stars [11].

To get a more complete view of the EiBI theory and the Weyl gravity, it is neces-

sary to mention that several important predictions follow from the two theories. For

instance, recent investigation by Du et al. [12] on large scale structure formation in

the EiBI gravity shows a deviation in the matter power spectrum between the EiBI

gravity and the CDM model, which is a testable prediction. Stability and localiza-

tion of gravitational �uctuations in the EiBI brane system have been studied in Refs.

[13; 14]. Further, as shown by Wei et al. [15], strong gravitational lensing observables

in EiBI are controlled by the coupling parameter �, which is a new prediction that
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lends itself to future testing. Similarly, in Weyl gravity, the �rst order light de�ection

angle �W by a galaxy, �rst obtained by Edery and Paranjape [16], contains the galactic

halo parameter  appearing in the Mannheim-O�Brien (MO) model. Bhattacharya et

al. [17; 18] calculated higher order de�ection terms. Strong �eld lensing in the Weyl

gravity has been studied recently in [19]; and the predictions can be veri�ed by actual

observations in future. A remarkable feature of Weyl gravity is that its solution, the

MO model, already contains the successes of the well tested Schwarzschild gravity as

a special case. All the above exemplify the current status of the capabilities of the

two theories in question.

The possibility of perfect �uid dark matter within the framework of general rel-

ativity has already been explored in the literature [20; 21]. A similar possibility has

been recently investigated within the framework of the EiBI theory by Harko et al.

[22; 23] and this is the model we are going to analyze further in this paper. Using a

tangential velocity pro�le [24; 25] giving Universal Rotation Curves (URC) and setting

the cosmological constant to zero, they obtained, in the Newtonian approximation, a

new galactic metric and theoretically explored its gravitational properties. However,

the numerical values of the crucial parameter � (denoted by � = 2R2DM=�
2) or equiv-

alently the dark matter radius RDM, cannot be determined from the theory alone �

it has to be obtained either from the observed data or from some other model. It

is also expected that the values of RDM would di¤er from galaxy to galaxy. On the

other hand, to our knowledge, apart from the observed last scattering radii Rlast, the
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astrophysical literature still seems to lack concrete observed data on RDM for individ-

ual galaxies. Therefore, an appropriate numerical input for RDM is needed, which we

take from Weyl gravity, if we want to make quantitative predictions.

At this point, we recall a novel idea of Edery & Paranjape [16], where they bridged

two di¤erent metric theories by equating the same Einstein angle �E (caused by the

luminous + dark matter) with the Weyl angle �W (caused by the luminous matter

alone), and drew useful and testable conclusions using the identity �E = �W . Mo-

tivated exactly by this idea, we equate the same EiBI radius of dark matter RDM

(caused by dark matter source) with the geometric Weyl radius of the galactic halo

RWR (caused by the luminous matter alone). With the numerical input RDM = RWR,

we shall quantify the relevant central densities in the EiBI theory. We wish to clarify

that we are not talking here of merging or mapping the two theories into one another

per se but concentrating only on a particular common prediction. The theories are of

course di¤erent from each other �one with dark matter source and the other without,

not to mention di¤erences elsewhere. But both are metric theories capable of pre-

dicting for any given galactic sample with a dark matter/halo boundary arising out

of the same stability condition V
00
< 0 (as used, e.g., in the braneworld dark matter

[26]). Therefore, without any bias to either theories, we shall investigate if this input

leads to limits on dark matter central density �0 consistent with those estimated from

�ts to di¤erent known pro�les. We shall see that it does.

The radius RWR is to be understood as the geometric halo radius with its interior
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being �lled with Weyl vacuum 1. We stress that Weyl vacuum is not a vacuum in the

ordinary sense but an arena of interplay of several potential energies, predominantly

the global quadratic potential due to cosmic inhomogeneities [27]. Thus, our input

physically means that the total potential energy contained within the halo radius RWR

of Weyl gravity equals the total invisible dark matter energy contained within RDM of

EiBI gravity. The radius RDM is de�ned by the absence of dark matter density at the

halo boundary [22; 23], while RWR is de�ned by the absence of stable circular orbits

at the halo boundary [28]. Since stability is an essential physical criterion because

Doppler emissions from the halo emanate from stable circular orbits of hydrogen gas

[29], we think that RWR should be regarded as the only testable upper limit on the

radius of a galactic halo. Fortunately, observed last scattering data Rlast so far have

not surpassed the predicted limiting value RWR for all the galaxies studied to date,

thereby lending excellent observational support to the MO model prediction of RWR.

6.2 Outline of the EiBI halo model

EiBI theory is governed by the gravitational action SEiBI , given by [5; 22]

SEiBI =
1

16�

2

�

Z
d4x[

q
� j g�� + 8��R�� j � �

p
�g] + SM [g;	M ], (6.1)

with � 6= 0 is a dimensionless parameter, g�� is the physical metric, � is a parameter

with inverse dimension to that of the cosmological constant � and R�� is the sym-

1Note that we are using here the terminology RWR in lieu of Rmaxstable of Ref.[28] only to bring it
in line with the notation of the present analysis.
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metric part of the Ricci tensor and is derived from ���. The matter action SM is a

function of the matter �elds 	M and g�� . j g��+8��R�� j denotes the determinant of

g��+8��R�� . For small values of �R, the action (6:1) reproduces the Einstein-Hilbert

action with � = �� + 1, where � is the cosmological constant, while for large values

of �R, this action approximates to that of Eddington, viz., SEdd = 2�
R
d4x[

p
j R j.

For more details, see [30; 31].

Harko et al. [22; 23] deals with dark matter modeling assuming certain restrictive

conditions such as spherical symmetry and asymptotic �atness, the latter requiring

that � = 0 , � = 1. These assumptions of course limit the applicability of EiBI

theory but makes the problem at hand much simpler to handle. Therefore, the char-

acteristics of various cosmological and stellar scenarios that can be govern by that

action SEiBI , are determined by the remaining parameter �: For instance, the critical

mass (above which pressureless compact objects may collapse into a black hole) is

approximately equal to �1=2c2G3=2 and the maximum density that the matter inside

of a stable compact star can attain is nearly equal to c2=�. For a gravitationally

bound astrophysical objects of size R, � < GR2 [32]: Several constrain for � with a

three dimensional EiBI gravity is studied in [33].

There are two metrics in the EiBI theory, namely, the physical metric (g��) and

the auxiliary metric (q��) which are connected by the �eld equations [22]

q�� = g�� + 8��R�� , (6.2)

q�� = �(g�� + 8��T ��), (6.3)
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yield by varying the action (6:1) with respect to the connection ��� and with respect to

the real metric g�� , respectively. The auxiliary metric q�� is related to the connection

��� by

��� =
1

2
q��(@q�� + @�q� � @�q�);

and � is de�ned as � =
p
g=q. In vacuum where the stress-energy tensor T �� vanishes,

we have q�� = g�� (from Eq.(6:2)), i.e. EiBI theory is equivalent to standard general

relativity.

The line elements, corresponding to both the metrics, representing a static and

spherically symmetric dark matter halo is of the form [22]

g��dx
�dx� = �e�(r)dt2 + e�(r)dr2 + f(r)(d�2 + sin2 �d�2), (6.4)

q��dx
�dx� = �e�(r)dt2 + e�(r)dr2 + r2(d�2 + sin2 �d�2), (6.5)

respectively where �(r), �(r), f(r), �(r) and �(r) are arbitrary metric functions of

the radial coordinate r. The galactic halo is assumed to be �lled with perfect �uid

dark matter with energy-momentum tensor T �� = (p+ �)U�U � + pg�� where � is

the energy density, p is the isotropic pressure and U� is the four velocity of the �uid

satisfying g��U�U � = �1, then the system of gravitational �eld equations assent that

[22]

d

dr
(re��) = 1� 1

2�
(2 +

a

b3
� 3

ab
)r2, (6.6)

e��(1 + r
d�

dr
) = 1 +

1

2�
(
1

ab
+
a

b3
� 2)r2, (6.7)

e� =
e�b3

a
, e� = e�ab, f =

r2

ab
, (6.8)
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where a =
p
1 + 8��� and b =

p
1� 8��p.

Let us consider the tangential velocity pro�le provided by the Universal Rotation

Curve (URC) [24; 25]

v2tg = v21
(r=ropt)

2

r20 + (r=ropt)
2
, (6.9)

where ropt is the optical radius containing 83% of the galactic luminosity. The pa-

rameter r0 is the halo core radius in units of ropt and the asymptotic velocity(v1) is

given by v21 = v2opt(1���)(1+ r20) where vopt = vtg(ropt), �� = 0:72+0:44Log10[L=L�]

and L� = 1010:4L�. For spiral galaxies r0 = 1:5(L=L�)
1=5. If r ! 0, vtg ! 0 and

vtg ! v1 for r=ropt � r0. The expression of v2tg for a test particle in a stable circular

orbit is v2tg = r� 0=2 [22]. Therefore, the general static and spherically symmetric

metric of the dark matter halo takes the form

d� 2 = �e�0 [( r
ropt

)2 + r20]
v21dt2 + e�(r)dr2 + r2(d�2 + sin2 �d�2), (6.10)

where e�0 is an arbitrary constant of integration.

Let us consider that the motion of the massive test particles in EiBI gravity take

place in a pressureless cosmic medium i.e. 8��p � 1 and the density of the dark

matter is small i.e. 8��� � 1. Then, to a �rst order of the coupling constant �,

the di¤erential equation describing the dark matter pro�le in EiBI gravity can be

obtained as [22]

1

r2
d

dr
(r2

d�

dr
) +

2

�
� = 16���

0
r. (6.11)

To obtain an approximate solution of Eq.(6:11), we can neglect the non-linear
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term containing � i.e. 16���
0
r at the right hand side of it. Thus, Eq.(6:11) simpli�es

to [22]

1

r2
d

dr
(r2

d�(0)

dr
) +

2

�
�(0) = 0; (6.12)

which is the Lane-Emden equation for the polytropic index n = 1 [34, 35]. Thus with

the assumptions that 8��p� 1 and that the velocity of the test particles in circular

stable orbits around the galactic center is constant, a �rst order approximation of the

coupling constant � yield a dark matter density pro�le which satisfy the Lane-Emden

equation with a polytropic index n = 1.

A non-singular solution of the Eq.(6:12) at the center is given by [22]

�(0)(r) = K
Sin(

q
2
�
r)q

2
�
r

, (6.13)

where K is an arbitrary constant of integration. At the center of the galactic halo

�(0)(0) = �0, the central dark matter density. Therefore from Eq.(6:13), K = �0.

Assuming that the halo has a sharp boundary RDM , where the density vanishes i.e.

�(0)(RDM) = 0. Thus, from Eq.(6:13), we can obtain RDM =
p

�
2
�. The density

pro�le (6:13) exhibits an unphysical behavior of becoming negative for RDM < R <

2RDM , which is why one has to require a sharp halo boundary �(0)(R � RDM) = 0.

This quite speci�c behavior of the density pro�le di¤ers from those of Navarro-Frenk-

White (NFW) or Burkert density pro�les (that decay to zero only as r !1)[36].

The mass pro�le of the dark matter, M(r) = 4�
R r
0
�(0)(r)r2dr, is given by

M(�r) =
4R3DM�0
�2

[sin(�r)� �r cos(�r)], (6.14)
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where �r = �r=RDM .

Again, the q-metric coe¢ cient e� can be obtained as [22]

e�� = 1� 2M(r)
r

= 1� ��0
�r
[sin(�r)� �r cos(�r)]: (6.15)

and the g-metric coe¢ cients are given by

e�� = e��a = e��[1 +
��0
�r
sin(�r)]; (6.16)

f(�r) =
(R2DM=�

2)�r2p
1 + 8���

=
R2DM �r

2

�2
[1� ��0

�r
sin(�r)], (6.17)

where ��0 =
8R2DM�0

�
.

Therefore, with some speci�ed assumptions like (r=ropt)2 � r20 and 8��p� 1, the

dark matter pro�le (in an exact analytic form) with full galactic dark matter metric,

in both g and q geometries, can be obtained. Thus, the governing metric of the dark

matter halo became [22]

d� 2 = �B(r)dt2 + A(r)dr2 + r2C(r)(d�2 + sin2 �d�2); (6.18)

B(r) = e�0

"�
RDM
�ropt

�2
r2 + r20

#v21
;

A(r) =

�
RDM
�

�2
1h

1� �0
r
sin(r) + �0 cos(r)

i h
1� �0

r
sin(r)

i ;
C(r) =

�
RDM
�

�2 �
1� �0

r
sin(r)

�
:

Total mass of the dark matter halo contained in the spherical region of radius RDM

is (from Eq.(6:14))

MDM =M(RDM) =
p
2�2�3=2�0 =

4

�
�0R

3
DM . (6.19)
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The mean density of the dark matter halo is de�ned as

h�i = MDM

4�R3DM=3
=
3�0
�2
. (6.20)

Note that the surface area of a sphere at the boundary of dark matter halo de�ned

by �r = �, has the value S = 4�R
2
DM �r

2

�2
= 4�R2DM , which is just the spherical surface

area in "standard coordinates". Thus the dark matter radius RDM can be identi�ed

with standard coordinate halo radius RWR derived below. We shall need some of the

above equations in the sequel.

6.3 Outline of the Mannheim-O�Brien conformal

gravity model

The unique Weyl action is

SWeyl = ��g
Z
d4x
p
�g
�
C����C

����
�

= �2�g
Z
d4x
p
�g
�
R��R

�� � 1
3
(R��)

2

�
; (6.21)

where C���� is the Weyl tensor and �g is the dimensionless gravitational constant.

The metric ansatz in standard coordinates taken in [27] is

d� 2 = �B(r)dt2 + 1

B(r)
dr2 + r2(d�2 + sin2 �d�2). (6.22)

With this ansatz, the geodesic for a single test particle yields the tangential velocity

of material circular orbits at the arbitrary radius r = R as [37]

v2tg =
�
Rc2=2

�
B0; (6.23)
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where prime denotes derivative with respect to R.

In Weyl gravity, a given local gravitational source generates a gravitational poten-

tial per unit solar mass as follows (Eq.(8) of Ref. [37]): V �(r) = ���c2

r
+ �c2r

2
where

�� and � are constants. Integrating V � over the luminous matter distribution in

the Weyl gravity, Mannheim [37; 38] obtained to a good approximation the following

expression of the local contribution to the centripetal acceleration su¤ered by a test

particle in circular orbit at R > 4R0:

v2LOC
R

' N���c2

R2

�
1� 9R

2
0

2R2

�
+
N��c2

2

�
1� 3R

2
0

2R2
� 45R

4
0

8R4

�
: (6.24)

The meanings and values of the symbols above are as follows: R0 is the scale length

such that most of the surface brightness is contained in R � 4R0 of the optical disk

region. From the observed galactic mass-to-light ratio (M=L), one can de�ne the

total number of solar mass units N� in the galaxy via (M=L)L = Mlum = N�M�.

The values of the constants giving best �ts to rotation curves of all the 111 galaxy

samples in [37] are:

�� = GM�=c
2 = 1:48� 105 cm, � = 5:42� 10�41 cm�1,

0 = 3:06� 10�30 cm�1, k = 9:54� 10�54 cm�2. (6.25)

Adding to Eq.(6:24) two more components, Mannheim [37] proposed the complete
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expression

v2tg
R

=
v2LOC
R

+
0c

2

2
� kc2R

=
N���c2

R2

�
1� 9R

2
0

2R2

�
+
N��c2

2

�
1� 3R

2
0

2R2
� 45R

4
0

8R4

�
+
0c

2

2
� kc2R; (6.26)

with the asymptotic limit

v2tg
R
! N���c2

R2
+
N��c2

2
+
0c

2

2
� kc2R; (6.27)

where one recognizes the Schwarzschild-like potential V�� = N���c2=R, two linear

potential terms, viz., a local V� = N��c2R=2 associated with the matter distribu-

tion within a galaxy and a global V0 = 0c
2R=2 associated with the cosmological

background, while the universal de Sitter-like quadratic potential term Vk = �kc2R2

is induced by inhomogeneities in the cosmic background. Note that the last three

potentials are new inputs into the MO model [27] designed to interpret the rotation

curve data. It is evident from Eq.(6:26) that, in making the �ts, the only one parame-

ter that can vary from one galaxy to the other is the ratio (M=L) leading to a galaxy

dependent N�. The known HI gas mass is included in the �t. With everything else be-

ing universal, no dark matter is needed; the metric e¤ect is enough to account for the

observed rotation data. This is the so-called "no-dark-matter" paradigm underlying

the MO model.

For each galaxy with speci�c value of N� and other �xed constants as in (6:25),

v2tg of Eq.(6:26) gives a �nite value of R at the terminating velocity v2tg(Rterm) = 0.
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To illustrate various results derived here, we need to consider samples and so in the

following we choose the LSB galactic sample ESO 1200211. The plot in Figure 6:1

shows that the rotation curve v2tg decays to zero at a radial distance Rterm = 52:04

kpc [36], but this is still not the halo radius. The actual halo radius RWR will always

be less than the value of Rterm for reasons of stability, as worked out below.

Figure 6.1. Plot of v2tg vs R (cm) using Eq.(6.26) for ESO 1200211.

The luminous mass is Mlum = 5:6� 107M� so that N� = 5:6� 107.

The other constants are in (6.25) and R0 = 2 kpc [37]. One �nds

the velocity terminating radius Rterm = 52:04 kpc.



112

Using Eq.(6:26) in Eq.(6:23) and integrating, we get

B(R) = 1� 2N
���

R
+ (N�� + 0)R� kR2 +

3R20N
��

2R
+
15R40N

�� � 24R20N���

8R3
: (6.28)

The metric function B(R) has a term proportional to k that corresponds to the so

called quadratic potential Vk(R) = �kc2R2 used in [27]. The radial geodesic in the

metric (6:22) is given by

�
dr

dt

�2
= B2(r)� a

B3(r)

r2
� bB3(r); (6.29)

where a and b are constants of motion. The right hand side of the above equation

is the "e¤ective potential" V , and V 00
MO � f(R) involves the derivatives of B(R)

containing that quadratic potential.

The presence of this quadratic component Vk via B(R) in the f(R) produces a

�nite RWR, as explained in Ref.[28]. The crucial importance of Vk is that if it is absent

in B(R), there would be no �nite terminating value for RWR. The main reason is the

negative sign in Vk needed for the data �t by MO. Because of this, it is quite evident

from the plot of V 00
MO (Figure 6:2) that the sample ESO 1200211 has a maximally

allowed �nite halo radius � 39.033 kpc. On the other hand, if Vk has a positive sign

(in which case no �t to data) or is altogether removed from B(R), hence from V 00
MO,

it can be graphically veri�ed that there will be no �nite stable radius RWR for the

halo. This shows the crucial role of Vk. Thus, it is the requirement of �tting to data

that indirectly limits the halo size to RWR. As to the physical reason, we see that
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the repulsive potential Vk balances the remaining attractive potentials at r = Rterm

[see Eq. (6:27)] but stability further demands that RWR < Rterm, as is evident from

Figures 6:1 & 6:2. Therefore, we can say that, at r = RWR, attractive potentials

prevail over the repulsive potential Vk constraining the gas on the circular orbit, as it

should.

The right hand side of Eq.(6:29) and its �rst derivative with respect to r, both

must vanish at the circular radius r = R giving

a =
R3B0(R)

2B2(R)
, b =

2B(R)�RB0(R)

2B2(R)
: (6.30)

The condition for stability is that the second derivative of the �e¤ective potential�

V with respect to r must be negative at the circular radius r = R. The resultant

expression with values of a, b plugged in leads to the generic stability criterion for

the MO model:

V 00
MO = 2B

02(R)�B(R)B00(R)� 3B(R)B0(R)=R < 0: (6.31)

This inequality graphically predicts a �nite, stable, maximum halo radius that we

call RWR caused solely by the quadratic potential Vk(R) = �kc2R2. Interestingly,

the predicted RWR lends itself to observational testing in the near future as its value

does not often much exceed the Rlast for many samples.

The above algorithm is applicable to all the 111 galaxy samples but for illustration,

we display V 00
MO vs R for the same sample ESO 1200211 in Figure 6:2. The value of N

�

can be found from N� =Mlum=�
�, where Mlum = [(M=L)stars �LB +MHI]� 1010M�.
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All necessary components can be read o¤ from the entries in the Table IV in [37].

The value of N� (= 5:60�107) together with other constants in (6:25), when plugged

into the inequality (6:31), immediately graphically yields R = RWR = 39:03 kpc [36],

which is less than Rterm calculated above.

Figure 6.2. Plot of V 00 vs R (cm) using Eq.(6.31). The crossing

shows the halo radius RWR = 39:03 kpc ( � 1:204� 1023 cm ),

which is the maximally allowed radius supporting stable circular

orbits in the halo of ESO 1200211, for which R0 = 2 kpc. The

plot is made for the radii R > 4R0:
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6.4 Upper limit on density for stability

To analyze the stability of circular orbits, one needs to analyze the second order

derivative of the concerned potential, which we wish to do here. To �nd the potential

V , note that the four velocity U� = dx�

d�
of a test particle of rest mass m0 moving in

the halo (restricting ourselves to � = �=2) follows the equation g��U �U� = �m2
0 that

can be cast into a Newtonian form in the dimensionless radial variable r (= �r=RDM)

as �
dr

d�

�2
= E2 + VEiBI(r); (6.32)

which gives, for the metric Eq.(6:18), the EiBI potential [36]

VEiBI(r) =

�
E2
�
1

AB
� 1
�
� L2

ACr2
� 1

A

�
; (6.33)

E =
U0
m0

; L =
U3
m0

; (6.34)

where the constants E and L, respectively, are the conserved relativistic energy and

angular momentum per unit mass of the test particle. Circular orbits at any arbitrary

radius are de�ned by r = R = constant, so that dr
d�
jr=R= 0 and, additionally,

dV
dr
jr=R= 0. From these two conditions follow the conserved quantities as under [36]:

L2 =
X

Z
; (6.35)

and using it in VEiBI(R) = �E2, we get

E2 =
Y

Z
; (6.36)
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where

X � ��2R3v21(R� �0 sinR)
2, (6.37)

Y �
�
�R

2
+ 2r20r

2
opt

� 
r20 +

�R
2

2r2opt

!v21 �
�0R cosR + �0 sinR� 2R

�
, (6.38)

Z �
n
�R

2 �
1� 2v21

�
+ 2r20r

2
opt

o
�0 sinR +

�
�R

2
+ 2r20r

2
opt

�
�0R cosR

�4Rr20r2opt � 2�R
3 �
1� v21

�
: (6.39)

Putting the expressions for L2 andE2 in Eq.(6:33), we �nd the complete expression

for VEiBI. The orbits will be stable if V 00
EiBI � d2V

dr2
jr=R< 0 and unstable if V 00

EiBI > 0.

The expression for V 00
EiBI is [36]

V 00
EiBI

�
R;�; �0; r0; ropt; v1

�
=

242v21 �R + �0R cosR� �0 sinR
�

R
2
�
�R

2
+ 2r20r

2
opt

�
Z

35�
h
32R

2
r20r

2
opt + 8�R

4 �
1� v21

�
+ 6�20r

2
0r
2
opt

�
1 +R

2
�

+��20R
2
�
1� 2v21 + 3R

2
�

�2R2
n
14r20r

2
opt + �R

2 �
5� 2v21

�o
�0 cosR

+
n
2
�
R
2 � 3

�
r20r

2
opt � �R

2
�
1� 2v21 �R

2
�o

�20 cos
�
2R
�

�
n
36r20r

2
opt + 4R

2
r20r

2
opt + 6�R

2
+ 2�R

4 � 12�R2v21
o
�0R sinR

+
n
6r20r

2
opt + �R

2 � 2�R2v21
o
�20R sin

�
2R
�i
: (6.40)

It will be an exaggeration to straightforwardly draw any conclusion about stability

or otherwise of the circular orbits. Clearly, much will depend on the parameter
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ranges chosen on the basis of physical considerations. While other parameters can be

reasonably assigned, the as yet unknown parameters are the dark matter radius � (=

2R2DM=�
2) and the dimensionless central density �0 (= 8�0R

2
DM=�), again depending

only on �. In the �rst order approximation, the density distribution in the dark matter

has been assumed in [22] to be low such that 8�G��(0)=c4 � 1, but the central density

�0 could still be large since jsin(x)=xj � 1 (see Eq.(6:13)). The question therefore is

how large or small could it be, or turning it around, could there be any upper limit

on �0 imposed by the stability criterion?

The answer is in the a¢ rmative and can be found graphically. It can be found

that V 00 is indeed very sensitive to changes in �0 leading to di¤erent upper limits �
upper
0

for di¤erent galactic samples such that stable circular orbits are possible only when

�0 � �upper0 . The reason is that RDM changes from sample to sample, as it should, and

thereby leads to di¤erent (though not too di¤erent) values for � and �upper0 . Let us

again consider the previous sample ESO 1200211, a low surface brightness galaxy with

a halo/dark matter radius RWR � RDM = 39:03 kpc that corresponds to � = 308:74

kpc2. With � thus �xed, the other parameters can be �xed respecting the Newtonian

approximation, e.g., r0 = 0:61, v21 = 0:000001, ropt = 8 kpc, with the dimensionless

radius R (= �R=RDM) chosen in the range R 2 [0:5�; �] corresponding to coordinate

radii R 2 [19:52 kpc, 39:03 kpc], the dimensionless density parameter chosen in the

range �0 2 [0:25�; 0:8�] and plot V 00
EiBI vs R using the expression (6:40).

Graphical analysis shows that, while VEiBI is not much sensitive to the variation
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of the other parameters within the Newtonian approximation, it is greatly sensitive

to the variation of the remaining parameter �0. Figures 6:3 and 6:4 respectively show

that, for values of �0 > 0:94, there is instability in the entire or partial range of

the halo radii R, while Figure 6:5 indicates that there is an upper limit occurring at

�upper0 = 0:94 = �upper�, where �upper = 0:299, such that for �0 � �upper0 , all circular

orbits in the entire chosen radial range for R are stable [36]. It can be veri�ed that

this value of �upper surprisingly remains the same for values for � across the entire

range of 111 samples (some tabulated here), so �upper0 is quite a reliable limit.

Rewriting in terms of �0, we have [36]

�upper0 =
�upper0 �

8R2DM
=
�upper

4�
. (6.41)

This by itself is an interesting prediction of EiBI theory. However, if we want to

quantify �upper0 for a given galaxy, we need to use the value of RDM but since concrete

observed values are yet unavailable, we choose to use the input RDM = RWR. It

turns out that this choice, though not mandatory, works well giving de�nitive values

for �upper0 for all samples. Plugging in the values of �upper and �, we �nd that the

constraint �0 � �upper0 immediately translates into a generic constraint such that for

[36]

�0 � �upper0 , (6.42)

all circular orbits in the chosen range for R are stable. Thus, using the value of � as

above in Eq.(6:41), the sample ESO 1200211 quantitatively yields �upper0 = 5:04�1012

M�kpc�3. In general, as long as �0 of any galaxy obeys the stability induced constraint
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(6:42), the circular material orbits in the halo region will be stable up to a maximum

radius R = RWR.

Figure 6.3. Plot of V 00 vs �R 2 [0:5�; �] using Eq.(6.40) for ESO

1200211. The chosen parameters are : r0 = 0:61, v21 = 0:000001,

ropt = 8 kpc [= 2:47� 1022 cm]. Here �0 = 8:25� 1012M� kpc�3,

which corresponds to ��0 = 0:50�. The orbits are unstable in the

chosen entire region �R 2 [0:5�; �] because V 00 > 0 there.
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Figure 6.4. Plot of V 00 vs �R 2 [0:5�; �] using Eq.(6.40) for ESO

1200211. The chosen parameters are : r0 = 0:61, v21 = 0:000001,

ropt = 8 kpc. Here central density is further lowered to �0 = 5:61�

1012M� kpc�3, which corresponds to ��0 = 0:34�. The orbits are

unstable in some intermediate radii as V 00 > 0 is partially positive

and partially negative.
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Figure 6.5. Plot of V 00 vs �R 2 [0:5�; �] using Eq.(6.40) for ESO

1200211. The chosen parameters are : r0 = 0:61, v21 = 0:000001,

ropt = 8 kpc. Here central density is further lowered to �0 = 5:04�

1012M� kpc�3, which corresponds to ��
upper
0 = 0:94. The orbits are

stable in the entire chosen region for �R . The corresponding �0 is

the upper limit on central density �upper0 speci�c to the sample.
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6.5 Central and mean dark matter density

So far, the algorithm has been as follows: Take any galactic sample, �nd RWR

for that sample using the method of the previous section. Then, from the identity

RDM = RWR, �nd RDM (hence �) and using Eq.(6:41), �nd �
upper
0 . However, we still

do not know the values of �0 for all the samples observed to date and cannot ascertain

whether or not they satisfy the stability induced constraint �0 � �upper0 . On the other

hand, some notable dark matter simulations and pro�les for several samples show

values for �0 that do respect this constraint (Table II). This success then prompts us

to ask if there is any lower limit on �0 such that �
lower
0 � �0 � �upper0 holds.

Fortunately, there is a way to �nd the values of �lower0 , once we are able to estimate

the total mass of dark matter MDM using the observed mass-to-light ratios. Fitted

data are available for the luminous mass-to-light ratios (Mlum=LB) in solar units ��

(� M�
L�
):

Mlum

LB
= ��.

The luminous mass (Mlum) of a galaxy is contributed mostly by stars and gases

excluding dark matter. The stellar mass-to-light ratios  for 111 samples in [37] are

seen to lie between 0:2 and 8 (with just a couple of exceptions), which is consistent

with the upper bound of 10�� suggested by the population synthesis models [39].

On the other hand, there is no detectable dark matter associated with the galactic
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disk, most of the dark matter is distributed in the halo [40, 41]. So we can write

Mtot =Mlum +MDM; (6.43)

then

Mtot

LB
= ���;

where � must be larger than , if there is dark matter (observed mass-to-light ratios

are still uncertain). We can thus write, following Edery & Paranjape [16]:

Mlum

Mtot
=
1

�
; (6.44)

which gives � = � and � should be so chosen as to make � > . In general, one

takes � > 1 such that Mtot > Mlum thereby accommodating the presence of dark

matter.

Assuming that the halos must be substantially larger than the last measured point

Rlast, the dark to luminous mass within Rlast then gives an upper limit of baryon

fraction(fb) through fb <
Mlum
Mtot

and therefore fb <
�
1 + MDM

Mlum

��1
. For some galaxies,

fb < 0:08, as reported in de Blok and McGaugh [42]. Thus, using (6:44), we have

fb <
1
�
and fb < 0:08. Certainly, these inequalities do not constrain � in any way.

One of the in�nity of options to ensure that both hold simultaneously is to assume

that 1
�
= 0:08 ) � = 12:5. While � can be varied at will unless it is de�nitively

�xed by independent concrete observed data, we shall for the moment choose the

value � = 12:5 only to have an idea of the order of magnitudes of the estimated

densities, but we shall change � later. The current choice would imply � 2 [2:5; 100]
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corresponding to  2 [0:2; 8]. The values of � � 100 is enough to account for the

large dark matter content of LSB galaxies (i.e., large mass-to-light ratios Mtot
LB
) such

as DDO154. Currently favored Burkert density pro�le can provide an excellent mass

model for the dark halos around disk systems up to 100 times more massive than

small dwarf galaxies for which the pro�le was initially intended [43; 44].

The ratio Mlum=Mtot then gives the connection between MDM of EiBI theory and

the luminous mass Mlum of galaxies via Eq.(6:43):

MDM = (�� 1)Mlum. (6.45)

Using RWR � RDM, Eqs.(6:19) and (6:20) can be rewritten as [36]

�lower0 =
�(�� 1)Mlum

4R3WR
; h�ilower = 3�lower0

�2
. (6.46)

The superscript "lower" indicates that it is the lower limit of the dark matter central

density �0 because RWR is the maximum allowed halo radius (see Figure 6:2), where

V 00 < 0 gives stable radii R � RWR. Evidently, �lower0 is proportional to the as yet

unknown parameter �. We are free to raise the value of � arbitrarily, but then the

consequent larger values of � would lead to too large an amount of dark matter

comparable to that existing in galactic clusters.

To illustrate the order of magnitudes involved for �lower0 , hence for h�ilower, we

again consider the low mass LSB sample ESO 1200211 for which Mlum = 5:60� 107

M�,  = 0:2 and our method, mentioned earlier, yields RWR = 39:03 kpc, � = 308:74

kpc2, Rterm = 52:04 kpc. Using Eqs.(6:46), and allowing for a fairly large amount
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of dark matter over luminous matter corresponding to � = 12:5, we �nd �lower0 =

8:49 � 104 M�kpc�3 and h�ilower = 2:58 � 104 M�kpc�3. To compare these values

of density, we consider several dark matter density pro�les: (i) the Bose-Einstein [45]

condensate (�BEC0 ), (ii) Pseudo-Isothermal [46] pro�le (�PI0 ), (iii) the Navarro-Frenk-

White [47] pro�le (�NFWi ), (iv) Burkert [43] pro�le (�BP ), (see the next section for

the exact forms). They yield values as follows: (i) �BEC0 = 1:38 � 107 M�kpc�3, (ii)

�PI0 = 4:64 � 107 M�kpc�3 and (iii) �NFW0 = 2:45 � 106 M�kpc�3 for ESO 1200211

(see the entries in Table I of [45]). In the previous section, we already found for

the present sample the value �upper0 = 5:04 � 1012 M�kpc�3. We hence see that

�lower0 < �BEC, PI or NFW0 < �upper0 nicely holds. If we take � < 12:5, which should also

be quite acceptable for many samples, the values of �lower0 will only be further lowered

and of course the interval will be well supported.

If we increase � to an (unlikely) mammoth value, say � = 300 so that Mtot =

300Mlum implying � = 60 so that Mtot
LB

= 60�� in the considered sample, then �lower0 �

2:20 � 106 M�kpc�3, and we notice that the proposed limits are still not violated!

If we exclude NFW pro�le, then the values � can be increased even further. This

testi�es to the validity of Eqs.(6:46) as well as the limits.

6.6 Testing the limit on the Milky Way

As for our MilkyWay galaxy, the latest reported estimates are the following: Using

the gas terminal velocity curve, Sgr A� proper motion, an oblate bulge + Miyamoto-
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Nagai disc and NFWhalo, Ka�e et al. [48] estimated the luminous (disc + bulge) mass

to be Mlum � 1:04� 1011M�, so that N� = 1:04� 1011 and the virial mass inclusive

of dark matter Mvir = Mtot � 0:80 � 1012 M� so that � = Mtot=Mlum = 7:68. (We

have not considered the data/�t uncertainties). For alternative but not too di¤erent

values of Mtot, see [49� 55]. Using the scale length R0 = 4:9 kpc [48] and the above

N� in the inequality (6:31), we �nd that RWR = RDM = 111:90 kpc. With this value

of RWR, Eq.(6:41) then yields a value �
upper
0, MW = 6:14 � 1011 M�kpc�3 characteristic

of the Milky way, which does not exceed the maximum density (� 1012M�kpc�3)

proposed here.

The density pro�les considered here are of the forms:

�BP (r) =
�BP0 r30

(r + r0)(r2 + r20)
= �BP0

�
1� r

r0
+
r4

r40
+ :::

�
[43] (6.47)

�NFW (r) =
�NFW0

(r=rS)[1 + (r=rS)2]
= �NFW0

�
rS
r
� r

rS
+
r3

r3S
+ :::

�
[47] (6.48)

�PI (r) =
�PI0

1 + (r=rc)2
= �PI0

�
1� r2

r2c
+
r4

r4c
+ :::

�
[46] (6.49)

�BEC (r) = �BEC0

�
sin (�r)

�r

�
= �BEC0

�
1� �2r2

6
+
�4r4

120
+ :::

�
, [45] (6.50)

where �0 is the galactocentric density, �
NFW
0 is related to the density of the universe

at the moment the halo collapsed and r0, rS, rc are core, scale, characteristic radii

respectively, while � =
p
Gm3=}2a in which m is the mass of the dark matter particle

and a is the scattering length [45]. The �tted latest data on Milky Way dark matter

central density are �BP0 = 4:13�107 M�kpc�3 (Burkert pro�le) and �NFW0 = 1:40�107

M�kpc�3 (NFW pro�le) [56]. In both cases, we see that these �tted values are four
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orders of magnitude less than �upper0,MW, as desired. From Eq.(6:46), for � � 7:68, we

get �lower0,MW � 2:09 � 103 M�kpc�3 and h�ilower0;MW � 6:37 � 102 M�kpc�3. Once again,

we see that the densities satisfy �lower0 < �BP, NFW0 < �upper0 . A larger value of � does

not disallow the inequalities at either end.

Apart from the galactocentric density �0, the local (at R� = 8:5 kpc) dark matter

density �� provides a strong basis for the experimental endeavors for indirect detection

of the dark matter. Though there is broad consensus, di¤erent groups have come up

with somewhat di¤erent conclusions regarding the local density of dark matter. For

example, Kuijken and Gilmore [41] �nd a volume density near Earth �� ' 0:01

GeV/cm3 = 2:64�105 M�kpc�3. Other reported values are the following: Bahcall et

al. [57] �nd a best-�t value of �� = 0:34 GeV/cm3 = 8:96� 106 M�kpc�3, Caldwell

and Ostriker [58] �nd �� = 0:23 GeV/cm3 = 6:07 � 106 M�kpc�3, while Turner

[59] calculates �� = 0:3 � 0:6 GeV/cm3 = 7:92 � 106 � 1:58 � 107 M�kpc�3. For a

more comprehensive discussion on the distribution of dark matter, see [60]. The local

dark matter energy density, consistent with standard estimates, is �� = (0:3 � 0:1)

GeV/cm3 = 7:92 � 106 M�kpc�3 [61]. Bergstrom, Ullio and Buckley [62] �nd local

dark matter densities acceptable in a somewhat broad range 0:2�0:8 GeV/cm3. The

�tting with Burkert pro�le yields �BP� = 0:487 GeV/cm3 = 1:28� 107 M�kpc�3 and

�tting with NFW pro�le yields �NFW� = 0:471 GeV/cm3 = 1:24� 107 M�kpc�3 [56].

About systematic uncertainties in the determination of local density of dark matter,

see [63]. Overall, one could fairly say that �� _ 106 � 107 M�kpc�3.
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We use the above local values as a constraint to estimate the central density �BEC0

given in Eq.(6:50) that approaches a constant value �BEC0 as r ! 0 (so does the

EiBI pro�le �(0)(r) in Eq.(6:13) as the two are essentially of the same form). This

behavior is consistent with the currently favored core behavior at the galactic center,

as opposed to the NFW cusp. To estimate the values of �BEC0 for the Milky Way, we

constrain the BEC pro�le such that it coincides with the local value �BP� = 1:28�107

M�kpc�3 at R� = 8:5 kpc (boundary condition). This then yields a central density

�BEC0 = 1:29�107 M�kpc�3. This is quite an acceptable central density value for the

Milky Way. (We could as well use the same boundary condition using �NFW� , but it

does not lead to a much di¤erent value for �BEC0 ). Having determined the value of

�BEC0 , we compare it with the corresponding values from NFW and Burkert pro�les

using data from [56] and observe the following: (i) �BEC0 is quite comparable with �BP0

and �NFW0 , (ii) the NFW cusp and the PI, Burkert core behavior are evident from

Figure 6:6: (iii) Identifying the BEC constant � � �
RDM

, we see that the �BEC pro�le

shows a much slower monotonic decline from its central value �BEC0 , coasting along

almost �at all the way up to a �nite RDM (= 111:90 kpc, in the present case), where it

vanishes, (iv) adopted values from the Burkert pro�le has allowed us to predict �BEC0 ,

which is seen also to be included in the limiting interval, �lower0 < �BEC,BP,NFW0 < �upper0

for the Milky Way.
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Figure 6.6. Plot of �(r) vs r for three pro�les

for the Milky Way. The bottom one is for th

-e BEC pro�le(�BEC0 = 1:292 � 107M� kpc
�3,

� = �
RDM

= 0:028 kpc�1), the middle one is

due to Burkert pro�le (�BP0 = 4:13 � 107 M�

kpc�3, r0 = 9:26 kpc), the upper most curve

represents NFW pro�le(�NFW0 = 1:40 � 107

M� kpc
�3; rs = 16:1kpc): Data taken from

[56].
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Returning to the pro�les (6:49) and (6:50), it is remarkable that the PI and BEC

pro�les have the same behavior up to second order in r provided we identify rc =

p
6
�
but they begin to di¤er in the higher order coe¢ cients thereafter. Also, it is

known that the large majority of the high-resolution rotation curves prefer the PI

core-dominated halo model, which provide a better description of the data than the

cuspy (�NFW / r�1) NFW pro�le [64]. In this sense, the EiBI model could be a

competing candidate to PI model. It would be our future task to investigate where

these two models agree and where they disagree.

6.7 Discussion

The present chapter, based on a pivotal input fromWeyl gravity, viz., RDM = RWR

(motivated by [16]), o¤ers a new alternative analytical window, di¤erent from the

standard data-�t approaches, to look at the physical galactic parameters. Our present

discussion showed that how can we make a quantitative predictions about the limits

on central dark matter density �0. Many samples for which the values of �0 are

available are shown to satisfy the inequality �0 � �upper0 / R�2WR � 1012 M�kpc�3.

Only some samples are tabulated here.

Going a step further, we also calculated �lower0 / (��1)MlumR
�3
WR that depends on

a certain parameter � equal to the ratio of luminous to total (dark matter included)

mass of a galaxy. De�nitive estimates of such ratios are yet unavailable. Nevertheless,

it is shown that (Table II), for reasonably wider values of � (� 12:5) accounting for
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huge quantities of dark matter in individual samples, pro�le dependent values of �0

still fall inside the EiBI predicted interval �lower0 � �0 � �upper0 . These limits cover

a large class of galaxies and indicate an interesting facet of the EiBI theory. We

especially point out that the maximal value �upper0 / R�2WR � 1012 M�kpc�3 is purely

a stability induced constraint on all galaxies with dark matter, while (��1)MlumR
�3
WR

/ �lower0 � �0 is not, due to uncertainties in �. Thus, we would particularly advocate

a practical veri�cation of �upper0 (/ 1=�) rather than �lower0 . If veri�ed, it would

also mean that we have a clear-cut theoretical algorithm, applicable to all galactic

samples, that provides a de�nitive, falsi�able information on the radius RDM of dark

matter/halo � something that seems rather scarce in the astrophysical literature.

A special merit of the foregoing analyses is that the only information needed

to calculate the above limits are those of the �tted luminous Mlum values and the

measured total mass Mtot. Note that a small change in Mlum would lead to a large

change in RWR. For instance, there is an argument [44; 65] for an upper mass limit

indicated by the sudden decline of the visible baryonic mass function of disk galaxies

at Mmax
disc = 2 � 1011M�. Tentatively assuming that the luminous part of the Milky

Way mass Mlum is 2 � 1011M� instead of 1:04 � 1011M�, then the resultant RWR

would jump to 177:94 kpc from 111:90 kpc. Similarly, Rterm would jump to 238 kpc

from 150:17 kpc. Thus, for reliable values of RWR, the luminous mass data Mlum

should be as accurate as possible.

We have veri�ed that quantitative upper limit �upper0 � 1012 M�kpc�3 is respected
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by all the samples collected in [37], some of which are given in Table II. The reason

for such consistency is not accidental �it stemmed from the fact that the Weyl radius

RWR has a solid foundation: The rotation curve is a prediction of Weyl gravity MO

solution containing constants (0; 
�, k) that are universally applicable to all the

galaxies, LSB or HSB, and that the RWR is a straightforward result from V 00 < 0. In

fact, the reported data on Rlast for individual samples have so far been found to obey

Rlast < RWR. So we conjectured that this radius RWR just might be the dark matter

radius RDM speci�c to individual galaxies.

As we saw, the constraint �0 � �upper0 � 1012 M�kpc�3 is a necessary condition for

stability of circular orbits. Whether it is also a su¢ cient condition, that is, whether

there are no stable orbits in the halo if this constraint is violated, is a matter of

independent practical veri�cation. If su¢ ciency turns out to be true, then we might

expect to observe galaxies with no information on dark matter due to lack of stable

circular orbits. It may be noted that our �upper0 � 6:14�1011 M�kpc�3 for Milky Way

is remarkably consistent with the local upper limit on the dark matter density in the

solar system, �upper� � 2:94 � 1012 M�kpc�3, found by completely di¤erent methods

and ideas [66].

There are limitations with almost all well known density pro�les in the sense that

they �t the data so well in one sector, but fail in the other. For instance, it has

been argued [67] that the NFW pro�le does not always follow from the gas rotation

curves of large samples. For a constant velocity anisotropy, the PI pro�le is ruled out,
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while a truncated �at (TF) model [68] and NFW model are consistent with the data.

Incidentally, it might be noted that the TF model expands up to r2 like both in the

PI and BEC pro�les, and further, like the MO model, TF is described solely by two

parameters, mass and the scale length. Nesti and Salucci [56] argue that NFW and/or

PI halos are not supported by present day observations in external galaxies due to

recent improvement of simulation techniques. URC pro�le for velocity distribution

seems to �t the data incredibly well up to � 30 kpc [24]. The present model based

on EiBI Eq.(6:13), which is akin to the quantum BEC model, is probably no better

or worse than the others. Nevertheless, the foregoing study hopefully provides some

new de�nitive information in an analytic way using a metric solution (6:18) of EiBI

theory.
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Table I

Galaxy RWR Rterm � h�ilower  � = �
� = 12:5 (kpc) (kpc) (kpc)2 (M�kpc

�3)

ESO1870510 39:66 52:96 318:83 2:45 � 104 1:62 20:25

ESO3020120 44:77 60:15 406:11 1:71 � 104 1:07 13:37

ESO3050090 39:45 52:65 315:37 2:49 � 104 0:32 04:00

ESO4880490 42:25 56:62 361:70 2:03 � 104 3:07 38:37

U04115 39:02 52:03 308:53 2:58 � 104 0:97 12:12

U11557 41:75 55:91 353:21 2:11 � 104 0:20 02:50

U11748 106:18 142:57 2284:84 1:28 � 103 0:40 05:00

U11819 72:80 98:08 1073:95 3:97 � 103 2:24 28:00

U11583 39:08 52:11 309:47 2:57 � 104 0:70 08:75

F568-3 50:10 67:53 508:76 1:22 � 104 4:2 52:50

F583-1 41:50 55:57 349:11 2:14 � 104 1:6 20:00
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Table II

(All densities are in units of M�kpc�3)

Galaxy �lower0 �BEC0 �PI0 �NFW0 �upper0

� = 12:5

ESO 8:08 � 104 3:29 � 107 5:48 � 107 7:61 � 105 4:88 � 1012
1870510

ESO 5:63 � 104 2:29 � 107 5:98 � 107 2:65 � 106 3:83 � 1012
3020120

ESO 8:22 � 104 2:17 � 107 2:76 � 107 3:28 � 107 4:93 � 1012
3050090

ESO 6:69 � 104 5:49 � 107 1:03 � 108 1:42 � 106 4:30 � 1012
4880490

U04115 8:49 � 104 1:43 � 108 1:51 � 108 1:39 � 105 5:04 � 1012

U11557 6:94 � 104 4:69 � 109 1:57 � 107 1:08 � 104 4:41 � 1012

U11748 4:21 � 103 4:20 � 108 1:67 � 109 2:04 � 108 6:81 � 1011

U11819 1:30 � 103 5:39 � 107 8:69 � 107 1:19 � 106 1:45 � 1012

U11583 8:45 � 104 9:53 � 107 1:19 � 108 1:36 � 105 5:03 � 1012

F568-3 4:01 � 104 2:48 � 107 3:61 � 107 3:78 � 105 3:06 � 1012

F583-1 7:05 � 104 1:90 � 107 3:17 � 107 3:45 � 105 4:46 � 1012
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Chapter 7

CONCLUSIONS.

E¤ort has been given to characterized this unknown type of matter (dark matter)

since 1930s when the legendary astronomer Fritz Zwicky �rst noticed the dark matter

problem. But, a little is known about the nature of the dark matter. It is known that

dark matter is attractive in nature and it neither emits nor absorbs light or other forms

of electromagnetic energy like baryonic matter. Realizing the necessity to disclose

the mystery of this self gravitating structure, scientists are trying to introduce new

thoughts/theories. When all the present models fail to �gure out the DM problem,

Mannheim and O�Brien remark that it may actually not exists. It is the modi�ed

Newtonian theory that can explain the �at rotational curve which we have assumed

as the only input of the DM problem. We are providing a chapter-wise summary of

our concerned work bellow.

In Chapter 2, success and failure of the CDM model has been discussed. The

observed rotational curve of the galaxies can be reproduced by considering the con-
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tributions from luminous matter, gas and the scalar �eld. Thus the dark matter in

the universe could be in the form of the scalar �eld. We have shown that why we

have to be cautious to choose the arbitrary constants of the solution of a spherical

symmetric and static line element describing the dark matter halo. Otherwise, it may

give wrong physical interpretations on the nature of the DM.

In Chapter 3, Lane-Emden equation describing the structure of the static gravita-

tionally bounded Bose-Einstein condensate dark matter and its solution are discussed

here. A limit on the central density, radius and mass of the condensates star are ob-

tained here. Also a limit, having good concordance with cosmological observation,

on the mass of the particle in the condensate has been obtained. BEC model has a

better agreement with the cosmological observations than the cuspy CDM one and

may be a viable alternative model to describe dark matter paradigm. It has also

shown that tangential velocity and the density in the region far away from the centre

of the galaxies are nearly constant for NFW pro�le and PI pro�le though they emerge

from di¤erent points of view with di¤erent postulations.

Chapter 4, elaborates the possibility of the perfect �uid as a dark matter candi-

date. A single �eld equation for both the perfect �uid and scalar �eld DM has been

obtained. It has been shown that any extra assumption to solve the system of �eld

equation may convey the true nature of the DM. Stresses have been given on the facts

that the measurement of the de�ection angles and mass function can be e¢ cient tools

to determine which type of matter is actually composing the DM halo.
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In Chapter 5, an expression for rotational velocity by considering the local and

global contribution of the matter in conformal gravity to the rotational velocity of the

test particles around a spherically source, has been obtained. This rotational velocity

is not only due to the Schwarzschild-like potential V�� = N���c2=R which depends

only on the matter interior to its location but also due to three other potential term,

namely, a local V� = N��c2R=2 associated with the matter distribution within a

galaxy and a global V0 = 0c
2R=2 associated with the cosmological background and

�nally a universal de Sitter-like quadratic potential term V� = ��c2R2 induced by

inhomogeneities in the cosmic background. The last three potentials are new inputs

into the MO model designed to interpret the rotational curve data. With only one

free parameter N�, the observed rotational curve can be reproduce with no dark

matter is needed. The best �tted values of the constants are: �� = 1:48 � 105 cm,

� = 5:42�10�41 cm�1, 0 = 3:06�10�30 cm�1, � = 9:54�10�54 cm�2. A constraint

on stability of the circular orbit is given by r � 30=8�.

In Chapter 6, solving the gravitational �eld equations of the EiBI model, the

properties of dark matter halos in the EiBI theory has been investigated. With the

input RDM = RWR from Weyl gravity, a constrain on the central dark matter density

�0 satisfying �0 � �upper0 � 1012M� kpc�3 for stability of circular orbits is found.

Many pro�le dependent values of �0 covering a large class of galaxies satisfy the

EiBI predicted interval �lower0 � �0 � �upper0 . Though the upper limit �upper0 / R�2WR �

1012M� kpc�3 is purely a stability induced constraint on all galaxies with dark matter
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but (� � 1)MlumR
�3
WR / �lower0 � �0 is not, due to uncertainties in �. In fact, the

reported data on Rlast for individual samples have so far been found to obey Rlast <

RWR. Even our own galaxy, the Milky Way, satis�es these constraints.

The present investigation may supply a better platform for testing di¤erent dark

matter halo model and observations in the galactic halo.

� � � � � � � � � � �
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Abstract. Recently, Harko et al. (2014) derived an approximate metric of the galactic
halo in the Eddington inspired Born-Infeld (EiBI) gravity. In this metric, we show that
there is an upper limit ρupper0 on the central density ρ0 of dark matter such that stable
circular orbits are possible only when the constraint ρ0 ≤ ρupper0 is satisfied in each galactic
sample. To quantify different ρupper0 for different samples, we follow the novel approach of
Edery & Paranjape (1998), where we use as input the geometric halo radius RWR from Weyl
gravity and equate it with the dark matter radius RDM from EiBI gravity for the same halo
boundary. This input then shows that the known fitted values of ρ0 obey the constraint
ρ0 ≤ ρupper0 ∝ (RWR)

−2. Using the mass-to-light ratios giving α, we shall also evaluate ρlower0

∝ (α − 1)MlumR
−3
WR and the average dark matter density 〈ρ〉lower. Quantitatively, it turns

out that the interval ρlower0 ≤ ρ0 ≤ ρupper0 verifies reasonably well against many dark matter
dominated low surface brightness (LSB) galaxies for which values of ρ0 are independently
known. The interval holds also in the case of Milky Way galaxy. Qualitatively, the existence
of a stability induced upper limit ρupper0 is a remarkable prediction of the EiBI theory.
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1 Introduction

Early observations [1–3] on rotational data of spiral galaxies, now reconfirmed by observations
extending well beyond the optical disc [4–18], indicate that they do not conform to Newtonian
gravity predictions. Hence the hypothesis is that there could be large amounts of non-
luminous matter hidden in the galactic haloes. The rationale is this: Doppler emissions from
stable circular orbits of neutral hydrogen clouds in the halo allow measurement of tangential
velocity vtg of the clouds treated as probe particles. Contrary to Newton’s laws, where v2tg
should decay with radius r, observations indicate that it approximately levels off with r in
the galactic halo region, which in turn calls for the presence of additional non-luminous mass,
the so called dark matter. Since dark matter has not yet been directly observed, the dark
matter hypothesis is often variantly referred to as the missing mass problem.

Several well known theoretical models for dark matter exist in the literature but it
is impossible to list all of them here (only some are mentioned in [19–34]). In its usual
formulation, dark matter is a parametrization of the observed velocity discrepancies and is
not a prediction of the formulation. Some simulations require fine tuning of halo parameters
to luminous parameters galaxy by galaxy — a procedure that only enlarges the number of
parameters rather than reducing them (See [35], pp. 32–33; see also footnote 13). There exist
yet another variety of halo models, which treat the missing mass problem as a failure of the
Newtonian theory on galactic distance scales rather than as a prediction for dark matter. Such
models actually do not require dark matter at all for the interpretation of observed rotation
data. This class of theories include, e.g., Modified Newtonian Dynamics (MOND) developed
by Milgrom [36–42], Scalar-Tensor-Vector Gravity theory developed by Moffat [43–45], Weyl
conformal gravity1 implemented by Mannheim and O’Brien [48]. For brevity, we call the
last the MO model and we shall use this ingredient in the sequel. A remarkable speciality
of the MO model is that, using the best available galactic optical and radio data, and a

1Weyl conformal gravity has been debated for and against in the literature. For instance, Flanagan [46]
argues that if the source has associated with it a macroscopic long range scalar field, breaking conformal
symmetry, the theory does not reproduce attractive gravity in the solar system. However, subsequently,
Mannheim [47] has counter-argued that Schwarzschild tests of solar gravity could still be recovered even in
the presence of such macroscopic fields.

– 1 –
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standardized, non-biased, treatment for selecting appropriate galactic parameters, the model
is able to provide a good fit to the rotation curves without the need for any dark matter
whatsoever.

There are various other (non-)dark matter models that are capable of accounting, for
example, for observations of galaxy clusters and gravitational lensing or structure formation.
A leading example is the cold dark matter (CDM) model, which is a part of the current
standard model ΛCDM of cosmology. These models are based on different phenomenologies
such as inflation and nucleosynthesis [49–66]. They can successfully explain observations of
galaxy clusters [49–54], gravitational lensing [55, 56] or structure formation [57], to name the
most important ones. These models postulate that galactic cores may consist of axions [58],
massive gravitons [59], BEC [60] or other collisionless particles. The post-recombination
fluctuation spectrum nicely explains the formation of galaxies and clusters [49–54]. The
CDM is a successful paradigm accounting for the small density inhomogeneities that seed
structure formations 10−34 sec after the bang and as such provides a bold probe into the Early
Universe [57]. Some other and recent works on CDM models are mentioned here though the
list by no means is exhaustive [61–66].

Recently, another alternative candidate for dark matter is also being speculated. This
is based on the evidence of soft positron spectrum in the AMS-02 [67, 68] cosmic ray data.
Despite this alternative, the observed flat rotation curves are still considered as a robust proof
that dark matter essentially is of gravitational origin described by general relativity [69–71].
But in general relativity, matter-gravity coupling is linear, while some authors argue (for
non-minimal coupling of modified gravity with matter or other insights into the paradigm,
see [72–77]) that there is no obvious reason as to why the coupling should be linear. Fol-
lowing this thought, an interesting modification of matter-gravity coupling leading to the
Eddington-inspired Born-Infeld (EiBI) theory has been recently developed by Bañados and
Ferreira [78, 79], which we shall use as another ingredient. Only in vacuum, the EiBI the-
ory is equivalent to standard general relativity. This new, and more general, theory has
led to interesting observable predictions in the context of solar interior dynamics, big bang
nucleosynthesis, neutron stars, the structure of other compact stars [80–83] including the
possibility of nonsingular cosmological models and alternative to inflation [84].

To get a more complete view of the two ingredients of the present work, the EiBI and
the Weyl gravity, it is necessary to mention that several important predictions follow from
the two theories. For instance, recent investigation by Du et al. [85] on large scale structure
formation in the EiBI gravity shows a deviation in the matter power spectrum between the
EiBI gravity and the ΛCDM model, which is a testable prediction. Stability and localization
of gravitational fluctuations in the EiBI brane system have been studied in refs. [86, 87].
Further, as shown by Wei et al. [88], strong gravitational lensing observables in EiBI are
controlled by the coupling parameter κ, which is a new prediction that lends itself to future
testing. Similarly, in Weyl gravity, the first order light deflection angle θW by a galaxy, first
obtained by Edery and Paranjape [89], contains the galactic halo parameter γ appearing in
the MO model. Bhattacharya et al. [90, 91] calculated higher order deflection terms. Strong
field lensing in the Weyl gravity has been studied recently in [92], and the predictions can
be verified by actual observations in future. A remarkable feature of Weyl gravity is that
its solution, the MO model, already contains the successes of the well tested Schwarzschild
gravity as a special case. All the above exemplify the current status of the capabilities of the
two theories in question.

The possibility of perfect fluid dark matter within the framework of general relativity
has already been explored in the literature [93, 94]. A similar possibility has been recently
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investigated within the framework of the EiBI theory by Harko et al. [95, 96] and this is the
model we are going to analyze further in this paper. Using a tangential velocity profile [97, 98]
giving Universal Rotation Curves (URC) and setting the cosmological constant to zero, they
obtained, in the Newtonian approximation, a new galactic metric and theoretically explored
its gravitational properties. However, the numerical values of the crucial parameter κ (de-
noted by κ = 2R2

DM/π2) or equivalently the dark matter radius RDM, cannot be determined
from the theory alone — it has to be obtained either from the observed data or from some
other model.2 It is also expected that the values of RDM would differ from galaxy to galaxy.
On the other hand, to our knowledge, apart from the observed last scattering radii Rlast,
the astrophysical literature still seems to lack concrete observed data on RDM for individual
galaxies. Therefore, an appropriate numerical input for RDM is needed, which we take from
Weyl gravity, if we want to make quantitative predictions.

At this point, we recall a novel idea of Edery & Paranjape [89], where they bridged two
different metric theories by equating the same Einstein angle θE (caused by the luminous
+ dark matter) with the Weyl angle θW (caused by the luminous matter alone), and drew
useful and testable conclusions using the identity θE = θW. Motivated exactly by this idea,
we equate the same EiBI radius of dark matter RDM (caused by dark matter source) with the
geometric Weyl radius of the galactic halo RWR (caused by the luminous matter alone). With
the numerical input RDM = RWR, we shall quantify the relevant central densities in the EiBI
theory (see footnote 8). We wish to clarify that we are not talking here of merging or mapping
the two theories into one another per se but concentrating only on a particular common
prediction. The theories are of course different from each other — one with dark matter
source and the other without, not to mention differences elsewhere. But both are metric
theories capable of predicting for any given galactic sample a dark matter/halo boundary
arising out of the same stability condition V ′′ < 0 (as used, e.g., in the braneworld dark
matter [99]). Therefore, without any bias to either theories, we shall investigate if this input
leads to limits on dark matter central density ρ0 consistent with those estimated from fits to
different known profiles. We shall see that it does.

The radius RWR is to be understood as the geometric halo radius with its interior being
filled with Weyl vacuum.3 We stress that Weyl vacuum is not a vacuum in the ordinary sense
but an arena of interplay of several potential energies, predominantly the global quadratic
potential due to cosmic inhomogeneities [48]. Thus, our input physically means that the
total potential energy contained within the halo radius RWR of Weyl gravity equals the total
invisible dark matter energy contained within RDM of EiBI gravity. The radius RDM is defined
by the absence of dark matter density at the halo boundary [95, 96], while RWR is defined by
the absence of stable circular orbits at the halo boundary [100]. Since stability is an essential
physical criterion because Doppler emissions from the halo emanate from stable circular
orbits of hydrogen gas [101], we think that RWR should be regarded as the only testable
upper limit on the radius of a galactic halo. Fortunately, observed last scattering data Rlast

so far have not surpassed the predicted limiting value RWR for all the galaxies studied to
date, thereby lending excellent observational support to the MO model prediction of RWR.

2We wish to clarify that the EiBI parameter κ is not a universal constant — it’s more like a parameter of
the theory that assumes different values depending on the physical situation. For instance, the structure of
compact general relativistic star requires a value κ ≃ 1012 cm2 [82], which differs from the value κ ≃ 1044 cm2

inferred from dark matter density profiles.
3Note that we are using here the terminology RWR in lieu of Rmax

stable of ref. [100] only to bring it in line
with the notation of the present analysis.
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The purpose of the present paper is as follows: we shall concentrate on the low surface
brightness (LSB) galaxies that are mostly dominated by dark matter. We show that there
is an upper limit on the dark matter central density ρ0 specific to each individual galaxy,
which we call here ρupper0 , such that stable circular orbits in the EiBI are possible only when
the constraint ρ0 ≤ ρupper0 ∝ (RWR)

−2 is satisfied in that galaxy. Using the Weyl gravity
input RDM = RWR, we shall then quantify ρupper0 , and show that the central density ρ0
predicted from the fit to various simulations including the NFW and Burkert density profiles
does obey the constraint. Taking into account the range of the rather uncertain but possible
mass-to-light ratios (denoted, say, by α), we shall calculate also the lower central density
ρlower0 ∝ (α − 1)MlumR

−3
WR and find that ρlower0 ≤ ρ0 ≤ ρupper0 holds for some known LSB

samples for which ρ0 is known from independent fits. Some illustrative galactic samples
including the Milky Way are tabulated. The values fall within the predicted interval for each
individual galaxy and we conjecture that at least the upper limit might be generally true.

The contents are organized as follows: since both the models under consideration are
relatively new, hence possibly unfamiliar, we provide in section 2, a brief outline of the
algorithms underlying the EiBI and MO metric models of the galactic halo. In section 3,
we shall graphically explore ρupper0 for stability of circular orbits in EiBI. In section 4, using
the input under consideration, we shall quantify upper and lower central densities for some
samples to see if the estimated central densities ρ0 truly fall within the proposed interval,
that is, if ρlower0 ≤ ρ0 ≤ ρupper0 . In section 5, we discuss the dark matter density profiles in
the context of Milky Way. The results are summarized in section 6. We shall take units such
that 8πG = 1, c = 1, unless restored.

2 The models

2.1 EiBI model

For easy reference, we outline only the salient features of the EiBI dark matter model devel-
oped in [95, 96]. The EiBI action is [78, 79, 85, 102, 103]

SEiBI =
2

κ

∫

d4x

[

√

− |gµν + κRµν(Γ)| − λ
√

− |gµν |
]

+ Smatter, (2.1)

where λ is a dimensionless parameter, gµν is the physical metric, Rµν(Γ) is the symmetric part
of the Ricci tensor built solely from the connection Γα

βγ

(

≡ 1
2q

ασ [∂γqσβ + ∂βqσγ − ∂σqβγ ]
)

derived from an auxiliary metric denoted by qµν . The meaning of the auxiliary metric qµν
is that it partially satisfies Eddington field equations so that 2κ

√

|R|Rµν =
√

|q|qµν , which
can be rewritten as Einstein field equations if we equate qµν with gµν and κ with Λ−1. For
small values of κR, the action (2.1) reproduces the Einstein-Hilbert action with λ = κΛ+ 1,
where Λ is the cosmological constant, while for large values of κR, the action approximates
to that of Eddington, viz., SEdd = 2κ

∫

d4x
√

|R|. For more details, see [78, 79].

Harko et al. [95, 96] deals with dark matter modeling assuming certain restrictive
conditions such as spherical symmetry and asymptotic flaness, the latter requiring that
Λ = 0 ⇔ λ = 1. These assumptions of course limit the applicability of EiBI theory but
makes the problem at hand much simpler to handle. One spin-off is that the description
of the physical behavior of various cosmological and stellar scenarios was assumed to be
controlled by the only remaining parameter κ. The galactic halo is assumed to be filled
with perfect fluid dark matter with energy-momentum tensor Tµν = pgµν + (p + ρ)UµUν ,
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gµνU
µUν = −1 and the tangential velocity profile provided by the Universal Rotation Curve

(URC) [97, 98]

v2tg = v2∞
(r/ropt)

2

(r/ropt)2 + r20
, (2.2)

where ropt is the optical radius containing 83% of the galactic luminosity, r0 is the halo core
radius in units of ropt, the asymptotic velocity v2∞ = v2opt(1 − β∗)(1 + r20), vopt = vtg(ropt),

β∗ = 0.72 + 0.44Log10(L/L∗), L∗ = 1010.4L⊙. For spiral galaxies, r0 = 1.5(L/L∗)1/5. Under
the Newtonian approximations that the pressure p ≃ 0, 8πκρ ≪ 1, and (r/ropt)

2 ≫ r20, the
EiBI field equations yield the Lane-Emden equation with polytropic index n = 1, which has
an exact nonsingular solution for dark matter density distribution as [95, 96]4

ρ(0)(r) = ρ0







sin
(

r
√

2
κ

)

r
√

2
κ






, (2.3)

where ρ(0)(0) = ρ0 is the constant central density. Assuming that the halo has a sharp
boundary RDM, where the density vanishes such that ρ(0)(RDM) = 0, one has

RDM = π

√

κ

2
. (2.4)

The density profile (2.3) exhibits an unphysical behavior of becoming negative for RDM <
R < 2RDM, which is why one has to require a sharp halo boundary ρ(0)(R ≥ RDM) = 0.5

This quite specific behavior of the density profile differs from those of Navarro-Frenk-White
(NFW) or Burkert density profiles (that decay to zero only as r → ∞).6

The mass profile of the dark matter is

M(r) = 4π

∫ r

0
ρ(0)(r)r2dr =

4R3
DM

π2
ρ0 [sin(r)− r cos(r)] , (2.5)

where the dimensionless quantity r = πr/RDM. The total mass of the dark matter MDM and
the mean density 〈ρ〉 in EiBI theory are given respectively by

MDM = M(RDM) =
4

π
ρ0R

3
DM, 〈ρ〉 = 3ρ0

π2
. (2.6)

4The solution (2.3) to the Lane-Emden equation and its connection to dark matter was first pointed
out in [96].

5We thank an anonymous referee for pointing this out.
6The observational situation is that the mass density profiles on the logarithmic scale clearly indicate that

the density is decaying at a finite radius [104]. While NFW or Burkert density profiles might lead to different
physical metrics of interest, the key point of the present investigation is that the dark matter has a finite
radius following from stability considerations [100]. See also footnote 11.

– 5 –



J
C
A
P
0
7
(
2
0
1
5
)
0
1
8

The approximate physical metric has been derived in [95, 96] as7

dτ2 = −B(r)dt2 +A(r)dr2 + r2C(r)(dθ2 + sin2 θdφ2), (2.7)

B(r) = eν0

[

(

RDM

πropt

)2

r2 + r20

]v2∞

, (2.8)

A(r) =

(

RDM

π

)2 1
[

1− ρ0
r sin(r) + ρ0 cos(r)

] [

1− ρ0
r sin(r)

] , (2.9)

C(r) =

(

RDM

π

)2 [

1− ρ0
r
sin(r)

]

, (2.10)

where eν0 is an arbitrary constant of integration (which we set to unity) and the dimensionless

quantity ρ0 =
8ρ0R2

DM
π .

Note that the surface area of a sphere at the boundary of dark matter halo defined by

r = π, has the value S = 4πr2C(r) = 4πr2
(

RDM
π

)2
= 4πR2

DM, which is just the spherical

surface area in ”standard coordinates”. Thus the dark matter radius RDM can be identified
with standard coordinate halo radius RHR derived below. We shall need some of the above
equations in the sequel.

2.2 Mannheim-O’Brien model

The unique Weyl action is

SWeyl = −αg

∫

d4x
√−g

[

CλµνσC
λµνσ

]

= −2αg

∫

d4x
√−g

[

RµσR
µσ − 1

3
(Rα

α)
2

]

, (2.11)

where Cλµνσ is the Weyl tensor and αg is the dimensionless gravitational constant. The
resulting field equations are fourth order and trace free, rather long and complicated, so we
omit them here. The exact solution of vacuum Weyl gravity for the metric ansatz

dτ2 = −B(r)dt2 +
1

B(r)
dr2 + r2(dθ2 + sin2 θdφ2) (2.12)

was derived by Mannheim & Kazanas [106] that describes the metric outside of a localized
static, spherically symmetric source of radius r0 embedded in a region with Tµν(r > r0) = 0
as follows (after suitably redefining the constants):

B(r) = (1− 6Mγ)1/2 − 2M

r
+ γr − kr2, (2.13)

where M,γ, k are constants of integration. Schwarzschild solution is recovered at γ = 0, k = 0
as a special case of Weyl gravity.

7The role of the URC profile (2.2) is that it determines the metric function B(r)
[

≡ eν(r)
]

. Following

Chandrasekhar [105], we know that the tangential velocity is given by v2tg = r
2eν

(eν),r. See the details in

ref. [93]. Using the URC for v2tg, defining r/ropt = x, and integrating, we obtain eν(r) = (x2 + r20)
v2

∞ .
Restoring the original variable r/ropt, and defining r = πr/RDM, we immediately obtain the metric function
B(r) of eq. (2.8).
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On the other hand, in refs. [48, 107], the arguments and calculations instead proceed
from the considerations of potential. In Weyl gravity, a given local gravitational source
generates a gravitational potential per unit solar mass as follows (eq. (8) of ref. [107]):

V ∗ = −β∗c2

r
+

γ∗c2r

2
,

where β∗ and γ∗ are constants. Then, on integrating V ∗ over the local luminous matter
distribution, one obtains the local contribution to tangential velocity at r = R > 4R0 [107]:

v2loc
R

≃ N∗β∗c2

R2

(

1− 9R2
0

2R2

)

+
N∗γ∗c2

2

(

1− 3R2
0

2R2
− 45R4

0

8R4

)

. (2.14)

The meanings and values of the symbols above are as follows: R0 is the scale length such
that most of the surface brightness is contained in R ≤ 4R0 of the optical disk region, N∗

is total number of solar mass units in the luminous galaxy obtained via the mass-to-light
ratio: (M/L)L = Mlum = N∗M⊙. Thereafter, detailed arguments (See refs. [48, 107]) are

used to introduce two additional potentials of cosmologial origin, viz., γ0c2R
2 and −kc2R2,

that contribute to velocity such that

v2tg
R

=
v2loc
R

+
γ0c

2

2
− kc2R. (2.15)

The numerical values of the constants giving best fits to rotation curves of all the 111 galaxy
samples in [107] are:

β∗ = GM⊙/c
2 = 1.48× 105 cm, γ∗ = 5.42× 10−41 cm−1,

γ0 = 3.06× 10−30 cm−1, k = 9.54× 10−54 cm−2. (2.16)

It is evident from eq. (2.15) that, in making the fits, the only parameter that can vary from
one galaxy to the other is the mass-to-light ratio (M/L) leading to a galaxy dependent N∗.
The mass of HI gas is known and included in the fit. With everything else being universal, no
hypothetical dark matter is needed — potential effects of cosmological origin plus the local
potential caused by the luminous mass of a galaxy are enough to account for the observed
rotation data.

For each galaxy with specific value of N∗ and other fixed constants as in (2.16), v2tg
of eq. (2.15) gives a finite value of R at the terminating velocity v2tg(Rterm) = 0, where the
potentials balance. To illustrate various results derived here, we need to consider samples
and so in the following we choose the LSB galactic sample ESO 1200211. The reason for this
choice is that it is one of the samples, whose central dark matter density has been recently
fitted to various known density profiles by Robles & Matos [108] and thus it lends itself to
easy comparison with the results of the present paper. The plot in figure 1 shows that the
rotation curve v2tg decays to zero at a radial distance Rterm = 52.04 kpc, but this is still not
the halo radius! The actual halo radius RWR, defined by the stability inequality (2.21) below,
will always be less than the value of Rterm for reasons of stability, as will soon be worked out.8

8Note that there are two specific profiles used in the paper: one is the URC velocity profile in eq. (2.2)
that is never zero at any radius, v2tg|URC 6= 0, while the other is the MO velocity profile, eq. (2.15), that can
become zero at a finite radius r = Rterm such that v2tg|MO(Rterm) = 0. Such different behavior might call into
question the validity of the identification RDM = RWR used as an input in this paper.
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Figure 1. Plot of v2tg vs R (cm) using eq. (2.15) for ESO 1200211. The luminous mass is Mlum =
5.6 × 107M⊙ so that N∗ = 5.6 × 107. The other constants are in (2.16) and R0 = 2kpc [107]. One
finds the velocity terminating radius Rterm = 52.04 kpc.

The MO prescription for v2tg in eq. (2.15) leads to the Mannheim-Kazanas metric (2.13)
of Weyl gravity in the limit of large distances away from the galactic core in which we
are interested. It can be seen as follows. The geodesic for a single test particle yields the
tangential velocity of material circular orbits at the arbitrary radius r = R as [107]

v2tg =
(

Rc2/2
)

B′,

where prime denotes derivative with respect to R. Integrating, we obtain

B(R) = 1− 2N∗β∗

R
+ (N∗γ∗ + γ0)R− kR2

+
3R2

0N
∗γ∗

2R
+

15R4
0N

∗γ∗ − 24R2
0N

∗β∗

8R3
. (2.17)

Fit of v2tg of eq. (2.15) with the observed rotational data [107] reveals that the constant γ
(≡ N∗γ∗ + γ0) is of the order of 10−30 cm−1 since N∗ ≈ 1011 (roughly, the number of stellar

The physical meaning of this input is explained on p. 4. Here we point out some additional grounds
justifying the input. Note that it is quite logical that two different theories can predict the same measurable
quantity, say, light deflection. Similarly, despite differences in the behavior, the profiles still provide fitted
values of the same quantity ρ0. Ideally, the values should exactly be the same, which is not the case, but
they are comparable at least by order of magnitudes. In the present case, it is the assumed equality of
the radii RDM and RWR provided by the two profiles that is in question. We have equated them on the
ground that, observationally, there has to be only one dark matter radius for each sample, no matter how it
is defined. So the equality in a way suggests itself. The other ground is that we have been motivated by the
approach originally proposed by Edery & Paranjape [89], where they equated the Einstein and Weyl angles.
Actually, such identifications are justified only a posteriori, when they are found to yield results that are
independently known to be true. For instance, using the input θE = θW for the deflection of light by galaxies,
Edery & Paranjape [89] obtained the value of γ in the metric (2.18) that is reasonably close to that obtained
independently in [48, 107] by rotational data fits to samples. On the other hand, we also know that Weyl and
Einstein theories, giving respectively θW and θE, are very different from each other — the former involves
fourth order equations and is conformally invariant, while the latter shares none of these. For this reason, at
the very outset in our paper, we clarified that we were not talking of merging or mapping the two theories
entirely into one another (p. 4) but concentrating only on a particular common prediction.

Similarly, despite differences in the EiBI theory and the MO model, our identification RDM = RWR leads to
constraints on ρ0 that are found to be remarkably compatible with the independent NFW or Burkert data fits
— that is, the fitted central density values do fall within the stability induced limits. This is the a posteriori
justification for using the identity RDM = RWR.
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units in a galactic luminous mass). Also, the estimates covering all samples in [107] reveal
that the luminous masses lie approximately in the range M = N∗β∗ ≈ 1014–1016 cm and
from the fitted value of γ∗ = 5.42× 10−41 cm−1, it follows that N∗γ∗ ≈ 10−30 cm−1. Thus at
halo distances (R > 4R0), we can ignore the last two terms in (2.18) by order of magnitudes.
In the same manner, we see that Mγ ≪ 1 and it may be easily ignored in (2.13) so that
(1 − 6Mγ)1/2 ≃ 1. Thus the theoretical metric (2.13) and the fitted metric (2.18) coincide
at the form

B(r) ≃ 1− 2M

r
+ γr − kr2 (2.18)

at halo distances R > 4R0. This is also the form of the Weyl solution used in refs. [48, 89].
Rephrasing, we can say that v2tg can be arrived at by differentiating the metric (2.17), which
in turn approximates to the Weyl solution (2.18). That’s the relevance of the Weyl solution
in the fitting program.

In the asymptotic limit, eq. (2.15) gives

v2tg
R

→ N∗β∗c2

R2
+

N∗γ∗c2

2
+

γ0c
2

2
− kc2R, (2.19)

in which one recognizes the Schwarzschild-like potential Vβ∗ = N∗β∗c2/R, two linear potential
terms, viz., a local Vγ∗ = N∗γ∗c2R/2 associated with the matter distribution within a galaxy
and a global Vγ0 = γ0c

2R/2 associated with the cosmological background, while the universal
de Sitter-like quadratic potential term Vk = −kc2R2 is induced by inhomogeneities in the
cosmic background. Note that the last three potentials are new inputs into the MO model [48]
designed to interpret the rotation curve data.

The radial geodesic in the metric (2.12) is given by

(

dr

dt

)2

= B2(r)− a
B3(r)

r2
− bB3(r), (2.20)

where a and b are constants of motion. The right hand side of the above equation is the
“effective potential” V , and V ′′

MO ≡ f(R) involves the derivatives of B(R) that, in turn, con-
tains the so called quadratic potential Vk (= −kc2R2) introduced in ref. [48]. [The subscript
“MO” is used here to distinguish it from the potential VEiBI to be defined in eq. (3.1)]. This
potential Vk is responsible for providing a finite radius RWR.

The main reason is the negative sign in Vk needed for the data fit by MO. Because of
this, it is quite evident from the plot of V ′′

MO [figure 2] that the sample ESO 1200211 has a
maximally allowed finite halo radius ∼ 39.033 kpc (see also [100] for similar plots). On the
other hand, if Vk has a positive sign (in which case no fit to data) or is altogether removed
from B(R), hence from V ′′

MO, it can be graphically verified that there will be no finite stable
radius RWR for the halo. This shows the crucial role of Vk. Thus, it is the requirement of
fitting to data that indirectly limits the halo size to RWR. As to the physical reason, we see
that the repulsive potential Vk balances the remaining attractive potentials at r = Rterm [see
eq. (2.15)] but stability further demands that RWR < Rterm, as is evident from figures 1 & 2.
Therefore, we can say that, at r = RWR, attractive potentials prevail over the repulsive
potential Vk constraining the gas on the circular orbit, as it should.

The right hand side of eq. (2.20) and its first derivative with respect to r, both must
vanish at the circular radius r = R giving

a =
R3B′(R)

2B2(R)
, b =

2B(R)−RB′(R)

2B2(R)
.
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Figure 2. Plot of V ′′ vs R (cm) using eq. (2.21). The crossing shows the halo radius RWR =
39.033 kpc (≡ 1.204 × 1023 cm), which is the maximally allowed radius supporting stable circular
orbits in the halo of ESO 1200211, for which R0 = 2kpc. The plot is made for the radii R > 4R0.

The condition for stability is that the second derivative of the “effective potential” V with
respect to r must be negative at the circular radius r = R. The resultant expression with
values of a, b plugged in leads to the generic stability criterion for the MO model:

V ′′
MO = 2B′2(R)−B(R)B′′(R)− 3B(R)B′(R)/R < 0. (2.21)

This inequality graphically predicts a finite, stable, maximum halo radius that we call RWR

caused solely by the quadratic potential Vk(R) = −kc2R2. Interestingly, the predicted RWR

lends itself to observational testing in the near future as its value does not often much exceed
the Rlast for many samples.

We shall apply the above algorithm to many samples but for illustration, we display
V ′′
MO vs. R for the same sample ESO 1200211 in figure 2. The value of N∗ can be found from

N∗ = Mlum/β
∗, where Mlum = [(M/L)stars×LB +MHI]×1010M⊙. All necessary components

can be read off from the entries in the table 4 in [107]. The value of N∗ (= 5.60 × 107)
together with other constants in (2.15), when plugged into the inequality (2.21), immediately
graphically yields R = RWR = 39.03 kpc, which is less than Rterm calculated above.

3 Upper limit density for stability

To analyze the stability of circular orbits, one needs to analyze the second order derivative of
the concerned potential, which we wish to do here. To find the potential V , note that the four
velocity Uα = dxσ

dτ of a test particle of rest mass m0 moving in the halo (restricting ourselves
to θ = π/2) follows the equation gνσU

νUσ = −m2
0 that can be cast into a Newtonian form

in the dimensionless radial variable r (= πr/RDM) as

(

dr

dτ

)2

= E2 + VEiBI(r) (3.1)
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which gives, for the metric eqs. (2.7)–(2.10) of section 2.1, the EiBI potential

VEiBI(r) =

[

E2

{

1

AB
− 1

}

− L2

ACr2
− 1

A

]

(3.2)

E =
U0

m0
, L =

U3

m0
, (3.3)

where the constants E and L, respectively, are the conserved relativistic energy and angular
momentum per unit mass of the test particle. Circular orbits at any arbitrary radius are
defined by r = R = constant, so that dr

dτ |r=R= 0 and, additionally, dV
dr |r=R= 0. From these

two conditions follow the conserved quantities as under:

L2 =
X

Z
(3.4)

and using it in VEiBI(R) = −E2, we get

E2 =
Y

Z
, (3.5)

where

X ≡ − κ2R
3
v2∞(R− ρ0 sinR)2 (3.6)

Y ≡
(

κR
2
+ 2r20r

2
opt

)

(

r20 +
κR

2

2r2opt

)v2∞
(

ρ0R cosR+ ρ0 sinR− 2R
)

(3.7)

Z ≡
{

κR
2 (

1− 2v2∞
)

+ 2r20r
2
opt

}

ρ0 sinR+
(

κR
2
+ 2r20r

2
opt

)

ρ0R cosR

− 4Rr20r
2
opt − 2κR

3 (
1− v2∞

)

. (3.8)

Putting the expressions for L2 and E2 in eq. (3.2), we find the complete expression for

VEiBI. The orbits will be stable if V ′′
EiBI ≡ d2V

dr2
|r=R< 0 and unstable if V ′′

EiBI > 0. The
expression for V ′′

EiBI is

V ′′
EiBI

(

R;κ, ρ0, r0, ropt, v∞
)

=





2v2∞
(

R+ ρ0R cosR− ρ0 sinR
)

R
2
(

κR
2
+ 2r20r

2
opt

)

Z





×
[

32R
2
r20r

2
opt + 8κR

4 (
1− v2∞

)

+ 6ρ20r
2
0r

2
opt

(

1 +R
2
)

+ κρ20R
2
(

1− 2v2∞ + 3R
2
)

− 2R
2
{

14r20r
2
opt + κR

2 (
5− 2v2∞

)

}

ρ0 cosR

+
{

2
(

R
2 − 3

)

r20r
2
opt − κR

2
(

1− 2v2∞ −R
2
)}

ρ20 cos
(

2R
)

−
{

36r20r
2
opt+4R

2
r20r

2
opt+6κR

2
+2κR

4−12κR
2
v2∞

}

ρ0R sinR

+
{

6r20r
2
opt + κR

2 − 2κR
2
v2∞

}

ρ20R sin
(

2R
)

]

. (3.9)
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Figure 3. Plot of V ′′ vs R ∈ [0.5π, π] using eq. (3.9) for ESO 1200211. The chosen parameters are:
r0 = 0.61, v2∞ = 0.000001, ropt = 8kpc (≡ 2.47 × 1022 cm). Here ρ0 = 8.25 ×1012 M⊙ kpc−3, which
corresponds to ρ0 = 0.50π. The orbits are unstable in the chosen entire radial range R ∈ [0.5π, π]
because V ′′ > 0 there.

From the above expression, it is absurd to straightforwardly draw any conclusion about
stability or otherwise of the circular orbits. Clearly, much will depend on the parameter
ranges chosen on the basis of physical considerations. While other parameters can be reason-
ably assigned, the as yet unknown parameters are the dark matter radius κ (= 2R2

DM/π2)
and the dimensionless central density ρ0 (= 8ρ0R

2
DM/π), again depending only on κ. In

the first order approximation, the density distribution in the dark matter has been assumed
in [95, 96] to be low such that 8πGκρ(0)/c4 ≪ 1, but the central density ρ0 could still be
large since |sin(x)/x| ≤ 1 [see eq. (2.3)]. The question therefore is how large or small could
it be, or turning it around, could there be any upper limit on ρ0 imposed by the stability
criterion?

The answer is in the affirmative and can be found graphically. We find that V ′′ is indeed
very sensitive to changes in ρ0 leading to different upper limits ρupper0 for different galactic
samples such that stable circular orbits are possible only when ρ0 ≤ ρupper0 . The reason is that
RDM changes from sample to sample, as it should, and thereby leads to different (though not
too different) values for κ and ρupper0 . Let us again consider the previous sample ESO 1200211,
a low surface brightness galaxy with a halo/dark matter radius RWR ≡ RDM = 39.03 kpc
that corresponds to κ = 308.74 kpc2. With κ thus fixed, we fix other parameters respecting
the Newtonian approximation,9 e.g., r0 = 0.61, v2∞ = 0.000001, ropt = 8kpc, with the
dimensionless radius R (= πR/RDM) chosen in the range R ∈ [0.5π, π] corresponding to
coordinate radii R ∈ [19.52 kpc, 39.03 kpc], the dimensionless density parameter chosen in
the range ρ0 ∈ [0.25π, 0.8π] and plot V ′′

EiBI vs. R using the expression (3.9).

Graphical analysis shows that, while V ′′
EiBI is not much sensitive to the variation of the

other parameters within the Newtonian approximation, it is greatly sensitive to the variation
of the remaining parameter ρ0. Figures 3 and 4 respectively show that, for values of ρ0 > 0.94,
there is instability in the entire or partial range of the halo radii R, while figure 5 tells us
that there is an upper limit occurring at ρupper0 = 0.94 = λupperπ, where λupper = 0.299, such

9The range of r and ropt is chosen so as to ensure the Newtonian approximation r/ropt ≫ r0, while
the approximate value of v2∞ is an observed fact. The formula for r0 for spiral galaxies is r0 = 1.5 ×
(LB/10

10.4L⊙)
1/5, which evaluates to r0 = 0.61 for the sample ESO 1200211, where ropt ≃ 4R0, LB =

0.028× 1010L⊙, R0 = 2kpc. Data taken from [107].
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Figure 4. Plot of V ′′ vs R ∈ [0.5π, π] using eq. (3.9) for ESO 1200211. The chosen parameters are:
r0 = 0.61, v2∞ = 0.000001, ropt = 8kpc. Here central density is further lowered to ρ0 = 5.61 × 1012

M⊙ kpc−3, which corresponds to ρ0 = 0.34π. The orbit are unstable in some intermediate radii as
V ′′ is partly positive and partly negative.

that for ρ0 ≤ ρupper0 , all circular orbits in the entire chosen radial range for R are stable. It
can be verified that this value of λupper surprisingly remains the same for values for κ across
the entire range of 111 samples (some tabulated here), so ρupper0 is quite a reliable limit.

Rewriting in terms of ρ0, we have

ρupper0 =
ρupper0 π

8R2
DM

=
λupper

4κ
. (3.10)

This by itself is an interesting prediction of EiBI theory. However, if we want to quantify
ρupper0 for a given galaxy, we need to use the value of RDM but since concrete observed values
are yet unavailable, we choose to use the input RDM = RWR. It turns out that this choice,
though not mandatory, works well giving definitive values for ρupper0 for all samples. Plugging
in the values of λupper and κ, we find that the constraint ρ0 ≤ ρupper0 immediately translates
into a generic constraint such that for

ρ0 ≤ ρupper0 , (3.11)

all circular orbits in the chosen range for R are stable. Thus, using the value of κ as above in
eq. (3.10), the sample ESO 1200211 quantitatively yields ρupper0 = 5.04× 1012 M⊙ kpc−3. In
general, as long as ρ0 of any galaxy obeys the stability induced constraint (3.11), the circular
material orbits in the halo region will be stable up to a maximum radius R = RWR.

4 Central and mean dark matter density

So far, the algorithm has been as follows: take any galactic sample, find RWR for that
sample using the method of section 2.2. Then, from the identity RDM = RWR, find RDM

(hence κ) and using eq. (3.10), find ρupper0 . However, we still do not know the values of
ρ0 for all the samples observed to date and cannot ascertain whether or not they satisfy
the stability induced constraint ρ0 ≤ ρupper0 . On the other hand, some notable dark matter
simulations and profiles for several samples show values for ρ0 that do respect this constraint
(table 2). This success then prompts us to ask if there is any lower limit on ρ0 such that
ρlower0 ≤ ρ0 ≤ ρupper0 holds.
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Figure 5. Plot of V ′′ vs R ∈ [0.5π, π] using eq. (3.9) for ESO 1200211. The chosen parameters are:
r0 = 0.61, v2∞ = 0.000001, ropt = 8kpc. Here central density is further lowered to ρ0 = 5.04 ×1012

M⊙ kpc−3, which corresponds to ρupper0 = 0.94 = βupperπ, where βupper = 0.299. The orbit is stable
in the entire chosen range for R. The corresponding ρ0 is the upper limit on central density ρupper0

specific to the sample.

Fortunately, there is a way to find the values of ρlower0 , once we are able to estimate
the total mass of dark matter MDM using the observed mass-to-light ratios. Fitted data are
available for the luminous mass-to-light ratios (Mlum/LB) in solar units Υ⊙

(

≡ M⊙

L⊙

)

:

Mlum

LB
= γΥ⊙.

The luminous mass (Mlum) of a galaxy is contributed mostly by stars and gases excluding
dark matter. The stellar mass-to-light ratios γ for 111 samples in [107] are seen to lie
between 0.2 and 8 (with just a couple of exceptions), which is consistent with the upper
bound of 10Υ⊙ suggested by the population synthesis models [109]. On the other hand,
there is no detectable dark matter associated with the galactic disk, most of the dark matter
is distributed in the halo [110–114]. So we can write

Mtot = Mlum +MDM, (4.1)

then
Mtot

LB
= βΥ⊙

where β must be larger than γ, if there is dark matter (observed mass-to-light ratios are still
uncertain). We can thus write, following Edery & Paranjape [89]:

Mlum

Mtot
=

1

α
, (4.2)

which gives β = αγ and α should be so chosen as to make β > γ. In general, one takes α > 1
such that Mtot > Mlum thereby accommodating the presence of dark matter.

Assuming that the halos must be substantially larger than the last measured point
Rlast, the dark to luminous mass within Rlast then gives an upper limit through fb <

Mlum
Mtot

and therefore fb <
(

1 + MDM
Mlum

)−1
. For some galaxies, fb < 0.08, as reported in de Blok

and McGaugh [115]. Thus, using (4.2), we have fb < 1
α and fb < 0.08. Certainly, these
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inequalities do not constrain α in any way. One of the infinity of options to ensure that
both hold simultaneously is to assume that 1

α = 0.08 ⇒ α = 12.5. While α can be varied
at will unless it is definitively fixed by independent concrete observed data, we shall for
the moment choose the value α = 12.5 only to have an idea of the order of magnitudes
of the estimated densities, but we shall change α later. The current choice would imply
β ∈ [2.5, 100] corresponding to γ ∈ [0.2, 8]. The values of β ∼ 100 is enough to account for
the large dark matter content of LSB galaxies (i.e., large mass-to-light ratios Mtot

LB
) such as

DDO154. Currently favored Burkert density profile can provide an excellent mass model for
the dark halos around disk systems up to 100 times more massive than small dwarf galaxies
for which the profile was initially intended [116, 117].

The ratio Mlum/Mtot then gives the connection between MDM of EiBI theory and the
luminous mass Mlum of galaxies via eq. (4.1):

MDM = (α− 1)Mlum. (4.3)

Using RWR ≡ RDM, eq. (2.6) can be rewritten as

ρlower0 =
π(α− 1)Mlum

4R3
WR

, 〈ρ〉lower = 3ρlower0

π2
. (4.4)

The superscript “lower” indicates that it is the lower limit of the dark matter central density
ρ0 because RWR is the maximum allowed halo radius (see figure 2), where V ′′ < 0 gives
stable radii R ≤ RWR. Evidently, ρlower0 is proportional to the as yet unknown parameter
α. We are free to raise the value of α arbitrarily, but then the consequent larger values of
β would lead to too large an amount of dark matter comparable to that existing in galactic
clusters.10

To illustrate the order of magnitudes involved for ρlower0 , hence for 〈ρ〉lower, we again
consider the low mass LSB sample ESO 1200211 for which Mlum = 5.60 × 107 M⊙, γ = 0.2
and our method in section 2.2 yields RWR = 39.03 kpc, κ = 308.74 kpc2, Rterm = 52.04 kpc.
Using eqs. (4.4), and allowing for a fairly large amount of dark matter over luminous matter
corresponding to α = 12.5, we find ρlower0 = 8.49 × 104 M⊙ kpc−3 and 〈ρ〉lower = 2.58 × 104

M⊙ kpc−3. To compare these values of density, we consider several dark matter density
profiles: (i) the Bose-Einstein [108] condensate (ρBEC

0 ), (ii) Pseudo-Isothermal [120] profile
(ρPI0 ), (iii) the NFW [121, 122] profile (ρNFW

i ), (iv) Burkert [116] profile (ρBP), (see section 5
below for the exact forms). They yield values as follows: (i) ρBEC

0 = 1.38 × 107 M⊙ kpc−3,
(ii) ρPI0 = 4.64× 107 M⊙ kpc−3 and (iii) ρNFW

0 = 2.45× 106 M⊙ kpc−3 for ESO 1200211 (see
the entries in table 1 of [108]). In section 3, we already found for the present sample the value
ρupper0 = 5.04×1012 M⊙ kpc−3. We hence see that the central densities from different profiles

fall within the stability induced limits, that is, ρlower0 < ρBEC, PI or NFW
0 < ρupper0 holds.11 If

10At much larger scales of galactic clusters, the value of β could be ≥ 120 [118, 119] so that Mtot

LB

≥ 120 in
solar units. We are not contemplating galactic clusters here.

11Once again, a question of compatibility might be phrased as follows: the EiBI density profile has ρ(RDM) =
0 and remains zero beyond r > RDM, while, in contrast, the NFW and Burkert profiles have ρ(r → ∞) = 0.
Since the asymptotic behavior of latter density distributions are different from that of EiBI, determining
whether the data obtained by fitting to NFW or Burkert profiles fall within the stability induced limits from
EiBI theory calls into question the issue of compatibility of the EiBI with those profiles.

We wish to clarify that it is the central density ρ0, a parameter distinctly appearing in all density distribu-
tions, that is under present investigation. No matter what the profile is, the target is always the same: to find
information about ρ0 for any given galactic sample. We know that NFW profile is cuspy (ρNFW ∝ r−1), while
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we take α < 12.5, which should also be quite acceptable for many samples, the values of
ρlower0 will only be further lowered and of course the interval will be well supported.

If we increase α to an (unlikely) mammoth value, say α = 300 so that Mtot = 300Mlum

implying β = 60 so that Mtot
LB

= 60Υ⊙ in the considered sample, then ρlower0 ∼ 2.20 × 106

M⊙ kpc−3, and we notice that the proposed limits are still not violated! If we exclude NFW
profile, then the values α can be increased even further. This testifies to the validity of
eq. (4.4) as well as the limits.

5 Milky Way

As for our Milky Way galaxy, the latest reported estimates are the following: using the gas
terminal velocity curve, Sgr A∗ proper motion, an oblate bulge + Miyamoto-Nagai disc and
NFW halo, Kafle et al. [123] estimated the luminous (disc + bulge) mass to be Mlum ∼
1.04 × 1011M⊙, so that N∗ = 1.04 × 1011 and the virial mass inclusive of dark matter
Mvir = Mtot ∼ 0.80× 1012 M⊙ so that α = Mtot/Mlum = 7.68. (We have not considered the
data/fit uncertainties). For alternative but not too different values of Mtot, see [124–131].12

Using the scale length R0 = 4.9 kpc [123] and the above N∗ in the inequality (2.21), we find
that RWR = RDM = 111.90 kpc. With this value of RWR, eq. (3.10) then yields a value
ρupper0, MW = 6.14 × 1011 M⊙ kpc−3 characteristic of the Milky way, which does not exceed the

maximum density (∼ 1012M⊙ kpc−3) proposed in this paper.
The density profiles considered here are of the forms:

ρBP(r) =
ρBP
0 r30

(r + r0)(r2 + r20)
= ρBP

0

(

1− r

r0
+

r4

r40
+ . . .

)

[116] (5.1)

ρNFW(r) =
ρNFW
0

(r/rS)[1 + (r/rS)2]
= ρNFW

0

(

rS
r

− r

rS
+

r3

r3S
+ . . .

)

[121, 122] (5.2)

ρPI(r) =
ρPI0

1 + (r/rc)2
= ρPI0

(

1− r2

r2c
+

r4

r4c
+ . . .

)

[120] (5.3)

ρBEC(r) = ρBEC
0

[

sin (ξr)

ξr

]

= ρBEC
0

(

1− ξ2r2

6
+

ξ4r4

120
+ . . .

)

, [108] (5.4)

others such as that of Burkert are cored (ρBP ∝ r0). Despite this radical difference in behavior at the origin,
both profiles are quite well accepted though per se they are different. One could rephrase this difference as
incompatibility. The main thing however is that the fitted values of central density from the two profiles
should approximately be the same, at least by order of magnitude, which actually is the case [108, 132]. (A
brief account of comparisons as to which profile fits the data better is given at the very last paragraph of
our paper). In the same vein, despite differences in the asymptotic behavior of EiBI profile and other density
profiles, the information about the common parameter ρ0 should approximately be the same. It would be fair
to say that the derived bound for the central density ρ0 is indeed in agreement with the astrophysical data
but that it is yet to be determined if the EiBI density profile is compatible with future N-body simulation
featuring higher accuracy allowing for testing the outskirts of dark matter halos.

Also, it is very unlikely that the attractive dark matter is spread all the way to infinity, where repulsive
dark energy takes over. The finite extent of dark matter is supported by the observed rapid decline of velocity
dispersion after a certain radius [143]. It could indeed be interesting to take this fact as an empirical input for
RDM only if we knew the exact radius at which the decline ended. Pending this knowledge, we used theoretical
inputs RWR for RDM, which yielded the interval for ρ0 confirmed by data fits so far.

12In [124], it is reported that Mtot = (1.4 ± 03) × 1012 M⊙ from tidal effects on globular clusters and
Mtot = (1.4 ± 08) × 1012 M⊙ from globular cluster radial velocities. The remarkable similarity between two
completely independent determinations of mass may be taken as a strong empirical signature for the existence
of dark matter around the Milky Way. In [125], the reported estimate is Mtot = (1.0–1.5) × 1012 M⊙, again
not too different.
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where ρ0 is the galactocentric density, ρNFW
0 is related to the density of the universe at the

moment the halo collapsed and r0, rS , rc are core, scale, characteristic radii respectively,
while ξ =

√

Gm3/ℏ2a in which m is the mass of the dark matter particle and a is the
scattering length [108]. The fitted latest data on Milky Way dark matter central density
are ρBP

0 = 4.13 × 107 M⊙ kpc−3 (Burkert profile) and ρNFW
0 = 1.40 × 107 M⊙ kpc−3 (NFW

profile) [132]. In both cases, we see that these fitted values are four orders of magnitude
less than ρupper0,MW, as desired. From eq. (4.4), for α ∼ 7.68, we get ρlower0,MW ∼ 2.09 × 103

M⊙ kpc−3 and 〈ρ〉lower0,MW ∼ 6.37 × 102 M⊙ kpc−3 . Once again, we see that the densities

satisfy ρlower0 < ρBP, NFW
0 < ρupper0 . A larger value of α does not disallow the inequalities at

either end.

Apart from the galactocentric density ρ0, the local (at R⊙ = 8.5 kpc) dark matter
density ρ⊙ provides a strong basis for the experimental endeavors for indirect detection of
the dark matter. Though there is broad consensus, different groups have come up with
somewhat different conclusions regarding the local density of dark matter. For example,
Kuijken and Gilmore [111–114] find a volume density near Earth ρ⊕ ≃ 0.01GeV/cm3 =
2.64 × 105 M⊙ kpc−3. Other reported values are the following. Bahcall et al. [133] find a
best-fit value of ρ⊙ = 0.34GeV/cm3 = 8.96 × 106 M⊙ kpc−3, Caldwell and Ostriker [134]
find ρ⊙ = 0.23GeV/cm3 = 6.07 × 106 M⊙ kpc−3, while Turner [135] calculates ρ⊙ = 0.3–
0.6GeV/cm3 = 7.92×106–1.58×107 M⊙ kpc−3. For a more comprehensive discussion on the
distribution of dark matter, see [136]. The local dark matter energy density, consistent with
standard estimates, is ρ⊙ = (0.3 ± 0.1)GeV/cm3 = 7.92 × 106 M⊙ kpc−3 [137]. Bergstrom,
Ullio and Buckley [138] find local dark matter densities acceptable in a somewhat broad
range 0.2–0.8GeV/cm3. The fitting with Burkert profile yields ρBP

⊙ = 0.487GeV/cm3 =
1.28×107 M⊙ kpc−3 and fitting with NFW profile yields ρNFW

⊙ = 0.471GeV/cm3 = 1.24×107

M⊙ kpc−3 [132]. About systematic uncertainties in the determination of local density of dark
matter, see [139]. Overall, one could fairly say that ρ⊙ ∝ 106–107 M⊙ kpc−3.

We use the above local values as a constraint to estimate the central density ρBEC
0 given

in eq. (5.4) that approaches a constant value ρBEC
0 as r → 0 (so does the EiBI profile ρ(0)(r)

in eq. (2.3) as the two are essentially of the same form). This behavior is consistent with
the currently favored core behavior at the galactic center, as opposed to the NFW cusp.
To estimate the values of ρBEC

0 for the Milky Way, we constrain the BEC profile such that
it coincides with the local value ρBP

⊙ = 1.28 × 107 M⊙ kpc−3 at R⊙ = 8.5 kpc (boundary
condition). This then yields a central density ρBEC

0 = 1.29 × 107 M⊙ kpc−3. This is quite
an acceptable central density value for the Milky Way. (We could as well use the same
boundary condition using ρNFW

⊙ , but it does not lead to a much different value for ρBEC
0 ).

Having determined the value of ρBEC
0 , we compare it with the corresponding values from

NFW and Burkert profiles using data from [132] and observe the following: (i) ρBEC
0 is quite

comparable with ρBP
0 and ρNFW

0 , (ii) the NFW cusp and the PI, Burkert core behavior are
evident from figure 6. (iii) Identifying the BEC constant ξ ≡ π

RDM
, we see that the ρBEC

profile shows a much slower monotonic decline from its central value ρBEC
0 , coasting along

almost flat all the way up to a finite RDM (= 111.90 kpc, in the present case), where it
vanishes, (iv) adopted values from the Burkert profile has allowed us to predict ρBEC

0 , which

is seen also to be included in the limiting interval, ρlower0 < ρBEC,BP,NFW
0 < ρupper0 for the

Milky Way.

Returning to the profiles (5.3) and (5.4), it is remarkable that the PI and BEC profiles

have the same behavior up to second order in r provided we identify rc =
√
6
ξ but they begin
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Figure 6. ρ(r) vs. r for three profiles for the Milky Way. Bottom brown is BEC profile (ρBEC
0 =

1.292 × 107 M⊙ kpc−3, ξ = π

RDM

= 0.028 kpc−1), Blue curve is Burkert profile (ρBP
0 = 4.13 × 107

M⊙ kpc−3, r0 = 9.26 kpc) and the green one is NFW profile (ρNFW
0 = 1.40 × 107 M⊙ kpc−3, rS =

16.1 kpc). Uncertainties shown in the original fitted values not considered. Data taken from [132].

to differ in the higher order coefficients thereafter. Also, it is known that the large majority of
the high-resolution rotation curves prefer the PI core-dominated halo model, which provide
a better description of the data than the cuspy (ρNFW ∝ r−1) NFW profile [140]. In this
sense, the EiBI model could be a competing candidate to PI model. It would be our future
task to investigate where these two models agree and where they disagree.

6 Conclusions

The present paper, based on a pivotal input from Weyl gravity, viz., RDM = RWR (motivated
by [89]), offers a new alternative analytical window, different from the standard data-fit
approaches, to look at the physical galactic parameters. While the latter approaches are
technically more elaborate, and the current EiBI analytic approach is not, the value of the
paper lies in the fact that it can still make quantitative predictions about the limits on central
dark matter density ρ0. Many samples for which the values of ρ0 are available are shown
to satisfy the inequality ρ0 ≤ ρupper0 ∝ R−2

WR ∼ 1012 M⊙ kpc−3. Only some samples are
tabulated here. Table 1 shows the halo/dark matter radius, the velocity terminating radius
Rterm and the corresponding coupling parameter κ.

Going a step further, we also calculated ρlower0 ∝ (α − 1)MlumR
−3
WR that depends on a

certain parameter α equal to the the ratio of luminous to total (dark matter included) mass
of a galaxy. Definitive estimates of such ratios are yet unavailable. Nevertheless, it is shown
that (table 2), for reasonably wider values of α (≥ 12.5) accounting for huge quantities of
dark matter in individual samples, profile dependent values of ρ0 still fall inside the EiBI
predicted interval ρlower0 ≤ ρ0 ≤ ρupper0 . These limits cover a large class of galaxies and
indicate an interesting facet of the EiBI theory. We especially point out that the maximal
value ρupper0 ∝ R−2

WR ∼ 1012 M⊙ kpc−3 is purely a stability induced constraint on all galaxies
with dark matter, while (α − 1)MlumR

−3
WR ∝ ρlower0 ≤ ρ0 is not, due to uncertainties in α.

Thus, we would particularly advocate a practical verification of ρupper0 (∝ 1/κ) rather than
ρlower0 . If verified, it would also mean that we have a clearcut theoretical algorithm, applicable
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Galaxy RWR Rterm κ 〈ρ〉lower γ β = αγ

α = 12.5 (kpc) (kpc) (kpc)2 (M⊙ kpc−3)

ESO 1870510 39.66 52.96 318.83 2.45× 104 1.62 20.25

ESO 3020120 44.77 60.15 406.11 1.71× 104 1.07 13.37

ESO 3050090 39.45 52.65 315.37 2.49× 104 0.32 04.00

ESO 4880490 42.25 56.62 361.70 2.03× 104 3.07 38.37

U04115 39.02 52.03 308.53 2.58× 104 0.97 12.12

U11557 41.75 55.91 353.21 2.11× 104 0.20 02.50

U11748 106.18 142.57 2284.84 1.28× 103 0.40 05.00

U11819 72.80 98.08 1073.95 3.97× 103 2.24 28.00

U11583 39.08 52.11 309.47 2.57× 104 0.70 08.75

F568-3 50.10 67.53 508.76 1.22× 104 4.2 52.50

F583-1 41.50 55.57 349.11 2.14× 104 1.6 20.00

Table 1. Lower bound on average density [eq. (4.4)].

Galaxy ρlower0 ρBEC
0 ρPI0 ρNFW

0 ρupper0

ESO 1870510 8.08× 104 3.29× 107 5.48× 107 7.61× 105 4.88× 1012

ESO 3020120 5.63× 104 2.29× 107 5.98× 107 2.65× 106 3.83× 1012

ESO 3050090 8.22× 104 2.17× 107 2.76× 107 3.28× 107 4.93× 1012

ESO 4880490 6.69× 104 5.49× 107 1.03× 108 1.42× 106 4.30× 1012

U04115 8.49× 104 1.43× 108 1.51× 108 1.39× 105 5.04× 1012

U11557 6.94× 104 4.69× 109 1.57× 107 1.08× 104 4.41× 1012

U11748 4.21× 103 4.20× 108 1.67× 109 2.04× 108 6.81× 1011

U11819 1.30× 103 5.39× 107 8.69× 107 1.19× 106 1.45× 1012

U11583 8.45× 104 9.53× 107 1.19× 108 1.36× 105 5.03× 1012

F568-3 4.01× 104 2.48× 107 3.61× 107 3.78× 105 3.06× 1012

F583-1 7.05× 104 1.90× 107 3.17× 107 3.45× 105 4.46× 1012

Table 2. Central densities of dark matter and upper bounds [eq. (3.10)]. All densities are in units of
M⊙ kpc−3, α = 12.5.

to all galactic samples, that provides a definitive, falsifiable information on the radius RDM

of dark matter/halo — something that seems rather scarce in the astrophysical literature.

A special merit of the foregoing analyses is that the only information needed to calculate
the above limits are those of the fitted luminous Mlum values and the measured total mass
Mtot. Note that a small change in Mlum would lead to a large change in RWR. For instance,
there is an argument [117, 141] for an upper mass limit indicated by the sudden decline of the
visible baryonic mass function of disk galaxies at Mmax

disc = 2×1011M⊙. Tentatively assuming
that the luminous part of the Milky Way mass Mlum is 2×1011M⊙ instead of 1.04×1011M⊙,
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then the resultant RWR would jump to 177.94 kpc from 111.90 kpc. Similarly, Rterm would
jump to 238 kpc from 150.17 kpc. Thus, for reliable values of RWR, the luminous mass data
Mlum should be as accurate as possible.

We have verified that quantitative upper limit ρupper0 ∼ 1012 M⊙ kpc−3 is respected by
all the samples collected in [107], some of which are given in table 2. The reason for such
consistency is not accidental — it stemmed from the fact that the Weyl radius RWR has a
solid foundation: the rotation curve is a prediction of Weyl gravity MO solution containing
constants (γ0, γ

∗, k) that are universally applicable to all the galaxies,13 LSB or HSB, and
that the RWR is a straightforward result from V ′′ < 0. In fact, the reported data on Rlast

for individual samples have so far been found to obey Rlast < RWR. So we conjectured that
this radius RWR just might be the dark matter radius RDM specific to individual galaxies.

As we saw, the constraint ρ0 ≤ ρupper0 ∼ 1012 M⊙ kpc−3 is a necessary condition for
stability of circular orbits. Whether it is also a sufficient condition, that is, whether there are
no stable orbits in the halo if this constraint is violated, is a matter of independent practical
verification. If sufficiency turns out to be true, then we might expect to observe galaxies with
no information on dark matter due to lack of stable circular orbits. It may be noted that our
ρupper0 ∼ 6.14 × 1011 M⊙ kpc−3 for Milky Way is remarkably consistent with the local upper
limit on the dark matter density in the solar system, ρupper⊙ ∼ 2.94× 1012 M⊙ kpc−3, found
by completely different methods and ideas [142].

There are limitations with almost all well known density profiles in the sense that they
fit the data so well in one sector, but fail in the other. For instance, it has been argued [143]
that the NFW profile does not always follow from the gas rotation curves of large samples.
For a constant velocity anisotropy, the PI profile is ruled out, while a truncated flat (TF)
model [144] and NFW model are consistent with the data. Incidentally, it might be noted
that the TF model expands up to r2 like both in the PI and BEC profiles, and further,
like the MO model, TF is described solely by two parameters, mass and the scale length.
Nesti and Salucci [132] argue that NFW and/or PI halos are not supported by present day
observations in external galaxies due to recent improvement of simulation techniques. URC
profile for velocity distribution seems to fit the data incredibly well up to ∼ 30 kpc [97]. The
present model based on EiBI eq. (2.3), which is akin to the quantum BEC model, is probably
no better or worse than the others. Nevertheless, the foregoing study hopefully provides some
new definitive information in an analytic way using a metric solution (2.7) of EiBI theory.
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We investigate the stability of circular material orbits in the analytic galactic metric
recently derived by Harko et al., Mod. Phys. Lett. A 29, 1450049 (2014). It turns out
that stability depends more strongly on the dark matter central density ρ0 than on
other parameters of the solution. This property then yields an upper limit on ρ0 for
each individual galaxy, which we call here ρupper0 , such that stable circular orbits are
possible only when the constraint ρ0 ≤ ρupper0 is satisfied. This is our new result. To
approximately quantify the upper limit, we consider as a familiar example our Milky
Way galaxy that has a projected dark matter radius RDM ∼ 180 kpc and find that
ρupper0 ∼ 2.37 × 1011 M� kpc−3. This limit turns out to be about four orders of mag-
nitude larger than the latest data on central density ρ0 arising from the fit to the
Navarro–Frenk–White (NFW) and Burkert density profiles. Such consistency indicates
that the Eddington-inspired Born–Infeld (EiBI) solution could qualify as yet another
viable alternative model for dark matter.

Keywords: Dark matter; central density; upper limit.

PACS Nos.: 95.35+d, 97.20.Vs, 04.50.1h

The issue of dark matter is at the center stage of modern astrophysics. Sev-

eral theoretical models and cosmological scenarios for dark matter exist in the

literature,1 among which the possibility of perfect fluid dark matter within the

framework of general relativity has already been explored in the literature.2,3
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A similar possibility has been recently investigated within the framework of the

Eddington-inspired Born–Infeld (EiBI) theory by Harko et al.4

Using a tangential velocity profile5 giving flat rotation curves at large distances

and setting the cosmological constant Λ to zero, they obtained, in the Newtonian

approximation, a new galactic metric and theoretically explored its gravitational

properties including the dark matter density distribution.

However, the numerical values of the crucial parameter κ (denoted by κ =

2R2
DM/π2) or equivalently the dark matter radius RDM cannot be determined from

the theory alone — it has to be supplied by the observed data. This RDM is expected

to make its appearance also in the stability of orbits.

The purpose of this paper is to investigate the stability of circular material

orbits in the EiBI galactic metric,4 which is by no means obvious from the metric

itself. It turns out that the stability is exclusively sensitive to the variation of the

dark matter central density ρ0 leading to an upper limit, which we call here ρupper0 ,

such that stable circular orbits in the EiBI are possible only when the constraint

ρ0 ≤ ρupper0 is satisfied. We shall illustrate the inequality by the example of our own

Milky Way galaxy, which shows that ρupper0 is about four orders of magnitude larger

than the latest data on ρ0 arising from the fit to Navarro–Frenk–White (NFW) or

Burkert profiles. We shall take units such that G = 1, c = 1, unless otherwise

specified.

The salient features of the EiBI dark matter model are as follows: The action is

SEiBI =
1

8πκ

∫
d4x

[√
−|gμν + 8πκRμν | − λ

√−g

]
+ Smatter , (1)

where λ is a dimensionless parameter and κ is a parameter with inverse dimension

to that of the cosmological constant Λ. In the limit κ → 0, the Hilbert–Einstein

action is recovered with λ = 8πκΛ + 1, where Λ is the cosmological constant.

Harko et al.4 developed spherically symmetric solution assuming λ = 1 ⇒ Λ = 0

so that κ can have nonzero values. The description of the physical behavior of

various cosmological and stellar scenarios was assumed to be controlled by the

single parameter κ. The galactic halo is assumed to be filled with perfect fluid dark

matter with energy–momentum tensor T μν = pgμν +(p+ρ)UμUν , gμνU
μUν = −1.

There are two metrics in the EiBI theory, the physical metric gμν and the auxiliary

metric qμν and the tangential velocity profile is taken as5

v2tg = v2∞
(r/ropt)

2

(r/ropt)2 + r20
, (2)

where r is the standard radial coordinate (as defined by Eq. (9) in Ref. 4), ropt
is the optical radius containing 83% of the galactic luminosity. The parameter r0
is defined as the ratio of the halo core radius and ropt and v∞ is the asymptotic

constant velocity. Under the Newtonian approximations that the pressure p � 0,

8πκρ � 1 and (r/ropt)
2 � r20 , the EiBI field equations yield the Lane–Emden
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equation with polytropic index n = 1, which has an exact nonsingular solution for

dark matter density as4

ρ(0)(r) = K

⎡
⎢⎣ sin

(
r
√

2
κ

)
r
√

2
κ

⎤
⎥⎦, (3)

where ρ(0)(0) = K = ρ0 is the central density.a Assuming that the halo has a sharp

boundary RDM, where the density vanishes such that ρ(0)(RDM) = 0, one has

RDM = π

√
κ

2
. (4)

Thus, the mass profile of the dark matter is

M(r) = 4π

∫ r

0

ρ(0)(r)r2 dr =
4R3

DM

π2
ρ0[sin(r̄)− r̄ cos(r̄)] , (5)

where the dimensionless quantity r̄ = πr/RDM. The average velocity dispersion of

dark matter particles in the constant velocity region in the present model is4

σ2 = 〈→v 2〉/3 = v2tg

[
1− r̄

sin(r̄)
Ci(r̄)

]
, (6)

where Ci(z) = − ∫∞
z

cos(t)
t dt is the cosine integral function.

The approximate physical metric has been derived as4

dτ2 = −B(r̄)dt2 +A(r̄)dr̄2 + r̄2C(r̄)(dθ2 + sin2 θ dφ2) , (7)

B(r̄) = eν0

[(
RDM

πropt

)2

r̄2 + r20

]v2
∞

, (8)

A(r̄) =

(
RDM

π

)2
1[

1− ρ̄0

r̄ sin(r̄) + ρ̄0 cos(r̄)
][
1− ρ̄0

r̄ sin(r̄)
] , (9)

C(r̄) =

(
RDM

π

)2[
1− ρ̄0

r̄
sin(r̄)

]
, (10)

where eν0 is an arbitrary constant of integration (which we set to unity) and the

dimensionless quantity ρ̄0 =
8ρ0R

2

DM

π . Note that the surface area of a sphere at the

boundary of dark matter halo defined by r̄ = π, has the value S = 4πr̄2C(r̄) =

4πr̄2(RDM

π )2 = 4πR2
DM, which is just the spherical surface area in “standard co-

ordinates”. Thus, the dark matter radius RDM can be identified with standard

coordinate radius.

aThe solution (3) of the Lane–Emden equation and its connection to dark matter were first pointed
out in Refs. 26–28. The same density profile is used also in the context of the Bose–Einstein
Condensate (BEC) simulation of dark matter.29
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To analyze the stability of circular orbits, one needs to analyze the second-

order derivative of the concerned potential, which we wish to do here. To find

the potential V , note that the four velocity Uα = dxσ

dτ of a test particle of rest

mass m0 moving in the halo (restricting ourselves to θ = π/2) follows the equation

gνσU
νUσ = −m2

0 that can be cast into a Newtonian form in the dimensionless

radial variable r̄ (= πr/RDM) as(
dr̄

dτ

)2
= E2 + V (r̄) , (11)

which gives, for the metric equations (7)–(10), the potential

V (r̄) =

[
E2

{
1

AB
− 1

}
− L2

ACr̄2
− 1

A

]
, (12)

E =
U0

m0
, L =

U3

m0
, (13)

where the constants E and L, respectively, are the conserved relativistic energy and

angular momentum per unit mass of the test particle. Circular orbits at any arbi-

trary radius are defined by r̄ = R̄ = const., so that dr̄
dτ

∣∣
r̄=R̄

= 0 and, additionally,
dV
dr̄

∣∣
r̄=R̄

= 0. From these two conditions follow the conserved quantities:

L2 =
X

Z
, (14)

and using it in V (R̄) = −E2, we get

E2 =
Y

Z
, (15)

where

X ≡ −κ2R̄3v2∞(R̄ − ρ̄0 sin R̄)2 , (16)

Y ≡ (κR̄2 + 2r20r
2
opt)

(
r20 +

κR̄2

2r2opt

)v2
∞
(ρ̄0R̄ cos R̄+ ρ̄0 sin R̄− 2R̄) , (17)

Z ≡ {κR̄2(1 − 2v2∞) + 2r20r
2
opt}ρ̄0 sin R̄+ (κR̄2 + 2r20r

2
opt)ρ̄0R̄ cos R̄

− 4R̄r20r
2
opt − 2κR̄3(1− v2∞) . (18)

Substituting the expressions for L2 and E2 in Eq. (12), we find the complete

expression for V . The orbits will be stable if V ′′ ≡ d2V
dr̄2

∣∣
r̄=R̄

< 0 and unstable if

V ′′ > 0. The expression for V ′′ is

V ′′(R̄;κ, ρ̄0, r0, ropt, v∞)

=

[
2v2∞(R̄ + ρ̄0R̄ cos R̄− ρ̄0 sin R̄)

R̄2(κR̄2 + 2r20r
2
opt)Z

][
32R̄2r20r

2
opt + 8κR̄4(1− v2∞)
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+6ρ̄20r
2
0r

2
opt(1 + R̄2) + κρ̄20R̄

2(1 − 2v2∞ + 3R̄2)

− 2R̄2{14r20r2opt + κR̄2(5− 2v2∞)}ρ̄0 cos R̄+ {2(R̄2 − 3)r20r
2
opt

− κR̄2(1 − 2v2∞ − R̄2)}ρ̄20 cos(2R̄)− {36r20r2opt + 4R̄2r20r
2
opt + 6κR̄2

+2κR̄4 − 12κR̄2v2∞}ρ̄0R̄ sin R̄+ {6r20r2opt + κR̄2 − 2κR̄2v2∞}ρ̄20R̄ sin(2R̄)
]
.

(19)

From the above expression, it is absurd to straightforwardly draw any conclusion

about stability or otherwise of the circular orbits. Clearly, much will depend on the

parameter ranges chosen on the basis of physical considerations. While other param-

eters can be reasonably assigned, the as yet unknown parameters are the dark mat-

ter radius κ (= 2R2
DM/π2) and the dimensionless central density ρ̄0 (= 8ρ0R

2
DM/π),

again depending only on κ. In the first-order approximation, the density distribution

in the dark matter has been assumed in Ref. 4 to be low such that 8πGκρ(0)/c4 � 1,

but the central density ρ0 could still be large since | sin(x)/x| ≤ 1 [see Eq. (3)]. The

question therefore is how large or small could it be, or turning around, could there

be any upper limit on ρ0 imposed by the stability criterion?

The answer to this question is yes and can be found graphically. We find that

V ′′ is indeed very sensitive to changes in ρ0 leading to different upper limits ρupper0

for different galactic samples such that stable circular orbits are possible only when

ρ0 ≤ ρupper0 in that sample. Different ρupper0 results from the fact that RDM changes

from sample to sample, as it should, and thereby leads to different (though not

too different) values for κ. For illustrative purposes, let us fix typical values for a

galactic sample, say UGC 0128, a low surface brightness galaxy of moderate size,

with the last observed scattering radius occurring at Rlast = 54.8 kpc. Since direct

observational data on RDM is yet unavailable for any sample, we approximately

determine it by projecting beyond Rlast the observed tendency of continuous decline

of the velocity dispersion to the zero value (see Fig. 6 of Ref. 7). For the present

sample, one can then read off a value RDM ∼ 88 kpc, which corresponds to κ =

1.57 × 103 kpc2 = 1.49 × 1046 cm2 (conversion: 1 kpc = 3.085 × 1021 cm). The

other relevant parameters within the Newtonian approximation are:b r0 = 0.044,

v∞ = 0.000001, ropt = 27.6 kpc, the dimensionless radius R̄ (= πR/RDM) is chosen

in the range R̄ ∈ [0.5π, π] and the dimensionless density parameter in the range

ρ̄0 ∈ [0.25π, 0.8π].

Graphical analysis reveals a remarkable result: While V ′′ remains practically

insensitive to the variation of the parameters (κ, r0, v∞, ropt) within the periphery

bThe range of r and ropt is chosen so as to ensure r/ropt � r0. The usual formula for r0 evaluates
to 0.044 for the sample UGC 0128, while ropt � 4R0. For this sample, R0 = 6.9 kpc7 such that
ropt = 27.6 kpc. We emphasize that exact values of these parameters including that of κ are not
actually required as the behavior of V ′′ is practically insensitive to their variations within the
Newtonian approximation.
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Fig. 1. Plot of V ′′ vs. R̄ specific to the sample UGC 0128. The chosen parameters are: r0 = 0.044,
v∞ = 0.000001, ropt = 27.6 kpc, κ = 1.57× 103 kpc2 and ρ̄0 = 0.50π. The orbits are unstable in
the chosen entire radial range R̄ ∈ [0.5π, π] because V ′′ > 0 in this range.

Fig. 2. Plot of V ′′ vs. R̄ specific to the sample UGC 0128 The chosen parameters are: r0 = 0.044,
v∞ = 0.000001, ropt = 27.6 kpc and κ = 1.57 × 103 kpc2. Here central density is further lowered
to ρ̄0 = 0.34π. The orbit is unstable in some intermediate radii as V ′′ is partly positive and partly
negative.

of Newtonian approximation, it is greatly sensitive to the variation of the remaining

parameter ρ0. Figures 1 and 2 respectively show that, for values of ρ̄0 > 0.94, there is

instability in the entire or partial range of the halo radii R̄, while Fig. 3 tells us that

there is an upper limit occurring at ρ̄upper0 = 0.94 = λupperπ, where λupper = 0.299,

such that for ρ̄0 ≤ ρ̄upper0 all circular orbits in the entire chosen radial range for

R̄ are stable. Note that this value of λupper remains the same under the change of

parameter values (κ, r0, v∞, ropt) in a given single sample, and so ρ̄upper0 is quite

robust for that sample.

Rewriting in terms of ρ0, we have

ρupper0 =
ρ̄upper0 π

8R2
DM

=
λupper

4κ
, (20)
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Fig. 3. Plot of V ′′ vs. R̄ specific to the sample UGC 0128. The chosen parameters are: r0 = 0.044,
v∞ = 0.000001, ropt = 27.6 kpc and κ = 1.57 × 103 kpc2. Here central density is further lowered
to ρ̄0 = 0.299π, which corresponds to ρ̄upper0 = 0.94 = βupperπ, where βupper = 0.299. The orbit
is stable in the entire chosen range for R̄ ∈ [0.5π, π].

which implies that κρupper0 = const., that is, the larger the dark matter radius RDM,

the lower the value of ρupper0 . This is an interesting feature of the EiBI model. Plug-

ging the values of λupper and κ, we find that the constraint ρ̄0 ≤ ρ̄upper0 immediately

translates into an upper limit on ρ0 such that for

ρ0 ≤ ρupper0 , (21)

all circular orbits in the chosen range for R are stable. We have verified that ρ̄upper0

keeps to the same value (ρ̄upper0 = 0.94) for many samples listed in Refs. 6 and 7, the

only difference to ρupper0 thus comes from the various RDM characteristic of various

samples, as expressed in Eq. (20). For UGC 0128, ρupper0 ∼ 9.9 × 1011 M� kpc−3,

noting the conversion: 1 cm−2 = 1.98×1059 M� kpc−3. Thus the prediction is that,

as long as ρ0 of any galaxy obeys the stability induced constraint (21), the circular

material orbits in the halo around such galaxies will be stable up to a maximum

radius R = RDM. Otherwise, the orbits will be unstable so that there will be no dark

matter around galaxies that have ρ0 exceeding the ρupper0 . For further support to

the constraint, we may consider a large LSB sample U11748 with a projected dark

matter radius RDM ∼ 106.18 kpc, which leads to ρupper0 = 6.81× 1011 M� kpc−3.

This upper limit is quite comparable with the values of other samples computed in

this paper. The NFW and Burkert profile fits yield ρ0 = 2.04× 108 M� kpc−3 and

1.67× 109 M� kpc−3 respectively,16 thus confirming Eq. (21).

To approximately quantify ρupper0 in a familiar situation, we consider our own

Milky Way galaxy as an example. Note that different groups have come up with

somewhat different conclusions regarding the local (solar neighborhood) density of

dark matter.8–11 The density, consistent with other standard estimates, seems to

be ρSolar0 = (0.3 ± 0.1) GeV/cm
3
= 7.92 × 106 M� kpc−3.10 Bergstrom, Ullio and

Buckley12 find local dark matter densities acceptable in the range 0.2–0.8 GeV/cm3,

so that the fitted values roughly bunch around ρSolar0 ∼ 106 M� kpc−3. For updated
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reviews, see Refs. 13 and 14. With regard to the size of dark matter around our

galaxy, note that the observed velocity profile is declining with radius: “The radial

velocity dispersion shows an almost constant value of 120 km/s out to 30 kpc and

then continuously declines down to 50 km/s at about 120 kpc”.15 Assuming a contin-

uous fall, we can approximately take the dark matter radius to be RDM ∼ 180 kpc.

Equation (20) then yields a value ρupper0 = 2.37 × 1011 M� kpc−3. The actually

fitted latest data on central density are ρMilky Way
0 = 4.13×107 M� kpc−3 (Burkert

profile) and 1.40 × 107 M� kpc−3 (NFW profile).16 In both cases, we see that

ρupper0 is about four orders of magnitude larger than the above fitted values of ρ0,

confirming the inequality (21).

We should emphasize that it is the Doppler shifted light coming only from

material stable circular orbits that led to the observation of anomalous rotation

velocities.19 That is precisely the reason why we focused on the circular orbits

obtaining a stability inspired constraint. It is possible, however, that non-circular

orbits or different kinds of instabilities may lead to stronger constraints than the

ones derived in this work. For example, it could be that galaxies with stable circular

orbits, such as the Milky Way, actually present other unstable orbits and thus

becomes non-viable within the EiBI scenario.c All kinds of orbits are of course

dictated by the potential and in the present case the exact form, from Eq. (12), is

V (r̄) =
(ρ̄0 sin r̄ − r̄)(r̄ − ρ̄0 sin r̄ + ρ̄0r̄ cos r̄)

ωr̄2
− L2

[
r̄ − ρ̄0 sin r̄ + ρ̄0r̄ cos r̄

ωr̄3

]

+E2

[
− 1 +

(qr̄2 + r20)
v2
∞(r̄ − ρ̄0 sin r̄)(r̄ − ρ̄0 sin r̄ + ρ̄0r̄ cos r̄)

ωr̄2

]
, (22)

where q = (RDM/ropt)
2, ω = (RDM/π)2, ρ̄0 and v2∞ are the galactic sample charac-

teristics, while E2 and L2 are constants describing arbitrary particle trajectories.

Once a sample is chosen, one can specify ranges for E2 and L2 to see if the po-

tential allows turning points so that non-circular orbits can lie between them (see

e.g. Ref. 20). From the above, it is seen that the potential V (r̄) is a combination

of periodic (sin r̄) and aperiodic (r̄ cos r̄) functions. It turns out that, depending on

the sample as well as on the prescription of E2 and L2, the spacetime may or may

not support turning points. Also, Eq. (11) is non-integrable for this complicated

potential so that orbit equations in closed form cannot be obtained. We believe that

definitive conclusions about the possibility of other (un)stable orbits can nonethe-

less be drawn by adopting the more powerful method of autonomous dynamical

system for Eq. (11) with this potential. That would by itself be a separate task,

which we leave for the future.

In conclusion, we can say that the stability of orbits is a powerful constraint

governing the dynamics of particles in the galactic halo (see e.g. Refs. 2 and 17–19).

The obtained stability inspired constraint (21) is a new testable prediction of the

cWe thank an anonymous reviewer for pointing out this possibility.
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EiBI theory of dark matter developed by Harko et al.4 The theory is increasingly

gaining importance after it was originally developed by Bañados and Ferreira21 on

the basis of modified matter-gravity coupling.22–26 It is powerful enough to han-

dle different physical scenarios such as neutron stars and other compact objects

first studied in Refs. 27–32. Consistency with well known density profiles, as shown

above, indicates that the EiBI theory could provide yet another viable alternative

model for dark matter. However, a solution beyond the current Newtonian approxi-

mation and conclusively observed data on RDM are the two ingredients that will be

needed for a more precise testing of the theory in future. Also, note that if for just

one galaxy, or cluster, the central dark matter density is higher than the predicted

value ρupper0 ∼ 1012 M� kpc−3, then the EiBI scenario would fail as a candidate for

explaining the anomalous rotation velocity of galaxies.
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