
CHAPTER

3

Separation Axioms

After the initiation of fuzzy topology by C. L. Chang in 1968, a

number of works have been done in fuzzy topology. One of them

is the study of separation axioms. This Chapter mainly deals with

the separation axioms in our setting of fuzzy sequential topology.

3.1 Separation Axioms in a Fuzzy Sequential

Topological Space

Definition 3.1.1 Two fuzzy sequential points Pf(s) = (pM
fx, r)

and Qf(s) = (pN
fy, t) are said to be identical if x = y, M = N

and r = t; otherwise they are distinct.

Definition 3.1.2 A set M ⊆ N is said to be the base of a fuzzy

sequential set Uf(s) if Un
f 6= 0 ∀n ∈M and Un

f = 0 ∀n ∈ N−M .
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Definition 3.1.3 A fuzzy sequential set Bf(s) (having base N )

is said to be completely contained in a fuzzy sequential set Af(s)

(having base M) if M = N and Bn
f ≤ An

f for all n ∈ N .

Definition 3.1.4 A fuzzy sequential set Bf(s) (having base N)

is said to be totally reduced from the fuzzy sequential set Af(s)

(having base M) if N $ M and Bn
f ≤ An

f ∀n ∈ N .

Definition 3.1.5 An FSTS (X, δ(s)) is said to be an fs-T0 space

if for any two distinct fuzzy sequential points Pf(s) and Qf(s),

there exist a weak Q-nbd of one of Pf(s) and Qf(s) which is not

weakly quasi-coincident with the other.

Theorem 3.1.1 An FSTS (X, δ(s)) is an fs-T0 space if and

only if for every pair of distinct fuzzy sequential points Pf(s) and

Qf(s), either Pf(s) does not belong to the closure of Qf(s) or

Qf(s) does not belong to the closure of Pf(s).

Proof. Suppose (X, δ(s)) be fs-T0. Then, ∃ a weak Q-nbd

Uf(s) of Pf(s) (say) which is not weakly quasi-coincident with

Qf(s). This implies that Pf(s) /∈ Qf(s). Conversely, suppose

Pf(s) and Qf(s) be any two distinct fuzzy sequential points such

that Pf(s) /∈ Qf(s). This implies that ∃ a weak Q-nbd of Pf(s)

which is not weakly quasi-coincident with Qf(s). Hence (X, δ(s))

is fs-T0.

Corollary 3.1.1 An FSTS (X, δ(s)) is fs-T0 space if and only if

distinct fuzzy sequential points have distinct closures.
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Theorem 3.1.2 A fuzzy topology (X, δ) is fuzzy T0 if and only

if the fuzzy sequential topology (X, δN) is fs-T0.

Proof. Suppose (X, δ) be fuzzy T0. Let Pf(s) = (pM
fx, r) and

Qf(s) = (pN
fy, t) be any two distinct fuzzy sequential points where

r = {rn}n and t = {tn}n.

Case I. Suppose x 6= y. Then, for prm
x 6= ptm

y (m ∈M), ∃ a Q-nbd

U of prm
x which is not quasi-coincident with ptm

x .

Case II. Suppose x = y, M ∩N = φ. Then for prm
x 6= ptm

x (m ∈M

), ∃ a Q-nbd U of prm
x which is not quasi-coincident with ptm

x .

Case III. Suppose x = y, N ⊆ M . If rm 6= tm for some m ∈

N , then for prm
x 6= ptm

x , ∃ a Q-nbd U of prm
x which is not quasi-

coincident with ptm
x . If rn = tn ∀ n ∈ N , then for prm

x 6= ptm
x

(m ∈M −N), ∃ a Q-nbd U of prm
x which is not quasi-coincident

with ptm
x .

Case IV. Suppose x = y and neither N ⊆ M nor M ⊆ N nor

M ∩ N = φ. Then, for prm
x 6= ptm

x (m ∈ M , m /∈ N ), ∃ a Q-nbd

U of prm
x which is not quasi-coincident with ptm

x .

In all the above cases, the fuzzy sequential set Uf(s) where Um =

U and Un = 0 ∀n 6= m, is a weak Q-nbd of Pf(s) which is not

weakly quasi-coincident with Qf(s).

Conversely, suppose (X, δN) is fs-T0. Let pλ
x and pµ

y be any

two distinct fuzzy points in X. Then, for each n ∈ N, fuzzy

sequential points (pn
fx, λ) and (pn

fy, µ) are distinct. So ∃ a weak

Q-nbd Uf(s) of one of (pn
fx, λ) and (pn

fy, µ) which is not weakly



Separation Axioms in a Fuzzy Sequential Topological Space 34

quasi-coincident with the other. This implies, Un
f is a Q-nbd of

one of pλ
x and pµ

y which is not quasi-coincident with the other .

Theorem 3.1.3 If an FSTS (X, δ(s)) is fs-T0, then the fuzzy

topological space (X, δn) is fuzzy T0 for each n ∈ N, where δn =

{An
f ; Af(s) ∈ δ(s)}.

Proof. Suppose (X, δ(s)) be fs-T0. Let pλ
x and pµ

y be any two

distinct fuzzy points in X. Then for each n ∈ N, fuzzy sequential

points (pn
fx, λ) and (pn

fy, µ) are distinct. So ∃ a weak Q-nbd

Uf(s) of one of (pn
fx, λ) and (pn

fy, µ) which is not weakly quasi-

coincident with the other. This implies, Un
f is a Q-nbd of one of

pλ
x and pµ

y which is not quasi-coincident with the other .

Converse of Theorem 3.1.3 may not be true, as shown by the

following Example.

Example 3.1.1 Let (X, δ) be a fuzzy topological space. For any

A ∈ δ, let us consider the fuzzy sequential sets BfA(s), CfA(s)

and DfA(s), where Bn
fA = A for odd n, Bn

fA = 0 for even n,

Cn
fA = 0 for odd n, Cn

fA = A for even n and Dn
fA = A ∀n ∈ N.

The collection δ(s) of all the fuzzy sequential sets BfA(s), CfA(s)

and DfA(s) for all A ∈ δ, forms a fuzzy sequential topology on X.

If (X, δ) is fuzzy T0, then the components of (X, δ(s)) are fuzzy

T0 but (X, δ(s)) is not fs-T0.

Definition 3.1.6 Suppose Uf(s) and Vf(s) be two fuzzy sequen-

tial sets. If there exists an M ⊆ N such that Un
f qV

n
f ∀n ∈
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M , we say that Uf(s) is M-quasi coincident with Vf(s) and we

write Uf(s)q
MVf(s). If Un

f qV
n
f for at least one n ∈ M , we say

that Uf(s) is weakly M-quasi coincident with Vf(s) and we write

Uf(s)q
M
w Vf(s).

Definition 3.1.7 An FSTS (X, δ(s)) is said to be an fs-T1 space

if every fuzzy sequential point in X is closed.

Remark 3.1.1 An fs-T1 space is fs-T0.

Theorem 3.1.4 A fuzzy topological space (X, δ) is fuzzy T1 if

and only if the fuzzy sequential topological space (X, δN) is fs-T1.

Proof. Proof is omitted.

Theorem 3.1.5 If an FSTS (X, δ(s)) is fs-T1, then the compo-

nent fuzzy topological space (X, δn) is fuzzy T1 for each n ∈ N.

Proof. Proof is omitted.

The next example shows that the converse of Theorem 3.1.5

may not true.

Example 3.1.2 Let (X, δ) be a fuzzy topological space. For any

A ∈ δ, let us consider the fuzzy sequential sets BfA(s), CfA(s)

and DfA(s), where Bn
fA = A for odd n, Bn

fA = 0 for even n,

Cn
fA = 0 for odd n, Cn

fA = A for even n and Dn
fA = A ∀n ∈ N.

The collection δ(s) of all the fuzzy sequential sets BfA(s), CfA(s)
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and DfA(s) for all A ∈ δ, forms a fuzzy sequential topology on X.

If (X, δ) is fuzzy T1 then the components of (X, δ(s)) are fuzzy

T1 but (X, δ(s)) is not fs-T1.

Theorem 3.1.6 An FSTS (X, δ(s)) is fs-T1 if and only if for

each x ∈ X and each sequence r = {rn}n in I, ∃ Bf(s)̇ ∈ δ(s)

such that Bf(s)(x) = 1− r and Bf(s)(y) = 1 for y 6= x.

Proof. Suppose (X, δ(s)) be fs-T1. If r is a zero sequence, then

it is sufficient to take Bf(s) = X1
f (s). Suppose r is a non zero

sequence. Let M ⊆ N such that rn 6= 0 ∀n ∈ M and rn = 0

∀n ∈ N−M . If Pf(s) = (pM
fx, r), then Bf(s) = X1

f (s)− Pf(s) is

the required open fuzzy sequential set.

Conversely, suppose Pf(s) = (pM
fx, r) be an arbitrary fuzzy se-

quential point in X. By the given condition, there exists an open

fuzzy sequential set Bf(s) in X such that Bf(s)(x) = 1 − r and

Bf(s)(y) = 1 for y 6= x. It follows that Pf(s) is the complement

of Bf(s) and hence is closed.

Theorem 3.1.7 The fuzzy derived sequential set of every fuzzy

sequential set on an fs-T1 space is closed.

Proof. The fuzzy derived sequential set of a fuzzy sequential

point in an fs-T1 space is a fuzzy sequential point and hence is

closed. Thus the result follows from Theorem 2.1.5.

Definition 3.1.8 An FSTS (X, δ(s)) is said to be an fs-Hausdorff

or an fs-T2 space if for any two distinct fuzzy sequential points
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Pf(s) = (pM
fx, r) and Qf(s) = (pN

fy, t), none of which is com-

pletely contained in the other, ∃ open fuzzy sequential sets Uf(s)

and Vf(s) in (X, δ(s)) such that

Pf(s)q
M−N
w Uf(s), Qf(s)qwVf(s), Pf(s) q

M−N
w Vf(s),

and Qf(s) qw Uf(s),

whenever Qf(s) is a totally reduced fuzzy sequential point from

Pf(s); otherwise there exist open fuzzy sequential sets Uf(s) and

Vf(s) in (X, δ(s)) such that

Pf(s)qwUf(s), Qf(s)qwVf(s), Pf(s) qw Vf(s), Qf(s) qw Uf(s).

Definition 3.1.9 An FSTS (X, δ(s)) is said to be a weak fs-

Hausdorff space or (w) fs-Hausdorff space if for any two distinct

fuzzy sequential points Pf(s) = (pM
fx, r) and Qf(s) = (pN

fy, t),

none of which is completely contained in the other, there exist

open fuzzy sequential sets Uf(s) and Vf(s) in (X, δ(s)) such that

Pf(s) ∈M−N
w Uf(s), Qdf(s) ∈w Vf(s), Uf(s)qwVf(s),

whenever Qf(s) is a totally reduced fuzzy sequential point from

Pf(s); otherwise there exist open fuzzy sequential sets Uf(s) and

Vf(s) in (X, δ(s)) such that

Pf(s) ∈w Uf(s), Qdf(s) ∈w Vf(s), Uf(s)qwVf(s).

Theorem 3.1.8 An fs-Hausdorff space is a weak fs-Hausdorff

space.

Proof. Proof is omitted.
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Example 3.1.3 shows that a weak fs-Hausdorff space may not

be an fs-Hausdorff space.

Example 3.1.3 Let X = {x, y}, δ = {r, r ∈ [0, 1]}. Then (X,

δN) is weak fs-Hausdorff but not fs-Hausdorff.

An fs-T2 space may not be an fs-T1 space, as shown by the

following Example.

Example 3.1.4 Let X = {x, y}, δ = {1, 0, p1
x, p

1
y}. Fuzzy

sequential topological space (X, δN) is fs-T2 but not fs-T1.

Definition 3.1.10 An FSTS (X, δ(s)) is said to be a weak fs-T2

or (w) fs-T2 space if it is (w) fs-Hausdorff and fs-T1.

Remark 3.1.2 An fs-T2 space is weak fs-T2.

Theorem 3.1.9 An FSTS (X, δ(s)) is fs-Hausdorff if and only if

for any two distinct fuzzy sequential points Pf(s) = (pM
fx, r) and

Qf(s) = (pN
fy, t), none of which is completely contained in the

other, there exist open fuzzy sequential sets Gf(s), Hf(s), Df(s)

and Ef(s) in (X, δ(s)) such that

Pf(s) ∈M−N Gf(s), Qf(s)qwHf(s), Gf(s) qw Hf(s),

Pf(s)q
M−N
w Df(s), Qf(s) ∈ Ef(s), Ef(s)qwDf(s),

whenever Qf(s) is a totally reduced fuzzy sequential point from

Pf(s); otherwise there exist open fuzzy sequential sets Gf(s), Hf(s),
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Df(s) and Ef(s) in (X, δ(s)) such that

Pf(s) ∈ Gf(s), Qf(s)qwHf(s), Gf(s)qwHf(s),

Pf(s)qwDf(s), Qf(s) ∈ Ef(s), Ef(s)qwDf(s).

Proof. Let Pf(s) = (pM
fx, r) and Qf(s) = (pN

fy, t) be any two

distinct fuzzy sequential points in X, none of which is completely

contained in the other. Suppose (X, δ(s)) is fs-Hausdorff.

Case I. Suppose none of Pf(s) and Qf(s) is totally reduced from

the other. Then, there exist open fuzzy sequential sets Uf(s) and

Vf(s) in (X, δ(s)) such that

Pf(s)qwUf(s), Qf(s)qwVf(s), Pf(s) qw Vf(s), Qf(s) qw Uf(s).

If we take Gf(s) = X1
f (s)− Vf(s), Hf(s) = Vf(s), Df(s) = Uf(s)

and Ef(s) = X1
f (s)− Uf(s), we are done.

Case II. Suppose one of Pf(s) and Qf(s), say Qf(s) is totally

reduced from Pf(s). Then, there exist open fuzzy sequential sets

Uf(s) and Vf(s) in (X, δ(s)) such that

Pf(s)q
M−N
w Uf(s), Qf(s) qw Vf(s), Pf(s) q

M−N
w Vf(s),

and Qf(s) qw Uf(s).

Now if we take Gf(s) = X1
f (s) − Vf(s), Hf(s) = Vf(s), Df(s) =

Uf(s) and Ef(s) = X1
f (s)− Uf(s), we are done.

Conversely, suppose the given conditions are true. In both

the cases, if we take Uf(s) = Df(s), Vf(s) = Hf(s) and use the

Definition 3.1.8, we are done.
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Theorem 3.1.10 An FSTS (X, δ(s)) is fs-Hausdorff if and only

if for any fuzzy sequential point Pf(s) in X,

Pf(s) = ∧{Nf(s); Nf(s) is a nbd of Pf(s)} (3.1.1)

Proof. Suppose (X, δ(s)) be fs-Hausdorff. Let Pf(s) = (pM
fx,

r) be any fuzzy sequential point in X and Qf(s) = (pN
fx, t) be

another fuzzy sequential point distinct from Pf(s) and Qf(s) /∈

Pf(s).

If Pf(s) is totally reduced from Qf(s), there exist an open

fuzzy sequential set Vf(s) in (X, δ(s)) such that

Qf(s) q
N−M
w Vf(s), Pf(s) qwVf(s) ;

otherwise there exist an open fuzzy sequential set Vf(s) in (X,

δ(s)) such that

Qf(s) qw Vf(s), Pf(s) qw Vf(s).

In both the cases, if we take Uf(s) = X1
f (s)−Vf(s), then Pf(s) ∈

Uf(s) and Qf(s) /∈ Uf(s). Hence 3.1.1 is true.

Conversely, suppose 3.1.1 holds. Let Pf(s) = (pM
fx, r) and

Qf(s) = (pN
fy, t) be any two distinct fuzzy sequential points in X,

none of which is completely contained in the other.

Case I. Suppose none of Pf(s) and Qf(s) is totally reduced from

the other. By 3.1.1, there exist nbds Sf(s) and Tf(s) of Pf(s) and

Qf(s) respectively such that

Pf(s) /∈ Tf(s) and Qf(s) /∈ Sf(s).
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Case II. Suppose one of Pf(s) and Qf(s), Qf(s) (say) is totally

reduced from Pf(s). Then, there exist nbds Sf(s) and Tf(s) of

P ′
f(s) and Qf(s) respectively such that Pf(s) /∈M−N Tf(s) and

Qf(s) /∈ Sf(s), where P
′

f(s)̇ is a reduced fuzzy sequential point of

Pf(s) with base M −N .

In both of the above two cases, if we take Uf(s) = X1
f (s)−Tf(s),

Vf(s) = X1
f (s)− Sf(s) and use the Definition 3.1.8, we are done.

Theorem 3.1.11 If a fuzzy topological space (X, δ) is fuzzy T2,

then the FSTS (X, δN) is weak fs-Hausdorff.

Proof. Proof is omitted.

That the converse of Theorem 3.1.11 is not true, is shown by

the following Example.

Example 3.1.5 Let X = {x, y}, δ = {1, 0, p1
x, p

1
y}. Then, the

fuzzy sequential topological space (X, δN) is weak fs-Hausdorff

although the fuzzy topological space (X, δ) is not fuzzy T2.

Example 3.1.6 shows that even if (X, δ) is fuzzy T2, the FSTS

(X, δN) may not be fs-Hausdorff.

Example 3.1.6 Let X = {x, y}, δ = {r, r ∈ [0, 1]}. Then, the

fuzzy topological space (X, δ) is fuzzy T2 but the FSTS (X, δN) is

not fs-Hausdorff.
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Example 3.1.7 shows that if an FSTS (X, δ(s)) is fs-T2, then

its component fuzzy topological space (X, δn) may not be fuzzy

T2 for each n ∈ N.

Example 3.1.7 Let X = {x, y}, δ = {1, 0, p1
x, p

1
y}. Let δ(s) =

δN, then (X, δ(s)) is fs-T2 but (X, δn) = (X, δ) (∀n ∈ N) is not

fuzzy T2.

Example 3.1.8 shows that even if all the component fuzzy topo-

logical spaces of an FSTS are fuzzy T2, the FSTS may not be fs-T2.

Example 3.1.8 Let (X, δ) be a fuzzy topological space. For

any G ∈ δ, consider the fs-sets AfG(s), BfG(s), CfG(s) where

An
fG = G for odd n, An

fG = 0 for even n; Bn
fG = 0 for odd n,

Bn
fG = G for even n; Cn

fG = G ∀n ∈ N. Then the collection

δ(s) of all the fs-sets AfG(s), BfG(s), CfG(s) ∀G ∈ δ, forms a

fuzzy sequential topology on X. If (X, δ) is fuzzy T2, then the

components of (X, δ(s)) are fuzzy T2 but (X, δ(s)) itself is not

fs-T2.

Definition 3.1.11 An FSTS (X, δ(s)) is said to be fs-regular if

for any fuzzy sequential point Pf(s) = (pM
fx, r) and a non zero

closed fuzzy sequential set Af(s) such that Pf(s) /∈ Af(s) and

Af(s) is not completely contained in Pf(s), there exist open fuzzy

sequential sets Uf(s) and Vf(s) in (X, δ(s)) such that

Pf(s) q
M−N
w Uf(s), Af(s) qw Vf(s), Pf(s) q

M−N
w Vf(s)

and Af(s) ≤ X1
f (s)− Uf(s),
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whenever Af(s) is totally reduced from Pf(s) and has base N ;

otherwise there exist open fuzzy sequential sets Uf(s) and Vf(s)

in (X, δ(s)) such that

Pf(s) qw Uf(s), Af(s) qw Vf(s), Pf(s) qw Vf(s),

and Af(s) ≤ X1
f (s)− Uf(s).

Definition 3.1.12 An FSTS (X, δ(s)) is said to be weak fs-

regular if for any fuzzy sequential point Pf(s) = (pM
fx, r) and

its any open weak nbd Af(s), there exists a fuzzy sequential set

Bf(s) in (X, δ(s)) such that

Pf(s) ∈M−N
w

o

Bf(s) ≤ Bf(s) ≤ Af(s),

whenever Ac
f(s) is totally reduced from Pf(s) and has base N ;

otherwise there exists a fuzzy sequential set Bf(s) in (X, δ(s))

such that

Pf(s) ∈w

o

Bf(s) ≤ Bf(s) ≤ Af(s).

Example 3.1.9 shows that an fs-regular space may not be weak

fs-regular.

Example 3.1.9 Let X = {a}, δ = {0, 1, p0.4
a }. Then the FSTS

(X, δN) is fs-regular but not weak fs-regular.

A weak fs-regular space may not be fs-regular and it has been

shown in the following example.
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Example 3.1.10 Let X = {x, y}, δ = {r, r ∈ [0, 1]}, then the

FSTS (X, δN) is weak fs-regular but not fs-regular.

Example 3.1.11 shows that an fs-regular space may not be fs-T1.

Example 3.1.11 Let X = {x} and let δ = {0, 1, p0.5
x }. Then

the FSTS (X, δN) is fs-regular but not fs-T1.

Definition 3.1.13 An FSTS (X, δ(s)) is said to be fs-T3 if it is

fs-regular and fs-T1.

Remark 3.1.3 An fs-T3 space is fs-T2.

Theorem 3.1.12 An FSTS (X, δ(s)) is fs-regular if and only

if for any fuzzy sequential point Pf(s) = (pM
fx, r) and a non zero

closed fuzzy sequential set Af(s) such that Pf(s) /∈ Af(s) and

Af(s) is not completely contained in Pf(s), there exist open fuzzy

sequential sets Gf(s), Hf(s), Df(s) and Ef(s) in (X, δ(s)) such

that

Pf(s) ∈M−N Gf(s), Af(s) qw Hf(s), Gf(s) qw Hf(s),

Pf(s) q
M−N
w Df(s), Af(s) ∈ Ef(s), Ef(s) qw Df(s),

whenever Af(s) is totally reduced from Pf(s) and has base N ; oth-

erwise there exist open fuzzy sequential sets Gf(s), Hf(s), Df(s)

and Ef(s) in (X, δ(s)) such that

Pf(s) ∈ Gf(s), Af(s) qw Hf(s), Gf(s) qw Hf(s),

Pf(s) qw Df(s), Af(s) ∈ Ef(s), Ef(s) qw Df(s).
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Proof. Proof is omitted.

Theorem 3.1.13 An FSTS (X, δ(s)) is fs-regular if and only

if for any fuzzy sequential point Pf(s) = (pM
fx, r) and an open

fuzzy sequential set Cf(s) such that Pf(s)qwCf(s) (where X1
f (s)−

Cf(s) is not completely contained in Pf(s)), there exist open fuzzy

sequential sets Of(s) and Bf(s) in (X, δ(s)) such that

Pf(s) ∈M−N Of(s), Of(s) ≤w X
1
f (s)− Cf(s),

Pf(s)q
M−N
w Bf(s), Bf(s) ≤ Cf(s),

whenever X1
f (s) − Cf(s) is totally reduced from Pf(s) and has

base N ; otherwise there exist open fuzzy sequential sets Of(s)

and Bf(s) in (X, δ(s)) such that

Pf(s) ∈ Of(s), Of(s) ≤w X
1
f (s)− Cf(s),

Pf(s) qw Bf(s), Bf(s) ≤ Cf(s).

Proof. Suppose (X, δ(s)) be fs-regular. Let Pf(s) = (pM
fx, r) be

any fuzzy sequential point and Cf(s) be an open fuzzy sequential

set such that Pf(s)qwC(s) i.e Pf(s) /∈ X1
f (s) − Cf(s) = Af(s)

(say). Then, there exist open fuzzy sequential sets Gf(s), Hf(s),

Df(s) and Ef(s) in (X, δ(s)) such that

Pf(s) ∈M−N Gf(s), Af(s) qw Hf(s), Gf(s) qw Hf(s),

Pf(s)q
M−N
w Df(s), Af(s) ∈ Ef(s), Ef(s) qw Df(s),

whenever Af(s) is totally reduced from Pf(s) and has base N ;

otherwise there exist open fuzzy sequential sets Gf(s), Hf(s),
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Df(s) and Ef(s) in (X, δ(s)) such that

Pf(s) ∈ Gf(s), Af(s) qw Hf(s), Gf(s) qw Hf(s),

Pf(s) qw Df(s), Af(s) ∈ Ef(s), Ef(s) qw Df(s).

If we take Of(s) = Gf(s) and Bf(s) = Df(s), we are done.

Conversely, suppose the given conditions hold. Let Pf(s) =

(pM
fx, r) be any fuzzy sequential point and Af(s) be any closed

fuzzy sequential set such that Pf(s) /∈ Af(s) and Af(s) is not

completely contained in Pf(s), that is, Pf(s)qw(X1
f (s)−Af(s)) =

Cf(s) (say). Then, there exist open fuzzy sequential sets Of(s)

and Bf(s) in (X, δ(s)) such that

Pf(s) ∈M−N Of(s), Of(s) ≤w X
1
f (s)− Cf(s),

Pf(s)q
M−N
w Bf(s), Bf(s) ≤ Cf(s),

whenever X1
f (s) − Cf(s) is totally reduced from Pf(s) and has

base N ; otherwise there exist open fuzzy sequential sets Of(s)

and Bf(s) in (X, δ(s)) such that

Pf(s) ∈ Of(s), Of(s) ≤w X
1
f (s)− Cf(s),

Pf(s) qw Bf(s), Bf(s) ≤ Cf(s).

If we take Gf(s) = Of(s), Hf(s) = X1
f (s)−Of(s), Df(s) = Bf(s),

Ef(s) = X1
f (s)−Bf(s) and use Theorem 3.1.12, then we are done.

Theorem 3.1.14 If (X, δ(s)) is fs-regular, then for any closed

fuzzy sequential set Af(s) which is not a fuzzy sequential point,

Af(s) = ∧{Nf(s); Nf(s) is a closed nbd of Af(s)} (3.1.2)
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Proof. Suppose (X, δ(s)) be fs-regular and Af(s) be any closed

fuzzy sequential set which is not a fuzzy sequential point. If

Af(s) = X0
f (s), then 3.1.2 is true. Suppose Af(s) 6= X0

f (s). Let

Pf(s) be any fuzzy sequential point such that Pf(s) /∈ Af(s). Let

M and N be the bases of Pf(s) and Af(s) respectively. Then,

Pf(s)qw(X1
f (s)− Af(s)) = Gf(s) (say) and hence there exists an

open fuzzy sequential set Bf(s) in (X, δ(s)) such that

Pf(s)q
M−N
w Bf(s), Bf(s) ≤ Gf(s)

whenever Af(s) is totally reduced from Pf(s); otherwise there

exists an open fuzzy sequential set Bf(s) in (X, δ(s)) such that

Pf(s) qw Bf(s), Bf(s) ≤ Gf(s).

This implies, Af(s) ≤ X1
f (s) − Bf(s) = Hf(s) (say). Again,

Pf(s) /∈ X1
f (s)−Bf(s) =⇒ Pf(s) /∈ Hf(s). Thus 3.1.2 holds.

Example 3.1.12 shows that converse of Theorem 3.1.14 may not

be true.

Example 3.1.12 Consider a set X and δ = {r, r ∈ [0, 1]}.

Then the FSTS (X, δN) is not fs-regular although for any closed

fuzzy sequential set Af(s) in (X, δN) , Af(s) = ∧{Nf(s); Nf(s)

is a closed nbd of Af(s)}.

Example 3.1.13 shows that for a fuzzy sequential point, Theo-

rem 3.1.14 may not hold.
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Example 3.1.13 Let X = {x} and δ = {1, 0, p0.2
x }. Then the

FSTS (X, δN) is fs-regular but for the closed fuzzy sequential point

Af(s) = (p
{1, 2}
fx , 0.8), Af(s) 6= ∧{Nf(s); Nf(s) is a closed nbd of

Af(s)}.

Theorem 3.1.15 A fuzzy topological space (X, δ) is fuzzy regular

if and only if (X, δN) is weak fs-regular.

Proof. Proof is omitted.

Even if the FSTS (X, δN) is fs-regular, (X, δ) may not be fuzzy

regular, as shown by Example 3.1.14.

Example 3.1.14 Let X = {a}, δ = {0, 1, p0.6
a }. Then the FSTS

(X, δN) is fs-regular but (X, δ) is not fuzzy regular.

If (X, δ) be a fuzzy regular space, then it may not imply (X,

δN) is fs-regular, as shown by Example 3.1.15.

Example 3.1.15 Let X = {x, y}, δ = {r, r ∈ [0, 1]}, then the

fuzzy topological space (X, δ) is fuzzy regular but (X, δN) is not

fs-regular.

The component fuzzy topological spaces (X, δn), n ∈ N, of

an fs-regular space (X, δ(s)) may not be fuzzy regular. This is

shown by Example 3.1.16.
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Example 3.1.16 Let X = {a}, δ = {0, 1, p0.6
a }. Let δ(s) = δN,

then (X, δ(s)) is fs-regular but (X, δn) = (X, δ) ∀n ∈ N, is not

fuzzy regular.

An FSTS (X, δ(s)) may not be fs-regular even if its each com-

ponent fuzzy topological space (X, δn), n ∈ N, is fuzzy regular,

as shown by Example 3.1.17.

Example 3.1.17 Let X = {x, y}, δ = {r, r ∈ [0, 1]}. Let

δ(s) = δN. Then (X, δ(s)) is not be fs-regular but each of its

component fuzzy topological spaces (X, δn), n ∈ N, is fuzzy regu-

lar.

Definition 3.1.14 Fuzzy sequential sets Af(s) and Bf(s) are said

to be strong quasi-discoincident if An
f and Bn

f are strong quasi-

discoincident ∀n ∈ N.

Definition 3.1.15 Fuzzy sequential sets Af(s) and Bf(s) are said

to be partially quasi-discoincident if An
f and Bn

f are strong quasi-

discoincident for some n ∈ N.

Definition 3.1.16 An FSTS (X, δ(s)) is said to be fs-normal

if for any two partially quasi-discoincident non zero closed fuzzy

sequential sets Af(s) and Bf(s) (having the respective bases M

and N and none of which is completely contained in the other),

there exist open fuzzy sequential sets Uf(s) and Vf(s) in (X, δ(s))
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such that

Af(s)q
M−N
w Uf(s), Bf(s)qwVf(s), Af(s) ≤M−N X1

f (s)− Vf(s),

and Bf(s) ≤ X1
f (s)− Uf(s),

whenever Bf(s) is totally reduced from Af(s); otherwise there ex-

ist open fuzzy sequential sets Uf(s) and Vf(s) in (X, δ(s)) such

that

Af(s) qw Uf(s), Bf(s) qw Vf(s), Af(s) ≤ X1
f (s)− Vf(s),

and Bf(s) ≤ X1
f (s)− Uf(s).

Definition 3.1.17 An FSTS (X, δ(s)) is said to be weak fs-

normal if for any non zero closed fuzzy sequential set Cf(s) and

its any open weak nbd Af(s), there exists a fuzzy sequential set

Bf(s) in (X, δ(s)) such that

Cf(s) ∈M−N
w

o

Bf(s) ≤ Bf(s) ≤ Af(s),

whenever Ac
f(s) is totally reduced from Cf(s); otherwise there ex-

ists a fuzzy sequential set Bf(s) in (X, δ(s)) such that

Cf(s) ∈w

o

Bf(s) ≤ Bf(s) ≤ Af(s)

(M and N being the respective bases of Cf(s) and Ac
f(s)).

An fs-normal space may not be weak fs-normal, which is shown

by Example 3.1.18.

Example 3.1.18 Let X = {a} and δ = {0, 1, p0.6
a }. Then the

FSTS (X, δN) is fs-normal but not weak fs-normal.
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Example 3.1.19 shows that a weak fs-normal space may not be

fs-normal.

Example 3.1.19 Let X = {x, y} and β = {pr
x; r ∈ [0, 1]}∪{pr

y;

r ∈ [0, 1]} be a basis for some fuzzy topology δ on X. Then the

FSTS (X, δN) is weak fs-normal but not fs-normal.

Definition 3.1.18 An FSTS (X, δ(s)) is said to be an fs-T4

space if it is fs-normal and fs-T1.

An fs-normal space may not be fs-T1, as shown by Example

3.1.20.

Example 3.1.20 Let X = {a, b} and δ(s) = {X0
f (s), X

1
f (s),

Af(s), Bf(s)}, where ∀n ∈ N, An
f(a) = 1, An

f(b) = 0, Bn
f (a) = 0,

Bn
f (b) = 1. Then the FSTS (X, δ(s)) is fs-normal but not fs-T1.

An fs-normal space may not be fs-regular as shown by Example

3.1.21.

Example 3.1.21 Let X = {x, y} and δ = {r, r ∈ [0, 1]}. Then

the FSTS (X, δN) is fs-normal but not fs-regular.

Theorem 3.1.16 An FSTS (X, δ(s)) is fs-normal if and only

if for any two partially quasi-discoincident non zero closed fuzzy

sequential sets Af(s) and Bf(s) (none of which is completely con-

tained in the other) there exist open fuzzy sequential sets Gf(s),
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Hf(s), Df(s) and Ef(s) in (X, δ(s)) such that

Af(s) ∈M−N Gf(s), Bf(s) qw Hf(s), Gf(s) qw Hf(s),

Af(s)q
M−N
w Df(s), Bf(s) ∈ Ef(s), Ef(s) qw Df(s),

whenever Bf(s) is a totally reduced fuzzy sequential set from Af(s)

(M and N are respectively the bases of Af(s) and Bf(s)); other-

wise there exist open fuzzy sequential sets Gf(s), Hf(s), Df(s)

and Ef(s)in (X, δ(s)) such that

Af(s) ∈ Gf(s), Bf(s) qw Hf(s), Gf(s) qw Hf(s),

Af(s) qw Df(s), Bf(s) ∈ Ef(s), Ef(s) qw Df(s).

Proof. Proof is omitted.

Theorem 3.1.17 If an FSTS (X, δ(s)) is weak fs-normal, then

for any two non-zero closed partially quasi-discoincident fs-sets

Af(s) and Bf(s) (none of which is completely contained in the

other), there exist open fuzzy sequential sets Uf(s) and Vf(s) in

(X, δ(s)) such that

Af(s) ∈M−N
w Uf(s), Bf(s) ∈w Vf(s), Uf(s) qw Vf(s),

whenever Bf(s) is a totally reduced fuzzy sequential set from Af(s)

(M and N are respectively the bases of Af(s) and Bf(s)); other-

wise there exist open fuzzy sequential sets Uf(s) and Vf(s) in (X,

δ(s)) such that

Af(s) ∈w Gf(s), Bf(s) ∈w Vf(s), Uf(s) qw Vf(s).
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Proof. The proof is omitted.

Remark 3.1.4 For an FSTS to be weak fs-normal, the condition

given in Theorem 3.1.17, is only necessary but not sufficient, as

shown by Example 3.1.22.

Example 3.1.22 Let X = {a} and δ = {0, 1, p0.6
a }. Then the

FSTS (X, δN) is not weak fs-normal but the condition in Theorem

3.1.17 is satisfied.

Theorem 3.1.18 A weak fs-regular space is weak fs-normal, when

X is finite.

Proof. Let (X, δ(s)) be a weak fs-regular space, where X is

finite. Let Cf(s) be any non zero closed fuzzy sequential set in

(X, δ(s)) and Af(s) be its any open weak nbd. Let M and N be

respectively the bases of Cf(s) and Ac
f(s). We choose m ∈M−N

when Ac
f(s) is totally reduced from Cf(s) and we take m ∈ M

otherwise. Let x ∈ X such that Cm
f (x) 6= 0 and let Cm

f (x) = rm.

Then, for the fuzzy sequential point Pxf(s) = (pm
fx, rm), Af(s) is

an open weak nbd. Hence, there exists an open fuzzy sequential

set Bxf(s) in (X, δ(s)) such that

Pxf(s) ∈M−N
w Bxf(s) ≤ Bxf(s) ≤ Af(s)

whenever Ac
f(s) is a totally reduced fuzzy sequential set from

Cf(s); otherwise there exists an open fuzzy sequential set Bxf(s)

in (X, δ(s)) such that

Pxf(s) ∈w Bxf(s) ≤ Bxf(s) ≤ Af(s)
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Corresponding to each x ∈ X for which Cm
f (x) 6= 0, we get such

fs-open set Bxf(s). Taking X = {x1, x2, ....., xk}, we get fs-open

sets Bx1f(s), Bx2f(s),..........., Bxkf(s) such that

Pxnf(s) ∈M−N
w Bxnf(s) ≤ Bxnf(s) ≤ Af(s), ∀n = 1, 2, .., k,

whenever Ac
f(s) is totally reduced from Cf(s); otherwise

Pxnf(s) ∈w Bxnf(s) ≤ Bxnf(s) ≤ Af(s).

Now, let Bf(s) =
k
∨

n=1
Bxnf(s). Then

Cf(s) ∈M−N
w Bf(s) ≤ Bf(s) ≤ Af(s)

whenever Ac
f(s) is totally reduced from Cf(s); otherwise

Cf(s) ∈w Bf(s) ≤ Bf(s) ≤ Af(s).

Hence (X, δ(s)) is weak fs-normal.

Theorem 3.1.19 A fuzzy topological space (X, δ) is fuzzy nor-

mal if and only if (X, δN) is weak fs-normal.

Proof. Proof is omitted.

Fuzzy topological space (X, δ) may not be fuzzy normal even

if (X, δN) is fs-normal, as shown by Example 3.1.23.

Example 3.1.23 Let X = {a} and δ = {0, 1, p0.6
a }. Then the

FSTS (X, δN) is fs-normal but (X, δ) is not fuzzy normal.
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Example 3.1.24 shows that if (X, δ) is fuzzy normal, it may

not imply (X, δN) is fs-normal.

Example 3.1.24 Let X = {x, y} and β = {pr
x; r ∈ [0, 1]}∪{pr

y;

r ∈ [0, 1]} be a basis for some fuzzy topology δ on X. Then the

fuzzy topological space (X, δ) is fuzzy normal but (X, δN) is not

fs-normal.

If an FSTS (X, δ(s)) is fs-normal, then it may not imply (X,

δn) is fuzzy normal for each n ∈ N and it is shown by Example

3.1.25.

Example 3.1.25 Let X = {a} and δ = {0, 1, p0.6
a }. Let δ(s) =

δN, then the FSTS (X, δ(s)) is fs-normal but (X, δn) = (X, δ)

(∀n ∈ N), is not fuzzy normal.

An FSTS (X, δ(s)) may not be fs-normal even if its each com-

ponent fuzzy topological space (X, δn) is fuzzy normal, as shown

by Example 3.1.26 .

Example 3.1.26 Let X = {x, y}, β = {pr
x; r ∈ [0, 1]} ∪ {pr

y;

r ∈ [0, 1]} be a basis for some fuzzy topology δ on X and let

δ(s) = δN. Then the FSTS (X, δ(s)) is not fs-normal but each

of the component fuzzy topological spaces (X, δn), n ∈ N, is fuzzy

normal.

——————————




