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ABSTRACT 

Fuzzy sequential topology on a 
nonempty set   which is a sub-

collection of      satisfying the 

conditions given in the definition is 
introduced. Many pleasant properties of 

a countable number of fuzzy topologies 
on   associated as components of a 

fuzzy sequential topology have been 
investigated. Finally, a variant of 

Yang’s Theorem is established in this 
setting. 

Keywords 
Fuzzy sequential topology, fuzzy 

sequential point, quasi coincidence,  -

neighbourhood, fuzzy derived 
sequential set. 

 

             1. INTRODUCTION 
In 1965 fuzzy sets were introduced by 

L. A. Zadeh [20] which is followed by 

the initiation of fuzzy topology in 1968 

by C. L. Chang [5]. Till present, a 

variety of studies have been done in the 

theory of fuzzy topology. Some of them 

are fuzzy closure operators and fuzzy 

interior operators by Mashour and 

Ghanim [14], G. Gerla [7], Bandler and 

Kohout [1], R. Belohlavek [2], R. 

Belohlavek and T. Funiokova [3]; 

separation axioms by B. Hutton and I. 

Reilly [9]; fuzzy compactness by 

authors like C. L. Chang [5], J.A. 

Goguen [8], R. Lowen [11, 12, 13], 

T.E. Gantner, R.C. Steinlage and R.H. 

Warren [6], Wang Guojun [19], 

Gunther Jager [10] etc.  
In 2002, M. K. Bose and I. Lahiri 

introduced the concept of sequential 

topological spaces [4] and studied some 

separation axioms in such spaces. Then 

N. Tamang, M. Singha and S. De 

Sarkar [18] extended this field by 

studying separation axioms in the light 

of reduced and augmented bases. Also 

the new operators namely,    

operators, Relative Closure Operators 

and Monotonic Sequential Operators in 

a class of sequential sets are studied by 

M. Singha and S. De sarkar [16, 17]. 

      The purpose of this paper is to study 

the concept of sequential topological 
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spaces in fuzzy setting. We begin with 

some basic definitions: 

      Let   be a nonempty set and 

          be the closed unit interval in 

the set   of real numbers. Let       

    
    and           

    be 

sequences of fuzzy sets in   called 

fuzzy sequential sets in   and we define 

i.                
    

    

(union), 

ii.                
    

    

(intersection), 

iii.             if and only if 

  
    

  for all    ;   being 

the set of positive integers, 

iv.              if and only if 

there exists     such that 
  
    

 , 

v.             if and only if 

  
    

  for all    , 

vi.             
      ,    , 

vii.             if and only if 

  
        for all    , where 

        is a sequence in  . In 

particular if      , we write 

          , 

viii.   
         

    where       and 

  
        , for all      , 

   , 

ix.   
           

        
     , 

called complement of      , 

x. A fuzzy sequential set       
    

    is called a fuzzy 

sequential point if there exists 

      and a non zero sequence 

        in   such that 

 

                
           , if      , 

                             , if          , 
for all    .  

 

If   be the collection of all     such 
that     , then we can write the 

above expression as 

 
         

           , whenever    , 

                      , whenever      .  

 
The point   is called the support,   is 

called base and   is called the 

sequential grade of membership of   in 

the fuzzy sequential point       and we 

write           
    . If further 

       ,    , then the fuzzy 

sequential point is called a simple fuzzy 
sequential point and it is denoted by 

    
     . A fuzzy sequential point is 

called complete if its base is the set of 

natural numbers. A fuzzy sequential 

point            
     is said to belong 

to       if and only if             

and we write            . It is said 

to belong weakly to       symbolically 

             if and only if there 

exists       such that   
     

  
    . If       and   is the sequence 

in   same to   in   and vanishes outside 

 , then the fuzzy sequential point 

           
     is called a reduced 

fuzzy sequential point of       

    
    . A sequence                
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of subsets of  , where           for 

all       and          the null 

subset of  , for all      , is called 

a sequential point in  . 

Throughout this paper we use Chang’s 
definition of fuzzy topology [5].  

 

2 Definitions and Results:  
  
Definition 2.1 A family      of fuzzy 
sequential sets on a nonempty set   
satisfying the properties: 
 

i.   
           for all    

      , 
 

ii.                     
                    
 

iii. for any family                
                           

  
is called a fuzzy sequential topology 

(FST) on   and the ordered pair 

         is called fuzzy sequential 
topological space (FSTS). The 

members of      are called open fuzzy 

sequential sets in  . Complement of an 

open fuzzy sequential set in   is called 

closed fuzzy sequential set in  . 
 
Definition 2.2 If       and       be 

two FSTs on   such that       
        then we say that       is finer 

than       or       is weaker than 

      
 
Proposition 2.1 If   be a fuzzy 

topology (FT) on  , then    forms an 

FST on  . 
 
Proof. Proof is straightforward.  

We may construct different FSTs on   

from a given FT   on  ,    is the finest 

of all these FSTs. Not only that, any FT 
  on   can be considered as a 

component of some FST on  , one of 

them is   , there are at least countably 

many FSTs on   weaker than    of 
which   is a component. One of them is 

                    
  

 
    

  

                          
 

Proposition 2.2 If          is an 

FSTS, then        is a fuzzy 

topological space (FTS), where 
      

     
          

            

     . 

Proof. Proof is omitted.  
 

Definition 2.3 In Proposition 2.2, 

      , where    , is called the     

component fuzzy topological space of 
          
 

Proposition 2.3 Let          
    be 

an open (closed) fuzzy sequential set in 

an FSTS           then for each   
 ,   

  is an open (closed) fuzzy set in 

       but the converse is not 

necessarily true. 

Proof. Proof of the first part is omitted. 
For the converse part let us take the 

FSTS          where   is any 

nonempty set and         
        

  }. Let       be a strictly increasing 

sequence in   and          
   , 

where   
     and          for all 

     ,    . Clearly for each    , 
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  is an open fuzzy set in        but 

         
    is not an open fuzzy 

sequential set in            

 
Definition 2.4 Fuzzy sequential sets 

         
    and          

    are 

called quasi-coincident, denoted by 

           if and only if there exists 

      such that   
        

      , 

whenever   
  and   

  both are non zero. 

We write              to say that 

    ) and       are not quasi-

coincident. 
 

Definition 2.5 Fuzzy sequential sets 
         

    and          
    are 

called weakly quasi-coincident, denoted 

by              if and only if there 

exists       such that   
     

   
      , for some    . We write 

                 to mean that       and 

    ) are not weakly quasi-coincident. 

 
Definition 2.6 A fuzzy sequential point 

          
     is called quasi-

coincident with          
   , 

denoted by             if and only if 

  
        

       for all      . If 

      is not quasi-coincident with 

     , then we write               
 

Definition 2.7 A fuzzy sequential point 

          
     is called weakly quasi-

coincident with          
   , 

denoted by              if and only if 

  
        

        for some      . 

If       is not weakly quasi-coincident 

with      , then we write 

                . If   
        

       

for some        , then we say that 

      is weakly quasi-coincident with 

      at the sequential point      . 
 

Proposition 2.4 If the fuzzy sequential 
sets          

    and          
    

are quasi-coincident, then each pair of 

non zero fuzzy sets   
  and   

  is also 

so but the converse is not necessarily 

true. 
Proof. Proof of the first part is omitted. 

For the second part, let          
    

and          
    be fuzzy sequential 

sets on   where 

       

            
     

 

 
 ,           

                       ,          
 

            
     

 

 
 ,           

                      
 

 
 ,           

 

            
     

 

 
 ,     and        

 

            
     

 

 
 ,             

                       
 

 
 ,           

     

             
     

 

 
 ,             

                       
 

 
 ,           

 

             
     

 

 
 ,     and        
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Clearly   
    

  for all     but 

               

 
Corollary 2.1 A fuzzy sequential point 

          
     is quasi-coincident 

with a fuzzy sequential set       
   

    if and only if   
  and   

  are so 

for each      . 

Proof. Proof is straightforward. 
 

Definition 2.8 A fuzzy sequential set 

      in an FSTS          is called a 

neighbourhood (in short nbd) of a fuzzy 

sequential point       if and only if 

there exists            such that 

                    
 

Definition 2.9 A fuzzy sequential set 

      in an FSTS          is called a 

weak nbd of a fuzzy sequential point 

      if and only if there exists 

           such that 

                  . 
 

Definition 2.10 A fuzzy sequential set 

      in an FSTS          is called a 

 -nbd of a fuzzy sequential point       

if and only if there exists             

such that                  .  

 
Definition 2.11 A fuzzy sequential set 

      in an FSTS          is called a 

weak  -nbd of a fuzzy sequential point 

      if and only if there exists 

            such that 

                  .  

Proposition 2.5                 if 

and only if       and        
  are not 

(weakly) quasi-coincident. In particular 

                if and only if       
is not (weakly) quasi-coincident with 

       
 . 

Proof. Proof is omitted.  
 

Proposition 2.6 Let              be a 

family of fuzzy sequential sets in  . 

Then a fuzzy sequential point 

                     if and only if 

              for some    . 

Proof. Let                      

where           
     and        

     
   . This implies 

  
       

       for some     

 , 

where                
   . Therefore 

  
         

         where    > 0         (1) (1) 

Also  

   
            

     for some                (2) (2) 

 

From (1) and (2) we have   
     

   
      , that is,               for 

some    . Other implication is 
straightforward.  

 

Corollary 2.2 If              for 

some    , then                     

where              is a family of 

fuzzy sequential sets in   but not 

conversely. 
Proof. Proof of the first part is omitted. 

For second part, let             
   , 
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         be fuzzy sequential sets in  , 

where 

 

      
       for all            

                 
 

 
  for all          

 

      
       for all      

 

 
 

 

 
   

                 
 

 
  for all    

 

 
 

 

 
  

 
    

          
     for all    , 

     .     

 

     
       for all       

 

 
     

                
 

 
  for all     

 

 
     

     

     
       for all       

 

 
   , 

                
 

 
 for all     

 

 
     

 

The fuzzy sequential point       

      
     where           and 

          with           
 

  
 ,      

for all       is quasi-coincident with 

              but it is not so with any 

one of them.  

 
Definition 2.12 A subfamily   of an 

FST      on   is called a base for      
if and only if to every             , 

there exists a subfamily              

of   such that                      

 
Definition 2.13 A subfamily    
               of an FST      on   is 

called a subbase for      if and only if 

                                     
forms a base for       
 

Theorem 2.1 A subfamily   of an FST 

     on   is a base for      if and only 

if for each fuzzy sequential point       
in          and for every open weak   

nbd       of      , there exists a 

member         such that 

                    . 
Proof. The necessary part is 
straightforward. To prove its 

sufficiency, if possible let   be not a 

base for       Then there exists a 

member             , such that 

                       

                             , 
and hence there is an     and an 

      such that   
         

     for 

all      . Let           where 

       
       whenever       

and      whenever      , then 

  
          

         , for all 

      and     
                 . 

Therefore       is an open weak   nbd 

of      . Now 

         
  

 
                 

             
   

          
          for 

all       

                  which is a 

contradiction. Hence the proof.  

 
Proposition 2.7 If   be a base for an 

FST      on  , then    
   

            
       will form a 
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base for the component FT    on   for 

each     but not conversely. 

Proof. Proof of the first part is 
straightforward. For the converse part 

we consider the FSTS         where   

is the set of real numbers and   
              ,        for all    , 

which is a FT on  . Clearly    
              , where   is the set 

of rational numbers, is a base for the 

component FT   
  on   for each     

but         
                 is 

not a base for the FST    on   because 

         
    where   

  
 

 

 
 for all 

    is an open fuzzy sequential set in 

      , but cannot be written as a 

supremum of a subfamily of        
 

Definition 2.14 Let       be any fuzzy 

sequential set in an FSTS           

The closure              and interior   
     of 

      are defined as 

 

                                   

         
         

 

  
                           

             
 
Proposition 2.8 If          

    in 

(         then      
     

  in        

for each    , where      
   is the 

closure of   
  in         

Proof. Proof is straightforward.  

 

Here we cite an example where the 

equality in the proposition 2.8 does not 
hold. Let         and       
    

                If       

  
 
 

 

    ,    
 

 
 

 

  
   , then              

  
 

 

    . Here      
    

 

 
 

 

  
 

        
   

whereas   
      

 

 

 
  

 
Definition 2.15 The dual of a fuzzy 

sequential point           
     is a 

fuzzy sequential point        

    
      where        ,         

and 

        for all    , 

        for all        . 
 

            Every   nbd of a fuzzy 

sequential point       is weakly quasi- 

coincident with a fuzzy sequential set 

      implies                    implies 

every weak   nbd of       and       

are weakly quasi-coincident. 

Proof. Let           
    .       

              if for every closed fuzzy 

sequential set            ,       
        that is   

       
     for all 

                       if for every 

open fuzzy sequential set       
   

           
 ,   

         
     

for all      ; that is                    if 
for every open fuzzy sequential set 
         

    satisfying   
       

   
     for all    ,       

        
 , which implies the first part. 
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Now let                    . If possible let 

there exists a weak   nbd       of 

      such that                   Then 

there exists an open fuzzy sequential set 

      such that              

     . Now                  and 

               
       

       

for all      ,           

       
                

  
  
       

       for all    . This 

contradicts the fact that             . 
Hence the result follows.  

 
Corollary 2.3 A fuzzy sequential point 

                   if and only if each nbd 

of its dual point        is weakly quasi-

coincident with      . 
Proof. Proof is straightforward since   

nbd of a fuzzy sequential point is 
exactly the nbd of its dual point.  

 
Theorem 2.3 A fuzzy sequential point 

        
     if and only if its dual 

point               
              

Proof. Let         
      there 

exists an open fuzzy sequential set 

      such that             

            and        
  are not 

weakly quasi-coincident         

       
              Conversely let        

       
              Then there exists an open nbd 

      of       which is not weakly 

quasi-coincident with        
  

                    

                     
    .  

  

Proposition 2.9 In an FSTS         , 
the following hold: 

(i)   
               

    ,          (ii) 

      is closed if and only if              

     , (iii)                                   (iv) 

                                                       , (v) 

                                                       , (vi) 

   
         

    ,          (vii) 

      is open if    
          , (viii) 

   
         

    , (ix) 

             
    

        
    , (x) 

  
       

                    
 , (xi) 

  
            

             , (xii)               

        
                  , (xiii)                  

         
   , (xiv)        

             

   
      . 

Proof. Proof is straightforward.  

 
Definition 2.16 A fuzzy sequential 

point       is called an adherence point 

of a fuzzy sequential set       if and 

only if every weak   nbd of       is 

weakly quasi-coincident with      . 
 
Definition 2.17 A fuzzy sequential 

point       is called an accumulation 

point of a fuzzy sequential set       if 

and only if       is an adherence point 

of       and every weak   nbd of 

      and       are weakly quasi-

coincident at some fuzzy sequential 

point having different base or support 

from that of       whenever       

     . 
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Proposition 2.10 Any reduced fuzzy 
sequential point of an accumulation 

point of a fuzzy sequential set is also an 
accumulation point of it.  

Proof. Easy to prove.  
 

From the proposition 2.10, we see that 
any simple reduced fuzzy sequential 
point of an accumulation point of a 

fuzzy sequential set is also an 
accumulation point of it but the 

converse is not true. For let         
and         

                    ,  

where          
   ,   

     
 

 
 and 

  
       for all    . Let       

   
    where   

  
 

 

 
 for       and 

  
    otherwise. Then the fuzzy 

sequential point           
     where 

        with       
 

 
 and      

otherwise, is not an accumulation point 

of       though     
  

 

 
  and     

  
 

 
  

both are accumulation point of      . 
 

Definition 2.18 The union of all 
accumulation points of a fuzzy 

sequential set       is called the fuzzy 

derived sequential set of       and it is 

denoted by   
    . 

 

Theorem 2.4 In an FSTS         , 

                       
    . 

Proof. Let                        

                           Then 

               . Now let        , then 

two cases may arise,             or 

           . If            , then 

        
     and hence       

          
    . Therefore , 

                          
    ……..(1) 

Again,                    and since any 

accumulation point       of       

belongs to              which 

implies   
                 . Therefore, 

          
                  …………...(2). 

From (1) and (2) the result follows. 

 
Corollary 2.4 A fuzzy sequential set is 

closed in an FSTS          if and only 

if it contains all its accumulation points. 
Proof. Proof is straightforward. 

 
Remark 2.1 The fuzzy derived 

sequential set of any fuzzy sequential 
set may not be closed as shown by 
example 2.1. 

 
Example 2.1 Let               be 

the FST having base      
       

   
                      , where 

  
      ,   

             and 

          
     where            , 

                          
       . Here the fuzzy derived 

sequential set of     
       is not 

closed. 

 
Proposition 2.11 The fuzzy derived 

sequential set of a fuzzy sequential 
point equals the union of the fuzzy 
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derived sequential sets of all its simple 

reduced fuzzy sequential points. 
Proof. The proof is omitted. 

 
Proposition 2.12 If the fuzzy derived 

sequential set of each of the simple re-
duced fuzzy sequential points of a fuzzy 

sequential point is closed, then the 
derived sequential set of the fuzzy 
sequential point is closed. 

Proof. Let           
     be a fuzzy 

sequential point.  Let       be the 

fuzzy derived sequential set of      . 

Let        be the fuzzy derived 

sequential set of            
     , 

     . Suppose        is closed for 

all    . Let       be an 

accumulation point of      . 

Now,             

        is not an accumulation point of 

      

    a weak  -nbd       of       
which is not weakly quasi coincident 

with       

        is not weakly quasi coincident 

with     
            

                     

        is not an accumulation point of 

             (since        is 

closed      ) 

        is not an accumulation point of 

                  a contradiction. 

Hence proved.  
 

Remark 2.2 Converse of proposition 
2.12 is not true as shown by example 

2.2. 

 

Example 2.2 Let        ,      be 

the FST having base      
       

   
                     , where 

  
      ,   

             and 

          
     where            , 

                      
          . 
Here the fuzzy derived sequential set of 

      is closed but the fuzzy derived 

sequential set of     
       is not 

closed. 
 

We conclude the paper stating two 
necessary lemmas followed by a variant 

of Yang’s Theorem in fuzzy sequential 
topological spaces. 
 

Lemma 2.1 Let           
     be a 

fuzzy sequential point in FSTS 
        . Then, 

 

(i) For     ,                   
         

(ii) If                   , then 

                   
         where    . 

(iii) If                   , then 

                   
       . 

(iv) If   
           sequence of real 

zeros, then                   . 

(v) If       is simple then converse of 

(iv) is true.  

 

Lemma 2.2 Let           
      be a 

simple fuzzy sequential point in the 

FSTS           Then, 
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(i) If   
        is a non zero sequence, 

then                
    . 

(ii) If   
           sequence of real 

zeros, then If   
     is closed iff   an 

open fuzzy sequential set   
     such 

that   
          and for    , 

  
                            

    
           

(iii)   
          sequence of real 

zeros iff   an open fuzzy sequential 

set       such that              

where         and      if    , 

      if    . 

 

Theorem 2.5 The fuzzy derived 
sequential set of each fuzzy sequential 

set is closed iff the fuzzy derived 
sequential set of each simple fuzzy 

sequential point is closed. 
Proof. The necessity is obvious. 

Conversely, suppose        is a fuzzy 

sequential set. We will show that 

  
            is closed. Let       

     
      be an accumulation point of 

      . It is sufficient to show that 

             . Let         where 

      for     and            . 

Now                      
                                 

             . Therefore       is an 

adherence point of      . If       

       then       is an accumulation 

point of      , that is             
and we are done. 
Let us assume             

                              (say) 

       
        

Now consider the simple fuzzy 

sequential point           
     . Let 

          where         and 

           . There are two 

possibilities concerning   
    . 

Case I.   
           is a non zero 

sequence. Now 

                             

By lemma 2.1(v),                     

    
                           

        

           
       

    . 

 
Hence the simple fuzzy sequential point 

          
             but since 

        
                                

      is an accumulation point of 

     , that is              Moreover 

           

         

             . 
 

Case II.   
         . Let       be an 

arbitrary weak  -nbd of       and 

hence of      . In view of lemma 

2.2(ii),   an open fuzzy sequential set 

  
     such that   

          and for 

   ,   
                           . Let 

Let               
    . Then 

                  which 

implies   
       

         . Thus 

      is a weak  -nbd of      . Hence 

      and       are weakly quasi 

coincident, that is   a point   and     
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such that   
       

      . Owing 

to the fact that       is the union of all 

the accumulation points of      ,   an 

accumulation point            
      

such that      
      . Therefore 

      is a weak  -nbd of       . Let 

        where      and      

for all    . The proof will be carried 

out, according to the following 
subcases: 

Subcase I. When    . 

(a) when     and     , then 

            . Since        is an 

accumulation point of      , every 

weak  -nbd of        (and hence 

     ) and       are weakly quasi 

coincident at some point having 

different base or different support than 

that of      . 
(b) When     and     , then 

            . From lemma 2.2(iii),   

an open fuzzy sequential set        

such that   
                . 

Therefore                    is 

also a weak  -nbd of       . Hence 

      and       are weakly quasi 

coincident. Since          

  
             

    
       

 
           

Thus       (and hence      ) and 

      are weakly quasi coincident at 

some point having different base or 

different support than that of      . 
(c) When    .  

We have   
                           . 

Also                         
   . Since 

        
         

         

           an open fuzzy sequential 

set                
  such that 

    
       

         . Therefore 

                       is also a 

weak  -nbd        and hence is weakly 

quasi coincident with        Since 

               
  

     
                   

     
 
         

         
    . 

Thus        (and hence      ) is 

weakly quasi coincident with       at 

some point having different base or 

different support than that of      . 
Subcase II. When    . 

(a) Suppose    . We have 

  
             

    
 
           . 

So   
     is a weak  -nbd of   

    . 

Hence              
 
     is a weak 

 -nbd of   
     and so it is weakly 

quasi coincident with      . Now 

           
             

   
       

 
            

  
    .  

So       and       are weakly quasi 

coincident at some point having 

different base or different support than 

that of      . 

(b) When    , the proof is same as 
Subcase I (c). 
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Keywords: Fuzzy sequential topological spaces; fs-T0; fs-T1; fs-Hausdorff; weakly fs-Hausdorff; fs-regular; weakly
fs-regular; fs-normal and weakly fs-normal spaces.

AMS Subject Classification: 54A40.

1. Introduction and Preliminaries

In 1965, L. A. Zadeh introduced the concept of fuzzy sets [1] and fuzzy topology was introduced by
C. L. Chang in 1968 [2]. A number of works on fuzzy topological spaces and fuzzy metric spaces have
been appeared in the literature. In this paper, we study various separation axioms in fuzzy sequential
topological spaces [3]. The key idea behind this work has been drawn from [4–6]. First we give some
basic definitions, notations and results of [3] which will be used in the sequel.

Let X be a non empty set and I = [0, 1] be the closed unit interval in the set R of real numbers. Let
Af (s) = {Anf}n and Bf (s) = {Bn

f }n be sequences of fuzzy sets in X called fuzzy sequential sets in X
and we define:

(1) Af (s) ∨Bf (s) = {Anf ∨Bn
f }n (Union).

(2) Af (s) ∧Bf (s) = {Anf ∧Bn
f }n (Intersection).

(3) Af (s) ≤ Bf (s) if and only if Anf ≤ Bn
f for all n ∈ N, N being the set of positive integers.

(4) Af (s) ≤w Bf (s) if and only if there exists n ∈ N such that Anf ≤ Bn
f .

(5) Af (s) = Bf (s) if and only if Anf = Bn
f for all n ∈ N.

(6) Af (s)(x) = {Anf (x)}n, x ∈ X.

(7) Af (s)(x) ≥M r if and only if Anf (x) ≥ rn for all n ∈ M , where r = {rn}n is a sequence in I. In

particular, if M = N, where N is the set of positive integers, we write Af (s)(x) ≥ r.
(8) X l

f (s) = {Xn
f }n where l ∈ I and Xn

f (x) = l, for all x ∈ X, n ∈ N.

(9) Acf (s) = {1−Anf}n = {(Anf )c}n, called complement of Af (s).

∗ Corresponding author
Email: nita anee@yahoo.in
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(10) a fuzzy sequential set Pf (s) = {pnf}n is called a fuzzy sequential point if there exists x ∈ X and

a non zero sequence r = {rn}n in I such that

pnf (t) = rn, if t = x,

= 0, if t ∈ X − {x}, for all n ∈ N.

If M be the collection of all n ∈ N such that rn 6= 0, then we can write the above expression as

pnf (x) = rn, whenever n ∈M ,

= 0, whenever n ∈ N−M .

The point x is called the support, M is called base and r is called the sequential grade of membership of
x in the fuzzy sequential point Pf (s) and we write Pf (s) = (pMfx, r). If furtherM = {n}, n ∈ N, then the

fuzzy sequential point is called a simple fuzzy sequential point and it is denoted by (pnfx, rn). A fuzzy
sequential point is called complete if its base is the set of natural numbers. A fuzzy sequential point
Pf (s) = (pMfx, r) is said to belong to Af (s) if and only if Pf (s) ≤ Af (s) and we write Pf (s) ∈ Af (s).

It is said to belong weakly to Af (s), symbolically Pf (s) ∈w Af (s) if and only if there exists n ∈ M
such that pnf (x) ≤ Anf (x). If R ⊆ M and s is the sequence in I same to r in R and vanishes outside

R then the fuzzy sequential point Prf (s) = (pRfx, s) is called a reduced fuzzy sequential point of

Pf (s) = (pMfx, r).

A sequence (x, L) = {An}n of subsets of X, where An = {x}, for all n ∈ L and An = Φ = the null
subset of X, for all n ∈ N−L, is called a sequential point in X. A family δ(s) of fuzzy sequential sets
on a non empty set X satisfying the following properties:

(1) Xr
f (s) ∈ δ(s) for all r ∈ {0, 1},

(2) Af (s), Bf (s) ∈ δ(s)⇒ Af (s) ∧Bf (s) ∈ δ(s) and,
(3) for any family {Afj(s) ∈ δ(s), j ∈ J},

∨
j∈J Afj(s) ∈ δ(s),

is called a fuzzy sequential topology (FST) on X and the ordered pair (X, δ(s)) is called fuzzy se-
quential topological space (FSTS). The members of δ(s) are called open fuzzy sequential sets in X.
Compliment of an open fuzzy sequential set in X is called closed fuzzy sequential set in X. If δ1(s)
and δ2(s) be two FSTs on X such that δ1(s) ⊂ δ2(s), then we say that δ2(s) is finer than δ1(s) or
δ1(s) is weaker than δ2(s). If δ be a fuzzy topology (FT) on X, then δN forms a FST on X. We may
construct different FSTs on X from a given FT δ on X, δN is the finest of all these FSTs. Not only
that, any FT δ on X can be considered as a component of some FST on X, one of them is δN, there
are at least countably many FSTs on X weaker than δN of which δ is a component. One of them is
δ

′
(s) = {Anf (s) = {Anf}n; Anf = A for all n ∈ N and A ∈ δ}.

If (X, δ(s)) is a FSTS, then (X, δn) is a fuzzy topological space (FTS), where δn = {Anf ; Anf (s) =

{Anf}n ∈ δ(s)}, n ∈ N and (X, δn) is called the nth component FTS of the FSTS (X, δ(s)). Let

Anf (s)={Anf}n be an open (closed) fuzzy sequential set in the FSTS (X, δ(s)), then for each n ∈ N,

Anf is an open (closed) fuzzy set in (X, δn) but the converse is not necessarily true.

Fuzzy sequential sets Af (s) = {Anf}n and Bf (s) = {Bn
f }n are called quasi-coincident, denoted by

Af (s)qBf (s) if and only if there exists x ∈ X such that Anf (x) > (Bn
f )c(x), whenever Anf and Bn

f

both are not 0. We write Af (s)qBf (s) to say that Af (s) and Bf (s) are not quasi-coincident. Fuzzy
sequential sets Af (s) = {Anf}n and Bf (s) = {Bn

f }n are called weakly quasi-coincident, denoted by

Af (s)qwBf (s) if and only if there exists x ∈ X such that Anf (x) > (Bn
f )c(x) for some n ∈ N. We write

Af (s)qwBf (s) to mean that Af (s) and Bf (s) are not weakly quasi-coincident.

A fuzzy sequential point Pf (s) = (pMfx, r) is called quasi-coincident with Af (s) = {Anf}n, denoted by

Pf (s)qAf (s) if and only if Pnf (x) > (Anf )c(x) for all n ∈M . If Pf (s) = (pMfx, r) is not quasi-coincident
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with Af (s), then we write Pf (s)qAf (s). A fuzzy sequential point Pf (s) = (pMfx, r) is called weakly

quasi-coincident with Af (s) = {Anf}n, denoted by Pf (s)qwAf (s) if and only if Pnf (x) > (Anf )c(x)

for some n ∈ M . If Pf (s) = (pMfx, r) is not weakly quasi-coincident with Af (s), then we write

Pf (s)qwAf (s). If Pnf (x) > (Anf )c(x) for some n ∈ L ⊆ M , then we say that Pf (s) is weakly quasi-

coincident with Af (s) at the sequential point (x, L). If the fuzzy sequential sets Af (s) = {Anf}n and

Bf (s) = {Bn
f }n are quasi-coincident, then each pair of non 0 fuzzy sets Anf and Bn

f is also so but the
converse is not necessarily true.

The fuzzy sequential point Pf (s) = (pMf0.5, r) where M = {1, 2}, r = {rn}n and r1 = r2 = 7
10 is quasi-

coincident with Af1(s) ∨ Af2(s) but it is not so with any one of them. A subfamily β of a FST δ(s)
on X is called a base for δ(s) if and only if to every Af (s) ∈ δ(s), there exists a subfamily {Bfj(s),
j ∈ J} of β such that Af (s) =

∨
j∈J Bfj(s). A subfamily S = {Sfλ(s); λ ∈ Λ} of a FST δ(s) on X is

called a subbase for δ(s) if and only if {
∧
j∈J Sfj(s); J = finite subset of Λ} forms a base for δ(s).

A subfamily β of a fuzzy sequential topology δ(s) on X is a base for δ(s) if and only if for each
fuzzy sequential point Pf (s) in (X, δ(s)) and for every open weak Q nbd Af (s) of Pf (s), there exists
a member Bf (s) ∈ β such that Pf (s)qwBf (s) ≤ Af (s). If β be a base for the FST δ(s) on X, then
βn = {Bn

f ; Bf (s) = {Bn
f }n ∈ β} forms a base for the component fuzzy topology δn on X for each

n ∈ N but not conversely.

Let Af (s) be any fuzzy sequential set in a FSTS (X, δ(s)). The closure Af (s) and interior
o
Af (s) of

Af (s) are defined as

Af (s) =
∧
{Cf (s); Af (s) ≤ Cf (s), Ccf (s) ∈ δ(s)},

o
Af (s) =

∨
{Of (s); Of (s) ≤ Af (s), Of (s) ∈ δ(s)}.

If Af (s) = {Anf}n in (X, δ(s)), then cl(Anf ) ≤ Anf in (X, δn) for each n ∈ N, where cl(Anf ) is the closure

of Anf in (X, δn). The dual of a fuzzy sequential point Pf (s) = (pMfx, r) is a fuzzy sequential point

Pdf (s) = (pMfx, t), where r = {rn}n, t = {tn}n and

tn = 1− rn for all n ∈M ,

= 0 for all n ∈ N−M .

Every Q nbd of a fuzzy sequential point Pf (s) is weakly quasi-coincident with a fuzzy sequential

set Af (s) implies Pf (s) ∈ Af (s) implies every weak Q nbd of Pf (s) and Af (s) are weakly quasi-

coincident. A fuzzy sequential point Pf (s) ∈
o
Af (s) if and only if its dual point Pdf (s) /∈ Acf (s). In a

FSTS (X, δ(s)), the following hold:

(1) Xr
f (s) = Xr

f (s), r ∈ {0, 1}.
(2) Af (s) is closed if and only if Af (s) = Af (s).

(3) Af (s) = Af (s).

(4) Af (s) ∨Bf (s) = Af (s) ∨Bf (s).

(5) Af (s) ∧Bf (s) ⊆ Af (s) ∧Bf (s).
(6) (Xr

f (s))o = Xr
f (s), r ∈ {0, 1}.

(7) Af (s) is open if and only if
o
Af (s) = Af (s).

(8) (
o
Af (s))o =

o
Af (s).

(9) (Af (s) ∧Bf (s))o =
o
Af (s) ∧

o
Bf (s).
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(10) (Af (s) ∨Bf (s))o =
o
Af (s) ∨

o
Bf (s).

(11)
o
Af (s) = (Acf (s))

c
.

(12) Af (s) = (Acf (s))o.

(13) (Af (s))c = (Acf (s))o.

(14) (Acf (s)) = (
o
Af (s))c.

A fuzzy sequential point Pf (s) is called an adherence point of a fuzzy sequential set Af (s) if and only
if every weak Q-nbd of Pf (s) is weakly quasi-coincident with Af (s). A fuzzy sequential point Pf (s) is
called an accumulation point of a fuzzy sequential set Af (s) if and only if Pf (s) is an adherence point
of Af (s) and every weak Q-nbd of Pf (s) and Af (s) are weakly quasi-coincident at some sequential
point having different base or support from that of Pf (s) whenever Pf (s) ∈ Af (s). Any reduced
sequential point of an accumulation point of a fuzzy sequential set is also an accumulation point of
it. The union of all accumulation points of a fuzzy sequential set Af (s) is called the fuzzy derived
sequential set of Af (s) and it is denoted by Adf (s).

In a FSTS (X, δ(s)), Af (s) = Af (s)∨Adf (s). A fuzzy sequential set is closed in a FSTS (X, δ(s)) if and
only if it contains all its accumulation points. The fuzzy derived sequential set of a fuzzy sequential
point equals the union of the fuzzy derived sequential sets of all its simple reduced fuzzy sequential
points. If the fuzzy derived sequential set of each of the reduced fuzzy sequential points of a fuzzy
sequential point is closed, then the derived sequential set of the fuzzy sequential point is closed.

Let Af (s) = (pkfx, r) be a fuzzy sequential point in FSTS (X, δ(s)), then:

(1) For y 6= x, Af (s)(y) = Adf (s)(y).

(2) If Af (s)(x) >P r, Af (s)(x) =P A
d
f (s)(x), where P ⊂M .

(3) If Af (s)(x) >M r, Af (s)(x) = Adf (s)(x).

(4) If Adf (s)(x) = 0 = sequence of real zeros, then Af (s)(x) = r.

(5) If Af (s) is simple then converse of (iv) is true.

Let Af (s) = (pkfx, rk) be a simple fuzzy sequential point in FSTS (X, δ(s)). Then:

(1) If Adf (s)(x) is a non zero sequence, then Af (s) = Adf (s).

(2) If Adf (s)(x) = 0 =sequence of real zeros, then Adf (s) is closed iff there exists an open fuzzy sequen-

tial set B@
f (s) such that B@

f (s)(x) = 1 and for y 6= x, B@
f (s)(y) = {Af (s)}c(y) = {Adf (s)}c(y).

(3) Adf (s)(x) = 0 =sequence of real zeros iff there exists an open fuzzy sequential set Bf (s) such that

Bf (s)(x) = 1− r where r = {rn}n and rn = 0 if n 6= k, rn = rk if n = k.

It is observed that fuzzy derived sequential set of each fuzzy sequential set is closed if and only if the
fuzzy derived sequential set of each simple fuzzy sequential point is closed. Books [5, 7–9] may provide
a suitable background for the present work.

2. Main Definitions and Results

Definition 2.1 Two fuzzy sequential points Pf (s) = (pMfx, r) and Qf (s) = (pNfy, t) are said to be
identical if x = y, M = N and r = t; otherwise they are distinct.

Definition 2.2 A set M ⊂ N is said to be base of a fuzzy sequential set Uf (s) = {Unf }∞n=1 if Unf 6= 0

∀n ∈M and Unf = 0 ∀n ∈ N−M .

Definition 2.3 A fuzzy sequential set Bf (s) = {Bn
f }∞n=1 (having base N) is said to be completely

contained in a fuzzy sequential set Af (s) = {Anf}∞n=1 (having base M) if M = N and Bn
f ≤ Anf for all

n ∈ N.
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Definition 2.4 A fuzzy sequential set Bf (s) = {Bn
f }∞n=1 (having base N) is said to be totally reduced

from the fuzzy sequential set Af (s) = {Anf}∞n=1 (having base M) if N $ M and Bn
f ≤ Anf for all

n ∈ N .

Definition 2.5 A FSTS (X, δ(s)) is said to be fs-T0 space if for any two distinct fuzzy sequential
points Pf (s) and Qf (s), there exists a weak Q-nbd of one of Pf (s) and Qf (s) which is not weakly
quasi coincident with the other.

Theorem 2.6 A FSTS (X, δ(s)) is fs-T0 space iff for every pair of distinct fuzzy sequential points Pf (s)
and Qf (s) either Pf (s) does not belong to the closure of Qf (s) or Qf (s) does not belong to the closure
of Pf (s).

Proof Suppose (X, δ(s)) is fs-T0. Then there exists a weak Q-nbd Uf (s) of Pf (s) which is not weakly

quasi coincident with Qf (s). This implies that Pf (s) /∈ Qf (s). Conversely, suppose Pf (s) and Qf (s)

be any two distinct fuzzy sequential points such that Pf (s) /∈ Qf (s). This implies that exists a weak
Q-nbd of Pf (s) which is not weakly quasi coincident with Qf (s). Hence (X, δ(s)) is fs-T0. �

Corollary 2.1 A FSTS (X, δ(s)) is fs-T0 space iff distinct fuzzy sequential points have distinct closures.

Theorem 2.7 A FTS (X, δ) is fuzzy T0 iff the FSTS (X, δN) is fs-T0.

Proof Suppose (X, δ) is fuzzy T0. Let Pf (s) = (pMfx, r) and Qf (s) = (pNfy, t) be any two distinct fuzzy

sequential points where r = {rn}∞n=1 and t = {tn}∞n=1.

Case I: Suppose x 6= y. Then for prmx 6= ptmy (m ∈M) there exists a Q-nbd U of prmx which is not quasi

coincident with ptmx .

Case II: Suppose x = y, M ∩ N = φ. Then for prmx 6= ptmx (m ∈ M ) there exists a Q-nbd U of prmx
which is not quasi coincident with ptmx .

Case III: Suppose x = y, N ⊂M . If rm 6= tm for some m ∈ N , then for prmx 6= ptmx there exists a Q-nbd
U of prmx which is not quasi coincident with ptmx . If rn = tn ∀ n ∈ N , then for prmx 6= ptmx (m ∈M −N)
there exists a Q-nbd U of prmx which is not quasi coincident with ptmx .

Case IV: Suppose x = y and neither N ⊂ M nor M ⊂ N nor M ∩ N = φ. Then for prmx 6= ptmx
(m ∈M , m /∈ N) there exists a Q-nbd U of prmx which is not quasi coincident with ptnx .

In all the above cases, the fuzzy sequential set Uf (s) = {Unf }∞n=1 where Um = U and Un = 0 ∀n 6= m,

is a weak Q-nbd of Pf (s) which is not weakly quasi coincident with Qf (s).

Conversely, suppose (X, δN) is fs-T0. Let pλx and pµy be any two distinct fuzzy points in X. Then
for each n ∈ N, fuzzy sequential points (pnfx, λ) and (pnfy, µ) are distinct. So exists a weak Q-nbd

Uf (s) = {Unf }∞n=1 of one of (pnfx, λ) and (pnfy, µ) which is not weakly quasi coincident with the other.

This implies Unf is a Q-nbd of one of pλx and pµy which is not quasi coincident with the other. �

Theorem 2.8 If a FSTS (X, δ(s)) is fs-T0, then the FTS (X, δn) where δn = {Anf ; Af (s) = {Anf}∞n=1 ∈
δ(s)} is fuzzy T0 for each n ∈ N.

Proof Let pλx and pµy be any two distinct fuzzy points in X. Then for each n ∈ N, fuzzy sequential
points (pnfx, λ) and (pnfy, µ) are distinct. So there exists a weak Q-nbd Uf (s) = {Unf }∞n=1 of one of

(pnfx, λ) and (pnfy, µ) which is not weakly quasi coincident with the other. This implies Unf is a Q-nbd

of one of pλx and pµy which is not quasi coincident with the other. �

Remark 2.9 Converse of Theorem 2.8 is not true as shown by Example 2.10.

Example 2.10 Let (X, δ) be a FTS. For any A ∈ δ let BfA(s) = {Bn
fA}∞n=1, CfA(s) = {CnfA}∞n=1 and

DfA(s) = {Dn
fA}∞n=1, where Bn

fA = A for odd n, Bn
fA = 0 for even n, CnfA = 0 for odd n, CnfA = A for

even n and Dn
fA = A for all n ∈ N. The collection δ(s) of all the fuzzy sequential sets BfA(s), CfA(s)

and DfA(s) for all A ∈ δ forms a FST on X. If (X, δ) is fuzzy T0, then the components of (X, δ(s))
are fuzzy T0 but (X, δ(s)) is not fs-T0.
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Definition 2.11 Suppose Uf (s) = {Unf }∞n=1 and Vf (s) = {V n
f }∞n=1 are two fuzzy sequential sets. If

there exists an M ⊂ N such that Unf qV
n
f for all n ∈M , we say that Uf (s) is M -quasi coincident with

Vf (s) and we write Uf (s)qMVf (s). If Unf qV
n
f for at least one n ∈ M , we say that Uf (s) is weakly

M -quasi coincident with Vf (s) and we write Uf (s)qMw Vf (s).

Definition 2.12 A FSTS (X, δ(s)) is said to be a fs-T1 space if every fuzzy sequential point in X is
closed.

Remark 2.13 A fs-T1 space is fs-T0.

Theorem 2.14 A FTS (X, δ) is fuzzy T1 iff the FSTS (X, δN) is fs-T1.

Proof Proof is omitted. �

Theorem 2.15 If a FSTS (X, δ(s)) is fs-T1, then the component FTS (X, δn) is fuzzy T1 for each n ∈ N.

Proof Proof is omitted. �

Remark 2.16 Converse of Theorem 2.15 is not true as shown by Example 2.17.

Example 2.17 Let (X, δ) be a FTS. For any A ∈ δ let BfA(s) = {Bn
fA}∞n=1, CfA(s) = {CnfA}∞n=1 and

DfA(s) = {Dn
fA}∞n=1, where Bn

fA = A for odd n, Bn
fA = 0 for even n, CnfA = 0 for odd n, CnfA = A for

even n and Dn
fA = A for all n ∈ N. The collection δ(s) of all the fuzzy sequential sets BfA(s), CfA(s)

and DfA(s) for all A ∈ δ forms a FST on X. If (X, δ) is fuzzy T1 then the components of (X, δ(s))
are fuzzy T1 but (X, δ(s)) is not fs-T1.

Theorem 2.18 A FSTS (X, δ(s)) is fs-T1 iff for each x ∈ X and each sequence r = {rn}∞n=1 in [0, 1],

there exists Bf (s)̇ ∈ δ(s) such that Bf (s)(x) = {1− rn}∞n=1 and Bf (s)(y) = {1}∞n=1 for y 6= x.

Proof Suppose (X, δ(s)) is fs-T1. If r is a zero sequence, then it is sufficient to take Bf (s) = X1
f (s).

Suppose r is a non zero sequence. Let M ⊂ N such that rn 6= 0 for all n ∈ M and rn = 0 for all
n ∈ N−M . Then Pf (s) = (pMfx, r) is a fuzzy sequential point in X and Bf (s) = X1

f (s)− Pf (s) is the
required open fuzzy sequential set.

Conversely, suppose Pf (s) = (pMfx, r) is an arbitrary fuzzy sequential point in X. By hypothesis, there

exists Bf (s) ∈ δ(s) such that Bf (s)(x) = 1 − r and Bf (s)(y) = 1 for y 6= x. It follows that Pf (s) is
the complement of Bf (s) and hence is closed. �

Theorem 2.19 The fuzzy derived sequential set of every fuzzy sequential set on a fs-T1 space is closed.

Proof The fuzzy derived sequential set of a fuzzy sequential point in a fs-T1 space, itself being a fuzzy
sequential point is closed. Hence the result follows from [6, Theorem 2.5]. �

Definition 2.20 A FSTS (X, δ(s)) is said to be fs-Hausdorff space or fs-T2 space if for any two distinct
fuzzy sequential points Pf (s) = (pMfx, r) and Qf (s) = (pNfy, t), none of which is completely contained

in the other, there exist open fuzzy sequential sets Uf (s) and Vf (s) in (X, δ(s)) such that

Pf (s)qM−Nw Uf (s), Qf (s)qwVf (s), Pf (s)qM−Nw Vf (s), Qf (s)qwUf (s)

whenever Qf (s) is a totally reduced fuzzy sequential point from Pf (s), otherwise there exist open
fuzzy sequential sets Uf (s) and Vf (s) in (X, δ(s)) such that

Pf (s)qwUf (s), Qf (s)qwVf (s), Pf (s)qwVf (s), Qf (s)qwUf (s).

Definition 2.21 A FSTS (X, δ(s)) is said to be weak fs-Hausdorff space or (w) fs-Hausdorff space if
for any two distinct fuzzy sequential points Pf (s) = (pMfx, r) and Qf (s) = (pNfy, t), none of which is

completely contained in the other, there exist open fuzzy sequential sets Uf (s) and Vf (s) in (X, δ(s))
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such that

Pf (s) ∈M−Nw Uf (s), Qdf (s) ∈w Vf (s), Uf (s)qwVf (s)

whenever Qf (s) is a totally reduced fuzzy sequential point from Pf (s), otherwise there exist open
fuzzy sequential sets Uf (s) and Vf (s) in (X, δ(s)) such that

Pf (s) ∈w Uf (s), Qdf (s) ∈w Vf (s), Uf (s)qwVf (s).

Theorem 2.22 A fs-Hausdorff space is a weak fs-Hausdorff space.

Proof Proof is omitted. �

Remark 2.23 Example 2.24 shows that a weak fs-Hausdorff space may not fs-Hausdorff space.

Example 2.24 Let X = {x, y}, δ = {r, r ∈ [0, 1]}. Then (X, δN) is weak fs-Hausdorff but not fs-
Hausdorff.

Remark 2.25 A fs-T2 space may not be fs-T1, shown by Example 2.26.

Example 2.26 Let X = {x, y}, δ = {1, 0, p1
x, p

1
y}. Let (X, δN) is fs-T2 but not fs-T1.

Definition 2.27 A FSTS (X, δ(s)) is said to be (w) fs-T2 space if it is (w) fs- Hausdorff and fs-T1.

Remark 2.28 A fs-T2 space is weak fs-T2.

Theorem 2.29 A FSTS (X, δ(s)) is said to be fs-Hausdorff if for any two distinct fuzzy sequential
points Pf (s) = (pMfx, r) and Qf (s) = (pNfy, t), none of which is completely contained in the other, there

exist open fuzzy sequential sets Gf (s) and Hf (s) in (X, δ(s)) such that

Pf (s) ∈M−N Gf (s), Qf (s) qwHf (s), Gf (s)qwHf (s)

and there exist open fuzzy sequential sets Df (s) and Ef (s) in (X,δ(s)) such that

Pf (s)qM−Nw Df (s), Qf (s) ∈ Ef (s), Ef (s)qwDf (s)

whenever Qf (s) is a totally reduced fuzzy sequential point from Pf (s), otherwise there exist open
fuzzy sequential sets Gf (s) and Hf (s) in (X, δ(s)) such that

Pf (s) ∈ Gf (s), Qf (s)qwHf (s), Gf (s)qwHf (s)

and there exist open fuzzy sequential sets Df (s) and Ef (s) in (X, δ(s)) such that

Pf (s)qwDf (s), Qf (s) ∈ Ef (s), Ef (s)qwDf (s).

Proof Let Pf (s) = (pMfx, r) and Qf (s) = (pNfy, t) be any two distinct fuzzy sequential points in X,

none of which is completely contained in the other. Suppose (X, δ(s)) is fs-Hausdorff.

Case I: Suppose none of Pf (s) and Qf (s) is totally reduced from the other. Then there exist open
fuzzy sequential sets Uf (s) and Vf (s) in (X, δ(s)) such that

Pf (s)qwUf (s), Qf (s)qwVf (s), Pf (s)qwVf (s), Qf (s)qwUf (s).

Now if we take Gf (s) = X1
f (s) − Vf (s), Hf (s) = Vf (s), Df (s) = Uf (s) and Ef (s) = X1

f (s) − Uf (s),
we are done.
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Case II: Suppose one of Pf (s) and Qf (s), say Qf (s) is totally reduced from Pf (s). Then there exists
open fuzzy sequential sets Uf (s) and Vf (s) in (X, δ(s)) such that

Pf (s)qM−Nw Uf (s), Qf (s)qwVf (s), Pf (s)qM−Nw Vf (s), Qf (s)qwUf (s).

Now if we take Gf (s) = X1
f (s) − Vf (s), Hf (s) = Vf (s), Df (s) = Uf (s) and Ef (s) = X1

f (s) − Uf (s),
we are done.

Conversely, suppose the given conditions are true. In both the cases, if we take Uf (s) = Df (s) and
Vf (s) = Hf (s), we are done. �

Theorem 2.30 A FSTS (X, δ(s)) is fs-Hausdorff iff for any fuzzy sequential point Pf (s) in X,

Pf (s) =
∧
{Nf (s) : Nf (s) is a nbd of Pf (s)}. (1)

Proof Suppose (X, δ(s)) is fs-Hausdorff. Let Pf (s) = (pMfx, r) be any fuzzy sequential point in X and

Qf (s) = (pNfx, t) be another fuzzy sequential point distinct from Pf (s) and Qf (s) /∈ Pf (s).

If Pf (s) is totally reduced fromQf (s), there exists open fuzzy sequential set Vf (s) in (X, δ(s)) such that

Qf (s) qN−Mw Vf (s), Pf (s)qwVf (s), otherwise there exists open fuzzy sequential set Vf (s) in (X, δ(s))

such that Qf (s)qwVf (s), Pf (s)qwVf (s).

In both cases, if we take Uf (s) = X1
f (s)− Vf (s), then Pf (s) ∈ Uf (s) and Qf (s) /∈ Uf (s). Hence (1) is

true.

Conversely, suppose (1) is true. Let Pf (s) = (pMfx, r) and Qf (s) = (pNfy, t) be any two distinct fuzzy
sequential points in X, none of which is completely contained in the other.

Case I: Suppose none of Pf (s) and Qf (s) is totally reduced from the other. By (1), there exist nbds

Sf (s) and Tf (s) of Pf (s) and Qf (s) respectively such that Pf (s) /∈ Tf (s) and Qf (s) /∈ Sf (s). If we

take Uf (s) = X1
f (s)− Tf (s) and Vf (s) = X1

f (s)− Sf (s), we are done.

Case II: Suppose one of Pf (s) and Qf (s), Qf (s) (say) is totally reduced from Pf (s). Then there exists

nbds Sf (s) and Tf (s) of P ′f (s) and Qf (s) respectively such that Pf (s) /∈M−N Tf (s) and Qf (s) /∈ Sf (s),

where P
′

f (s)̇ is a reduced fuzzy sequential point of Pf (s) with base M − N . If we take Uf (s) =

X1
f (s)− Tf (s) and Vf (s) = X1

f (s)− Sf (s)̇, we are done. �

Theorem 2.31 If a FTS (X, δ) is fuzzy T2, then the FSTS (X, δN) is weak fs-Hausdorff.

Proof Proof is omitted. �

Remark 2.32 Converse of Theorem 2.31 is not true as shown by Example 2.33.

Example 2.33 Let X = {x, y}, δ = {1, 0, p1
x, p

1
y}. Then (X, δN) is weak fs-Hausdorff even though (X, δ)

is not fuzzy T2.

Remark 2.34 Example 2.35 shows that even if (X, δ) is fuzzy T2, the FSTS (X, δN) may not be
fs-Hausdorff.

Example 2.35 Let X = {x, y}, δ = {r, r ∈ [0, 1]}. Then (X, δ) is fuzzy T2 but (X, δN) is not fs-
Hausdorff.

Remark 2.36 Example 2.37 shows that if a FSTS (X, δ(s)) is fs-T2, then the component FTS (X, δn)
may not be fuzzy T2 for each n ∈ N.

Example 2.37 Let X = {x, y}, δ = {1, 0, p1
x, p

1
y}. Let δ(s) = δN, then (X, δ(s)) is fs-T2 but (X, δ1) =

(X, δ) is not fuzzy T2.
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Remark 2.38 Example 2.39 shows that even if all the component fuzzy topological spaces of a FSTS
are fuzzy T2, the FSTS may not be fs-T2.

Example 2.39 Let (X, δ) be a FTS. For any G ∈ δ, let AfG(s) = {AnfG}∞n=1, BfG(s) = {Bn
fG}∞n=1,

CfG(s) = {CnfG}∞n=1 where AnfG = G for odd n, AnfG = 0 for even n, Bn
fG = 0 for odd n, Bn

fG = G

for even n, CnfG = G for all n. Then the collection δ(s) of all fs-sets(fuzzy sequential sets) AfG(s),

BfG(s), CfG(s) for all G ∈ δ forms a fuzzy sequential topology on X. If (X, δ) is fuzzy T2, then the
components of (X, δ(s)) are fuzzy T2 but (X, δ(s)) itself is not fs-T2.

Definition 2.40 A FSTS (X, δ(s)) is said to be fs-regular if for any fuzzy sequential point Pf (s) =
(pMfx, r) and a non zero closed fuzzy sequential set Af (s) such that Pf (s) /∈ Af (s) and Af (s) is not

completely contained in Pf (s), there exists open fuzzy sequential sets Uf (s) and Vf (s) in (X, δ(s))
such that

Pf (s)qM−Nw Uf (s), Af (s)qwVf (s), Pf (s)qM−Nw Vf (s), Af (s) ≤ X1
f (s)− Uf (s)

whenever Af (s) is totally reduced from Pf (s) and having base N , otherwise there exists open fuzzy
sequential sets Uf (s) and Vf (s) in (X, δ(s)) such that

Pf (s)qwUf (s), Af (s)qwVf (s), Pf (s)qwVf (s), Af (s) ≤ X1
f (s)− Uf (s).

Definition 2.41 A FSTS (X, δ(s)) is said to be weak fs-regular if for any fuzzy sequential point Pf (s) =
(pMfx, r) and its any open weak nbd Af (s), there exists a fuzzy sequential set Bf (s) in (X, δ(s)) such
that

Pf (s) ∈M−Nw

o
Bf (s) ≤ Bf (s) ≤ Af (s)

whenever Acf (s) is totally reduced from Pf (s) and having base N , otherwise there exists open fuzzy

sequential set Bf (s) in (X, δ(s)) such that

Pf (s) ∈w
o
Bf (s) ≤ Bf (s) ≤ Af (s)

and Af (s) is a nbd of Bf (s).

Remark 2.42 Example 2.43 shows that a fs-regular space may not be weak fs-regular.

Example 2.43 Let X = {a}, δ = {0, 1, p0.4
a }. Then (X, δN) is fs-regular but not weak fs-regular.

Remark 2.44 A weak fs-regular space may not be fs-regular as shown by Example 2.45.

Example 2.45 Let X = {x, y}, δ = {r, r ∈ [0, 1]}, then (X, δN) is weak fs-regular but is not fs-regular.

Remark 2.46 A fs-regular space may not be fs-T1. This is shown by Example 2.47.

Example 2.47 Let X = {x} and let δ = {0, 1, p0.5
x }. Then (X, δN) is fs-regular but not fs-T1.

Definition 2.48 A FSTS (X, δ(s)) is said to be fs-T3 if it is fs-regular and fs-T1.

Remark 2.49 A fs-T3 space is fs-T2.

Theorem 2.50 A FSTS (X, δ(s)) is fs-regular iff for any fuzzy sequential point Pf (s) = (pMfx, r) and

a non zero closed fuzzy sequential set Af (s) such that Pf (s) /∈ Af (s) and Af (s) is not completely
contained in Pf (s), there exist open fuzzy sequential sets Gf (s) and Hf (s) in (X, δ(s)) such that

Pf (s) ∈M−N Gf (s), Af (s)qwHf (s), Gf (s)qwHf (s)
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and there exist open fuzzy sequential sets Df (s) and Ef (s) in (X, δ(s)) such that

Pf (s)qM−Nw Df (s), Af (s) ∈ Ef (s), Ef (s)qwDf (s)

whenever Af (s) is totally reduced from Pf (s) and with base N , otherwise there exists open fuzzy
sequential sets Gf (s) and Hf (s) in (X, δ(s)) such that

Pf (s) ∈ Gf (s), Af (s)qwHf (s), Gf (s)qwHf (s)

and there exist open fuzzy sequential sets Df (s) and Ef (s) in (X, δ(s)) such that

Pf (s)qwDf (s), Af (s) ∈ Ef (s), Ef (s)qwDf (s).

Proof Proof is omitted. �

Theorem 2.51 A FSTS (X, δ(s)) is fs-regular iff for any fuzzy sequential point Pf (s) = (pMfx, r) and

an open fuzzy sequential set Gf (s) such that Pf (s)qwGf (s) (where X1
f (s) − Gf (s) is not completely

contained in Pf (s)), there exists an open fuzzy sequential set Hf (s) in (X, δ(s)) such that Pf (s)

∈M−N Hf (s), Hf (s) <w X1
f (s) − Gf (s) and exists an open fuzzy sequential set Bf (s) in (X, δ(s))

such that Pf (s) qM−Nw Bf (s), Bf (s) ≤ Gf (s), whenever X1
f (s) − Gf (s) is totally reduced from Pf (s)

and with base N , otherwise there exists an open fuzzy sequential set Hf (s) in (X, δ(s)) such that

Pf (s) ∈ Hf (s), Hf (s) <w X
1
f (s) −Gf (s) and ∃ an open fuzzy sequential set Bf (s) in (X, δ(s)) such

that Pf (s) qwBf (s), Bf (s) ≤ Gf (s).

Proof Suppose (X, δ(s)) is fs-regular. Let Pf (s) = (pMfx, r) be any fuzzy sequential point and Gf (s)

be an open fuzzy sequential set such that Pf (s)qwG(s), i.e., Pf (s) /∈ X1
f (s) − Gf (s) = Af (s) (say).

Then there exists open fuzzy sequential sets U(s) and V (s) in (X, τ) such that

Pf (s) ∈M−N Uf (s), Af (s)qwVf (s), Uf (s)qwVf (s)

and there exists open fuzzy sequential sets Df (s) and Ef (s) in (X, δ(s)) such that

Pf (s)qM−Nw Df (s), Af (s) ∈ Ef (s), Ef (s)qwDf (s)

whenever Af (s) is totally reduced from Pf (s) and with base N , otherwise there exists open fuzzy
sequential sets Uf (s) and Vf (s) in (X, δ(s)) such that

Pf (s) ∈ Uf (s), Af (s)qwVf (s), Uf (s)qwVf (s)

and there exists open fuzzy sequential sets Df (s) and Ef (s) in (X, δ(s)) such that

Pf (s)qwDf (s), Af (s) ∈ Ef (s), Ef (s)qwDf (s).

If we take Hf (s) = Uf (s) and Bf (s) = Df (s), we are done.

Conversely, suppose given conditions are true. Let Pf (s) = (pMfx, r) be any fuzzy sequential point and

Af (s) be any closed fuzzy sequential set such that Pf (s) /∈ Af (s) and Af (s) is not completely contained
in Pf (s), i.e., Pf (s)qwX

1
f (s) − Af (s) = Gf (s) (say). Then there exists an open fuzzy sequential set

Hf (s) in (X, δ(s)) such that Pf (s) ∈M−N Hf (s), Hf (s) <w X1
f (s) − Gf (s) and there exists an

open fuzzy sequential set Bf (s) in (X, δ(s)) such that Pf (s)qM−Nw Bf (s), Bf (s) ≤ Gf (s), whenever
X1
f (s) − Gf (s) is totally reduced from Pf (s) and with base N , otherwise there exists an open fuzzy

sequential set Hf (s) in (X, δ(s)) such that Pf (s) ∈ Hf (s), Hf (s) <w X
1
f (s)−Gf (s) and there exists



Separation Axioms in Fuzzy Sequential Topological Spaces 93

an open fuzzy sequential set Bf (s) in (X, δ(s)) such that Pf (s)qwBf (s), Bf (s) ≤ Gf (s). If we take

Uf (s) = Hf (s), Vf (s) = X1
f (s)−Hf (s), Df (s) = Bf (s) and Ef (s) = X1

f (s)−Bf (s), then we are done.
�

Theorem 2.52 If (X, δ(s)) is fs-regular, then for any closed fuzzy sequential set Af (s) which is not a
fuzzy sequential point,

Af (s) =
∧
{Nf (s), Nf (s) is a closed nbd of Af (s)}. (2)

Proof Suppose (X, δ(s)) is fs-regular and Af (s) be any closed fuzzy sequential set which is not a fuzzy
sequential point. If Af (s) = X0

f (s), then (1) is true. Suppose Af (s) 6= X0
f (s). Let Pf (s) be any fuzzy

sequential point such that Pf (s) /∈ Af (s). Let M and N be the bases of Pf (s) and Af (s), respectively.
We have Pf (s) /∈ Af (s) i.e.,

Pf (s)qwX
1
f (s)−Af (s) = Gf (s) (say).

then there exists an open fuzzy sequential set Bf (s) in (X, δ(s)) such that Pf (s)qM−Nw Bf (s), Bf (s) ≤
Gf (s) whenever Af (s) is totally reduced from Pf (s), otherwise there exists an open fuzzy sequential

set Bf (s) in (X, δ(s)) such that Pf (s)qwBf (s), Bf (s) ≤ Gf (s). This implies Af (s) ≤ X1
f (s)−Bf (s) =

Hf (s) (say). Again

Pf (s) /∈ X1
f (s)−Bf (s) =⇒ Pf (s) /∈ Hf (s).

Thus (1) holds. �

Remark 2.53 Example 2.54 shows that converse of Theorem 2.52 may not be true.

Example 2.54 Let X be any non empty set and δ = {r, r ∈ [0, 1]} Then the FSTS (X, δN) is not
regular although for any closed fuzzy sequential set Af (s) in (X, δN) , Af (s) = ∧{Nf (s); Nf (s) is a
closed nbd of Af (s)}.

Remark 2.55 Example 2.56 shows that for a fuzzy sequential point, (1) in Theorem 2.52 may not
hold.

Example 2.56 Let X = {x} and δ = {1, 0, p0.2
x }. Then (X, δN) is fs-regular but for the closed fuzzy

sequential point Af (s) = (p
{1, 2}
fx , 0.8) 6= ∧{Nf (s); Nf (s) is a closed nbd of Af (s)}.

Theorem 2.57 A FTS (X, δ) is fuzzy regular iff (X, δN) is weak fs-regular.

Proof Proof is omitted. �

Remark 2.58 Even if (X, δN) is fs-regular, (X, δ) may not be fuzzy regular, shown by Example 2.59.

Example 2.59 Let X = {a}, δ = {0, 1, p0.6
a }. Then (X, δN) is fs-regular but (X, δ) is not fuzzy regular.

Remark 2.60 A FTS (X, δ) is fuzzy regular, it may not imply (X, δN) is fs-regular as shown by Example
2.61.

Example 2.61 Let X = {x, y}, δ = {r, r ∈ [0, 1]}, then (X, δ) is fuzzy regular but (X, δN) is not
fs-regular.

Remark 2.62 A FSTS (X, δ(s)) is fs-regular, it may not imply component fuzzy topological spaces
(X, δn), n ∈ N is fuzzy regular as shown by Example 2.63.

Example 2.63 Let X = {a}, δ = {0, 1, p0.6
a }. Let δ(s) = δN, then (X, δ(s)) is fs-regular but (X, δn) =

(X, δ) for all n ∈ N is not fuzzy regular.
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Remark 2.64 A FSTS (X, δ(s)) may not be fs-regular even if the component fuzzy topological spaces
(X, δn) is fuzzy regular for all n ∈ N, as shown by Example 2.65.

Example 2.65 Let X = {x, y}, δ = {r, r ∈ [0, 1]}. Let δ(s) = δN. Then (X, δ(s)) is not be fs-regular
but all the component fuzzy topological spaces (X, δn), n ∈ N, is fuzzy regular.

Definition 2.66 Fuzzy sequential sets Af (s)={Anf}∞n=1 and Bf (s) = {Bn
f }∞n=1 are said to be quasi

discoincident if Anf and Bn
f are strong quasi discoincident for all n.

Definition 2.67 Fuzzy sequential sets Af (s) = {Anf}∞n=1 and Bf (s) = {Bn
f }∞n=1 are said to be partially

quasi discoincident if Anf and Bn
f are strong quasi discoincident for some n ∈ N..

Definition 2.68 A FSTS (X, δ(s)) is said to be fs-normal iff for any two partially quasi discoincident
non zero closed fuzzy sequential sets Af (s) and Bf (s) (having the respective bases M and N and
none of which is completely contained in the other), there exists an open fuzzy sequential sets Uf (s)
and Vf (s) in (X, δ(s)) such that

Af (s)qM−Nw Uf (s), Bf (s)qwVf (s), Af (s) ≤M−N X1
f (s)− Vf (s), Bf (s) ≤ X1

f (s)− Uf (s)

whenever Bf (s) is totally reduced from Af (s), otherwise there exists open fuzzy sequential sets Uf (s)
and Vf (s) in (X, δ(s)) such that

Af (s)qwUf (s), Bf (s)qwVf (s), Af (s) ≤ X1
f (s)− Vf (s), Bf (s) ≤ X1

f (s)− Uf (s).

Definition 2.69 A FSTS (X, δ(s)) is said to be weak fs-normal iff for any non zero closed fuzzy
sequential set Cf (s) and its any open weak nbd Af (s), there exists a fuzzy sequential set Bf (s) in
(X, δ(s)) such that

Cf (s) ∈M−Nw

o
Bf (s) ≤ Bf (s) ≤ Af (s)

whenever Acf (s) is totally reduced from Cf (s), otherwise there exists an open fuzzy sequential set

Bf (s) in (X, δ(s)) such that

Cf (s) ∈w
o
Bf (s) ≤ Bf (s) ≤ Af (s)

(Af (s) is a nbd of Bf (s), M and N being the respective bases of Cf (s) and Acf (s)).

Remark 2.70 A fs-normal FSTS may not be weak fs-normal, which is shown by Example 2.71.

Example 2.71 Let X = {a} and δ = {0, 1, p0.6
a }. Then (X, δN) is fs-normal but not weak fs-normal.

Remark 2.72 Example 2.73 shows that a weak fs-normal space may not be fs-normal.

Example 2.73 Let X = {x, y} and β = {prx; r ∈ [0, 1]} ∨ {pry; r ∈ [0, 1]} be a base for some fuzzy

topology δ on X. Then (X, δN) is weak fs-normal but not fs-normal.

Definition 2.74 A FSTS (X, δ(s)) is said to be fs-T4 space if it is fs-normal and fs-T1.

Remark 2.75 A fs-normal FSTS may not be fs-T1 as shown by Example 2.76.

Example 2.76 Let X = {a, b}, δ(s) = {X0
f (s), X1

f (s), Af (s), Bf (s)} where Anf (a) = 1 for all n, Anf (b) =

0 for all n, Bn
f (a) = 0 for all n, Bn

f (b) = 1 for all n, then (X, δ(s)) is fs-normal but not fs-T1.

Remark 2.77 A fs-normal FSTS may not be fs-regular as shown by Example 2.78.

Example 2.78 Let X = {x, y}, δ = {r, r ∈ [0, 1]}, then (X, δN) is fs-normal but not fs-regular. Hence
a fs-T4 space may not be fs-T3.
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Theorem 2.79 A FSTS (X, δ(s)) is fs-normal iff for any two partially quasi discoincident non zero
closed fuzzy sequential sets Af (s) and Bf (s) (none of which is completely contained in the other),
there exists an open fuzzy sequential sets Gf (s) and Hf (s) in (X, δ(s)) such that

Af (s) ∈M−N Gf (s), Bf (s)qwHf (s), Gf (s)qwHf (s)

and there exists an open fuzzy sequential sets Df (s) and Ef (s) in (X, δ(s)) such that

Af (s)qM−Nw Df (s), Bf (s) ∈ Ef (s), Ef (s)qwDf (s)

whenever Bf (s) is a totally reduced fuzzy sequential set from Af (s) (M and N are respectively the
bases of Af (s) and Bf (s)), otherwise there exists open fuzzy sequential sets Gf (s) and Hf (s) in
(X, δ(s)) such that

Af (s) ∈ Gf (s), Bf (s)qwHf (s), Gf (s)qwHf (s)

and there exists an open fuzzy sequential sets Df (s) and Ef (s) in (X, δ(s)) such that

Af (s)qwDf (s), Bf (s) ∈ Ef (s), Ef (s)qwDf (s).

Proof Proof is omitted. �

Theorem 2.80 If a FSTS (X, δ(s)) is weak fs-normal, then for any two non-zero closed partially quasi
discoincident fs-sets Af (s) and Bf (s) (none of which is completely contained in the other), there exists
open fuzzy sequential sets Uf (s) and Vf (s) in (X, δ(s)) such that Af (s) ∈M−Nw Uf (s), Bf (s) ∈w Vf (s),
Uf (s)qwVf (s) whenever Bf (s) is a totally reduced fuzzy sequential set from Af (s) (M and N are
respectively the bases of Af (s) and Bf (s)), otherwise there exists an open fuzzy sequential sets Uf (s)
and Vf (s) in (X, δ(s)) such that Af (s) ∈w Gf (s), Bf (s) ∈w Vf (s), Uf (s)qwVf (s).

Proof The proof is omitted. �

Remark 2.81 For a FSTS to be weak fs-normal, the condition given in Theorem 2.80 is only necessary
but not sufficient as shown by Example 2.82.

Example 2.82 Let X = {a} and δ = {0, 1, p0.6
a }. Then (X, δN) is not weak fs-normal but the condition

in Theorem 2.80 is satisfied.

Theorem 2.83 A weak fs-regular space (X, δ(s)) is weak fs-normal when X is finite.

Proof Let (X, δ(s)) be a weak fs-regular space. Let Cf (s) = {Cnf }∞n=1 be any non zero closed fuzzy

sequential set in (X, δ(s)) and Af (s) be its any open weak nbd. Let M and N be respectively the
bases of Cf (s) and Acf (s). We choose m ∈ M −N when Acf (s) is totally reduced from Cf (s) and we

take m ∈ M otherwise. Let x ∈ X such that Cmf (x) 6= 0 and let Cmf (x) = rm. Then for the fuzzy

sequential point pxf (s) = (pmfx , rm), Af (s) is an open weak nbd. Hence there exists an open fuzzy

sequential set Bxf (s) in (X, δ(s)) such that

pxf (s) ∈M−Nw

o
Bxf (s) ≤ Bxf (s) ≤ Af (s)

whenever Acf (s) is a totally reduced fuzzy sequential set from Cf (s), otherwise there exists open fuzzy

sequential set Bf (s) in (X, δ(s)) such that

pxf (s) ∈w
o
Bf (s) ≤ Bf (s) ≤ Af (s) (Af (s) is a nbd of Bxf (s)).
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Corresponding to each x ∈ X for which Cmf (x) 6= 0, we get such open fs-set Bxf (s). Since X is finite,
there exists finitely many fs-sets say

Bx1f (s), Bx2f (s), . . . , Bxkf (s)

such that

pxnf (s) ∈M−Nw

o
Bxnf (s) ≤ Bxnf (s) ≤ Af (s), xn ∈ X, n = 1, 2, . . . , k.

whenever Acf (s) is a totally reduced fuzzy sequential set from Cf (s), otherwise there exists an open

fuzzy sequential set Bf (s) in (X, δ(s)) such that

pxnf (s) ∈w
o
Bxnf (s) ≤ Bxnf (s) ≤ Af (s), xn ∈ X, n = 1, 2, . . . , k.

Now, let Bf (s) =
⋃k
n=1Bxnf (s). Then

Cf (s) ∈M−Nw

o
Bf (s) ≤ Bf (s) ≤ Af (s)

whenever Acf (s) is totally reduced from Cf (s), otherwise

Cf (s) ∈w
o
Bf (s) ≤ Bf (s) ≤ Af (s).

Hence (X, δ(s)) is weak fs-normal. �

Theorem 2.84 A FTS (X, δ) is fuzzy normal iff (X, δN) is weak fs-normal.

Proof Proof is omitted. �

Remark 2.85 Even if (X, δN) is fs-normal, (X, δ) may not be fuzzy normal, shown by Example 2.86.

Example 2.86 Let X = {a} and δ = {0, 1, p0.6
a }. Then (X, δN) is fs-normal but (X, δ) is not fuzzy

normal.

Remark 2.87 Example 2.88 shows that if (X, δ) is fuzzy normal, it may not imply (X, δN) is fs-normal.

Example 2.88 Let X = {x, y} and β = {prx; r ∈ [0, 1]} ∨ {pry; r ∈ [0, 1]} be a base for some fuzzy

topology δ on X. Then (X, δ) is fuzzy normal but (X, δN) is not fs-normal.

Remark 2.89 If (X, δ(s)) is fs-normal, then it may not imply (X, δn) is fuzzy normal for each n, shown
by Example 2.90.

Example 2.90 Let X = {a} and δ = {0, 1, p0.6
a }. Let δ(s) = δN, then (X, δ(s)) is fs-normal but

(X, δn) = (X, δ) for all n ∈ N, is not fuzzy normal.

Remark 2.91 A FSTS (X, δ(s)) may not be fs-normal even if the component fuzzy topological spaces
(X, δn) is fuzzy regular for all n ∈ N, as shown by Example 2.92.

Example 2.92 Let X = {x, y} and β = {prx; r ∈ [0, 1]} ∨ {pry; r ∈ [0, 1]} be a base for some fuzzy

topology δ on X. Let δ(s) = δN. Then (X, δ(s)) is not be fs-normal but all the component fuzzy
topological spaces (X, δn), n ∈ N, is fuzzy normal.
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1. Introduction

After the introduction of fuzzy sets by L. A. Zadeh in 1965 ([17]), C. L. Chang
introduced the concept of fuzzy topology on a non empty set in 1968 ([6]). The
concept of fuzzy sequential topological spaces (FSTS) were introduced in ([13]).
In fuzzy set theory, fuzzy closure operators and fuzzy closure systems have been
studied by Mashour and Ghanim ([10]), G. Gerla ([8]), Bandler and Kohout ([1]),
R. Belohlavek ([2]), whereas fuzzy interior operators and fuzzy interior systems have
appeared in the studies of R. Belohlavek and T. Funiokova ([3]), Bandler and Kohout
([1]).

Closure and interior operators on an ordinary set belong to the very fundamental
mathematical structures with direct applications on the many fields like topology,
logic etc. Being motivated by the importance of closure and interior operators,
we introduce the concept of FS-closure and FS-interior operators on a set. Books
([5], [7] [9], [11]) and the articles ([4], [12], [14], [15], [16]) may provide a suitable
background for the present work as some basic ideas have been derived from these
sources. We begin with some basic definitions and results of ([13]) and ([16]). Let
X be a non empty set and I = [0, 1] be the closed unit interval in the set of real
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numbers. Let Af (s) = {An
f }n and Bf (s) = {Bn

f }n be sequences of fuzzy sets in X
called fuzzy sequential sets in X and we define

(i) Af (s) ∨Bf (s) = {An
f ∨Bn

f }n (union),
(ii) Af (s) ∧Bf (s) = {An

f ∧Bn
f }n (intersection),

(iii) Af (s) ≤ Bf (s) if and only if An
f ≤ Bn

f for all n ∈ N,
(iv) Af (s) ≤w Bf (s) if and only if there exists n ∈ N such that An

f ≤ Bn
f ,

(v) Af (s) = Bf (s) if and only if An
f = Bn

f for all n ∈ N,
(vi) Af (s)(x) = {An

f (x)}n, x ∈ X,
(vii) Af (s)(x) ≥M r if and only if An

f (x) ≥ rn for all n ∈ M , where r = {rn}n is
a sequence in I. In particular if M = N, we write Af (s)(x) ≥ r,

(viii) X l
f (s) = {Xn

f }n where l ∈ I and Xn
f (x) = l, for all x ∈ X, n ∈ N,

(ix) (Af (s))c = {1−An
f }n = {(An

f )c}n, called complement of Af (s),
(x) A fuzzy sequential set Pf (s) = {pn

f }n is called a fuzzy sequential point if
there exists x ∈ X and a non zero sequence r = {rn}n in I such that

pn
f (t) = rn, if t = x,

= 0, if t ∈ X − {x}, for all n ∈ N.

If M be the collection of all n ∈ N such that rn 6= 0, then we can write the above
expression as

pn
f (x) = rn, whenever n ∈ M ,

= 0, whenever n ∈ N−M .

The point x is called the support, M is called the base and r is called the sequential
grade of membership of x in the fuzzy sequential point Pf (s) and we write Pf (s) =
(pM

fx, r). If further M = {n}, n ∈ N, then the fuzzy sequential point is called a simple
fuzzy sequential point and it is denoted by (pn

fx, rn). A fuzzy sequential point is
called complete if its base is the set of natural numbers. A fuzzy sequential point
Pf (s) = (pM

fx, r) is said to belong to Af (s) if and only if Pf (s) ≤ Af (s) and we write
Pf (s) ∈ Af (s). It is said to belong weakly to Af (s), symbolically Pf (s) ∈w Af (s),
if and only if there exists n ∈ M such that pn

f (x) ≤ An
f (x).

Definition 1.1 ([13]). A family δ(s) of fuzzy sequential sets on a non empty set X
satisfying the properties

(i) Xr
f (s) ∈ δ(s) for r = 0 and 1,

(ii) Af (s), Bf (s) ∈ δ(s) ⇒ Af (s) ∧Bf (s) ∈ δ(s) and
(iii) for any family {Afj(s) ∈ δ(s), j ∈ J}, ∨

j∈J
Afj(s) ∈ δ(s)

is called a fuzzy sequential topology (FST) on X and the ordered pair (X, δ(s))
is called fuzzy sequential topological space (FSTS). The members of δ(s) are called
open fuzzy sequential sets in X. Complement of an open fuzzy sequential set in X
is called closed fuzzy sequential set in X.

Definition 1.2 ([13]). If (X, δ(s)) is an FSTS, then (X, δn) is a fuzzy topological
space (FTS), where δn={An

f ; An
f (s) = {An

f }n ∈ δ(s)}, n ∈ N. (X, δn), where n ∈ N,
is called the nth component FTS of the FSTS (X, δ(s)).

590
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Proposition 1.3 ([13]). Let Af (s)={An
f }n be an open (closed) fuzzy sequential set

in the FSTS (X, δ(s)), then for each n ∈ N, An
f is an open (closed) fuzzy set in

(X, δn) but the converse is not necessarily true.

Proposition 1.4 ([13]). If δ be a fuzzy topology (FT ) on a non empty set X, then
δN forms an FST on X.

Definition 1.5 ([13]). Let Af (s) be any fuzzy sequential set in an FSTS (X, δ(s)).

The closure Af (s) and interior
o

Af (s) of Af (s) are defined as

Af (s) = ∧{Cf (s); Af (s) ≤ Cf (s), (Cf (s))c ∈ δ(s)},
o

Af (s) = ∨{Of (s); Of (s) ≤ Af (s), Of (s) ∈ δ(s)}.
Definition 1.6 ([13]). A fuzzy sequential set Af (s) in an FSTS (X, δ(s)) is called
a neighbourhood (in short nbd) of a fuzzy sequential point Pf (s) if and only if there
exists Bf (s) ∈ δ(s) such that Pf (s) ∈ Bf (s) ≤ Af (s). A nbd Af (s) is called open if
and only if Af (s) ∈ δ(s).

2. Definition and results

Definition 2.1. Let X be a non empty set. An operator Cl : (IX)N → (IX)N is
said to be an FS-closure operator on X if it satisfies the following conditions:

(FSC1) Cl(X0
f (s)) = X0

f (s).
(FSC2) Af (s) ≤ Cl(Af (s)) for all Af (s) ∈ (IX)N.
(FSC3) Cl(Cl(Af (s))) = Cl(Af (s)) for all Af (s) ∈ (IX)N.
(FSC4) Cl(Af (s)∨Bf (s)) = Cl(Af (s))∨Cl(Bf (s)) for all Af (s), Bf (s) ∈ (IX)N.

Example 2.2. For any FSTS (X, δ(s)), closure of an fs-set (fuzzy sequential set) is
an FS-closure operator on X.

Example 2.3. Let X be a non empty set. The operator C : (IX)N → (IX)N defined
by C(Af (s)) = Af (s) ∨ Df (s) whenever Af (s) 6= X0

f (s) and C(X0
f (s)) = X0

f (s),
where Df (s) is a fixed fuzzy sequential set in X, is an FS-closure operator on X.

Theorem 2.4. If Cl : (IX)N → (IX)N be an FS-closure operator on X, then
(i) Cl is monotonic increasing, that is, Af (s) ≤ Bf (s) ⇒ Cl(Af (s)) ≤ Cl(Bf (s))

for all Af (s), Bf (s) ∈ (IX)N.
(ii) Af (s) ≤ Cl(Bf (s)) ⇒ Cl(Af (s)) ≤ Cl(Bf (s)) for all Af (s), Bf (s) ∈ (IX)N.

Proof. Proof is omitted. ¤

Theorem 2.5. Let X be a non empty set and Cl : (IX)N → (IX)N be an operator
on X satisfying (FSC1), (FSC2) and (FSC4), then

a) The collection δ′(s) = {(Af (s))c; Af (s) ∈ (IX)N and Cl(Af (s)) = Af (s)}
forms an FST on X.

b) If Cl also satisfies (FSC3), then for all Af (s) ∈ (IX)N we have Af (s) =
Cl(Af (s)), where Af (s) is the closure of Af (s) in δ′(s).

Proof. Proof is omitted. ¤
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Remark 2.6. From Theorem 2.5 it follows that if Cl : (IX)N → (IX)N be an
FS-closure operator on X then δ′(s) = {(Af (s))c; Af (s) ∈ (IX)N and Cl(Af (s)) =
Af (s)} forms an FST on X. Also Af (s) = Cl(Af (s)) for all Af (s) ∈ (IX)N, where
Af (s) is the closure of Af (s) in δ′(s). This FST δ′(s) is called the fuzzy sequential
topology induced by the FS-closure operator Cl and we denote it by δCl(s).

Remark 2.7. Example 2.8 shows that if an operator Cl : (IX)N → (IX)N on
a non empty set X, satisfies (FSC1), (FSC2) and (FSC4) but does not satisfy
(FSC3), then δCl(s) forms an FST on X but Af (s) may not be equal to Cl(Af (s)),
Af (s) ∈ (IX)N.

Example 2.8. Let X = {a}. Let Cl : (IX)N → (IX)N be defined by

Cl(Af (s)) = {An
f ∨An+1

f }∞n=1 ∀Af (s) = {An
f }∞n=1 ∈ (IX)N.

Then Cl is an operator on X satisfying (FSC1), (FSC2) and (FSC4) and hence
(X, δCl(s)) forms an FSTS. Further Cl does not satisfy (FSC3) and in (X, δCl(s)),
Cl(Bf (s)) 6= Bf (s) if Bf (s) = {Bn

f }∞n=1 where B1
f = p0.2

a , B2
f = p0.4

a , B3
f = p0.5

a ,
Bn

f = 0 ∀ n 6= 1, 2, 3

Definition 2.9. Let X be a non empty set and Cl : (IX)N → (IX)N be an FS-
closure operator on X. A function (Cl)n

f : IX → IX defined by (Cl)n
f (A) = nth term

of Cl(nAX0
f (s)), where nAX0

f (s) denotes an fs-set whose nth term is A and others
are 0, is called the nth component of Cl, n ∈ N.

Theorem 2.10. Let X be a non empty set. If Cl : (IX)N → (IX)N be an FS-closure
operator on X, then each component (Cl)n

f : IX → IX , n ∈ N is a fuzzy closure
operator. Also (δCl)n = δ(Cl)n

f
where (δCl)n is the nth component fuzzy topology of

FST δCl(s) and δ(Cl)n
f

is the fuzzy topology induced by the component (Cl)n
f of Cl.

Proof. (Cl)n
f (0) = 0 by definition. Let A ∈ IX , then nAX0

f (s) ≤ Cl(nAX0
f (s)) ⇒

A ≤ (Cl)n
f (A). Hence (Cl)n

f (A) ≤ (Cl)n
f ((Cl)n

f (A)). Also

Cl(Cl(nAX0
f (s))) = Cl(nAX0

f (s))

⇒ Cl(n(Cl)n
f (A)X

0
f (s)) ≤ Cl(nAX0

f (s))

⇒ (Cl)n
f ((Cl)n

f (A)) ≤ (Cl)n
f (A)

Hence (Cl)n
f ((Cl)n

f (A)) = (Cl)n
f (A).

Again let A, B ∈ IX , then

Cl(nAX0
f (s) ∨nB X0

f (s)) = Cl(nAX0
f (s)) ∨Cl(nBX0

f (s))

⇒ Cl(n(A∨B)X
0
f (s)) = Cl(nAX0

f (s)) ∨Cl(nBX0
f (s))

⇒ (Cl)n
f (A ∨B) = (Cl)n

f (A) ∨ (Cl)n
f (B)

Thus (Cl)n
f is a fuzzy closure operator.

For the next part, Let A∈ (δCl)n, then 1-A is a closed fuzzy set in (X, (δCl)n). Let
592
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Bf (s) = {Bn
f }∞n=1 be a closed fs-set in (X, δCl(s)) such that Bn

f = 1−A. Now,

n(1−A)X
0
f (s) ≤ Bf (s)

⇒ Cl(n(1−A)X
0
f (s)) ≤ Cl(Bf (s))

⇒ (Cl)n
f (1−A) ≤ Bn

f = 1−A

⇒ (Cl)n
f (1−A) = 1−A

⇒ A ∈ δ(Cl)n
f

Also A∈ δ(Cl)n
f

implies (Cl)n
f (1 − A) = 1 − A. Let Bf (s) = Cl(n(1−A)X

o
f (s)), then

Bf (s) is a closed fs-set in (X, δCl(s)) and its nth component is 1 − A. Therefore
A ∈ (δCl)n. Hence the theorem. ¤

Theorem 2.11. Let Cl : (IX)N → (IX)N be an FS-closure operator on a non
empty set X and A ⊂ X. If Char(A) denote the characteristic function of A, Then
ClA: (IA)N → (IA)N defined by

ClA(Bf (s)) = {Char(A)}∞n=1 ∧Cl(Bf (s)) ∀Bf (s) ∈ (IA)N.

is an FS-closure operator on A and (ClA)n
f (B) = Char(A)∧(Cl)n

f (B) for all B ∈ IA.

Proof. Let Bf (s) ∈ (IA)N. Now

ClA(ClA(Bf (s)) = ClA({Char(A)}∞n=1 ∧Cl(Bf (s)))
= {Char(A)}∞n=1 ∧Cl({Char(A)}∞n=1 ∧Cl(Bf (s)))
≤ {Char(A)}∞n=1 ∧Cl({Char(A)}∞n=1) ∧Cl(Cl(Bf (s)))
= {Char(A)}∞n=1 ∧Cl(Bf (s))
= ClA(Bf (s))

All the other conditions being straightforward, we an conclude that ClA is an
FS-closure operator on A. Also for B ∈ IA, (ClA)n

f (B) = nth component of
ClA(nBX0

f (s))= nth component of {Char(A)}∞n=1 ∧ Cl(nBX0
f (s)) = Char(A) ∧

nth component of Cl(nBX0
f (s)) = Char(A) ∧ (Cl)n

f (B). ¤

Theorem 2.12. Let {Clλ : (IXλ)N → (IXλ)N; λ ∈ Λ} be a family of FS-closure op-
erators, where Xλ ∧ Xµ = φ for all λ, µ ∈ Λ. If X = ∨λ∈ΛXλ and Char(Xλ)
denote the characteristic function of Xλ, then C : (IX)N → (IX)N defined by
C(Af (s)) = ∨λ∈ΛClλ({Char(Xλ)}∞n=1 ∧Af (s)) is an FS-closure operator on X.

Proof. For Af (s) ∈ (IX)N,

C(C(Af (s))) = C(∨λ∈ΛClλ({Char(Xλ)}∞n=1 ∧Af (s)))
= ∨λ∈ΛClλ({Char(Xλ)}∞n=1 ∧ (∨λ∈ΛClλ({Char(Xλ)}∞n=1 ∧Af (s))))
= ∨λ∈ΛClλ({Char(Xλ)}∞n=1 ∧ (∨λ∈Λ(Clλ({Char(Xλ)}∞n=1) ∧Clλ(Af (s)))))
= ∨λ∈ΛClλ({Char(Xλ)}∞n=1 ∧Clλ({Char(Xλ)}∞n=1 ∧Af (s)))
= ∨λ∈ΛClλ(Clλ({Char(Xλ)}∞n=1 ∧Af (s)))
= ∨λ∈ΛClλ({Char(Xλ)}∞n=1 ∧Af (s))
= C(Af (s))
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Other conditions being straightforward, it follows that C is an FS-closure operator.
¤

Definition 2.13. A collection ζ(s) = {Aλf (s) ∈ (IX)N; λ ∈ Λ} is called an FS-
closure system if for each Af (s) ∈ (IX)N, ∧λ∈Λ,Af (s)≤Aλf (s)Aλf (s) ∈ ζ(s)

Theorem 2.14. ζ(s) is an FS-closure system iff ζ(s) is closed under arbitrary
intersection.

Proof. Suppose ζ(s) is closed under arbitrary intersection. Let Af (s) ∈ (IX)N and
let {Aλf (s); λ ∈ Λ} ∈ ζ(s) such that Af (s) ≤ Aλf (s) ∀λ ∈ Λ. Then

∧λ∈Λ,Af (s)≤Aλf (s)Aλf (s) ∈ ζ(s)

Conversely, suppose ζ(s) is an FS-closure system. Let {Aλf (s); λ ∈ Λ} ∈ ζ(s) and
let Af (s) = ∧λ∈ΛAλf (s). Then

Af (s) ≤ Aλf (s) ∀λ ∈ Λ
⇒ ∧λ∈ΛAλf (s) = ∧λ∈Λ,Af (s)≤Aλf (s)Aλf (s) ∈ ζ(s)

Hence ζ(s) is closed under arbitrary intersection. ¤
Lemma 2.15. Let ζ(s) = {Aλf (s) ∈ (IX)N;λ ∈ Λ} be an FS-closure system
containing X0

f (s). Then Clζ(s) : (IX)N → (IX)N defined by

Clζ(s)(Af (s)) = ∧λ∈Λ,Af (s)≤Aλf (s)Aλf (s) and

Clζ(s)(Af (s) ∨Bf (s)) = Clζ(s)(Af (s)) ∨Clζ(s)(Bf (s)) ∀Af (s), Bf (s) ∈ (IX)N

is an FS-closure operator. Moreover for all Af (s) ∈ (IX)N, Af (s) ∈ ζ(s) iff Af (s) =
Clζ(s)(Af (s)).

Proof. Since Clζ(s)(Af (s)) ∈ ζ(s) for Af (s) ∈ (IX)N, we have

Clζ(s)(Clζ(s)(Af (s))) = ∧λ∈Λ,Clζ(s)(Af (s))≤Aλf (s)Aλf (s) ≤ Clζ(s)(Af (s))

Hence Clζ(s) is an FS-closure operator.
Now, if Af (s) ∈ ζ(s), then Af (s) = Aλf (s) for some λ ∈ Λ and

Clζ(s)(Af (s)) = ∧i∈Λ,Af (s)≤Aif (s)Aif (s) ≤ Aλf (s) = Af (s)

Also Af (s) ≤ Clζ(s)((Af (s)). Hence Clζ(s)(Af (s)) = Af (s). Converse part follows
from the definition of Clζ(s). ¤

Lemma 2.16. Let Cl : (IX)N → (IX)N be an FS-closure operator. Then

ζCl(s) = {Af (s) ∈ (IX)N; Af (s) = Cl(Af (s))}
is an FS-closure system.

Proof. Let Bf (s) ∈ (IX)N and let {Aλf (s); λ ∈ Λ} ∈ ζ(s) such that Bf (s) ≤ Aλf (s)
∀λ ∈ Λ. Let Df (s) = ∧λ∈Λ,Bf (s)≤Aλf (s)Aλf (s). We know, Df (s) ≤ Cl(Df (s)).
Again

Df (s) ≤ Aλf (s) ∀λ ∈ Λ
⇒ Cl(Df (s)) ≤ Cl(Aλf (s)) ∀λ ∈ Λ
⇒ Cl(Df (s)) ≤ ∧λ∈Λ,Bf (s)≤Aλf (s)Cl(Aλf (s)) = ∧λ∈Λ,Bf (s)≤Aλf (s)Aλf (s)

= Df (s)
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Thus Df (s) = Cl(Df (s)) and so Df (s) ∈ ζCl(s). Hence ζCl(s) is an FS-closure
system. ¤

Note 2.17. In Lemma 2.16, the FS-closure system ζCl(s) = {Af (s) ∈ (IX)N;Af (s)
= Cl(Af (s))} is called an FS-closure system generated by the FS-closure operator
Cl.

Theorem 2.18. Let Cl be an FS-closure operator and ζ(s) be an FS-closure system
on X containing X0

f (s), then ζCl(s) and Clζ(s) are respectively FS-closure system
and FS-closure operator on X. Also Cl = ClζCl(s) and ζ(s) = ζClζ(s)(s), that is, the
mappings Cl→ ClζCl(s) and ζ(s) → ζClζ(s)(s) are mutually inverse.

Proof. The first part follows from Lemma 2.15 and Lemma 2.16. Let Af (s) ∈
(IX)N and let {Aλf (s); λ ∈ Λ} ∈ ζCl(s) such that Af (s) ≤ Aλf (s) ∀λ ∈ Λ. Then
ClζCl(s)(Af (s)) = ∧λ∈Λ,Af (s)≤Aλf (s)Aλf (s). Now,

Af (s) ≤ Aλf (s) ∀λ ∈ Λ
⇒ Cl(Af (s)) ≤ Cl(Aλf (s)) ∀λ ∈ Λ
⇒ Cl(Af (s)) ≤ Aλf (s) ∀λ ∈ Λ
⇒ Cl(Af (s)) ≤ ∧λ∈Λ,Af (s)≤Aλf (s)Aλf (s) = ClζCl(s)(Af (s))

Again,

Af (s) ≤ Cl(Af (s)) ∈ ζCl(s)
⇒ ClζCl(s)(Af (s)) = ∧λ∈Λ,Af (s)≤Aλf (s)Aλf (s) ≤ Cl(Af (s))

Hence Cl = ClζCl(s).
Also,

Af (s) ∈ ζClζ(s)(s)

⇔ Af (s) = Clζ(s)(Af (s))
⇔ Af (s) ∈ ζ(s)

Thus ζ(s) = ζClζ(s)(s). ¤

Definition 2.19. Let X be a non empty set. An operator I : (IX)N → (IX)N is
said to be an FS-interior operator if it satisfies the following conditions:

(FSI1) I(X1
f (s)) = X1

f (s).
(FSI2) I(Af (s)) ≤ Af (s) for all Af (s) ∈ (IX)N.
(FSI3) I(I(Af (s))) = I(Af (s))) for all Af (s)) ∈ (IX)N.
(FSI4) I(Af (s) ∧Bf (s)) = I(Af (s)) ∧ I(Bf (s)) for all Af (s), Bf (s) ∈ (IX)N.

Example 2.20. For any FSTS (X, δ(s)), interior of an fs-set is an FS-interior op-
erator on X.

Example 2.21. Let X be a non empty set. The operator I : (IX)N → (IX)N defined
by I(Af (s)) = Af (s)∧Df (s) whenever Af (s) 6= X1

f (s) and I(X1
f (s)) = X1

f (s), where
Df (s) is a fixed fuzzy sequential set in X, is an FS-interior operator on X.
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Theorem 2.22. If I : (IX)N → (IX)N be an FS-interior operator on X, then
(i) I is monotonic increasing, that is, Af (s) ≤ Bf (s) ⇒ I(Af (s)) ≤ I(Bf (s)) for

all Af (s), Bf (s) ∈ (IX)N.
(ii) I(Af (s)) ≤ Bf (s) ⇒ I(Af (s)) ≤ I(Bf (s)) for all Af (s), Bf (s) ∈ (IX)N.

Proof. Proof is omitted. ¤
Theorem 2.23. Let X be a non empty set and I : (IX)N → (IX)N be an operator
satisfying (FSI1), (FSI2) and (FSI4), then

a) the collection δ(s) = {Af (s) ∈ (IX)N; I(Af (s)) = Af (s)} forms an FST on X.

b) if I also satisfies (FSI3), then for all Af (s) ∈ (IX)N we have
o

Af (s) =

I(Af (s)), where
o

Af (s) is the interior of Af (s) in δ(s).

Proof. Proof is omitted. ¤
Remark 2.24. From Theorem 2.23 it follows that if I : (IX)N → (IX)N be an
FS-interior operator on X then δ(s) = {Af (s) ∈ (IX)N ; I(Af (s)) = Af (s)} forms an

FST on X. Also
o

Af (s) = I(Af (s)) for all Af (s) ∈ (IX)N, where
o

Af (s) is the interior
of Af (s) in δ(s). This FST δ(s) is called the fuzzy sequential topology induced by
the FS-interior operator I and we denote it by δI(s).

Remark 2.25. Example 2.26 shows that if an operator I : (IX)N → (IX)N on
a non empty set X, satisfies (FSI1), (FSI2) and (FSI4) but does not satisfy

(FSI3), then δI(s) forms an FST on X but
o

Af (s) may not be equal to I(Af (s)),
Af (s) ∈ (IX)N.

Example 2.26. Let X = {a}. Let I : (IX)N → (IX)N be defined by
I(Af (s)) = {An

f∧An+1
f }∞n=1 ∀Af (s) = {An

f }∞n=1 ∈ (IX)N. Then I is an operator on X

satisfying (FSI1), (FSI2) and (FSI4) and hence (X, δI(s)) forms an FSTS. Further

I does not satisfy (FSI3) and in (X, δI(s)), I(Bf (s)) 6=
0

Bf (s) if Bf (s) = {Bn
f }∞n=1

where B1
f = p0.2

a , B2
f = p0.4

a , B3
f = p0.5

a , Bn
f = 0 ∀ n 6= 1, 2, 3.

Definition 2.27. Let X be a non empty set and I : (IX)N → (IX)N be an FS-
interior operator on X. A function (I)n

f : IX → IX defined by
(I)n

f (A) = nth term of I(nAX1
f (s)), where nAX1

f (s) denotes an fs-set whose nth term
is A and others are 1, is called the nth component of I, n ∈ N.

Theorem 2.28. Let X be a non empty set. If I : (IX)N → (IX)N be an FS-interior
operator on X, then each component (I)n

f : IX → IX , n ∈ N is a fuzzy interior
operator. Also (δI)n = δ(I)n

f
where (δI)n is the nth component fuzzy topology of FST

δI(s) and δ(I)n
f

is the fuzzy topology induced by the component (I)n
f of I.

Proof. (I)n
f (1) = 1 by definition. Let A ∈ IX , then I(nAX1

f (s)) ≤ nAX1
f (s) ⇒

(I)n
f (A) ≤ A. Hence (I)n

f ((I)n
f (A)) ≤ (I)n

f (A). Also

I(I(nAX1
f (s))) = I(nAX1

f (s))

⇒ I(nAX1
f (s)) ≤ I(n(I)n

f (A)X
1
f (s))

⇒ (I)n
f (A) ≤ (I)n

f ((I)n
f (A))
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Hence (I)n
f ((I)n

f (A)) = (I)n
f (A).

Again let A, B ∈ IX , then

I(nAX1
f (s) ∧ nBX1

f (s)) = I(nAX1
f (s)) ∧ I(nAX1

f (s))

⇒ I(n(A∧B)X
1
f ) = I(nAX1

f (s)) ∧ I(nBX1
f (s))

⇒ (I)n
f (A ∧B) = (I)n

f (A) ∧ (I)n
f (B)

Thus (I)n
f is a fuzzy interior operator.

For the next part, Let A∈ (δI)n. Let Bf (s) = {Bn
f }∞n=1 be an open fs-set in (X, δI(s))

such that Bn
f = A. Now,

Bf (s) ≤ nAX1
f (s)

⇒ I(Bf (s)) ≤ I(nAX1
f (s))

⇒ Bf (s) ≤ I(nAX1
f (s))

⇒ A ≤ (I)n
f (A)

⇒ (I)n
f (A) = A

⇒ A ∈ δ(I)n
f

Also A ∈ δ(I)n
f

implies (I)n
f (A) = A. Let Bf (s) = I(nAX1

f (s)), then Bf (s) is an open
fs-set in (X, (δI(s)) and its nth component is A. Therefore A ∈ (δI)n. Hence the
theorem. ¤

Theorem 2.29. Let I : (IX)N → (IX)N be an FS-interior operator on a non empty
set X and A ⊂ X. If Char(A) denote the characteristic function of A, then IA:
(IA)N → (IA)N defined by

IA(Bf (s)) = {Char(A)}∞n=1 ∨ I(Bf (s)) ∀Bf (s) ∈ (IA)N.

is an FS-interior operator on A and (IA)n
f (B) = Char(A)∨ (I)n

f (B) for all B ∈ IA.

Proof. Let Bf (s) ∈ (IA)N. Now

IA(Bf (s))) = {Char(A)}∞n=1 ∨ I(Bf (s))
= {Char(A)}∞n=1 ∨ I({Char(A)}∞n=1) ∨ I(I(Bf (s)))
≤ {Char(A)}∞n=1 ∨ I({Char(A)}∞n=1 ∨ I(Bf (s)))
= IA({Char(A)}∞n=1 ∨ I(Bf (s)))
= IA(IA(Bf (s)))

All the other conditions being straightforward, we an conclude that IA is an FS-
interior operator. Also (IA)n

f (B) = nth component of IA(nBX1
f (s)) = nth compo-

nent of {Char(A)}N ∨ I(nBX1
f (s)) = Char(A) ∨ nth component of I(nBX1

f (s)) =
Char(A) ∨ (I)n

f (B). ¤

Definition 2.30. A collection η(s) = {Ajf (s) ∈ (IX)N; j ∈ J} is called an FS-
interior system if for each Af (s) ∈ (IX)N, ∨j∈J,Ajf (s)≤Af (s)Ajf (s) ∈ η(s).

Theorem 2.31. η(s) is an FS-interior system iff η(s) is closed under arbitrary
union.
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Proof. Suppose η(s) is closed under arbitrary union. Let Af (s) ∈ (IX)N. Let
Ajf (s) ≤ Af (s) ∀j ∈ J where Ajf (s) ∈ η(s) ∀j ∈ J . Then

∨j∈J,Ajf (s)≤Af (s)Ajf (s) ∈ η(s)

Conversely, suppose η(s) is an FS-interior system. Let {Ajf (s); j ∈ J} ∈ η(s) and
let Af (s) = ∨j∈JAjf (s). Then

Ajf (s) ≤ Af (s) ∀j ∈ J

⇒ ∨j∈JAjf (s) = ∨j∈J,Ajf (s)≤Af (s)Ajf (s) ∈ η(s)

Hence η(s) is closed under arbitrary union. ¤

Lemma 2.32. Let η(s) = {Ajf (s) ∈ (IX)N; j ∈ J} be an FS-interior system
containing X1

f (s). Then Iη(s) : (IX)N → (IX)N defined by

Iη(s)(Af (s)) = ∨j∈J,Ajf (s)≤Af (s)Ajf (s) and

Iη(s)(Af (s) ∧Bf (s)) = Iη(s)(Af (s)) ∧ Iη(s)(Bf (s)) ∀Af (s), Bf (s) ∈ (IX)N

is an FS-interior operator. Moreover for all Af (s) ∈ (IX)N, Af (s) ∈ η(s) iff Af (s) =
Iη(s)(Af (s)).

Proof. Proof of the first part is straightforward.
Now, if Af (s) ∈ η(s), then Af (s) = Ajf (s) for some j ∈ J and

Iη(s)(Af (s)) = ∨i∈J,Aif (s)≤Af (s)Aif (s) = Af (s)

Converse part follows from the definition of Iη(s). ¤

Lemma 2.33. Let I : (IX)N → (IX)N be an FS-interior operator. Then

ηI(s) = {Af (s) ∈ (IX)N; Af (s) = I(Af (s))}
is an FS-interior system.

Proof. Let Bf (s) ∈ (IX)N. Let Df (s) = ∨j∈J,Ajf (s)≤Bf (s)Ajf (s), where Ajf (s) ∈
ηI(s) ∀j ∈ J . We know, I(Df (s)) ≤ Df (s). Again,

Ajf (s) ≤ Df (s) ∀j ∈ J and for all Ajf (s) ≤ Bf (s)
⇒ I(Ajf (s)) ≤ I(Df (s)) ∀j ∈ J and for all Ajf (s) ≤ Bf (s)
⇒ ∨j∈J,Ajf (s)≤Bf (s)I(Ajf (s)) = ∨j∈J,Ajf (s)≤Bf (s)Ajf (s) = Df (s) ≤ I(Df (s))

Thus Df (s) = I(Df (s)) and so Df (s) ∈ ηI(s). Hence ηI(s) is a FS-interior system.
¤

Note 2.34. In Lemma 2.33, the FS-interior system ηI(s) = {Af (s) ∈ (IX)N;Af (s)
= I(Af (s))} is called an FS-interior system generated by the FS-interior operator I.

Theorem 2.35. Let I be an FS-interior operator and η(s) be an FS-interior system
on X containing X1

f (s), then ηI(s) and Iη(s) are respectively FS-interior system and
FS-interior operator on X. Also I = IηI(s) and η(s) = ηIη(s)(s), that is, the mappings
I→ IηI(s) and η(s) → ηIη(s)(s) are mutually inverse.
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Proof. The first part follows from Lemma 2.32 and Lemma 2.33. Let Af (s) ∈
(IX)N, and let {Ajf (s); j ∈ J} ∈ ηI(s) such that Ajf (s) ≤ Af (s) ∀j ∈ J . Then
IηI(s)(Af (s)) = ∨j∈J,Ajf (s)≤Af (s)(∈ηI(s))(Ajf (s)). Now,

Ajf (s) ≤ Af (s) ∀j ∈ J

⇒ I(Ajf (s)) ≤ I(Af (s)) ∀j ∈ J

⇒ ∨j∈J,Ajf (s)≤Af (s)I(Ajf (s)) = ∨j∈J,Ajf (s)≤Af (s)Ajf (s)

= IηI(s)(Af (s)) ≤ I(Af (s))

Again,

I(Af (s))(≤ Af (s)) ∈ ηI(s)
⇒ I(Af (s)) ≤ ∨j∈J,Ajf (s)≤Af (s)(∈ηI(s))Ajf (s) = IηI(s)(Af (s)).

Hence I = IηI(s).
Also,

Af (s) ∈ ηIη(s)(s)

⇔ Af (s) = Iη(s)(Af (s))
⇔ Af (s) ∈ η(s).

Thus η(s) = ηIη(s)(s). ¤

Definition 2.36. If I be an FS-interior operator on a non empty set X, then the
collection {(Af (s))c ∈ (IX)N; I(Af (s)) = Af (s)} forms an FS-closure system on X
and we call it to be an FS-closure system generated by the FS-interior operator I.

Definition 2.37. If Cl be an FS-closure operator on a non empty set X, then the
collection {(Af (s))c ∈ (IX)N;Cl(Af (s)) = Af (s)} forms an FS-interior system on
X and we call it to be an FS-interior system generated by the FS-closure operator
Cl.

Theorem 2.38. Let I : (IX)N → (IX)N be an FS-interior operator on X, then the
following conditions are equivalent:

(i) δI(s) = {Af (s) ∈ (IX)N; I(Af (s)) = Af (s)} forms an FST on X.
(ii) δI(s) = {Af (s) ∈ (IX)N; I(Af (s)) = Af (s)} forms an FS-interior system on

X.
(iii) {Af (s); (Af (s))c ∈ δI(s)} forms an FS-closure system on X.

Proof. Proof is omitted. ¤

Theorem 2.39. Let Cl : (IX)N → (IX)N be an FS-closure operator on X, then the
following conditions are equivalent:

(i) δCl(s) = {(Af (s))c ∈ (IX)N; Cl(Af (s)) = Af (s)} forms an FST on X.
(ii) δCl(s) = {(Af (s))c ∈ (IX)N; I(Af (s)) = Af (s)} forms an FS-interior system

on X.
(iii) {Af (s); (Af (s))c ∈ δCl(s)} forms an FS-closure system on X.

Proof. Proof is omitted. ¤
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Theorem 2.40. Let X be a non empty set. If Cl : (IX)N → (IX)N be an FS-closure
operator on X, then the operator ICl : (IX)N → (IX)N defined by

ICl(Af (s)) = X1
f (s)−Cl((Af (s))c) ∀Af (s) ∈ (IX)N,

is an FS-interior operator on X. Again, if I : (IX)N → (IX)N be an FS-interior
operator on X, then the operator ClI : (IX)N → (IX)N defined by

ClI(Af (s)) = X1
f (s)− I((Af (s))c) ∀Af (s) ∈ (IX)N,

is an FS-closure operator on X.

Proof. Proof is omitted. ¤

Note 2.41. It follows from Theorem 2.40 that given an FS-closure operator we
can define an FS-interior operator and given an FS-interior operator we can define
an FS-closure operator. In fact, there is a one to one correspondence between the
collections of all FS-closure and FS-interior operators on a set (Theorem 2.42). We
denote the collection of all FS-closure operators and the collection of all FS-interior
operators on X by CX and IX respectively.

Theorem 2.42. Let X be a non empty set, then there exists a one to one corre-
spondence between CX and IX .

Proof. t : CX → IX by

t(Cl) = ICl ∀Cl ∈ CX

Then t is a well defined map. Now, for Cl1,Cl2 ∈ CX such that t(Cl1) = t(Cl2), we
have ICl1 = ICl2 . Hence ∀Af (s) ∈ (IX)N,

ICl1((Af (s))c) = ICl2((Af (s))c)

X1
f (s)−Cl1(Af (s)) = X1

f (s)−Cl2(Af (s))

Cl1(Af (s)) = Cl2(Af (s))

Thus t is injective. Again for I ∈ IX , there is ClI ∈ CX such that ∀Af (s) ∈ (IX)N

ClI((Af (s))c) = X1
f (s)− I(Af (s))

Now, ∀Af (s) ∈ (IX)N

IClI((Af (s)) = X1
f (s)−ClI((Af (s))c)

= X1
f (s)− (X1

f (s)− I(Af (s)))

= I(Af (s))

Therefore t is surjective and this completes the theorem. ¤

Note 2.43. If I is the t-image of Cl under the bijection t defined in Theorem 2.42,
then I and Cl are called t-associated to each other.

Theorem 2.44. The FST’s induced by Cl and ICl are identical and the FST’s
induced by I and ClI are identical.

Proof. Proof is omitted. ¤
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Now, if we define an FS-interior and an FS-closure operator, separately, on a non
empty set, they will induce two fuzzy sequential topologies which may not be
identical in general. In view of Theorem 2.42 and Theorem 2.44, we give a
necessary and sufficient condition that the two fuzzy sequential topologies induced
by an FS-interior operator and an FS-closure operator are identical.

Theorem 2.45. Let X be a non empty set. If Cl ∈ CX and I ∈ IX , then δCl(s)
and δI(s) are identical iff Cl and I are t-associated to each other.

Proof. Suppose Cl and I are t-associated to each other. Then t(Cl) = ICl = I.
Now,

Af (s) ∈ δI(s)
⇔ I(Af (s)) = Af (s)
⇔ ICl(Af (s)) = Af (s)

⇔ X1
f (s)−Cl((Af (s))c) = Af (s)

⇔ Cl((Af (s))c) = (Af (s))c

⇔ Af (s) ∈ δCl(s).

Thus δI(s) and δCl(s) are identical.
Conversely, suppose δI(s) and δCl(s) are identical. Let Af (s) ∈ (IX)N. Then

(Cl((Af (s))c))c ∈ δI(s)

⇒ I((Cl((Af (s))c))c) = (Cl((Af (s))c))c = X1
f (s)−Cl((Af (s))c)

Now,

(Af (s))c ≤ Cl((Af (s))c)
⇒ (Cl((Af (s))c))c ≤ Af (s)
⇒ I((Cl((Af (s))c))c) ≤ I(Af (s))

⇒ X1
f (s)−Cl((Af (s))c) ≤ I(Af (s)).

Again,

I(Af (s)) ∈ δCl(s)

⇒ Cl((I(Af (s)))c) = (I(Af (s)))c = X1
f (s)− I(Af (s)).

Also,

I(Af (s)) ≤ Af (s)
⇒ (Af (s))c ≤ (I(Af (s)))c

⇒ Cl((Af (s))c) ≤ Cl((I(Af (s)))c) = X1
f (s)− I(Af (s))

⇒ I(Af (s)) ≤ X1
f (s)−Cl((Af (s))c).

Thus I(Af (s)) = X1
f (s) − Cl((Af (s))c) = ICl(Af (s)) ∀ Af (s) ∈ (IX)N. Hence

I = ICl = t(Cl). ¤

Theorem 2.46. Let X be a non empty set. If Cl ∈ CX , I ∈ IX , then the following
conditions are equivalent:

(i) I and Cl are t-associated to each other.
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(ii) The FST’s δI(s) and δCl(s) are identical.
(iii) FS-closure systems generated by Cl and I are identical.
(iv) FS-interior systems generated by Cl and I are identical.

Proof. Proof is omitted. ¤

Note 2.47. Theorem 2.46 gives two more necessary and sufficient conditions ((iii)
and (iv)), that the fuzzy sequential topologies induced by an FS-interior operator
and an FS-closure operator are identical.
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Abstract. FS-closure and FS-interior operators both induce fuzzy sequential topologies on
the underlying set. Do the composition of FS-closure and that of FS-interior operators provide
any topological structure? If so, is there any relation among the topologies induced by the com-
position and that induced by the participants to the composition? We consider these questions in
this article and also study relative FS-closure operators and FS-connectors.

1 Introduction

In 1968 C. L. Chang [6] introduced the concept of fuzzy topology after the initiation of fuzzy
sets by L. A. Zadeh [18]. Towards the development of fuzzy set theory, fuzzy closure operators
and fuzzy interior operators have been studied by Mashour and Ghanim [10], G. Gerla [8],
Bandler and Kohout [1], R. Belohlavek [2], R. Belohlavek and T. Funiokova [3]. Notions of
fuzzy sequential topological spaces (FSTS) and notions of FS-closure and FS-interior operators
were introduced in [13] and [17] respectively.

Our purpose is to introduce FS-connectors connecting two fuzzy topologies on a set and to
study the composition of FS-closure and that of FS-interior operators.

Section 2 deals with the composition of FS-closure operators, composition of FS-interior
operators and the relation between collections of FS-closure and FS-interior operators. Section
3 deals with the relative FS-closure operators and the functions connecting two fuzzy topologies
on a set, so called FS-connectors. The basic ideas behind the present work have been taken from
the books ([5], [7] [9], [11]) and the articles ([4], [12], [14], [15], [16]).

In this paper, X will denote a non-empty set, I = [0, 1], the closed unit interval in the real
line. Before entering into our work we recall the following definitions and results.

Definition 1.1. [13] A family δ(s) of fuzzy sequential sets on a set X satisfying the properties
(i) Xr

f (s) ∈ δ(s) for r = 0 and 1,
(ii) Af (s), Bf (s) ∈ δ(s)⇒ Af (s) ∧Bf (s) ∈ δ(s) and
(iii) for any family {Afj(s) ∈ δ(s), j ∈ J}, ∨

j∈J
Afj(s) ∈ δ(s)

is called a fuzzy sequential topology (FST) on X and the ordered pair (X , δ(s)) is called fuzzy
sequential topological space (FSTS). The members of δ(s) are called open fuzzy sequential sets
in X . Complement of an open fuzzy sequential set in X is called closed fuzzy sequential set in
X .

Definition 1.2. [13] If (X, δ(s)) is an FSTS, then (X, δn) is a fuzzy topological space (FTS),
where δn={Anf ; Anf (s) = {Anf }n ∈ δ(s)}, n ∈ N. (X, δn), where n ∈ N, is called the nth

component FTS of the FSTS (X, δ(s)).

Proposition 1.3. [13] Let Af (s)={Anf }n be an open (closed) fuzzy sequential set in the FSTS
(X, δ(s)), then for each n ∈ N, Anf is an open (closed) fuzzy set in (X, δn).

Proposition 1.4. [13] If δ be a fuzzy topology (FT ) on a set X , then δN forms an FST on X .

Definition 1.5. [13] Let Af (s) be a fuzzy sequential set (fs-set) in an FSTS (X, δ(s)). The

closure Af (s) and interior
o

Af (s) of Af (s) are defined as

Af (s) = ∧{Cf (s); Af (s) ≤ Cf (s), (Cf (s))c ∈ δ(s)},
o

Af (s) = ∨{Of (s); Of (s) ≤ Af (s), Of (s) ∈ δ(s)}.
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Definition 1.6. [17] An operator Cl : (IX)N → (IX)N is said to be an FS-closure operator on X
if it satisfies the following conditions:
(FSC1) Cl(X0

f (s)) = X0
f (s).

(FSC2) Af (s) ≤ Cl(Af (s)) for all Af (s) ∈ (IX)N.
(FSC3) Cl(Cl(Af (s))) = Cl(Af (s)) for all Af (s) ∈ (IX)N.
(FSC4) Cl(Af (s) ∨Bf (s)) = Cl(Af (s)) ∨Cl(Bf (s)) for all Af (s), Bf (s) ∈ (IX)N.

Definition 1.7. [17] An operator I : (IX)N → (IX)N is said to be an FS-interior operator on X
if it satisfies the following conditions:
(FSI1) I(X1

f (s)) = X1
f (s).

(FSI2) I(Af (s)) ≤ Af (s) for all Af (s) ∈ (IX)N.
(FSI3) I(I(Af (s))) = I(Af (s))) for all Af (s)) ∈ (IX)N.
(FSI4) I(Af (s) ∧Bf (s)) = I(Af (s)) ∧ I(Bf (s)) for all Af (s), Bf (s) ∈ (IX)N.

Theorem 1.8. [17] If Cl : (IX)N → (IX)N be an FS-closure operator on X , then the operator
ICl : (IX)N → (IX)N defined by

ICl(Af (s)) = X1
f (s)− Cl((Af (s))c) ∀Af (s) ∈ (IX)N,

is an FS-interior operator on X . Again, if I : (IX)N → (IX)N be an FS-interior operator on X ,
then the operator ClI : (IX)N → (IX)N defined by

ClI(Af (s)) = X1
f (s)− I((Af (s))c) ∀Af (s) ∈ (IX)N,

is an FS-closure operator on X .

Theorem 1.9. [17] The map t : CX → IX defined by

t(Cl) = ICl ∀Cl ∈ CX

is a bijection, where CX and IX respectively, denote the collections of all FS-closure operators
and all FS-interior operators on X .

2 Composition of FS-closure and FS-interior operators

Definition 2.1. If C1 , C2 : (IX)N → (IX)N be two FS-closure operators onX , then the mapping
C2 ◦C1 : (IX)N → (IX)N defined by

(C2 ◦C1)(Af (s)) = C2(C1(Af (s))) ∀Af (s) ∈ (IX)N

is called the composition of the FS-closure operators C1 and C2.

It is easy to see that composition of FS-closure operators is associative but it may not be
commutative and it may not be idempotent, as shown by Example 2.2.

Example 2.2. Let us consider the FS-closure operator C1 : (IX)N → (IX)N on X , defined by
C1(Af (s)) = Af (s) ∨Df (s) whenever Af (s) 6= X0

f (s) and C1(X0
f (s)) = X0

f (s), where Df (s)

is a fixed fuzzy sequential set in X . Also consider FS-closure operator C2 : (IX)N → (IX)N on
X , defined by C2(Af (s)) = {Anf ∨ A

n+1
f }∞n=1 ∀Af (s) = {Anf }∞n=1 ∈ (IX)N. Then C2 ◦ C1 6=

C1 ◦C2. and (C2 ◦C1) ◦ (C2 ◦C1) 6= (C2 ◦C1).

Theorem 2.3. If C1 and C2 be two FS-closure operators on X , then C2 ◦ C1 satisfies FSC1,
FSC2 and FSC4. Further, it satisfies FSC3 if the composition is commutative, that is, under
commutative composition, C2 ◦ C1 forms an FS-closure operator.
Proof: Proof is omitted.

Theorem 2.4. Let C1 and C2 be two FS-closure operators on X . Under commutative compo-
sition, δC2◦C1(s) = δC2(s) ∧ δC1(s), where δC2◦C1(s), δC2(s) and δC1(s) respectively denote the
FST’s induced by C2 ◦ C1, C2 and C1.
Proof: Let Af (s) ∈ δC2◦C1(s), then

(C2 ◦ C1)((Af (s))
c) = (Af (s))

c
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Now,

C1((Af (s))
c) = C1((C2 ◦ C1)((Af (s))

c))

= C1((C1 ◦ C2)((Af (s))
c))

= C1(C1(C2((Af (s))
c)))

= C1(C2((Af (s))
c))

= (C1 ◦ C2)((Af (s))
c)

= (Af (s))
c.

Similarly, C2((Af (s))c) = (Af (s))c. Hence Af (s) ∈ δC2(s) ∧ δC1(s).
Again, let Af (s) ∈ δC2(s) ∧ δC1(s), then

C1((Af (s))
c) = (Af (s))

c and C2((Af (s))
c) = (Af (s))

c

Now,

(C2 ◦ C1)((Af (s))
c) = C2(C1((Af (s))

c))

= C2((Af (s))
c)

= (Af (s))
c

Thus Af (s) ∈ δC2◦C1(s) and hence the theorem.

Definition 2.5. If I1 , I2 : (IX)N → (IX)N be two FS-interior operators on X , then the mapping
I2 ◦ I1 : (IX)N → (IX)N defined by

(I2 ◦ I1)(Af (s)) = I2(I1(Af (s))) ∀Af (s) ∈ (IX)N

is called the composition of the FS-interior operators I1 and I2.

It is easy to see that composition of FS-interior operators is associative but it may not be
commutative and it may not be idempotent, as shown by Example 2.6.

Example 2.6. Let us consider the FS-interior operator I1 : (IX)N → (IX)N on X , defined by
I1(Af (s)) = Af (s)∧Df (s) whenever Af (s) 6= X0

f (s) and I1(X1
f (s)) = X1

f (s), where Df (s) is
a fixed fuzzy sequential set in X . Also consider FS-interior operator I2 : (IX)N → (IX)N on X ,
defined by I2(Af (s)) = {Anf ∧ A

n+1
f }∞n=1 ∀Af (s) = {Anf }∞n=1 ∈ (IX)N. Then I2 ◦ I1 6= I1 ◦ I2

and (I2 ◦ I1) ◦ (I2 ◦ I1) 6= (I2 ◦ I1).

Theorem 2.7. If I1 and I2 be two FS-interior operators on X , then I2 ◦ I1 satisfies FSI1,
FSI2 and FSI4. Further, it satisfies FSI3 if the composition is commutative, that is, under
commutative composition, I2 ◦ I1 forms an FS-interior operator.
Proof: Proof is omitted.

Theorem 2.8. Let I1 and I2 be two FS-interior operators onX . Under commutative composition,
δI2◦I1(s) = δI2(s)∧δI1(s), where δI2◦I1(s), δI2(s) and δI1(s) respectively denote the FST’s induced
by I2 ◦ I1, I2 and I1.
Proof: The proof is similar to that in case of FS-closure operators.

Theorem 2.9. Under commutative composition, (IX , ◦) and (CX , ◦) both form semigroups with
identity. Further, there exists a semigroup isomorphism between them.
Proof: First part is easy to check. For the second part, define t : CX → IX by

t(Cl) = ICl ∀Cl ∈ CX
From Theorem 1.9, t is a bijection. Also for C1, C2 ∈ CX and Af (s) ∈ (IX)N

(IC1 ◦ IC2)(Af (s)) = IC1(X
1
f (s)− C2((Af (s))

c))

= X1
f (s)− C1(C2((Af (s))

c))

= X1
f (s)− (C1 ◦ C2)((Af (s))

c)

= IC1◦C2(Af (s)).

Therefore

t(C1 ◦ C2) = IC1◦C2

= IC1 ◦ IC2

= t(C1) ◦ t(C2)

Hence t is an isomorphism.
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3 Relative FS-closure Operators and
FS-connectors

Definition 3.1. Let Af (s) be an fs-set in X and Cl : (IX)N → (IX)N be an FS-closure operator
on X . A function (Cl)nAf (s) : IX → IX defined by (Cl)nAf (s)(B) = nth term of Cl(nBAf (s)),
where nBAf (s) is the fs-set in X obtained from Af (s) replacing nth term of it by B, is called
nth relative FS-closure operator of Cl with respect to Af (s).

If Cl : (IX)N → (IX)N be an FS-closure operator on X , then it is obvious that (Cl)n
X0
f (s)

=

(Cl)nf and consequently δ(Cl)n
X0
f
(s)

= δ(Cl)nf , δ(Cl)n
X0
f
(s)

and δ(Cl)nf being the fuzzy topologies in-

duced by (Cl)n
X0
f (s)

and (Cl)nf respectively. It is also true that the nth relative FS-closure operator

(Cl)nAf (s) of an FS-closure operator Cl with respect to an fs-set Af (s) satisfies FSC2, FSC3
and FSC4 but it may not satisfy FSC1 shown by Example 3.2. Hence (Cl)nAf (s) may not be a
fuzzy operator.

Example 3.2. Define a function Cl : (IX)N → (IX)N by

Cl(Bf (s)) = X1
f (s) if Bf (s) 6= X0

f (s),

= X0
f (s) if Bf (s) = X0

f (s)

Then for any fs-set Af (s) in X , having at least two non zero components, (Cl)nAf (s)(0) = 1 for
all n ∈ N.

Theorem 3.3. Let (Cl)nAf (s) : IX → IX be the nth relative FS-closure operator of an FS-closure

operator Cl : (IX)N → (IX)N on X with respect to an fs-set Af (s). Then δ(Cl)n
Af (s)

= {1, B;

B ∈ IX and (Cl)nAf (s)(B
c) = Bc} forms a fuzzy topology on X . Further, the closure in the FTS

(X, δ(Cl)n
Af (s)

) and (Cl)nAf (s) are identical on IX − {0}.
Proof: Proof is omitted.

Definition 3.4. The fuzzy topology δ(Cl)n
Af (s)

= {1,B;B ∈ IX and (Cl)nAf (s)(B
c) = Bc} induced

by the nth relative FS-closure operator (Cl)nAf (s) : IX → IX is called the nth relative fuzzy
topology induced by the FS-closure operator Cl : (IX)N → (IX)N with respect to the fs-set
Af (s).

Theorem 3.5. Let Af (s) = {Anf }∞n=1 be an fs-set in a set X and Cl : (IX)N → (IX)N be an
FS-closure operator on X . Let (Cl)nf , n ∈ N be the nth component of Cl. Then
(1) Cl(Af (s)) ≥ {(Cl)nf (Anf )} and the equality holds if Af (s) is a closed fs-set in (X, δCl(s)).
(2) If Cl(Af (s)) = {(Cl)nf (Anf )} and An is closed in (X, δ(Cl)nf ) for each n ∈ N, then Af (s) is
closed in (X, δCl(s)).
(3) Cl(Af (s)) = {(Cl)nAf (s)(A

n
f )}.

Proof: Proof is omitted.

In an FSTS (X, δ(s)) if Af (s) = {Anf }∞n=1 is closed, then Anf is closed in (X, δn) for each
n ∈ N but the converse is not true [13]. Corollary 3.6 provides a pair of if and only if conditions
for an fs-set Af (s) to be closed in an FSTS.

Corollary 3.6. In an FSTS (X, δ(s)), an fs-set Af (s) = {Anf }∞n=1 is closed:
(1) if and only if Af (s) = {Bnf } and Anf is closed in (X, δn) for each n ∈ N, where Bnf = nth

component of nAnfX
0
f (s).

(2) if and only if Anf is closed in (X, δRn
Af (s)

) for each n ∈ N, where RnAf (s) is the nth relative

FS-closure operator of the closure operator in (X, δ(s)) with respect to Af (s).

Theorem 3.7. If {Aλf (s); λ ∈ Λ} be a chain of fs-sets in ((IX)N, ≤), then {δ(Cl)n
Aλf (s)

, λ ∈ Λ}

is a chain of fuzzy topologies on X for each n ∈ N, where Cl : (IX)N → (IX)N is an FS-closure
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operator on X .
Proof: Let Aλf (s) ≤ Aµf (s), λ, µ∈ Λ. It suffices to show that δ(Cl)n

Aµf (s)
≤ δ(Cl)n

Aλf (s)
.

Let B ∈ δ(Cl)n
Aµf (s)

⇒ (Cl)nAµf (s)(1−B) = 1−B

⇒ nth term of Cl(n(1−B)Aµf (s)) = 1−B

Therefore nth term of Cl(n(1−B)Aλf (s)) ≤ 1−B
⇒ (Cl)nAλf (s)(1−B) ≤ 1−B.

Hence B ∈ δ(Cl)n
Aλf (s)

.

Definition 3.8. Each member except possibly 1 of δ(Cl)n
Af (s)

is contained in 1− (Cl)nAf (s)(0) and

so δ(Cl)n
Af (s)

is called (1− (Cl)nAf (s)(0))-cut of δ(Cl)nf .

Theorem 3.9. Let {Cn : IX → IX} be a sequence of fuzzy closure operators on X . Then the
operator C : (IX)N → (IX)N defined by C(Af (s)) = {Cn(Anf )} for all Af (s) = {Anf }∞n=1 ∈
(IX)N is an FS-closure operator on X .
Proof: The proof is omitted.

Definition 3.10. Let {Cn : IX → IX} be a sequence of fuzzy closure operators on X . The
operator C : (IX)N → (IX)N defined by C(Af (s)) = {Cn(Anf )} for all Af (s) = {Anf }∞n=1 ∈
(IX)N is called an FS-closure operator induced by a sequence {Cn : IX → IX} of fuzzy closure
operators on X .

Definition 3.11. Let δ and δ′ be two fuzzy topologies on a set X . A subset Kf of δ′δ is called an
FS-connector of δ to δ′ if it satisfies the following conditions:
(1) Aλ ∈ δ and fλ ∈ Kf , λ ∈ Λ⇒ there exist f ∈ Kf so that f(∨λ∈ΛAλ) = ∨λ∈Λfλ(Aλ),
(2) Ai ∈ δ and fi ∈ Kf , i = 1(1)n⇒ there exist f ∈ Kf so that f(∧ni=1Ai) = ∧ni=1fi(Ai) and
(3) δ′ = ∨f∈Kf f(δ).

Example 3.12. Let δ and δ′ be two fuzzy topologies on a set X . A function f : δ → δ′ defined
by f(A) = O for all A ∈ δ, where O is a fixed element of δ′, is called a constant function from
δ into δ′. If Kf be the collection of all such constant functions from δ into δ′, then Kf forms an
FS-connector from δ to δ′.

Definition 3.13. Let δ and δ′ be two fuzzy topologies on a set X . Then the collection of all
constant functions from δ into δ′ forms an FS-connector of δ to δ′. This is called the discrete
FS-connector of δ to δ′.

If {δn} be a sequence of fuzzy topologies on a set X , then any sequence {Kn} of FS-
connectors such that Kn connects δn to δn+1 for all n ∈ N, provides a unique FST on X
(Theorem 3.14) which is denoted by δ(s) < {δn}, {Kn} > such that the nth components
(δ < {δn}, {Kn} >)n = δn for all n ∈ N and it is called the FST generated by {δn} and
{Kn}. If further each Kn is the discrete FS-connector of δn to δn+1, then the FST is said to be
generated by {δn} and is denoted by δ < {δn} >.

Theorem 3.14. Let {δn} be a sequence of fuzzy topologies on a set X . Then for any sequence
{Kn} of FS-connectors such that Kn connects δn to δn+1 for all n ∈ N, there is a unique FST
δ(s) < {δn}, {Kn} > on X such that (δ(s) < {δn}, {Kn} >)n = δn, n ∈ N. Also for any
FSTS (X ,δ(s)), there is a sequence {Kn} of FS-connectors such that Kn connects δn to δn+1
and δ(s) = δ(s) < {δn}, {Kn} >.
Proof: Let K =

∏∞
n=1 Kn, g = {gn} ∈ K and A ∈ δ1. Define H1 = A and Hn =

gn−1gn−2.....g2g1A, n > 1. Let Hg
A(s) = {Hn} ∈ (IX)N and consider δ(s) < {δn}, {Kn} >=

{X1
f (s), X

0
f (s)} ∨ {H

g
A(s); g ∈ K and A ∈ δ1}. Consider

Hλ(s) = Hgλ
Aλ

(s) ∈ δ(s), λ ∈ Λ

where Λ is an index set and

A = ∨λ∈ΛAλ ∈ δ1.
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For gλ1 ∈ K1 and A ∈ δ1 there exist g1 ∈ K1 such that

g1A = ∨λ∈Λgλ1Aλ; gλn ∈ Kn

and for gn−1gn−2......g2g1A ∈ δn there exist gn ∈ Kn such that

gngn−1......g2g1A = ∨λ∈Λgλngλ(n−1)....gλ2gλ1Aλ.

Obviously,

∨λ∈ΛHλ(s) = ∨λ∈ΛH
gλ
Aλ

(s) = Hg
A(s) ∈ δ(s) < {δn}, {Kn} >

where g = gn. Arguing in the same way it can be shown that δ(s) < {δn}, {Kn} > is closed
under finite intersection. Therefore, (X , δ(s) < {δn}, {Kn} >) is a fuzzy sequential topological
space. The third condition to be an FS-connector ensures that (δ(s) < {δn}, {Kn} >)n = δn
for all n ∈ N. For the next part, for each n ∈ N define a relation Rn,n+1 on δ(s) by Af (s) =
{Anf }Rn,n+1Bf (s) = {Bnf } if and only if Anf = Bnf . Then Rn,n+1 defines a partition of δ(s) say

{Cls(Af (s)); Af (s) ∈ δn,n+1(s) ⊂ δ(s)}

where δn,n+1(s) is a family of open fs-sets taking exactly one from each class of the partition of
δ(s) by Rn,n+1 and Cls(Af (s)) represents the class of Af (s). Let

Kn,n+1 =
∏
Af (s)∈δn,n+1(s) Cls(Af (s))

Then each t ∈ Kn,n+1 defines a function gt : δn → δn+1 and Kn = {gt; t ∈ Kn,n+1} is an
FS-connector connecting δn to δn+1 and properties of FS-connectors ensures that δ(s) = δ(s) <
{δn}, {Kn} >.

Corollary 3.15. Let Cl : (IX)N → (IX)N be an FS-closure operator on X . Then for any
sequence {Kn} of FS-connectors such that Kn connects δ(Cl)nf to δ(Cl)n+1

f
for all n ∈ N, there is

a unique FST δ(s) < {δ(Cl)nf }, {Kn} > on X such that (δ(s) < {δ(Cl)nf }, {Kn} >)n = δ(Cl)nf and
the components of the closure operator on (X , δ(s) < {δ(Cl)nf }, {Kn} >) are (Cl)nf , n ∈ N. Also
for any FSTS (X ,δ(s)), there is a sequence {Kn} of FS-connectors such that Kn connects δ(Cl)nf
to δ(Cl)n+1

f
and δ(s) = δ(s) < {δ(Cl)nf }, {Kn} >.

Corollary 3.16. Let I : (IX)N → (IX)N be an FS-interior operator onX . Then for any sequence
{Kn} of FS-connectors such thatKn connects δ(I)nf to δ(I)n+1

f
for all n ∈ N, there is a unique FST

δ(s) < {δ(I)nf }, {Kn} > on X such that (δ(s) < {δ(I)nf }, {Kn} >)n = δ(I)nf and the components
of the interior operator on (X , δ(s) < {δ(I)nf }, {Kn} >) are (I)nf , n ∈ N. Also for any FSTS
(X ,δ(s)), there is a sequence {Kn} of FS-connectors such that Kn connects δ(I)nf to δ(I)n+1

f
and

δ(s) = δ(s) < {δ(I)nf }, {Kn} >.

Corollary 3.17. If {δn} be a sequence of fuzzy topologies on a set X such that δn = δ for all
n ∈ N, then δ(s) < {δn} >= δN.

Corollary 3.18. If {Cn : IX → IX} be a sequence of fuzzy closure operators and C be an FS-
closure operator induced by {Cn}, then δC(s) = δ(s) < {δn} > where δn is the fuzzy topology
on X induced by Cn, n ∈ N.
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ABSTRACT 
The present article gives a study of fs-semiopen sets, fs-regular open sets and fs-semicontinuous functions in a fuzzy 
sequential topological space. Other studied notions are fs-almost continuous functions, fs-weakly continuous functions 
and it has been shown that both of these functions and fs-semicontinuous functions are independent notions. Further, 
many results relating these functions together with fs-continuous functions have been obtained. 
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1. PRELIMINARIES 

 
The introduction of fuzzy sets in 1965, by L.A. Zadeh [12] leads to the foundation of a new area of research called 
fuzzy mathematics. Since then, many researchers have been working in this area and related areas. As a 
generalization of a topological space, C. L. Chang [3] introduced the concept of fuzzy topological space in 1968. 
Fuzzy semi-open sets and fuzzy semicontinuity were introduced and studied by K. K. Azad [1].  
 
The purpose of this work is to study the concept of semi-open sets and semicontinuity in fuzzy sequential 
topological spaces. 
 
Throughout the paper, X will denote a non empty set and I the unit interval [0, 1]. Sequences of fuzzy sets in X 
called fuzzy sequential sets (fs-sets) will be denoted by the symbols 𝐴𝐴𝑓𝑓(𝑠𝑠), 𝐵𝐵𝑓𝑓(𝑠𝑠), 𝐶𝐶𝑓𝑓(𝑠𝑠) etc. An fs-set 𝑋𝑋𝑓𝑓𝑙𝑙(𝑠𝑠) is a 
sequence of fuzzy sets {𝑋𝑋𝑓𝑓𝑛𝑛}𝑛𝑛 , where 𝑙𝑙 ∈ 𝐼𝐼 and 𝑋𝑋𝑓𝑓𝑛𝑛(𝑥𝑥) = 𝑙𝑙, for all 𝑥𝑥 ∈ 𝑋𝑋, 𝑛𝑛 ∈ ℕ. 
 
A family 𝛿𝛿(𝑠𝑠) of fuzzy sequential sets on a non-empty set 𝑋𝑋 satisfying the properties: 
 

i. 𝑋𝑋𝑓𝑓𝑟𝑟(𝑠𝑠) ∈  𝛿𝛿(𝑠𝑠) for all 𝑟𝑟 ∈  {0, 1}, 
 

ii. 𝐴𝐴𝑓𝑓(s),𝐵𝐵𝑓𝑓(s)  ∈  𝛿𝛿(s)  ⇒  𝐴𝐴𝑓𝑓(s)⋀𝐵𝐵𝑓𝑓(s)  ∈  𝛿𝛿(s) 
 

iii. for any family {𝐴𝐴𝑓𝑓𝑓𝑓 (s);  𝑓𝑓 ∈  𝐽𝐽} ⊆ 𝛿𝛿(s),⋁𝑓𝑓∈𝐽𝐽  𝐴𝐴𝑓𝑓𝑓𝑓 (s)  ∈  𝛿𝛿(s) 
 

is called a fuzzy sequential topology (FST) on 𝑋𝑋 and the ordered pair (X, δ(s)) is called a fuzzy sequential topological 
space (FSTS). The members of 𝛿𝛿(s) are called open fuzzy sequential sets. Complement of an open fuzzy sequential set 
is called closed fuzzy sequential set. In an FSTS (𝑋𝑋, 𝛿𝛿(𝑠𝑠)), the closure 𝐴𝐴𝑓𝑓(𝑠𝑠)������� and interior 𝐴𝐴𝑓𝑓∘(𝑠𝑠) of any fs-set 𝐴𝐴𝑓𝑓(𝑠𝑠) are 
defined as 

𝐴𝐴𝑓𝑓(𝑠𝑠)������� = ⋀�𝐶𝐶𝑓𝑓(𝑠𝑠);  𝐴𝐴𝑓𝑓(𝑠𝑠) ≤ 𝐶𝐶𝑓𝑓(𝑠𝑠),  (𝐶𝐶𝑓𝑓(𝑠𝑠))𝑐𝑐 ∈ 𝛿𝛿(𝑠𝑠)�, 
 
𝐴𝐴𝑓𝑓𝜊𝜊(𝑠𝑠) = ⋁{𝑂𝑂𝑓𝑓(𝑠𝑠);  𝑂𝑂𝑓𝑓(𝑠𝑠) ≤ 𝐴𝐴𝑓𝑓(𝑠𝑠)),𝑂𝑂𝑓𝑓(𝑠𝑠) ∈ 𝛿𝛿(𝑠𝑠)}, 
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[10] Let 𝑔𝑔 be a mapping from an FSTS (𝑋𝑋, 𝛿𝛿(𝑠𝑠)) to an FSTS (𝑌𝑌, 𝜂𝜂(𝑠𝑠)), then 𝑔𝑔 is called 

(𝑖𝑖) fs-continuous if 𝑔𝑔−1(𝐵𝐵𝑓𝑓(𝑠𝑠)) is open in (𝑋𝑋, 𝛿𝛿(𝑠𝑠)) for every open fs-set 𝐵𝐵𝑓𝑓(𝑠𝑠) in (𝑌𝑌, 𝜂𝜂(𝑠𝑠)). 
(𝑖𝑖𝑖𝑖) fs-open if 𝑔𝑔(𝐴𝐴𝑓𝑓(𝑠𝑠)) is fs-open in 𝑌𝑌 for every fs-open set 𝐴𝐴𝑓𝑓(𝑠𝑠) in 𝑋𝑋. 
(𝑖𝑖𝑖𝑖𝑖𝑖) fs-closed if 𝑔𝑔(𝐴𝐴𝑓𝑓(𝑠𝑠))  is fs-closed in 𝑌𝑌 for every fs-closed set 𝐴𝐴𝑓𝑓(𝑠𝑠)  in 𝑋𝑋. 

 
Section 2 deals with the introduction and study of fs-semiopen sets as well as fs-semicontinuity. Section 3 deals with 
the introduction of fs-regular open sets and functions like fs-almost continuous and fs-weakly continuous functions.  In 
this section, the interrelations among these functions together with fs-continuous and fs-semicontinuous functions have 
been investigated. 
 
2. FS-SEMIOPEN SETS AND FS-SEMICONTINUITY 
 
Definition 2.1: An fs-set 𝐴𝐴𝑓𝑓(𝑠𝑠) in an FSTS, is said to be an fs-semiopen set if 𝐴𝐴𝑓𝑓(𝑠𝑠) ≤ 𝐴𝐴𝑓𝑓𝜊𝜊(𝑠𝑠)�������. An fs-set 𝐴𝐴𝑓𝑓(𝑠𝑠) in an 
FSTS, is said to be an fs-semiclosed set if its complement is fs-semiopen. 
 
Fundamental properties of fs-semiopen (fs-semiclosed) sets are: 

• Any union (intersection) of fs-semiopen (fs-semiclosed) sets is fs-semiopen (fs-semiclosed). 
• Every fs-open (fs-closed) set is fs-semiopen (fs-semiclosed). 
• Closure (interior) of an fs-open (fs-closed) set is fs-semiopen (fs-semiclosed). 

 
Example 2.1 shows that an fs-semiopen (fs-semiclosed) set may not be fs open (fs-closed), the intersection (union) of 
any two fs-semiopen (fs semiclosed) sets need not be an fs-semiopen (fs-semoclosed) set. Unlike in a general 
topological space, the intersection of an fs-semiopen set with an fs open set may fail to be an fs-semiopen set. 
 
Example 2.1: Consider the fs-sets 𝐴𝐴𝑓𝑓(𝑠𝑠), 𝐵𝐵𝑓𝑓(𝑠𝑠), 𝐶𝐶𝑓𝑓(𝑠𝑠) in a set 𝑋𝑋, defined as follows: 

𝐴𝐴𝑓𝑓(𝑠𝑠) = �
1
4
�

, 1� , 1� , … … � 

𝐵𝐵𝑓𝑓(𝑠𝑠) = �
1
2

,
�

0� , 0� , … … � 

𝐶𝐶𝑓𝑓(𝑠𝑠) = �
3
8
�

, 1� , 1� , … … � 

𝐷𝐷𝑓𝑓(𝑠𝑠) = �
3
8
�

, 0� , 0� , … … � 

 
Consider 𝛿𝛿(𝑠𝑠) = {𝐴𝐴𝑓𝑓(𝑠𝑠),𝐵𝐵𝑓𝑓(𝑠𝑠),𝐴𝐴𝑓𝑓(𝑠𝑠) ∨ 𝐵𝐵𝑓𝑓(𝑠𝑠),𝐴𝐴𝑓𝑓(𝑠𝑠) ∧ 𝐵𝐵𝑓𝑓(𝑠𝑠),𝑋𝑋𝑓𝑓0(𝑠𝑠),𝑋𝑋𝑓𝑓1(𝑠𝑠)}. Then (𝑋𝑋, 𝛿𝛿(𝑠𝑠)) is an FSTS. Now,   

(𝑖𝑖) 𝐵𝐵𝑓𝑓(𝑠𝑠) is fs-open, hence fs-semiopen and 𝐶𝐶𝑓𝑓(𝑠𝑠) is fs-semiopen but their intersection 𝐷𝐷𝑓𝑓(𝑠𝑠) is not fs-semiopen. 
(𝑖𝑖𝑖𝑖) 𝐶𝐶𝑓𝑓(𝑠𝑠) is fs-semiopen but is not fs-open. 

 
Theorem 2.1: Let (𝑋𝑋, 𝛿𝛿(𝑠𝑠)) be an FSTS. An fs-set 𝐴𝐴𝑓𝑓(𝑠𝑠) is fs-semiopen if and only if there exist an fs-open set 𝑂𝑂𝑓𝑓(𝑠𝑠) 
in 𝑋𝑋 such that 𝑂𝑂𝑓𝑓(𝑠𝑠) ≤ 𝐴𝐴𝑓𝑓(𝑠𝑠) ≤ 𝑂𝑂𝑓𝑓(𝑠𝑠)�������. 
 
Proof: Straightforward. 
 
Theorem 2.2: Let (𝑋𝑋, 𝛿𝛿(𝑠𝑠)) be an FSTS. An fs-set 𝐴𝐴𝑓𝑓(𝑠𝑠) is fs-semiclosed if and only if there exist an fs-closed set 
𝐶𝐶𝑓𝑓(𝑠𝑠) in 𝑋𝑋 such that 𝐶𝐶𝑓𝑓∘(𝑠𝑠) ≤ 𝐴𝐴𝑓𝑓(𝑠𝑠) ≤ 𝐶𝐶𝑓𝑓(𝑠𝑠). 
 
Proof: Straightforward. 
 
We will denote the set of all fs-semiopen sets in 𝑋𝑋 by 𝐹𝐹𝐹𝐹𝐹𝐹𝑂𝑂(𝑋𝑋). 
 
Theorem 2.3: In an FSTS (𝑋𝑋, 𝛿𝛿(𝑠𝑠)), (𝑖𝑖) 𝛿𝛿(𝑠𝑠)  ⊆ 𝐹𝐹𝐹𝐹𝐹𝐹𝑂𝑂(𝑋𝑋). (𝑖𝑖𝑖𝑖) If 𝐴𝐴𝑓𝑓(𝑠𝑠) ∈ 𝐹𝐹𝐹𝐹𝐹𝐹𝑂𝑂(𝑋𝑋) and 𝐴𝐴𝑓𝑓(𝑠𝑠) ≤ 𝐵𝐵𝑓𝑓(𝑠𝑠) ≤ 𝐴𝐴𝑓𝑓(𝑠𝑠)�������, 
then 𝐵𝐵𝑓𝑓(𝑠𝑠) ∈ 𝐹𝐹𝐹𝐹𝐹𝐹𝑂𝑂(𝑋𝑋). 
 
Proof: 

(i) Follows from definition. 
(𝑖𝑖𝑖𝑖) Let 𝐴𝐴𝑓𝑓(𝑠𝑠) ∈ 𝐹𝐹𝐹𝐹𝐹𝐹𝑂𝑂(𝑋𝑋). Then there exists an fs-open set 𝑂𝑂𝑓𝑓(𝑠𝑠) such that 𝑂𝑂𝑓𝑓(𝑠𝑠) ≤ 𝐴𝐴𝑓𝑓(𝑠𝑠) ≤ 𝑂𝑂𝑓𝑓(𝑠𝑠)�������. So, 

𝑂𝑂𝑓𝑓(𝑠𝑠) ≤ 𝐴𝐴𝑓𝑓(𝑠𝑠) ≤ 𝐵𝐵𝑓𝑓(𝑠𝑠) ≤ 𝐴𝐴𝑓𝑓(𝑠𝑠)������� ≤ 𝑂𝑂𝑓𝑓(𝑠𝑠)������� 
                         ⇒ 𝑂𝑂𝑓𝑓(𝑠𝑠) ≤ 𝐵𝐵𝑓𝑓(𝑠𝑠) ≤ 𝑂𝑂𝑓𝑓(𝑠𝑠)�������. 
𝑂𝑂𝑓𝑓(𝑠𝑠) being fs-open, 𝐵𝐵𝑓𝑓(𝑠𝑠) is fs-semiopen. 
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Theorem 2.4: If in a fuzzy sequential topological space, 𝐶𝐶𝑓𝑓𝜊𝜊(𝑠𝑠) ≤ 𝐵𝐵𝑓𝑓(𝑠𝑠) ≤ 𝐶𝐶𝑓𝑓(𝑠𝑠),  where 𝐶𝐶𝑓𝑓(𝑠𝑠) is fs-semiclosed, then 
𝐵𝐵𝑓𝑓(𝑠𝑠) is also fs-semiclosed. 
 
Proof: Omitted. 
 
Theorem 2.5: Let ℧ = {𝐴𝐴𝛼𝛼𝑓𝑓 (𝑠𝑠);  𝛼𝛼 ∈ Λ} be a collection of fs-sets in an FSTS (𝑋𝑋, 𝛿𝛿(𝑠𝑠)) such that (𝑖𝑖) 𝛿𝛿(𝑠𝑠) ⊆ ℧ and (𝑖𝑖𝑖𝑖) 
if 𝐴𝐴𝑓𝑓(𝑠𝑠) ∈ ℧ and 𝐴𝐴𝑓𝑓(𝑠𝑠) ≤ 𝐵𝐵𝑓𝑓(𝑠𝑠) ≤ 𝐴𝐴𝑓𝑓(𝑠𝑠)�������, then 𝐵𝐵𝑓𝑓(𝑠𝑠) ∈ ℧. Then 𝐹𝐹𝐹𝐹𝐹𝐹𝑂𝑂(𝑋𝑋) ⊆ ℧. that is, 𝐹𝐹𝐹𝐹𝐹𝐹𝑂𝑂(𝑋𝑋) is the smallest class 
of fs-sets in 𝑋𝑋 satisfying (𝑖𝑖) and (𝑖𝑖𝑖𝑖). 
 
Proof: Let 𝐴𝐴𝑓𝑓(𝑠𝑠) ∈ 𝐹𝐹𝐹𝐹𝐹𝐹𝑂𝑂(𝑋𝑋). Then 𝑂𝑂𝑓𝑓(𝑠𝑠) ≤ 𝐴𝐴𝑓𝑓(𝑠𝑠) ≤ 𝑂𝑂𝑓𝑓(𝑠𝑠)������� for some 𝑂𝑂𝑓𝑓(𝑠𝑠) ∈ 𝛿𝛿(𝑠𝑠). By (𝑖𝑖), 𝑂𝑂𝑓𝑓(𝑠𝑠) ∈ ℧ and thus 
𝐴𝐴𝑓𝑓(𝑠𝑠) ∈ ℧ by (𝑖𝑖𝑖𝑖). 

 
If ℧ = {𝐴𝐴𝛼𝛼𝑓𝑓 (𝑠𝑠);  𝛼𝛼 ∈ Λ} be a collection of fs-sets in 𝑋𝑋, then 𝐼𝐼𝑛𝑛𝐼𝐼℧ denotes the set {𝐴𝐴𝛼𝛼𝑓𝑓𝜊𝜊 (𝑠𝑠);  𝛼𝛼 ∈ Λ}. 
 
Theorem 2.6: If (𝑋𝑋, 𝛿𝛿(𝑠𝑠)) be a fuzzy sequential topological space, then 𝛿𝛿(𝑠𝑠) = 𝐼𝐼𝑛𝑛𝐼𝐼(𝐹𝐹𝐹𝐹𝐹𝐹𝑂𝑂(𝑋𝑋)). 
 
Proof: Every fs-open set being fs-semiopen, 𝛿𝛿(𝑠𝑠) ⊆ 𝐼𝐼𝑛𝑛𝐼𝐼(𝐹𝐹𝐹𝐹𝐹𝐹𝑂𝑂(𝑋𝑋)). Conversely, let 𝑂𝑂𝑓𝑓(𝑠𝑠) ∈ 𝐼𝐼𝑛𝑛𝐼𝐼(𝐹𝐹𝐹𝐹𝐹𝐹𝑂𝑂(𝑋𝑋)). Then 
𝑂𝑂𝑓𝑓(𝑠𝑠) = 𝐴𝐴𝑓𝑓𝜊𝜊(𝑠𝑠) for some 𝐴𝐴𝑓𝑓(𝑠𝑠) ∈ 𝐹𝐹𝐹𝐹𝐹𝐹𝑂𝑂(𝑋𝑋) and hence 𝑂𝑂𝑓𝑓(𝑠𝑠) ∈ 𝛿𝛿(𝐹𝐹). 
 
Definition 2.2: Let (𝑋𝑋, 𝛿𝛿(𝑠𝑠)) be an FSTS and 𝐴𝐴𝑓𝑓(𝑠𝑠) be an fs-set in 𝑋𝑋. We define semi-closure 𝑠𝑠𝐶𝐶𝑙𝑙(𝐴𝐴𝑓𝑓(𝑠𝑠)) and semi-
interior 𝑠𝑠𝐼𝐼𝑛𝑛𝐼𝐼(𝐴𝐴𝑓𝑓(𝑠𝑠)) of 𝐴𝐴𝑓𝑓(𝑠𝑠) by 

𝑠𝑠𝐶𝐶𝑙𝑙 �𝐴𝐴𝑓𝑓(𝑠𝑠)� = ⋀{𝐵𝐵𝑓𝑓(𝑠𝑠);  𝐴𝐴𝑓𝑓(𝑠𝑠) ≤ 𝐵𝐵𝑓𝑓(𝑠𝑠) 𝑎𝑎𝑛𝑛𝑎𝑎 𝐴𝐴𝑓𝑓𝑐𝑐(𝑠𝑠) ∈ 𝐹𝐹𝐹𝐹𝐹𝐹𝑂𝑂(𝑋𝑋)} 
𝑠𝑠𝐼𝐼𝑛𝑛𝐼𝐼�𝐵𝐵𝑓𝑓𝑐𝑐(𝑠𝑠)� = ⋁{𝐶𝐶𝑓𝑓(𝑠𝑠);  𝐶𝐶𝑓𝑓(𝑠𝑠) ≤ 𝐴𝐴𝑓𝑓(𝑠𝑠) 𝑎𝑎𝑛𝑛𝑎𝑎 𝐶𝐶𝑓𝑓(𝑠𝑠) ∈ 𝐹𝐹𝐹𝐹𝐹𝐹𝑂𝑂(𝑋𝑋)}. 

 
Obviously, 𝑠𝑠𝐶𝐶𝑙𝑙 �𝐴𝐴𝑓𝑓(𝑠𝑠)� is the smallest fs-semiclosed set containing 𝐴𝐴𝑓𝑓(𝑠𝑠) and 𝑠𝑠𝐼𝐼𝑛𝑛𝐼𝐼 �𝐴𝐴𝑓𝑓(𝑠𝑠)� is the largest fs-semiopen 
set contained in 𝐴𝐴𝑓𝑓(𝑠𝑠). Further, 

(𝑖𝑖) 𝐴𝐴𝑓𝑓(𝑠𝑠) ≤ 𝑠𝑠𝐶𝐶𝑙𝑙 �𝐴𝐴𝑓𝑓(𝑠𝑠)� ≤ 𝐴𝐴𝑓𝑓(𝑠𝑠)������� and 𝐴𝐴𝑓𝑓𝜊𝜊(𝑠𝑠) ≤ 𝑠𝑠𝐼𝐼𝑛𝑛𝐼𝐼 �𝐴𝐴𝑓𝑓(𝑠𝑠)� ≤ 𝐴𝐴𝑓𝑓(𝑠𝑠). 

(𝑖𝑖𝑖𝑖) 𝐴𝐴𝑓𝑓(𝑠𝑠) is fs-semiopen if and only if 𝐴𝐴𝑓𝑓(𝑠𝑠) = 𝑠𝑠𝐼𝐼𝑛𝑛𝐼𝐼 �𝐴𝐴𝑓𝑓(𝑠𝑠)�. 

(𝑖𝑖𝑖𝑖𝑖𝑖) 𝐴𝐴𝑓𝑓(𝑠𝑠) is fs-semiclosed if and only if 𝐴𝐴𝑓𝑓(𝑠𝑠) = 𝑠𝑠𝐶𝐶𝑙𝑙 �𝐴𝐴𝑓𝑓(𝑠𝑠)�. 

(𝑖𝑖𝑖𝑖) 𝐴𝐴𝑓𝑓(𝑠𝑠) ≤ 𝐵𝐵𝑓𝑓(𝑠𝑠) implies 𝑠𝑠𝐼𝐼𝑛𝑛𝐼𝐼 �𝐴𝐴𝑓𝑓(𝑠𝑠)� ≤ 𝑠𝑠𝐼𝐼𝑛𝑛𝐼𝐼 �𝐵𝐵𝑓𝑓(𝑠𝑠)� and 𝑠𝑠𝐶𝐶𝑙𝑙 �𝐴𝐴𝑓𝑓(𝑠𝑠)� ≤ 𝑠𝑠𝐶𝐶𝑙𝑙 �𝐵𝐵𝑓𝑓(𝑠𝑠)�. 
 
Definition 2.3: A mapping 𝑔𝑔: (𝑋𝑋, 𝛿𝛿(𝑠𝑠)) → (𝑌𝑌, 𝛿𝛿′(𝑠𝑠)) is said to be 

(𝑖𝑖) fs-semicontinuous if 𝑔𝑔−1(𝐵𝐵𝑓𝑓(𝑠𝑠)) is fs-semiopen in 𝑋𝑋 for every 𝐵𝐵𝑓𝑓(𝑠𝑠) ∈ 𝛿𝛿′(𝑠𝑠). 
(𝑖𝑖𝑖𝑖) fs-semiopen if 𝑔𝑔(𝐴𝐴𝑓𝑓(𝑠𝑠)) is fs-semiopen in 𝑌𝑌 for every 𝐴𝐴𝑓𝑓(𝑠𝑠) ∈ 𝛿𝛿(𝑠𝑠). 
(𝑖𝑖𝑖𝑖𝑖𝑖) fs-semiclosed if 𝑔𝑔(𝐴𝐴𝑓𝑓(𝑠𝑠)) is fs-semiclosed in 𝑌𝑌 for every fs-closed set 𝐴𝐴𝑓𝑓(𝑠𝑠) in 𝑋𝑋. 

 
It is easy to check that an fs-continuous (fs-open, fs-closed) function is fs-semicontinuous (fs-semiopen, fs-semiclosed). 
That the converse may not be true, is shown by Example 2.2. 
 
Example 2.2: Consider the fs-sets 𝐴𝐴𝑓𝑓(𝑠𝑠), 𝐵𝐵𝑓𝑓(𝑠𝑠), 𝐶𝐶𝑓𝑓(𝑠𝑠) in a set 𝑋𝑋, defined as follows: 

𝐴𝐴𝑓𝑓(𝑠𝑠) = �
1
4
�

, 1� , 1� , … … � 

𝐵𝐵𝑓𝑓(𝑠𝑠) = �
1
2

,
�

0� , 0� , … … � 

𝐶𝐶𝑓𝑓(𝑠𝑠) = �
3
8
�

, 1� , 1� , … … � 

 
Let 𝛿𝛿(𝑠𝑠) = {𝐴𝐴𝑓𝑓(𝑠𝑠),𝐵𝐵𝑓𝑓(𝑠𝑠),𝐴𝐴𝑓𝑓(𝑠𝑠) ∨ 𝐵𝐵𝑓𝑓(𝑠𝑠),𝐴𝐴𝑓𝑓(𝑠𝑠) ∧ 𝐵𝐵𝑓𝑓(𝑠𝑠),𝑋𝑋𝑓𝑓0(𝑠𝑠),𝑋𝑋𝑓𝑓1(𝑠𝑠)}. Then (𝑋𝑋, 𝛿𝛿(𝑠𝑠)) is an FSTS. Let 𝛿𝛿′(𝑠𝑠) =
{𝐶𝐶𝑓𝑓(𝑠𝑠),𝑋𝑋𝑓𝑓0(𝑠𝑠),𝑋𝑋𝑓𝑓1(𝑠𝑠)}. Define 𝑔𝑔: (𝑋𝑋, 𝛿𝛿(𝑠𝑠)) → (𝑋𝑋, 𝛿𝛿′(𝑠𝑠)) by 𝑔𝑔(𝑥𝑥) = 𝑥𝑥 for all 𝑥𝑥 ∈ 𝑋𝑋. The function 𝑔𝑔 is fs-
semicontinuous but not fs-continuous. 
 
Again the map ℎ: (𝑋𝑋, 𝛿𝛿′(𝑠𝑠)) → (𝑋𝑋, 𝛿𝛿(𝑠𝑠)) defined by ℎ(𝑥𝑥) = 𝑥𝑥 for all 𝑥𝑥 ∈ 𝑋𝑋, is both fs-semiopen and fs-semiclosed but 
is neither fs-open nor fs-closed. 
 
Now consider the map 𝐼𝐼: (𝑋𝑋, 𝜂𝜂(𝑠𝑠)) → (𝑋𝑋, 𝛿𝛿(𝑠𝑠)) defined by 𝐼𝐼(𝑥𝑥) = 𝑥𝑥 for all 𝑥𝑥 ∈ 𝑋𝑋, where  𝜂𝜂(𝑠𝑠) = {𝐶𝐶𝑓𝑓𝑐𝑐(𝑠𝑠),𝑋𝑋𝑓𝑓0(𝑠𝑠),𝑋𝑋𝑓𝑓1(𝑠𝑠)}. 
Then 𝐼𝐼 is fs-semiclosed but not fs-closed. 
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Theorem 2.7: Let 𝑔𝑔: (𝑋𝑋, 𝛿𝛿(𝑠𝑠)) → (𝑌𝑌, 𝜂𝜂(𝑠𝑠)) be a map. Then the following conditions are equivalent: 

(𝑖𝑖) 𝑔𝑔 is fs-semicontinuous. 
(𝑖𝑖𝑖𝑖) the inverse image of an fs-closed set in 𝑌𝑌under 𝑔𝑔 is fs-semiclosed in 𝑋𝑋. 

(𝑖𝑖𝑖𝑖𝑖𝑖) For any fs-set 𝐴𝐴𝑓𝑓(𝑠𝑠) in 𝑋𝑋, 𝑔𝑔 �𝑠𝑠𝐶𝐶𝑙𝑙 �𝐴𝐴𝑓𝑓(𝑠𝑠)�� ≤ 𝑔𝑔 �𝐴𝐴𝑓𝑓(𝑠𝑠)��������������. 
 
Proof: 
(𝒊𝒊) ⇒ (𝒊𝒊𝒊𝒊): Suppose 𝑔𝑔: (𝑋𝑋, 𝛿𝛿(𝑠𝑠)) → (𝑌𝑌, 𝜂𝜂(𝑠𝑠))  be an fs-semicontinuous map and 𝐵𝐵𝑓𝑓(𝑠𝑠) be an fs-closed set in 𝑌𝑌. Then 
 
𝐵𝐵𝑓𝑓𝑐𝑐(𝑠𝑠) is fs-open in 𝑌𝑌 

⇒ �𝑔𝑔−1 �𝐵𝐵𝑓𝑓(𝑠𝑠)��
𝑐𝑐

= 𝑔𝑔−1 �𝐵𝐵𝑓𝑓𝑐𝑐(𝑠𝑠)� is fs-semiopen in 𝑋𝑋 

⇒ 𝑔𝑔−1 �𝐵𝐵𝑓𝑓(𝑠𝑠)� is fs-semiclosed in 𝑋𝑋. 
 
(𝒊𝒊𝒊𝒊) ⇒ (𝒊𝒊𝒊𝒊𝒊𝒊): Suppose 𝐴𝐴𝑓𝑓(𝑠𝑠) be an fs-set in 𝑋𝑋. Then by (𝑖𝑖𝑖𝑖), 𝑔𝑔−1(𝑔𝑔(𝐴𝐴𝑓𝑓(𝑠𝑠))������������) is fs-semiclosed in 𝑋𝑋 and hence 

𝑔𝑔−1 �𝑔𝑔 �𝐴𝐴𝑓𝑓(𝑠𝑠)��������������� = 𝑠𝑠𝐶𝐶𝑙𝑙(𝑔𝑔−1(𝑔𝑔(𝐴𝐴𝑓𝑓(𝑠𝑠))������������) ). Again 

𝐴𝐴𝑓𝑓(𝑠𝑠) ≤ 𝑔𝑔−1 �𝑔𝑔 �𝐴𝐴𝑓𝑓(𝑠𝑠)�� 

⇒ 𝑠𝑠𝐶𝐶𝑙𝑙 �𝐴𝐴𝑓𝑓(𝑠𝑠)� ≤ 𝑠𝑠𝐶𝐶𝑙𝑙 �𝑔𝑔−1 �𝑔𝑔 �𝐴𝐴𝑓𝑓(𝑠𝑠)���������������� = 𝑔𝑔−1 �𝑔𝑔 �𝐴𝐴𝑓𝑓(𝑠𝑠)��������������� 

⇒ 𝑔𝑔 �𝑠𝑠𝐶𝐶𝑙𝑙 �𝐴𝐴𝑓𝑓(𝑠𝑠)�� ≤ 𝑔𝑔(𝑔𝑔−1(𝑔𝑔(𝐴𝐴𝑓𝑓(𝑠𝑠))������������)) ≤ 𝑔𝑔(𝐴𝐴𝑓𝑓(𝑠𝑠))������������ 
 
(𝒊𝒊𝒊𝒊𝒊𝒊) ⇒ (𝒊𝒊): Let 𝐵𝐵𝑓𝑓(𝑠𝑠) be an fs-open set in 𝑌𝑌. Then for the fs-closed set 𝐵𝐵𝑓𝑓𝑐𝑐(𝑠𝑠), we have 

𝑔𝑔 �𝑠𝑠𝐶𝐶𝑙𝑙 �𝑔𝑔−1 �𝐵𝐵𝑓𝑓𝑐𝑐(𝑠𝑠)��� ≤ 𝑔𝑔 �𝑔𝑔−1 �𝐵𝐵𝑓𝑓𝑐𝑐(𝑠𝑠)��
���������������������

≤ 𝐵𝐵𝑓𝑓𝑐𝑐(𝑠𝑠)������� = 𝐵𝐵𝑓𝑓𝑐𝑐(𝑠𝑠) 

 

Thus  𝑠𝑠𝐶𝐶𝑙𝑙 �𝑔𝑔−1 �𝐵𝐵𝑓𝑓𝑐𝑐(𝑠𝑠)�� ≤ 𝑔𝑔−1 �𝑔𝑔 �𝑠𝑠𝐶𝐶𝑙𝑙 �𝑔𝑔−1 �𝐵𝐵𝑓𝑓𝑐𝑐(𝑠𝑠)���� ≤ 𝑔𝑔−1 �𝐵𝐵𝑓𝑓𝑐𝑐(𝑠𝑠)�. 

 

Therefore 𝑠𝑠𝐶𝐶𝑙𝑙 �𝑔𝑔−1 �𝐵𝐵𝑓𝑓𝑐𝑐(𝑠𝑠)�� = 𝑔𝑔−1(𝐵𝐵𝑓𝑓𝑐𝑐(𝑠𝑠)) and hence (𝑔𝑔−1(𝐵𝐵𝑓𝑓(𝑠𝑠)))𝑐𝑐 = 𝑔𝑔−1(𝐵𝐵𝑓𝑓𝑐𝑐(𝑠𝑠)) is fs-semiclosed in 𝑋𝑋. 
 
Theorem 2.8: Suppose 𝑔𝑔: (𝑋𝑋, 𝛿𝛿(𝑠𝑠)) → (𝑌𝑌, 𝜂𝜂(𝑠𝑠))  be an fs-semicontinuous open map. Then the inverse image of every 
fs-semiopen set in 𝑌𝑌 is fs-semiopen in 𝑋𝑋. 
 
Proof: Let  𝐵𝐵𝑓𝑓(𝑠𝑠) be an fs-semiopen set in 𝑌𝑌. Then there exists an fs-open set 𝑂𝑂𝑓𝑓(𝑠𝑠) in 𝑌𝑌such that 

𝑂𝑂𝑓𝑓(𝑠𝑠) ≤ 𝐵𝐵𝑓𝑓(𝑠𝑠) ≤ 𝑂𝑂𝑓𝑓(𝑠𝑠)������� 
⇒ 𝑔𝑔−1(𝑂𝑂𝑓𝑓(𝑠𝑠)) ≤ 𝑔𝑔−1(𝐵𝐵𝑓𝑓(𝑠𝑠)) ≤ 𝑔𝑔−1(𝑂𝑂𝑓𝑓(𝑠𝑠)�������) 

 
We claim that 𝑔𝑔−1(𝑂𝑂𝑓𝑓(𝑠𝑠)�������) ≤ 𝑔𝑔−1(𝑂𝑂𝑓𝑓(𝑠𝑠))���������������. Let 𝑃𝑃𝑓𝑓(𝑠𝑠) ∈ 𝑔𝑔−1(𝑂𝑂𝑓𝑓(𝑠𝑠)�������). This implies 𝑔𝑔(𝑃𝑃𝑓𝑓(𝑠𝑠)) ∈ 𝑂𝑂𝑓𝑓(𝑠𝑠)�������. Consider a weak 
open Q-nbd 𝑈𝑈𝑓𝑓(𝑠𝑠) of 𝑃𝑃𝑓𝑓(𝑠𝑠), then 𝑔𝑔(𝑈𝑈𝑓𝑓(𝑠𝑠)) is a weak open Q-nbd of 𝑔𝑔(𝑃𝑃𝑓𝑓(𝑠𝑠)). Therefore 

𝑔𝑔(𝑈𝑈𝑓𝑓(𝑠𝑠)) 𝑞𝑞𝑤𝑤  𝑂𝑂𝑓𝑓(𝑠𝑠) 
⇒ 𝑈𝑈𝑓𝑓(𝑠𝑠) 𝑞𝑞𝑤𝑤  𝑔𝑔−1(𝑂𝑂𝑓𝑓(𝑠𝑠)) 
⇒  𝑃𝑃𝑓𝑓(𝑠𝑠) ∈ 𝑔𝑔−1(𝑂𝑂𝑓𝑓(𝑠𝑠))���������������. 
 

Thus we have, 𝑔𝑔−1(𝑂𝑂𝑓𝑓(𝑠𝑠)) ≤  𝑔𝑔−1(𝐵𝐵𝑓𝑓(𝑠𝑠)) ≤ 𝑔𝑔−1(𝑂𝑂𝑓𝑓(𝑠𝑠))���������������. Hence, 𝑔𝑔−1(𝑂𝑂𝑓𝑓(𝑠𝑠)) being fs-semiopen, 𝑔𝑔−1(𝐵𝐵𝑓𝑓(𝑠𝑠)) is fs-
semiopen. 
 
Corollary 2.1: Suppose 𝑔𝑔: (𝑋𝑋, 𝛿𝛿(𝑠𝑠)) → (𝑌𝑌, 𝜂𝜂(𝑠𝑠)) be an fs-semicontinuous open map. Then the inverse image of every 
fs-semiclosed set in 𝑌𝑌 is fs-semiclosed in 𝑋𝑋. 
 
Proof: Proof is omitted. 
 
Corollary 2.2: If 𝑔𝑔: (𝑋𝑋, 𝛿𝛿(𝑠𝑠)) → (𝑌𝑌, 𝛿𝛿′(𝑠𝑠)) be an fs-semicontinuous open map and ℎ: (𝑌𝑌, 𝛿𝛿′(𝑠𝑠)) → (𝑍𝑍, 𝜂𝜂(𝑠𝑠)) be an fs-
semicontinuous map, then ℎ𝜊𝜊𝑔𝑔: (𝑋𝑋, 𝛿𝛿(𝑠𝑠)) → (𝑍𝑍, 𝜂𝜂(𝑠𝑠)) is fs-semicontinuous. 
 
Proof: Let  𝐶𝐶𝑓𝑓(𝑠𝑠) be an fs-open set in 𝑍𝑍, then ℎ−1(𝐶𝐶𝑓𝑓(𝑠𝑠)) is fs-semiopen in 𝑌𝑌and hence 
(ℎ𝜊𝜊𝑔𝑔)−1 �𝐶𝐶𝑓𝑓(𝑠𝑠)� = 𝑔𝑔−1(ℎ−1(𝐶𝐶𝑓𝑓(𝑠𝑠))) is fs-semiopen in 𝑋𝑋 by Theorem 2.8. 
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Theorem 2.9: Let 𝑔𝑔: (𝑋𝑋, 𝛿𝛿(𝑠𝑠)) → (𝑌𝑌, 𝜂𝜂(𝑠𝑠)) be an fs-continuous open map. Then the 𝑔𝑔-image of an fs-semiopen set in 
𝑋𝑋 is fs-semiopen in 𝑌𝑌. 
 
Proof: Let 𝐴𝐴𝑓𝑓(𝑠𝑠) be an fs-semiopen set in 𝑋𝑋. Then there exists an fs-open set 𝑂𝑂𝑓𝑓(𝑠𝑠) in 𝑋𝑋 such that 
𝑂𝑂𝑓𝑓(𝑠𝑠) ≤ 𝐴𝐴𝑓𝑓(𝑠𝑠) ≤ 𝑂𝑂𝑓𝑓(𝑠𝑠)�������. This implies 

𝑔𝑔(𝑂𝑂𝑓𝑓(𝑠𝑠)) ≤ 𝑔𝑔(𝐴𝐴𝑓𝑓(𝑠𝑠)) ≤ 𝑔𝑔(𝑂𝑂𝑓𝑓(𝑠𝑠)�������) ≤ 𝑔𝑔(𝑂𝑂𝑓𝑓(𝑠𝑠))������������. 
 
Since 𝑔𝑔(𝑂𝑂𝑓𝑓(𝑠𝑠)) is fs-open in 𝑌𝑌, 𝑔𝑔(𝐴𝐴𝑓𝑓(𝑠𝑠)) is fs-semiopen in 𝑌𝑌. 
 
Corollary 2.3: Semi-openness in an FSTS is a topological property. 
 
Proof: Follows from Theorem 2.9. 
 
Remark 2.1: Theorem 2.9 does not hold if 𝑔𝑔 is not fs-open. This is shown by Example 2.3. 
 
Example 2.3: Let (𝑋𝑋, 𝛿𝛿(𝑠𝑠)) and (𝑌𝑌, 𝛿𝛿′(𝑠𝑠)) be two fuzzy sequential topological spaces, where 𝛿𝛿(𝑠𝑠) contains all the 
constant fs-sets in 𝑋𝑋, 𝑌𝑌 =  [0, 1] and 𝛿𝛿 ′(𝑠𝑠) = {𝑌𝑌𝑓𝑓0(𝑠𝑠), 𝑌𝑌𝑓𝑓1(𝑠𝑠)}. Define a map 𝑔𝑔: (𝑋𝑋, 𝛿𝛿(𝑠𝑠)) → (𝑌𝑌, 𝛿𝛿′(𝑠𝑠)) by 𝑔𝑔(𝑥𝑥)  =  1

2
 

for all 𝑥𝑥 ∈ 𝑋𝑋. Then 𝑔𝑔 is fs-continuous but not fs-open. Here, for any fs-semiopen set 𝐴𝐴𝑓𝑓(𝑠𝑠) in 𝑋𝑋, 𝑔𝑔(𝐴𝐴𝑓𝑓(𝑠𝑠))  =  �1
2
̅�
𝑛𝑛=1

∞
 is 

not fs-semiopen in 𝑌𝑌. 
 

Remark 2.2: Converse of Theorem 2.9 holds if 𝑔𝑔 is one-one. 
 
Theorem 2.10: Let 𝑔𝑔: (𝑋𝑋, 𝛿𝛿(𝑠𝑠)) → (𝑌𝑌, 𝛿𝛿′(𝑠𝑠)) and ℎ: (𝑌𝑌, 𝛿𝛿′(𝑠𝑠)) → (𝑍𝑍, 𝜂𝜂(𝑠𝑠)) be two mappings and ℎ𝜊𝜊𝑔𝑔: (𝑋𝑋, 𝛿𝛿(𝑠𝑠)) →
(𝑍𝑍, 𝜂𝜂(𝑠𝑠)) be an fs-semiclosed mapping. Then, 𝑔𝑔 is fs-semiclosed if ℎ is an injective fs-semicontinuous open mapping. 
 
Proof: Let 𝐴𝐴𝑓𝑓(𝑠𝑠) be an fs-closed set in 𝑋𝑋. Then ℎ𝑜𝑜𝑔𝑔(𝐴𝐴𝑓𝑓(𝑠𝑠)) is fs-semiclosed in 𝑍𝑍 and hence 𝑔𝑔(𝐴𝐴𝑓𝑓(𝑠𝑠))  =
 ℎ−1(ℎ𝑜𝑜𝑔𝑔(𝐴𝐴𝑓𝑓(𝑠𝑠))) is fs-semiclosed in 𝑌𝑌. 
 
Theorem 2.11: If  𝑔𝑔: (𝑋𝑋, 𝛿𝛿(𝑠𝑠)) → (𝑌𝑌, 𝛿𝛿′(𝑠𝑠)) is fs-semicontinuous and ℎ: (𝑌𝑌, 𝛿𝛿′(𝑠𝑠)) → (𝑍𝑍, 𝜂𝜂(𝑠𝑠)) is fs-continuous, then 
ℎ𝜊𝜊𝑔𝑔: (𝑋𝑋, 𝛿𝛿(𝑠𝑠)) → (𝑍𝑍, 𝜂𝜂(𝑠𝑠)) is fs-semicontinuous. 
 
Proof: Omitted. 
 
3. FS-REGULAR OPEN SETS 
 
Definition 3.1 An fs-set 𝐴𝐴𝑓𝑓(𝑠𝑠) in an FSTS (𝑋𝑋, 𝛿𝛿(𝑠𝑠)), is said to be fs-regular open in 𝑋𝑋 if (𝐴𝐴𝑓𝑓(𝑠𝑠)�������)𝜊𝜊  =  𝐴𝐴𝑓𝑓(𝑠𝑠). An fs-set 
𝐴𝐴𝑓𝑓(𝑠𝑠) is said to be fs-regular closed in 𝑋𝑋 if its complement is fs-regular open. 
 
It is obvious that every fs-regular open (closed) set is fs-open (closed). The converse need not be true, is shown by 
Example 3.1. Example 3.2 shows that the union (intersection) of any two fs-regular open (closed) sets need not be an 
fs-regular open (closed) set. 
 
Example 3.1: Consider the fs-sets 𝐴𝐴𝑓𝑓(𝑠𝑠), 𝐵𝐵𝑓𝑓(𝑠𝑠) in a set 𝑋𝑋 as follows: 

𝐴𝐴𝑓𝑓(𝑠𝑠) =  �
1
4

,
�

1� , 1� , … . . � 

𝐵𝐵𝑓𝑓(𝑠𝑠) = �
1
2

,
� 1

2
,
� 1

2
�

, … … � 

Let 𝛿𝛿(𝑠𝑠)  =  {𝐴𝐴𝑓𝑓(𝑠𝑠),  𝐵𝐵𝑓𝑓(𝑠𝑠), 𝐴𝐴𝑓𝑓(𝑠𝑠) ∧ 𝐵𝐵𝑓𝑓(𝑠𝑠), 𝐴𝐴𝑓𝑓(𝑠𝑠) ∨ 𝐵𝐵𝑓𝑓(𝑠𝑠),   𝑋𝑋𝑓𝑓0(𝑠𝑠), 𝑋𝑋𝑓𝑓1(𝑠𝑠)}. Then (𝑋𝑋, 𝛿𝛿(𝑠𝑠)) is an FSTS where 𝐴𝐴𝑓𝑓(𝑠𝑠) 
is fs-open but not fs-regular open. 
 
Example 3.2: Consider the fs-sets 𝐴𝐴𝑓𝑓(𝑠𝑠), 𝐵𝐵𝑓𝑓(𝑠𝑠) in a set 𝑋𝑋 as follows: 

𝐴𝐴𝑓𝑓(𝑠𝑠) =  �
1
4

,
�

 
3
4

,
�

 
1
4

,
�

 
3
4

,
�

… . . � 

𝐵𝐵𝑓𝑓(𝑠𝑠) = �
3
4

,
� 1

4
,
� 3

4
�

,
1
4
�

… … � 

 
Let 𝛿𝛿(𝑠𝑠) =  �𝐴𝐴𝑓𝑓(𝑠𝑠),  𝐵𝐵𝑓𝑓(𝑠𝑠), 𝐴𝐴𝑓𝑓(𝑠𝑠) ∧ 𝐵𝐵𝑓𝑓(𝑠𝑠), 𝐴𝐴𝑓𝑓(𝑠𝑠) ∨ 𝐵𝐵𝑓𝑓(𝑠𝑠),   𝑋𝑋𝑓𝑓0(𝑠𝑠), 𝑋𝑋𝑓𝑓1(𝑠𝑠)�. Then (𝑋𝑋, 𝛿𝛿(𝑠𝑠)) is an FSTS. Here 𝐴𝐴𝑓𝑓(𝑠𝑠) 
and 𝐵𝐵𝑓𝑓(𝑠𝑠) are fs-regular open sets but their union is not fs-regular open. 
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Theorem 3.1: 
(a) The intersection of two fs-regular open sets is an fs-regular open set. 
(b) The union of two fs-regular closed sets is an fs-regular closed set. 
 
Proof: We prove only (a). Let 𝐴𝐴𝑓𝑓(𝑠𝑠) and 𝐵𝐵𝑓𝑓(𝑠𝑠) be two fs-regular open sets in 𝑋𝑋. Since 𝐴𝐴𝑓𝑓(𝑠𝑠) ∧ 𝐵𝐵𝑓𝑓(𝑠𝑠) is fs-open, we 
have 𝐴𝐴𝑓𝑓(𝑠𝑠) ∧ 𝐵𝐵𝑓𝑓(𝑠𝑠) ≤ (𝐴𝐴𝑓𝑓(𝑠𝑠) ∧ 𝐵𝐵𝑓𝑓(𝑠𝑠)�����������������)𝜊𝜊 .  
 
Now, (𝐴𝐴𝑓𝑓(𝑠𝑠) ∧ 𝐵𝐵𝑓𝑓(𝑠𝑠)�����������������)𝜊𝜊 ≤ (𝐴𝐴𝑓𝑓(𝑠𝑠)�������)𝜊𝜊 = 𝐴𝐴𝑓𝑓(𝑠𝑠) and (𝐴𝐴𝑓𝑓(𝑠𝑠) ∧ 𝐵𝐵𝑓𝑓(𝑠𝑠)�����������������)𝜊𝜊 ≤ (𝐵𝐵𝑓𝑓(𝑠𝑠)�������)𝜊𝜊  = 𝐵𝐵𝑓𝑓(𝑠𝑠) implies (𝐴𝐴𝑓𝑓(𝑠𝑠) ∧ 𝐵𝐵𝑓𝑓(𝑠𝑠)�����������������)𝜊𝜊 ≤
𝐴𝐴𝑓𝑓(𝑠𝑠)∧𝐵𝐵𝑓𝑓(𝑠𝑠). Hence the result. 
 
Theorem 3.2: 
(a) The closure of an fs-open set is fs-regular closed. 
(b) The interior of an fs-closed set is fs-regular open. 
 
Proof: We prove only (a). Let 𝐴𝐴𝑓𝑓(𝑠𝑠) be an fs-open set in 𝑋𝑋. Since (𝐴𝐴𝑓𝑓(𝑠𝑠)�������)𝜊𝜊 ≤ 𝐴𝐴𝑓𝑓(𝑠𝑠)�������, we have (𝐴𝐴𝑓𝑓(𝑠𝑠)�������)𝜊𝜊����������� ≤ 𝐴𝐴𝑓𝑓(𝑠𝑠)�������������� =
𝐴𝐴𝑓𝑓(𝑠𝑠)�������. Now 𝐴𝐴𝑓𝑓(𝑠𝑠) being fs-open, 𝐴𝐴𝑓𝑓(𝑠𝑠) ≤ (𝐴𝐴𝑓𝑓(𝑠𝑠)�������)𝜊𝜊  and hence 𝐴𝐴𝑓𝑓(𝑠𝑠)������� ≤ (𝐴𝐴𝑓𝑓(𝑠𝑠)�������)𝜊𝜊����������� . Thus 𝐴𝐴𝑓𝑓(𝑠𝑠) �������� is fs-regular closed. 
 
Definition 3.2: A mapping 𝑔𝑔: (𝑋𝑋, 𝛿𝛿(𝑠𝑠)) → (𝑌𝑌, 𝜂𝜂(𝑠𝑠)) is called an fs-almost continuous mapping if 𝑔𝑔−1(𝐵𝐵𝑓𝑓(𝑠𝑠)) ∈ 𝛿𝛿(𝑠𝑠) 
for each fs-regular open set 𝐵𝐵𝑓𝑓(𝑠𝑠) in 𝑌𝑌. 
 
Theorem 3.3: Let 𝑔𝑔: (𝑋𝑋, 𝛿𝛿(𝑠𝑠)) → (𝑌𝑌, 𝜂𝜂(𝑠𝑠)) be a mapping. Then the following are equivalent: 

(𝑖𝑖) 𝑔𝑔 is fs-almost continuous. 
(𝑖𝑖𝑖𝑖) 𝑔𝑔−1(𝐵𝐵𝑓𝑓(𝑠𝑠)) is an fs-closed set for each fs-regular closed set 𝐵𝐵𝑓𝑓(𝑠𝑠) of 𝑌𝑌 . 
(𝑖𝑖𝑖𝑖𝑖𝑖) 𝑔𝑔−1(𝐵𝐵𝑓𝑓(𝑠𝑠)) ≤ (𝑔𝑔−1((𝐵𝐵𝑓𝑓(𝑠𝑠)�������)𝜊𝜊))𝜊𝜊  for each fs-open set 𝐵𝐵𝑓𝑓(𝑠𝑠) of 𝑌𝑌 . 
(𝑖𝑖𝑖𝑖) 𝑔𝑔−1(𝐵𝐵𝑓𝑓𝜊𝜊(𝑠𝑠)��������)��������������� ≤ 𝑔𝑔−1(𝐵𝐵𝑓𝑓(𝑠𝑠)) for each fs-closed set 𝐵𝐵𝑓𝑓(𝑠𝑠) of 𝑌𝑌 . 

 
Proof: Here, we note that 𝑔𝑔−1 �𝐵𝐵𝑓𝑓𝑐𝑐(𝑠𝑠)� = (𝑔𝑔−1(𝐵𝐵𝑓𝑓(𝑠𝑠)) )𝑐𝑐  for any fs-set 𝐵𝐵𝑓𝑓(𝑠𝑠) in 𝑌𝑌. 
(𝒊𝒊) ⇒ (𝒊𝒊𝒊𝒊): Follows from the fact that an fs-set is fs-regular open if and only if its complement is fs-regular closed. 
 
(𝒊𝒊𝒊𝒊) ⇒ (𝒊𝒊𝒊𝒊𝒊𝒊): Let 𝐵𝐵𝑓𝑓(𝑠𝑠) be an fs-open set in 𝑌𝑌. Then 𝐵𝐵𝑓𝑓(𝑠𝑠) ≤ (𝐵𝐵𝑓𝑓(𝑠𝑠)�������)𝜊𝜊  and hence 𝑔𝑔−1(𝐵𝐵𝑓𝑓(𝑠𝑠)) ≤ 𝑔𝑔−1((𝐵𝐵𝑓𝑓(𝑠𝑠)�������)𝜊𝜊). By 
Theorem 3.2 (b), (𝐵𝐵𝑓𝑓(𝑠𝑠)�������)𝜊𝜊  is an fs-regular open set in 𝑌𝑌. Therefore, 𝑔𝑔−1((𝐵𝐵𝑓𝑓(𝑠𝑠)�������)𝜊𝜊) is fs-open in 𝑋𝑋 and thus  

𝑔𝑔−1 �𝐵𝐵𝑓𝑓(𝑠𝑠)� ≤ 𝑔𝑔−1 ��𝐵𝐵𝑓𝑓(𝑠𝑠)��������
𝜊𝜊
� = (𝑔𝑔−1((𝐵𝐵𝑓𝑓(𝑠𝑠)�������)𝜊𝜊))𝜊𝜊 . 

 
(𝒊𝒊𝒊𝒊𝒊𝒊) ⇒ (𝒊𝒊): Let 𝐵𝐵𝑓𝑓(𝑠𝑠) be an fs-regular open set in 𝑌𝑌. Then by (𝑖𝑖𝑖𝑖𝑖𝑖), we have 𝑔𝑔−1(𝐵𝐵𝑓𝑓(𝑠𝑠)) ≤ (𝑔𝑔−1((𝐵𝐵𝑓𝑓(𝑠𝑠)�������)𝜊𝜊))𝜊𝜊 . Hence 
𝑔𝑔−1(𝐵𝐵𝑓𝑓(𝑠𝑠)) is an fs-open set in 𝑋𝑋. 
 
(𝒊𝒊𝒊𝒊) ⇔ (𝒊𝒊𝒊𝒊): are easy to prove. 
     
Clearly an fs-continuous map is an fs-almost continuous map but the converse may not be true, as is shown by    
Example 3.3. 
 
Example 3.3: Consider the fs-sets 𝐴𝐴𝑓𝑓(𝑠𝑠), 𝐵𝐵𝑓𝑓(𝑠𝑠) in a set 𝑋𝑋 as follows: 

𝐴𝐴𝑓𝑓(𝑠𝑠) = �
1
4
�

, 1� , 1� , 1� , … … � 

𝐵𝐵𝑓𝑓(𝑠𝑠) = �
1
2

,
� 1

2
,
� 1

2
�

, … … . . � 

Let 𝛿𝛿(𝑠𝑠) = �𝐵𝐵𝑓𝑓(𝑠𝑠),𝑋𝑋𝑓𝑓0(𝑠𝑠),𝑋𝑋𝑓𝑓1(𝑠𝑠)� and 𝜂𝜂(𝑠𝑠) = {𝐴𝐴𝑓𝑓(𝑠𝑠),𝐵𝐵𝑓𝑓(𝑠𝑠),𝐴𝐴𝑓𝑓(𝑠𝑠) ∨ 𝐵𝐵𝑓𝑓(𝑠𝑠), 𝐴𝐴𝑓𝑓(𝑠𝑠) ∧ 𝐵𝐵𝑓𝑓(𝑠𝑠),𝑋𝑋𝑓𝑓0(𝑠𝑠),𝑋𝑋𝑓𝑓1(𝑠𝑠)}. Then 
(𝑋𝑋, 𝛿𝛿(𝑠𝑠)) and (𝑋𝑋, 𝜂𝜂(𝑠𝑠)) are fuzzy sequential topological spaces. Define a map 𝑔𝑔 ∶ (𝑋𝑋, 𝛿𝛿(𝑠𝑠)) → (𝑋𝑋, 𝜂𝜂(𝑠𝑠)) by 𝑔𝑔(𝑥𝑥)  =  𝑥𝑥 
for all 𝑥𝑥 ∈ 𝑋𝑋. Then 𝑔𝑔 is fs-almost continuous but not fs-continuous. Again, since the inverse image of fs-open set 𝐴𝐴𝑓𝑓(𝑠𝑠) 
of (𝑋𝑋, 𝜂𝜂(𝑠𝑠)) is not fs-semiopen in (𝑋𝑋, 𝛿𝛿(𝑠𝑠)), 𝑔𝑔 is not fs-semicontinuous. 
 
Example 3.4: Example to show that an fs-semicontinuous map may not be fs-almost continuous. Consider the fs-sets 
𝐴𝐴𝑓𝑓(𝑠𝑠), 𝐵𝐵𝑓𝑓(𝑠𝑠) in a set 𝑋𝑋 as follows: 

𝐴𝐴𝑓𝑓(𝑠𝑠) = �
1
2
�

, 0� , 0� , 0� , … … � 

𝐵𝐵𝑓𝑓(𝑠𝑠) = �
1
2

,
� 1

2
,
� 1

2
�

, … … . . � 
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Let 𝛿𝛿(𝑠𝑠) = {𝐴𝐴𝑓𝑓(𝑠𝑠),𝑋𝑋𝑓𝑓0(𝑠𝑠),𝑋𝑋𝑓𝑓1(𝑠𝑠)} and 𝜂𝜂(𝑠𝑠) = �𝐵𝐵𝑓𝑓(𝑠𝑠),𝑋𝑋𝑓𝑓0(𝑠𝑠),𝑋𝑋𝑓𝑓1(𝑠𝑠)�. Then (𝑋𝑋, 𝛿𝛿(𝑠𝑠)) and (𝑋𝑋, 𝜂𝜂(𝑠𝑠)) are fuzzy sequential 
topological spaces. Define a map 𝑔𝑔 ∶ (𝑋𝑋, 𝛿𝛿(𝑠𝑠)) → (𝑋𝑋, 𝜂𝜂(𝑠𝑠)) by 𝑔𝑔(𝑥𝑥)  =  𝑥𝑥 for all 𝑥𝑥 ∈ 𝑋𝑋. Then g is fs-semicontinuous 
but not fs-almost continuous. 
 
Remark 3.1: Example 3.3 and Example 3.4 shows that an fs-almost continuous mapping and an fs-semicontinuous 
mapping are independent notions. 
 
Definition 3.3: An FSTS (𝑋𝑋, 𝛿𝛿(𝑠𝑠)) is called an fs-semiregular space if the collection of all fs-regular open sets in 𝑋𝑋 
forms a base for 𝛿𝛿(𝑠𝑠). 
 
Theorem 3.4: Let 𝑔𝑔 ∶ (𝑋𝑋, 𝛿𝛿(𝑠𝑠)) → (𝑌𝑌, 𝜂𝜂(𝑠𝑠))  be a mapping, where (𝑌𝑌, 𝜂𝜂(𝑠𝑠)) is an fs-semiregular space. Then g is fs-
almost continuous if and only if g is fs-continuous. 
 
Proof: We need only to show that if g is fs-almost continuous, then it is fs-continuous. Suppose 𝑔𝑔 is fs-almost 
continuous. Let 𝐵𝐵𝑓𝑓(𝑠𝑠) ∈ 𝜂𝜂(𝑠𝑠), then 𝐵𝐵𝑓𝑓(𝑠𝑠) =∨𝜆𝜆∈Λ 𝐵𝐵𝜆𝜆𝑓𝑓 (𝑠𝑠), where 𝐵𝐵𝜆𝜆𝑓𝑓 (𝑠𝑠)’s are fs-regular open sets in 𝑌𝑌 . Then 

𝑔𝑔−1(𝐵𝐵𝑓𝑓(𝑠𝑠)) = ⋁𝜆𝜆∈Λ𝑔𝑔−1(𝐵𝐵𝜆𝜆𝑓𝑓 (𝑠𝑠)) 
                    ≤ ⋁𝜆𝜆∈Λ(𝑔𝑔−1((𝐵𝐵𝜆𝜆𝑓𝑓 (𝑠𝑠)���������)𝜊𝜊))𝜊𝜊  
                    = ⋁𝜆𝜆∈Λ(𝑔𝑔−1(𝐵𝐵𝜆𝜆𝑓𝑓 (𝑠𝑠)))𝜊𝜊  
                    ≤ (⋁𝜆𝜆∈Λ𝑔𝑔−1(𝐵𝐵𝜆𝜆𝑓𝑓 (𝑠𝑠)))𝜊𝜊  
                    = (𝑔𝑔−1(𝐵𝐵𝑓𝑓(𝑠𝑠)))𝜊𝜊  

which shows 𝑔𝑔−1(𝐵𝐵𝑓𝑓(𝑠𝑠)) ∈ 𝛿𝛿(𝑠𝑠). 
 
Theorem 3.5: Let 𝑋𝑋, 𝑋𝑋1 and 𝑋𝑋2 be fuzzy sequential topological spaces and 𝜋𝜋𝑖𝑖 : 𝑋𝑋1 × 𝑋𝑋2 → 𝑋𝑋𝑖𝑖  (𝑖𝑖 =  1, 2) be the 
projection mappings from 𝑋𝑋1 × 𝑋𝑋2 onto 𝑋𝑋𝑖𝑖 . If 𝑔𝑔: 𝑋𝑋 → 𝑋𝑋1 × 𝑋𝑋2 is fs-almost continuous, then 𝜋𝜋𝑖𝑖𝜊𝜊𝑔𝑔 is also fs-almost 
continuous. 
 
Proof: Let 𝑔𝑔 be an fs-almost continuous map and let 𝐵𝐵𝑓𝑓(𝑠𝑠) be an fs-regular open set in 𝑋𝑋𝑖𝑖 . Since 𝜋𝜋𝑖𝑖  is fs-continuous, 
we have 𝜋𝜋𝑖𝑖−1(𝐵𝐵𝑓𝑓(𝑠𝑠))��������������� ≤ 𝜋𝜋𝑖𝑖−1(𝐵𝐵𝑓𝑓(𝑠𝑠)�������) and since 𝜋𝜋𝑖𝑖  is fs-open we have, 𝜋𝜋𝑖𝑖−1(𝐵𝐵𝑓𝑓𝜊𝜊(𝑠𝑠)) ≤ (𝜋𝜋𝑖𝑖−1(𝐵𝐵𝑓𝑓(𝑠𝑠)))𝜊𝜊 . Also 𝐵𝐵𝑓𝑓(𝑠𝑠) ≤
𝜋𝜋𝑖𝑖−1(𝜋𝜋𝑖𝑖(𝐵𝐵𝑓𝑓(𝑠𝑠))) and 𝜋𝜋𝑖𝑖(𝜋𝜋𝑖𝑖−1(𝐵𝐵𝑓𝑓(𝑠𝑠)) ≤ 𝐵𝐵𝑓𝑓(𝑠𝑠). Thus 

     𝜋𝜋𝑖𝑖 ��𝜋𝜋𝑖𝑖−1 �𝐵𝐵𝑓𝑓(𝑠𝑠)��
𝜊𝜊
� ≤ 𝜋𝜋𝑖𝑖 �𝜋𝜋𝑖𝑖−1 �𝐵𝐵𝑓𝑓(𝑠𝑠)�� ≤ 𝐵𝐵𝑓𝑓(𝑠𝑠) 

⇒ 𝜋𝜋𝑖𝑖 ��𝜋𝜋𝑖𝑖−1 �𝐵𝐵𝑓𝑓(𝑠𝑠)��
𝜊𝜊
� ≤ 𝐵𝐵𝑓𝑓𝜊𝜊(𝑠𝑠) 

⇒ �𝜋𝜋𝑖𝑖−1 �𝐵𝐵𝑓𝑓(𝑠𝑠)��
𝜊𝜊
≤  𝜋𝜋𝑖𝑖−1(𝜋𝜋𝑖𝑖 ��𝜋𝜋𝑖𝑖−1 �𝐵𝐵𝑓𝑓(𝑠𝑠)��

𝜊𝜊
�) ≤ 𝜋𝜋𝑖𝑖−1 �𝐵𝐵𝑓𝑓𝜊𝜊(𝑠𝑠)� = 𝜋𝜋𝑖𝑖−1 �𝐵𝐵𝑓𝑓(𝑠𝑠)� 

⇒ 𝜋𝜋𝑖𝑖−1 �𝐵𝐵𝑓𝑓(𝑠𝑠)� = �𝜋𝜋𝑖𝑖−1 �𝐵𝐵𝑓𝑓(𝑠𝑠)��
𝜊𝜊
≤ �𝜋𝜋𝑖𝑖−1 �𝐵𝐵𝑓𝑓(𝑠𝑠)������������������

𝜊𝜊
≤ �𝜋𝜋𝑖𝑖−1�𝐵𝐵𝑓𝑓(𝑠𝑠)���������

𝜊𝜊
=       𝜋𝜋𝑖𝑖−1 ��𝐵𝐵𝑓𝑓(𝑠𝑠)��������

𝜊𝜊
� = 𝜋𝜋𝑖𝑖−1 �𝐵𝐵𝑓𝑓(𝑠𝑠)� 

⇒ 𝜋𝜋𝑖𝑖−1 �𝐵𝐵𝑓𝑓(𝑠𝑠)� = �𝜋𝜋𝑖𝑖−1 �𝐵𝐵𝑓𝑓(𝑠𝑠)������������������
𝜊𝜊
   . 

 

Therefore,           (𝜋𝜋𝑖𝑖𝜊𝜊𝑔𝑔)−1 �𝐵𝐵𝑓𝑓(𝑠𝑠)� = 𝑔𝑔−1 �𝜋𝜋𝑖𝑖−1 ��𝐵𝐵𝑓𝑓(𝑠𝑠)��������
𝜊𝜊
�� 

                              = 𝑔𝑔−1 ��𝜋𝜋𝑖𝑖−1 �𝐵𝐵𝑓𝑓(𝑠𝑠)������������������
𝜊𝜊
� 

                              = �𝑔𝑔−1 ��𝜋𝜋𝑖𝑖−1 �𝐵𝐵𝑓𝑓(𝑠𝑠)������������������
𝜊𝜊
��

𝜊𝜊

 

                              ≤ �𝑔𝑔−1 ��𝜋𝜋𝑖𝑖−1�𝐵𝐵𝑓𝑓(𝑠𝑠)���������
𝜊𝜊
��

𝜊𝜊

 

                              = �𝑔𝑔−1 �𝜋𝜋𝑖𝑖−1 ��𝐵𝐵𝑓𝑓(𝑠𝑠)��������
𝜊𝜊
���

𝜊𝜊

 

                              = �𝑔𝑔−1 �𝜋𝜋𝑖𝑖−1�𝐵𝐵𝑓𝑓(𝑠𝑠)���
𝜊𝜊
 

                              = �(𝜋𝜋𝑖𝑖𝜊𝜊𝑔𝑔)−1 �𝐵𝐵𝑓𝑓(𝑠𝑠)��
𝜊𝜊
 

 
Hence the theorem. 
 
Definition 3.4: A mapping 𝑔𝑔 ∶ (𝑋𝑋, 𝛿𝛿(𝑠𝑠)) → (𝑌𝑌, 𝜂𝜂(𝑠𝑠)) is called an fs-weakly continuous mapping if for each fs-open set 
𝐵𝐵𝑓𝑓(𝑠𝑠) in 𝑌𝑌, 𝑔𝑔−1(𝐵𝐵𝑓𝑓(𝑠𝑠)) ≤ (𝑔𝑔−1(𝐵𝐵𝑓𝑓(𝑠𝑠)�������))𝜊𝜊 . 
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Remark 3.2: It is clear that every fs-continuous mapping is fs-weakly continuous. The converse is not true, in general, 
which is shown by Example 3.5. The Example also shows that an fs-weakly continuous mapping may neither be fs-
semicontinuous nor fs-almost continuous. However, it is clear that an fs-almost continuous mapping is also fs-weakly 
continuous. 
 
Example 3.5: Consider the fs-sets 𝐴𝐴𝑓𝑓(𝑠𝑠), 𝐵𝐵𝑓𝑓(𝑠𝑠) in a set 𝑋𝑋 as follows: 

𝐴𝐴𝑓𝑓(𝑠𝑠) = �
1
2

,
� 1

2
,
� 1

2
�

, … … . . � 

𝐵𝐵𝑓𝑓(𝑠𝑠) = �
1
3

,
� 1

3
,
� 1

3
�

, … … . . � 

Let 𝛿𝛿(𝑠𝑠) = {𝐴𝐴𝑓𝑓(𝑠𝑠),𝑋𝑋𝑓𝑓0(𝑠𝑠),𝑋𝑋𝑓𝑓1(𝑠𝑠)} and 𝜂𝜂(𝑠𝑠) = �𝐵𝐵𝑓𝑓(𝑠𝑠),𝑋𝑋𝑓𝑓0(𝑠𝑠),𝑋𝑋𝑓𝑓1(𝑠𝑠)�. Then (𝑋𝑋, 𝛿𝛿(𝑠𝑠)) and (𝑋𝑋, 𝜂𝜂(𝑠𝑠)) are fuzzy sequential 
topological spaces. Define a map 𝑔𝑔 ∶ (𝑋𝑋, 𝛿𝛿(𝑠𝑠)) → (𝑋𝑋, 𝜂𝜂(𝑠𝑠)) by 𝑔𝑔(𝑥𝑥)  =  𝑥𝑥 for all 𝑥𝑥 ∈ 𝑋𝑋. Then 𝑔𝑔 is fs-weakly 
continuous but not fs-continuous. Since the inverse image of fs-open set 𝐵𝐵𝑓𝑓(𝑠𝑠) of 𝑌𝑌 is not fs-semiopen in 𝑋𝑋, hence 𝑔𝑔 is 
not fs-semicontinuous. Again, as the inverse image of fs-regular open set 𝐵𝐵𝑓𝑓(𝑠𝑠) of 𝑌𝑌 is not fs-open in 𝑋𝑋, 𝑔𝑔 is not fs-
almost continuous. 
 
Remark 3.3: The map 𝑔𝑔 defined in Example 3.4, is fs-semicontinuous but not fs-weakly continuous. 
 
Remark 3.4: Example 3.5 and Remark 3.3 shows that fs-semicontinuity and fs-weakly continuity are independent 
notions. 
 
Definition 3.5: An FSTS �𝑋𝑋, 𝛿𝛿(𝑠𝑠)� is called an Ωfs-semiregular space if each fs-open set 𝐴𝐴𝑓𝑓(𝑠𝑠) of 𝑋𝑋 is the union of fs-
open sets 𝐴𝐴𝜆𝜆𝑓𝑓 (𝑠𝑠) (𝜆𝜆 ∈ Λ) of 𝑋𝑋 such that 𝐴𝐴𝜆𝜆𝑓𝑓 (𝑠𝑠) ��������� ≤ 𝐴𝐴𝑓𝑓(𝑠𝑠) for all 𝜆𝜆 ∈ Λ. 
 
Theorem 3.6: An Ωfs-semiregular space is fs-semiregular. 
 
Proof: Let �𝑋𝑋, 𝛿𝛿(𝑠𝑠)� be an Ωfs-semiregular space and 𝐴𝐴𝑓𝑓(𝑠𝑠) be an fs-open set in 𝑋𝑋. Then 𝐴𝐴𝑓𝑓(𝑠𝑠)  = ⋁𝜆𝜆∈Λ 𝐴𝐴𝜆𝜆𝑓𝑓 (𝑠𝑠), where 
𝐴𝐴𝜆𝜆𝑓𝑓 (𝑠𝑠) are fs-open sets of 𝑋𝑋 such that 𝐴𝐴𝜆𝜆𝑓𝑓 (𝑠𝑠)��������� ≤ 𝐴𝐴𝑓𝑓(𝑠𝑠) for all 𝜆𝜆 ∈ Λ. Since 𝐴𝐴𝜆𝜆𝑓𝑓 (𝑠𝑠) ≤ (𝐴𝐴𝜆𝜆𝑓𝑓 (𝑠𝑠)���������)𝜊𝜊 ≤ 𝐴𝐴𝑓𝑓(𝑠𝑠), we have 
𝐴𝐴𝑓𝑓(𝑠𝑠)  = ⋁𝜆𝜆∈Λ (𝐴𝐴𝜆𝜆𝑓𝑓 (𝑠𝑠)���������)𝜊𝜊 . Now, for each 𝜆𝜆 ∈ Λ, (𝐴𝐴𝜆𝜆𝑓𝑓 (𝑠𝑠)���������)𝜊𝜊  is fs-regular open in 𝑋𝑋 and thus �𝑋𝑋, 𝛿𝛿(𝑠𝑠)� is a                    
fs-semiregular space. 
 
Remark 3.5: Example 3.6 shows that the converse of Theorem 3.6 may not be true. 
 
Example 3.6: Consider the fuzzy sequential topological space �𝑋𝑋, 𝛿𝛿(𝑠𝑠)�, where δ(s) = {Af(s), Bf(s), Af(s) ∨
Bfs, Afs∧Bfs, Xf0s, Xf1s and where the fs-sets 𝐴𝐴𝑓𝑓𝑠𝑠 and 𝐵𝐵𝑓𝑓𝑠𝑠 in 𝑋𝑋, are defined as follows: 

Af(s) = �
1
4
�

, 1� , 1� , 1� , … … � 

Bf(s) = �
1
2

,
�

0� , 0� , 0� , … … . . � 

Then �𝑋𝑋, 𝛿𝛿(𝑠𝑠)� is an fs-semiregular space. Now, the only way of writing 𝐴𝐴𝑓𝑓(𝑠𝑠) as the union of fs-open sets is the union 
of itself and 𝐴𝐴𝑓𝑓(𝑠𝑠)������� is not contained in 𝐴𝐴𝑓𝑓(𝑠𝑠). Hence �𝑋𝑋, 𝛿𝛿(𝑠𝑠)� is not an Ωfs-semiregular space. 
 
Theorem 3.7: Let 𝑔𝑔 ∶ (𝑋𝑋, 𝛿𝛿(𝑠𝑠)) → (𝑌𝑌, 𝜂𝜂(𝑠𝑠))  be a mapping where (𝑋𝑋, 𝛿𝛿(𝑠𝑠)) is any FSTS and (𝑌𝑌, 𝜂𝜂(𝑠𝑠)) is an Ωfs-
semiregular space. Then 𝑔𝑔 is fs-weakly continuous if and only if 𝑔𝑔 is fs-continuous. 
 
Proof: It suffices to show that if 𝑔𝑔 is fs-weakly continuous, then it is fs-continuous. For this, let 𝐵𝐵𝑓𝑓(𝑠𝑠) ∈ 𝜂𝜂(𝑠𝑠). Then 
𝐵𝐵𝑓𝑓(𝑠𝑠) = ⋁𝜆𝜆∈Λ 𝐵𝐵𝜆𝜆𝑓𝑓 (𝑠𝑠), where for all 𝜆𝜆 ∈ Λ, 𝐵𝐵𝜆𝜆𝑓𝑓 (𝑠𝑠) ∈ 𝜂𝜂(𝑠𝑠) and 𝐵𝐵𝜆𝜆𝑓𝑓 (𝑠𝑠)��������� ≤ 𝐵𝐵𝑓𝑓(𝑠𝑠). Since 𝑔𝑔 is fs- weakly continuous, we 
have 

𝑔𝑔−1 �𝐵𝐵𝑓𝑓(𝑠𝑠)� = 𝑔𝑔−1 �⋁𝜆𝜆∈Λ 𝐵𝐵𝜆𝜆𝑓𝑓 (𝑠𝑠)� = ⋁𝜆𝜆∈Λ 𝑔𝑔−1(𝐵𝐵𝜆𝜆𝑓𝑓 (𝑠𝑠)) 
                      ≤ ⋁𝜆𝜆∈Λ (𝑔𝑔−1( 𝐵𝐵𝜆𝜆𝑓𝑓 (𝑠𝑠) ����������))𝜊𝜊  
                      ≤ ⋁𝜆𝜆∈Λ (𝑔𝑔−1(𝐵𝐵𝑓𝑓(𝑠𝑠)))𝜊𝜊  
                      = (𝑔𝑔−1(𝐵𝐵𝑓𝑓(𝑠𝑠)))𝜊𝜊  

and hence 𝑔𝑔−1(𝐵𝐵𝑓𝑓(𝑠𝑠)) is fs-open in 𝑋𝑋. Thus 𝑔𝑔 is fs-continuous. 
 
Theorem 3.8: Let 𝑋𝑋, 𝑋𝑋1 and 𝑋𝑋2 be FSTS’s and 𝜋𝜋𝑖𝑖 :𝑋𝑋1 × 𝑋𝑋2 → 𝑋𝑋𝑖𝑖  (𝑖𝑖 =  1, 2) be the projection mappings from 𝑋𝑋1 × 𝑋𝑋2 
onto 𝑋𝑋𝑖𝑖 . If 𝑔𝑔 ∶ 𝑋𝑋 → 𝑋𝑋1 × 𝑋𝑋2 is fs-weakly continuous, then 𝜋𝜋𝑖𝑖𝑜𝑜𝑔𝑔 is also fs-weakly continuous. 
 
Proof: The proof is analogous to the proof of Theorem 3.5. 
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