
Circular-arc bigraphs and its 
subclasses1 

5.1 Introduction 

A circular-arc bigraph is the intersection bigraph of a family of arcs on a 

circle (see page 11). 

A graph whose vertex set can be partitioned into two cliques is a two-

clique graph. In [46], Hell and Huang obtained a characterization of two-

clique circular-arc graph. Given a graph G, they defined an auxiliary graph 

G* as follows: The vertex set V(G*) of the graph G* is the edge set E(G) 

and two vertices of G* are adjacent if the vertices of the corresponding edges 

of G induce a chordless four-cycle. They proved that a two clique graph G 

is a circular-arc graph if and only if its auxiliary graph G* is bipartite. 

Two-clique circular arc graphs have arisen as an important subclass of cir-

cular arc graph. Thcker [94] first observed that if H is a two-clique circular-

1 A part of this chapter has been accepted for publication in J.Graph Theory with 
suggestions for a few minor changes by the referees. 
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arc graph, then in any representation of H by circular arcs, there exist two 

points p, q on the circle such that each arc contains at least one of them. 

Spinrad [85] modified this result and proved that for a fixed pair U, u' of 

vertex disjoint cliques that cover the circular arc graph H, one can choose 

two points p, q on the circle and a representation of H such that each arc 

representing a vertex in U contains p but not q and each arc representing a 

vertex in u' contains q but not p. Based on this observation, Spinrad [85] 

characterized two-clique circular arc graphs in terms of the dimension of 

an associated poset. Trotter and Moore [90] characterized two-clique circu

lar arc graphs in terms of several infinite families of forbidden subgraphs. 

Feder et al. [28] proved in a compact form that a two-clique graph is a cir

cular arc graph if and only if its complement contains no induced cycle of 

length at least· six and no edge-asteroid. An edge-asteroid is a set of edges 

e0 , e1 , ... , e2k such that, for each i = 0, 1, 2, ... , 2k, there is a path joining ei 

and ei+l and containing both ei and ei+1 , that avoids the neighbourhoods of 

ei+k+l; the subscript addition is modulo 2k+ 1. Note that there is a technical 

difference between asteroidal triple of edges (see page 23) and edge-asteroid 

of size three: An edge-asteroid e0 , e1 , e2 is an asteroidal triple of edges, with 

the additional property that the paths joining ei and ei+1 , and avoiding the 

neighbourhoods of ei+2 , can be chosen to include the edges ei and ei+l· Thus 

a six-cycle contains an asteroidal triple of edges but no edge-asteroid of three 

edges. 

As mentioned earlier (see page 16) a stair partition of a matrix is a parti

tion of its positions into two sets (L, U) by a polygonal path from the upper 
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left corner to the lower right corner of the matrix such that the set L (re

spectively, U) is closed under leftward or downward (respectivly, rightward 

or upward) movements. Given the partite sets, a Ferrers bigraph F uniquely 

corresponds to a stair partition (L, U) of its biadjacency matrix in which all 

the entries in L are 1 and those in U are 0. In this case, the stair partition 

(L, U) is said to correspond with the Ferrers bigraph F and vice-versa. Again 

note that if (L, U) is the stair partition corresponding to a Ferrers bigraph 

F, then with the same partition of the transpose of the biadjacency matrix 

of F, all entries of the matrix in L are 0 and those in U are 1. 

(a) A stair partition 
(L,U) 

(b) Biadjacency ma
trix ofF 

(C) Biadjacency matrices ofF and its transpose 

Figure 5.1: Stair partitions of (Ferrers) bigraph. 

Every bigraph B is the intersection of a finite number of Ferrers bigraphs 

and the minimum number of Ferrers bigraphs whose intersection is the bi-

graph B is its Ferrer dimension. The following is an important character

ization of bigraphs of Ferrers dimension at most 2. A 2 x 2 permutation 

matrix ( 6 ~) or ( 6 ~) is a couple in a binary matrix. Cogis then defined an 

undirected graph H(B), the graph associated to B whose vertices correspond 

to the O's of its biadjacency matrix with two such vertices joined by an edge 

if and only if the corresponding O's belong to a couple. He proved that a 

bigraph B is of Ferrers dimension at most 2 if and only if H(B) is bipartite 
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(see Theorem 1.4.1). 

In [ 4 7], Hell and Huang proved that complements of interval bigraphs are 

precisely those circular-arc graphs clique covering number 2 which admit a 

representation such that no two arcs cover the whole circle. In [76], it was 

shown that the bigraph complement of a bigraph of Ferrers dimention at 

most 2 is a circular-arc bigraph. 

As an extension of these results, it was proved in Theorem 2.2.4 that 

bigraphs of Ferrers dimension at most 2 are precisely the complements of 

2-clique circular-arc graphs. Below we give an alternative proof of the above 

result, coming as an immediate consequence of the results of Cogis [13] and 

Hell and Huang [47]. 

Theorem. A bigraph G is of Ferrers dimension at most 2 if and only if its 

graph complement G' is a 2-clique circular-arc graph. 

Proof. Let G = (V, E) be a two-clique graph and let X, Y be two disjoint 

cliques of the graph covering its vertices. From the definition of the auxiliary 

graph G* of G, it follows that no two edges of clique X (andY) are adjacent 

in G* and two edges e and e' in G are adjacent in G* if and only if each edge 

has one end point in X and the other end point in Y and their corresponding 

vertices form a couple in the adjacency matrix of G. Clearly, G' is a bipartite 

graph and it easily follows that H( G') = G*, where H( G') is the associated 

graph of G' as defined by Cogis in [13]. Now the following implications prove 

the theorem. 

G is a 2-clique circular-arc graph <¢:=::::? G* is bipartite <¢:=::::? H ( G') is bi-

partite <¢:=::::? G' is of Ferrers dimension at most 2. D 
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We now provide an alternative proof of an interval bigraph characteriza

tion of Hell and Huang [47] as an application of the above theorem. 

Theorem 5.1.1 (Hell and Huang [47]). Let H be a bipartite graph. Then 

H is an interval bigraph if and only if its graph complement H' is a two-clique 

circular-arc graph in which no two arcs cover the whole circle. 

Proof. Let H be an interval bigraph. Then H is of Ferrers dimension at most 

2 and H' is a two-clique circular-arc graph. Now we know that a bigraph 

B is an interval bigraph if and only if its biadjacency matrix has a zero

partition 1.4.4 

Now consider the bipartite complement H of H and reverse the order of 

rows and columns of its biadjacency matrix. Let the orders of the vertices 

of X andY in the revised arrangement be xi, x2, ... , Xn and YI, Y2, ... , Ym· 

Labeling the 1 's of this matrix again by R's and C's, we see that 1 's of 

the matrix have a partition (R,C) so that any position to the left of an R 

is R and any position above a C is C. Now in the adjacency matrix of the 

complement H' of H with the permutation of its vertices as XI, x2 , ... , Xn and 

YI, Y2, ... , Ym, it is easy to observe that it has a quasi-circular 1's property. 

Since R's and C's are disjoint, the set of 1 's belonging to the set of ui 's 

is disjoint from the set of 1 's belonging to the set of vj 's. In other words, 

no 1 can belong to both ui and Vj· We have observed that in a circular

arc representation, two arcs Ai and Aj cover the whole circle if and only if 

the 1 in the (i, j) position belongs to two sets ui and Vj· Consequently, it 

follows that a bigraph is an interval bigraph if and only if its complement is 

a two-clique circular-arc in which no two arcs cover the whole circle. D 
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Let B = (U, V, E) be a bipartite graph and let B be the graph obtained 

from B by adjoining cliques to the partite sets. The graph B is the associated 

2-clique graph of B. We first observe that a bigraph B is a Ferrers bigraph 

if and only if B is a 2-clique interval graph [12]. It is also not difficult to 

prove that a bigraph is an interval bigraph if and only if its associated 2-

clique graph is the intersection of two 2-clique interval graphs whose union 

is complete. These results motivate us to characterize a circular-arc bigraph. 

We show that a bigraph is a circular-arc bigraph if and only if its associated 

2-clique graph is the intersection of two 2-clique circular-arc graphs with 

some special properties. 

For the second characterization, we observe that if we cut the circle at an 

arbitrary point, the resulting bigraph becomes an interval bigraph. Dwelling 

on this idea we show how a circular arc bigraph can be characterized as the 

union of an interval bigraph and a related Ferrers bigraph. 

A proper interval graph is an interval graph in which no interval properly 

contains another interval. For a unit interval graph, all the intervals are of 

unit (same) length. Analogously, a proper circular-arc (PCA) graph and a 

unit circular-arc (UCA) graph is defined. Tucker [25, 91, 92, 94] introduced 

and extensively studied circular-arc graphs, PCA graphs and UCA graphs. 

While it is known that an interval graph is proper if and only if it is a unit 

interval graph [68], the same is not true for PCA graphs and UCA graphs. 

Thcker [?] showed that UCA graphs form a proper subclass of PCA graphs. 

We introduce in this chapter the notions of proper circular-arc bigraphs 
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and unit circular-arc bigraphs. A circular-arc bigraph B = (U, V, E) is a 

proper circular-arc bigraph (PCA-bigraph) if there is a circular-arc represen

tation of B such that no arc is properly contained in another arc of the same 

partite set. A unit circular-arc bigraph (UCA-bigraph) has a circular-arc rep

resentation where each arc is of same length. Proper interval bigraphs and 

unit interval bigraphs have been defined in a similar fashion [77]. They have 

been shown to be equivalent and have been characterized by the property of 

monotone consecutive arrangement of their biadjacency matrices. 

A symmetric (0, 1)-matrix is said to have circular compatibility of 1's if 

the 1 's in each column are circular and if after inverting and / or cyclically 

permuting the order of the rows and corresponding columns, either column 1 

or 2 has all 1 's or starting from row 2 and going down one finds the first 0 of 

column 1 in the same row or before the first 0 of column 2. In Section 4 we 

introduce the notion of monotone circular arrangement of a matrix, which is 

a generalization of the notions of MCA and also of circular compatibility of 

1 's in a symmetric matrix [91]. We then characterize biadjacency matrix of 

a PCA-bigraph in terms of this property. 

The Harary graph H 2r,n for n > 2r is a graph with n vertices which are all 

placed on a circle where each vertex is adjacent to nearest r vertices in both 

directions. In the last section of the paper we first charaterize a UCA-graph 

in terms of Harary graphs. Then we extend the idea of Harary graphs to 

bigraphs and obtain an analogous characterization of UCA-bigraphs. Finally 

we show that, as in the case of circular-arc graphs, UCA-bigraphs form a 
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proper subclass of PCA-bigraphs. 

5.2 Circular-arc bigraphs 

Let B be a bigraph with biadjacency matrix A. The matrix A is said to 

satisfy generalized linear 1 's property if it has a stair partition (L, U) such 

that the 1's in U are consecutive and appear leftmost in each row, and the 

1 's in L are consecutive and appear topmost in each column. It follows from 

Theorem 4 of [75] that B is an interval bigraph if and only if the rows and 

columns of A can be permuted independently so that the resulting matrix 

has the generalized linear 1 's property. 

Further we recall the notion of quasi-circular ones property of a matrix 

and the characterization of a circular-arc graph in terms of this property 

by Tucker [91]. Let M be a symmetric (0, 1) matrix with 1's in the main 

diagonal. Let Vi be the circular set of 1 's in the row i starting at the main 

diagonal and going right (and around) as far as possible until a 0 is reached. 

Let W1 be the analogous set of 1's in column j starting at the main diagonal 

and going down (and around). Then M is said to have a quasi-circular 1 's 

property if Vi's and Wj's cover all the 1's in M. Tucker [91] proved that G is a 

circular-arc graph (with loop at every vertex) if and only if its vertices can be 

indexed so that its adjacency matrix has the quasi-circular 1's property. Now 

suppose that Cis a circular-arc graph and A is its adjacency matrix with the 

quasi-circular 1 's property. A circular-arc representation of C is constructed 

[91] in the following way. We set the anticlockwise end point of the arc of 

a vertex by the row number (which is as well as the column number) of the 
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vertex in A. The clockwise end point of the vertex is determined by the 

column number corresponding to the vertex for which the last consecutive 1 

(after the main diagonal) occurs in the row of the former vertex (even if the 

stretch of 1's goes around). 

The above characterizations of interval bigraphs and circular-arc graphs 

are extended to the class of circular-arc bigraphs in the following way: Given 

a biadjacency matrix A of a bigraph B and stair partition (L, U) of A, let Vi 

(respectively, wj) be the 1 's in row i (respectively, in column j) that begins 

at the stair and continues rightward (respectively, downward) (and arround if 

necessary) until the first 0 is reached. Then A is said to have the generalized 

circular 1 's property if it has a stair partition (L, U) such that the V/s and 

Wj's together cover all 1's in A. According to a result of [76] we have that 

a bigraph B is a circular-arc bigraph if and only if its biadjacency matrix A 

has the generalized circular 1 's property. 

Let C be a 2-clique circular-arc graph with clique partitions U and V. 

Let D( C) be the circular-arc bigraph with partite sets U and V obtained 

from C by removing the edges of the cliques U and V. 

Proposition 5.2.1. Let C be a 2-clique circular-arc graph and A be the 

biadjacency matrix of D(C). Then rows and columns of A can be (indepen

dently) permuted in such a way that there exists a stair partition (L, U) of 

A in which L is either empty or all entries of L are 1 and A satisfies the 

generalized circular 1 's property with respect to (L, U). 

Proof. Let C be a 2-clique circular-arc graph. Then by Theorem 2.2.4, the 
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graph complement of C, say C' is a bigraph of Ferrers dimension at most 

2. Let A' be the biadjacency matrix of C'. Again by Theorem 2.2.4, rows 

and columns of A' can be (independently) permuted in such a way that no 

0 has 1's both below and to its right. Denote this matrix by A~. Let A 

be the matrix obtained by interchanging O's and 1's in A~ and reversing the 

orders of vertices in rows and columns. Then A is the biadjacency matrix of 

D( C) and no 1 of A has O's both above and to its left. Then it follows from 

the proof of Theorem 7 of [76] that A satisfies the generalized circular 1 's 

property with respect to this stair partition (La, Ua), where La = 0 and U is 

the entire matrix A. Now consider any stair partition (L1 , U1) of A (keeping 

the same arrangement of vertices in rows and columns) in which all entries of 

L1 are 1 (La ~ L1 and U1 ~ Ua). Then also A satisfies the generalized circular 

1's property with respect to (L1 , U1 ) as A satisfies the same with respect to 

(La, Ua). D 

Definition 5.2.2. Let C be a 2-clique circular-arc graph and A be the biadja

cency matrix of D( C). A stair partition (L, U) of A is said to be fundamental 

if all entries of L are 1 (L may be empty) and A has the generalized circular 

1 's property with respect to (L, U). Let (L, U) be a fundamental stair partition 

of A and A1 be the matrix obtained from A by replacing all 1 's in U by 0. 

Then A1 becomes the biadjacency matrix of a Ferrers bigraph, say, F. Then 

F is called a fundamental Ferrers bigraph to C. The adjacency matrix of C 

with the above arrangement of vertices is called a fundamental matrix of C 

with respect to F. 
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v v v 

u5J u6J u5J 
(a) Biadjacency ma
trix A of D(C) 

(b) A fundamental 
stair partition of A 

(C) A fundamental 
Ferrers bigraph F to 
c 

Figure 5.2: Fundamental stair partition 

u v 
u 1 A u 

v 1 v 

(a) (b) 
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Figure 5.3: A fundamental matrix of a 2-clique circular-arc graph C with 
respect to F 

Corollary 5.2.1. For any 2-clique circular-arc graph, there is a Ferrers bi-

graph which is fundamental to it. 

Proof. Follows from Proposition 5.2.1 and Definition 5.2.2. D 

Definition 5.2.3. Two 2-clique circular-arc graphs C1 and C2 (with the same 

clique partitions, say, U and V) are called supplementary if there exists a 

Ferrers bigraph F such that 

(1) F and F are fundamental to C1 and C2 respectively; 

(2) If in a row of A( C1 ) (respectively, A( C2 )) a 1 appears in its first column 

which has a 0 above it (in any one of the rows above this row), then the 

corresponding row in A(C2 ) (respectively in A(C1 )) does not contain 

any 0, where A( C1 ) and A( C2 ) are fundamental matrices of C1 and C2 

respectively. 
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Remark 5.2.4. It is important to note the following: 

2. The interval graphs F and F are subgraphs of cl and c2 respectively 

and since F u F is a complete graph, we have cl u c2 is complete. 

Theorem 5.2.5. A bipartite graph B is a circular-arc bigraph if and only if 
~ ~ 

its associated 2-clique graph B can be expressed as B = C1 n C2 , where C1 

and c2 are two supplementary 2-clique circular-arc graphs. 

Proof. Necessity: Let B be a circular-arc bigraph with partite sets U and 

V. Let A be the biadjacency matrix of B. Then there is a stair partition of 

B with respect to which A has the generalized circular 1 's property. Let D1 

(respectively, D 2 ) be the bipartite graph corresponding to the biadjacency 

matrix A(D1) (respectively, A(D2)) obtained by putting 1 to every entry 

below (respectively, above) the stair. Let C1 (respectively, C2 ) be the graph 

obtained from D 1 (respectively, D2 ) by adjoining cliques to the partite sets. 

The adjacency matrices of C1 and C2 thus obtained are denoted by A( C1 ) 

and A( C2 ) respectively. 

Since A has the generalized circular 1 's property with respect to the stair 

mentioned above, the adjacency matrices of cl and c2 satisfy quasi-circular 

ones property and so they are 2-clique circular-arc graphs. Also if F is the 

Ferrers bigraph corresponding to the stair, then F and F are fundamental to 
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v v v 

u~ u~ u~ 
~ ~ ~ 

(a) A 

Figure 5.4: Biadjacency matrix of a circular-arc bigraph and its stair parti
tion 

u v u v 
u 1 u 1 

(a) A(CI) 

Figur.e 5.5: Biadjacency matrices by adjoining cliques to its partite sets 

C1 and C2 respectively. Further A( C1) and A( C2 ) are fundamental matrices 

of cl and c2 respectively. 

Now since all the first column elements at each row of A(C1 ) correspond-

ing to any u E U are 1, there is no such 1 in the first column of the row 

corresponding to any ui E U has a 0 above it. Suppose there is a 1 in the 

first column of the row corresponding to the vertex v1 E V in A( C1 ) which 

has a 0 above it. Then in the biadjacency matrix A of B, the column cor-

responding to v1 starts with 1 which has a 0 (at some column) left to it 

and above the stair, as in the biadjacency matrix of D 1 all the entries below 

the stair are 1. Also since A has the generalized circular 1 's property, the 

above mentioned 1 in the column corresponding to Vj is a continuation of 

the downward stretch of 1 's which begins just below the stair, continues up 

to the end and goes arround. Thus the row corresponding to v1 in A( C2 ) 

consists of 1 only. Indeed, the entries left to the stair (corresponding to F) 
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of the row are all 1 as F is fundamental to C2 . Next the entries right to the 

stair are the entries corresponding to the downward stretch of 1 's below the 

stair in the corresponding column of A which are all 1. 

Similar arguments hold to prove the other part of condition (2) of Defini

tion 5.2.3. Therefore C1 and C2 are two supplementary 2-clique circular-arc 

graphs. Also by the above construction B = Dl n D2 and hence B = cl n C2. 

Sufficiency: Let C1 and C2 be two supplementary 2-clique circular-arc graphs 

with clique partitions U and V and F be the Ferrers bigraph such that F 

and F are fundamental to C1 and C2 respectively. Let D1 = D(C1) and 

D2 = D(C2). Let A(C1 ) and A(C2) be fundamental matrices of C1 and C2 

with respect to F and F respectively. Suppose A1 is the U x V submatrix 

of A(C1 ) and A2 is the V xU submatrix of A(C2). 

u v 

u~ 
vEE] 

(a) A(C1 ) (C) Biadjacency ma
trix ofF 

Figure 5.6: Supplementary 2-clique circular-arc graph and its fundamental 
matrix with respect to cl 

Then by Remark 5.2.4(1), A1 and A§ are the biadjacency matrices of D1 

and D 2 respectively with same arrangement of vertices in rows and columns. 

Also A1 and A§ satisfy the generalized circular 1 's property with respect 

to the stair partition, say, (L, U) corresponding to F. A1 = (xij)mxn and 

A§ = (Yij)mxn (where m = lUI and n = lVI). Consider the matrix A = 
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u v 

ur=EJ 
v~ 

(a) A(C2) (b) A§' (c) Biadjacency ma
-T 

trix ofF 
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Figure 5. 7: Supplementary 2-clique circular-arc graph and its fundamental 
matrix with respect to 0 2 

(xijYij)mxn· Then A is the biadjacency matrix of D 1 n D2. Now consider the 

stair partition (L, U) in A. We claim that A satisfies the generalized circular 

1 's property with respect to this stair partition. 

Since A1 and A2 have the generalized circular 1 's property with respect 

to the stair partition (L, U), in each row of A, the continuous stretch of 1's 

that begins at the right ofthe stair continues rightward up to. the last column 

unless the first 0 is reached. Also in each column of A, the continuous stretch 

of 1 's that begins jst below the stair continues downward up to the last row 

unless the first 0 is reached. 

Suppose there is a 1 ( = Xij, say) in the first row of A which is above the 

stair and has a 0 left to it (in any one of the columns above the stair and left to 

the jth column). Let the jth column corresponds to the vertex Vj E V. Now 

in the submatrix Af = (xij) of A(C1 ) (where Xij = Xji), there is a 1 (= Xj 1 ) 

in the first column of a row so that there is a 0 above it (in some row above 

the this row). Then by condition (2) of Definition 5.2.3 the corresponding 

row (the row corresponding to the vertex Vj E V) in A(C2 ) does not contain 

any 0. This implies the column corresponding to Vj in the submatrix Ar of 



CHAPTER 5. CIRCULAR-ARC BIGRAPHS 124 

A( C2) does not contain any 0. Moreover A1 has the generalized circular 1 's 

property with respect to the stair. So in the jth column of A, the stretch of 

1 's that begins just below the stair continues downward and arround unless 

the first 0 is reached. 

Similar arguments hold for a row of A which has a 1 in the first column 

below the stair such that the column has a 0 in some row below the stair 

and above that 1. Thus A satisfies the generalized circular 1 's property with 

respect to the stair (L, U). Consequently D1 n D 2 is a circular-arc bigraph. 

Finally if B is a bipartite graph such that B = cl n C2, then B = Dl n D2 

and hence a circular-arc bigraph, as required. D 

Remark 5.2.6. In the trivial case, where F is the null bigraph, C2 is com-
~ 

plete and consequently B = C1 , i.e., a 2-clique circular-arc graph. 

Example 5.2. 7. Consider the circular-arc bigraph B whose biadjacency rna-

trix is given by 

vertices V1 V2 V3 V4 V5 V6 arcs 

U1 1 1 1 0 1 1 [1, 7] 
U2 1 1 0 0 1 0 [2,4] 

U3 1 1 l 1 1 1 1 [5, 12] 
U4 0 1 0 0 0 0 [6,6] 
U5 0 1 0 I 1 1 0 [8, 10] 

U6 1 1 1 0 1 I 1 [11, 7] 
arcs [3, 5] [4, 12] [7, 7] [9, 9] [10, 5] [12, 1] 

Figure 5.8: A circular-arc bigraph and its biadjacency matrix 

Let F be the Ferrers bigraph with the following biadjacency matrix: 

Then B = cl n c2, where cl and c2 are two supplementary 2-clique 
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0 0 0 0 0 0 
0 0 0 0 0 0 
1 1 0 0 0 0 
1 1 0 0 0 0 
1 1 1 0 0 0 
1 1 1 1 1 I 0 

Figure 5.9: A Ferrers bigraph and its biadjacency matrix 

circular-arc graphs, where A( C1 ) and A( C2 ) are given by 

Ul U2 U3 U4 U5 U6 V1 V2 V3 V4 V5 V6 arcs 

1 1 1 1 1 1 1 1 1 0 1 1 [1, 9] 
1 1 1 1 1 1 1 1 0 0 1 0 [2,8] 
1 1 1 1 1 1 1 1 1 1 1 1 [3, 12] 
1 1 1 1 1 1 1 1 0 0 0 0 [4,8] 
1 1 1 1 1 1 1 1 1" 1 1 0 [5, 11] 
1 1 1 1 1 1 1 1 1 1 1 I 1 [6, 12] 
1 1 I 1 1 1 1 1 1 1 1 1 1 [7, 12] 
1 1 1 1 1 1 1 1 1 1 1 1 [8, 12] 
1 0 1 oll 1 1 1 1 1 1 [9, 1] 
0 0 1 0 1 1 1 1 1 1 1 1 [10, 12] 
1 1 1 0 1 1 1 1 1 1 1 1 [11,3] 
1 0 1 0 0 1 1 1 1 1 1 1 [12, 1] 

Note that F and F are fundamental to C1 and C2 respectively and A( C1 ) 

and A( C2 ) are fundamental matrices of C1 and C2 with respect to F and F 

respectively. In each ofthe rows corresponding to v5 and v6 of A(C1), there is 

a 1 in the first column which have a 0 above it. Both the rows corresponding 

to v5 and v6 of A( C2 ) do not contain any 0. Similarly, the row corresponding 

to u6 of A( C2 ) contains a 1 in the first column which has a 0 above it and 

the row corresponding to u6 of A( C1 ) does not contain any 0. 
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VI 1 1 1 1 1 1 1 
V21111111 
V3 1 1 1 1 1 1 1 
V4 1 1 1 1 1 1 1 
V5 1 1 1 1 1 1 1 
VB 1 1 1 1 1 1 1 
UI 1 1 1 1 1 1 1 
U2 1 1 1 1 1 1 1 

1 1 1 1 1 1 
1 1 1 1 1 1 
1 0 1 1 1 1 
1 1 '----::--0 -----,1---,l 1 1 

~ I ~ 
1 1 
1 1 
1 1 
1 1 
1 1 
1 1 
1 1 
1 1 
1 1 
1 1 

0 0 1 
1 1 1 

~~ ~ 
1 i Li 
1 1 1 
1 1 1 
1 1 1 
1 1 1 
1 1 1 
1 1 1 
1 1 1 

arcs 

[1, 9] 
[2, 12] 
[3, 10] 
[4, 11] 
[5, 12] 
[6, 12] 
[7, 12] 
[8, 12] 
[9, 12] 

[10, 12] 
[11, 12] 
[12, 3] 
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Now we obtain another characterization of a circular-arc bigraph in terms 

of an interval bigraph and a Ferrers bigraph. Let I= (U, V, E) be an interval 

bigraph. Let { ui, u2 , ... , um} and {vi, v2 , ... , vn} be the orders of vertices in 

U and V respectively such that with these orders the biadjacency matrix of 

I has the generalized linear ones property with respect to a stair partition 

(L, U) = P, say. Let UI ~ U be the subset of U such that l's of the rows 

corresponding to any of its vertices (after starting from the right of the stair 

partition) end up at the last column of the matrix. Similarly consider the 

subset V]_ ~ V. It is easy to verify that the set { uv I u E UI, v E Vl_} form a 

biclique of the bigraph I and that there is an interval representation of I such 

that the right end points of the intervals corresponding to these vertices are 

same, which is the right-most end point of the interval representation of I. 

This biclique will be referred to as the right-most biclique of I (with respect 

to the stair partition P). 

Now we construct a Ferrers bigraph F whose partite sets are subsets of 
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U and V in the following manner. Let U2 ~ U1 . Arrange the vertices of U2 

(in any order) and then order the remaining vertices of U in the increasing 

order of the left end points of their intervals. Let V2 ~ V1 and order the 

vertices of V similarly. With these orders construct a Ferrers bigraph so that 

edges of the biclique { uv I u E u2' v E v2} occupy the top left corner of a 

Ferrers diagram and the neighbors of U (and of V) form a nested sequence 

(in decreasing order). The Ferrers bigraph so obtained will be referred to as a 

neighboring Ferrers bigraph of the interval bigraph (with respect to the stair 

partition P). Note that this Ferrers bigraph. is, in general, not a subgraph of 

I. 

Theorem 5.2.8. A bipartite graph B is a circular-arc bigraph if and only if 

B = I U F, where I is an interval bigraph and F is a neighboring Ferrers 

bigraph of I (with respect to a stair partition P). 

Proof. Sufficiency: Let I = (U, V, E) be an interval bigraph. Then the 

biadjacency matrix A of I has the generalized linear ones property with 

respect to a stair partition P. Let F be a neighboring Ferrers bigraph of I 

with respect toP. If we add to A all the l's corresponding to the edges ofF, 

it can be easily verified that the resulting matrix has the generalized circular 

ones property. 

Necessity: Let B = (U, V, E) be a circular-arc bigraph. Then there is a 

stair partition P of its biadjacency matrix with respect to which it has the 

generalized circular ones property. Consider those arcs of U U V which cross 

the last end point p in the circular list of the arcs of the circle (and moves 
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clockwise). ·If we truncate these arcs at the point p, we get an interval bigraph 

I= (U, V, E 1). Let R = (U', V', E') denote the right most biclique of I. Let 

u E U'. Define 

1( u) = max { anticlockwise end point of v I uv E E "'- E 1} . 

Arrange the vertices of U' in the decreasing order of 1(u). We arrange the 

vertices of V' similarly. Then it is easy to verify that the edges in E"'-.E1 along 

with those of the right most biclique form a neighboring Ferrers bigraph, say, 

F of I and B = I U F. D 

5.3 Proper circular-arc bigraphs 

We recall from the introduction that a proper circular-arc bigraph is a circular-

arc bigraph such that in a circular-arc representation no two arcs of the same 

partite set are contained in one another. 

Example 5.3.1. Consider the bigraph whose biadjacency matrix is given by 

VI V2 V3 

u 1 1 1 
B1 UI 1 0 0 

U2 0 1 0 
U3 ·0 0 1 

Consider the bigraph B' obtained by deleting the vertex u. This consists 

of three mutually disjoint edges u1v1 , u2v2 , u3v3 . It has a proper circular arc 

representation where we assume that the arcs of u1 , u2 , u3 move clockwise 
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in any order. Since the arc of u intersects all the arcs of v1 , v2 , v3 , it follows 

that the arc of u must properly contain one of the arcs of u1 , u 2 and u3 . 

Definition 5.3.2. A sequence of points (xi, x 2
, ... , xn) for n ;::=:: 3 on a circle 

ordered in a clockwise sense will be called a circular list. Naturally, the list 

remains invariant under any circular permutation of the sequence. 

Here we consider all the end points of the arcs are distinct. If [li, ri] and 

[lj, rj] are the two intersecting arcs of a proper circular arc bigraph, and they 

do not cover the entire circle then the circular list of the four end points 

(moving clockwise) is [li, lj, ri, rj] or [lj, li, rh ri]. If however these two arcs 

cover the whole circle, then the list is [li, rj, lj, ri]. (Note that in this case 

relation between these two arcs is a symmetric one.) 

If, however, we withdraw the restriction that all the end points of the arcs 

in the representation are distinct, then the proper circular-arc bigraph will 

be said to be weak. It can be easily seen that the two models are equivalent 

( cf. [78]) 

Definition 5.3.3. An m x n (0, 1) matrix A (with no nonzero rows/columns) 

having circular ones property for rows has proper circular-arc arrangement 

~lit satisfies the following: 

If [ai, bi] is the circular stretch of 1 's of the vertex ui in row i and if the 

arcs for ui and Uj have nonempty intersection then for the circular list of 

the four end points is [ ai, aj, bi, bj] for some ( i, j), when the two arcs overlap 

at one end and [ai, bj, aj, bi] when they overlap at two ends (with ties broken 

arbitrarily). 
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The following definition generalizes the above notion of monotone con-

secutive arrangements of a matrix [77] and also of circular compability of 1 's 

of a symmetric (0, I)-matrix [91]. 

Definition 5.3.4. Let A be an mxn (0, 1) matrix (with no non-zero rows/columns) 

having circular ones property for rows. If [ai, bi] is the circular stretch of 1 's 

in row i, let .Xi= ai, (i = 1,2, ... ,m), 

Then A has a monotone circular arrangement if there exists a linear order 

decreasing sequences. 

Clearly {a1, a2, ... , am} is non-decreasing and {b1, b2, ... , bm} is a cyclic 

permutation of non decreasing sequence of elements taken from {1, 2, ... , n }. 

Note however that the other direction is not true. 

For the bigraph B 2 of example 5.3.1, we see that { ai} = {1, 1, 2, 3} and 

{bi} = {3, 1, 2, 3}, {JLi} = {3, 4, 5, 3}. So {JLi} fails to be a nondecreasing 

sequence and the matrix has no monotone circular arrangement. 

It is known that in a matrix having monotone consecutive arrangement 

1 's appear consecutively in both rows and columns and analogously it is easy 

to see that in a matrix having monotone circular arrangement, l's occur 

circularly in both rows and columns. But while there are matrices where l's 

appear consecutively in both rows and columns, but has no MCA , it is not 
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known whether the result mimics in the case of matrices where 1 's appear 

circularly in both rows and columns. 

Example 5.3.5. The following is an example of a matrix having monotone 

circular arrangement. 

VI 

UI 1 
U2 1 
U3 0 
U4 

us 
U6 1 1 1 

Figure 5.10: A matrix and its monotone circular arrangement 

We note that the matrix of Example 5.3.5, also satisfies the proper circular 

arrangement. Actually in the next theorem, we show that the two concepts 

are equivalent and characterize a proper circular-arc bigraph. 

Theorem 5.3.6. Let B = (U, V, E) be an m x n bigraph. Then the following 

conditions are equivalent: 

1) B is a proper circular-arc bigraph; 

2) The biadjacency matrix A(B) of B has proper circular arrangement; 

(3) The biadjacency matrix A( B) of B has monotone circular arrangement. 

Proof. (1) ==} (2): The proof is straightforward and so is omitted. 

(2) ==} (3): Let A(B) have a proper circular arc arrangement. Let 

the arc representation of a vertex ui E U in the matrix be [ai, bi]· Let u1 E U 
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corresponding to first row of the matrix. By rotating the columns of the 

matrix, we bring a1 to the first column so that a1 = 1. By c.onstruction in 

the earlier part, it is clear that a1 ::; a2 ::; ... ::; an· For two consecutive rows 

ui and ui+l the circular list of the four end points is (ai, ai+1 , bi, bi+I) when 

the two ends do not cover the whole circle and (ai, bi+1, ai+1 , bi) when they 

cover the whole circle. 

Let Ai = ai, ( i = 1, 2, ... , n) 

Then for either of the two cases, we see that Ai ::; ,\i+1 , /-Li ::; /-Li+l for 

i = 1, 2, ... , n ~ 1. Clearly {-\i} and {fl·i} are two nondecreasing sequence. 

(3) ==} (1): We have to show that B has a proper circular arc rep-

resentation in which all the end points are distinct. If -\/s and f-Li's are all 

distinct then a/s and b/s are all distinct and we have nothing to prove. 

Consider the case when the two arcs for ui and ui+1 do not cover the whole 

circle and Ai = Ai+I so that ai = ai+l· Hence we made the end point of ai to 

a (sufficient small) arc distance in the anticlockwise direction (which is less 

than the smallest of the distances between any two consecutive end points 

of this arcs). By so moving, the intersection relation between the vertices 

/-Li and /-Li+l remains unchanged. Again when f-Li = f-Li+I, then bi = bi+l· We 

shift the point bi+l to a sufficiently small arc distance in the clockwise sense. 

Similar shiftings are made when ai+l = bi. The same reasonings are applied 

when the two arcs cover the whole circle. D 
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5.4 Unit circular-arc graphs and bigraphs 

A circular-arc graph G = (V, E) is a unit circular-arc graph if G has a circular

arc representation such that every arc is of same length. 

Example 5.4.1. Place n vertices around a circle (equally spaced). Form 

the graph H2r,n by making each vertex adjacent to nearest r vertices in each 

direction around the circle. Then it is easy to verify that H2r,n is a unit 

circular-arc graph with a unit circular-arc representation 

S = { [i, j ( i)] I i = 1, 2, ... , n} , where j ( i) - ( i + r) mod( n) and 1 ::::;; j ( i) ::::;; n. 

Note that H2r,n is 2r-regular and it is complete if and only if n = 2r + 1. 

In fact, we note that if G is any unit circular-arc graph with the unit 

circular-arc representation S, then G is complete if and only if n _:::;; 2r + 1. 

In [92], a graph is called (open) reduced if it contains no pair of vertices with 

the same (open) neighbors. Following this we define the concept below. 

Definition 5.4.2. Let G = (V, E) be a graph. Let G = (V, E) be a graph 

obtained from G by merging the vertices of G having the same set of (open) 

neighbors. Then G is said to be the reduced graph of G. 

Lemma 5.4.1. Let G be a graph. Then G is a unit circular-arc graph if and 

only if G is an induced subgraph of H2r,n for some n, r E N such that n > 2r. 

Proof Sufficiency: Since every induced subgraph of a unit circular-arc graph 

is also so, the given condition is sufficient. 
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Necessity: Let G be a graph such that G is a unit circular-arc graph. Without 

loss of generality we may assume that there is a unit circular-arc representa

tion of G such that end points of each arc and the uniform length of each arc 

are positive integer valued. Moreover we may consider the minimum of the 

anti-clockwise end points is 1 and the maximum of the anti-clockwise end 

points is n. Suppose the uniform length be r. 

Now since G is reduced, no two anti-clockwise end points are same for 

otherwise, the corresponding vertices would have the same set of neighbors. 

Thus the set of circular arcs in the above unit circular-arc representation of 

G is a subset of S, defined in Example 5.4.1. Now if n > 2r + 1, then the 

circular-arc graph with the arc representation S is H 2r,n· But this implies G 

is an induced subgraph of H 2r,n as the set of arcs in the representation of G is 

a subset of S. Otherwise n::::; 2r + 1. In this case the circular-arc graph with 

the representation S is complete. Then G is also complete and hence the 

trivial graph with one vertex as G is reduced. Thus G may be considered as 

an induced subgraph of H 2r,n (for any n, r EN with n > 2r). This completes 

the proof. 0 

Theorem 5.4.3. A graph G is a unit circular-arc graph if and only if G is 

an induced subgraph of H2r,n for some n, r E N such that n > 2r. 

Proof. Immediate, from the above lemma and the obvious fact that that G 

is a unit circular-arc graph if and only if G is also so. 0 

Example 5.4.4. Consider the Harary graph H2r,n = (V, E). Define a bigraph 

HBzr,n = (Vi, 1/2, E1) with Vi = V2 = V and for any u E Vi and v E 1/2, 
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uv E E1 if and only if either u = v or uv E E. Then the biadjacency matrix 

of HB2r,n is same as the augmented adjacency matrix of H2r,n· Hence HB2r,n 

is a unit circular-arc bigraph with the same circular-arc representation of that 

of H2r,n· 

Definition 5.4.5. Let B = (U, V, E) be a bigraph. Then the bigraph B = 

(U, V, E) obtained by merging the vertices of B having the same set of (open) 

neighbors is called the reduced bigraph of B. 

Theorem 5.4.6. A bigraph B is a unit circular-arc bigraph if and only if B 

is an induced subbigraph of HB2r,n for some n, r E N with n > 2r. 

Proof. The proof is similar to that of Theorem 5.4.3 and hence omitted. D 

Example 5.4.7. Consider any PCA-graph G which is not a UCA-graph {92}. 

Construct a bigraph B whose biadjacency matrix is the augmented adjacency 

matrix of G. If B is a unit circular-arc bigraph, then by the above theorem, 

it is an induced subbigraph of HB2r,n for some n, r E N with n > 2r, as B 

is reduced. But then it follows from the construction of B from G and that 

of HB2r,n from H2r,n that G is an induced subgraph of H2r,n. This implies 

G is a unit circular-arc graph which is a contradiction. Thus B is a proper 

circular-arc bigraph which is not a unit circular-arc bigraph. 



Conclusion 

In the concluding part of this thesis, we list below some of the open problems 

of this area of study which remain unresolved and also those which arise as 

a consequence of the present work and should be a motivation for further 

research. 

1) The problem of finding out the forbidden graphs of an inverval graph 

and the determination of its recognition algorithm have been thor

oughly resolved. But the complete list of forbidden bigraphs or for

bidden structure for an interval bigraph and its recognition algorithm 

is not yet obtained. This is the most formidable open problem in the 

study of interval bigraph. 

2) Interval bigraph is a generalization of interval graph (see [78]). One 

may try to find similar relationship between: 

i) circular-arc bigraph and circular-arc graph; 

ii) interval containment bigraph and interval containment graph; 

iii) overlap bigraph and overlap graph. 

136 
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3) In chapter 2 we have referred to the class of graphs called bipermu

tation bigraph which is an extended concept of permutation bigraph 

and comes more naturally from the permutation graph. It has been 

noted that bipermutation bigraphs are edge-disjoint unions of permu

tation bigraphs and it seems hard to convert this result to a matrix 

characterization of this class of graphs. 

One can also extend the concept of circular permutation graphs [72] to 

circular permutation bigraphs, characterize them and obtain a recog

nition algorithm. 

4) Interval tournaments have been characterized by forbidden structure 

and other ways. Characterization of circular-arc tournaments and its 

recognition algorithm remains unsolved. 

5) In chapter 4 we have characterized a vertex (edge) homogeneous in

terval bigraphs in terms of forbidden subgraphs. But the problem of 

finding a recognition algorithm of these graphs has not been solved. 

6) The recognition problems of circular-arc graphs and proper circular-arc 

graphs have been solved in linear time after a long period of thorough 

research [22, 59]. A quadratic time algorithm for recognizing UCA

graphs is given in [25]. But the problem of recognition algorithm of 

circular-arc bigraphs along with its complexity question is yet to be 

solved. Nevertheless, we hope for an early solution to the problem of 

determining the complexity and the recognition algorithm of the two 

subclasses, PCB and UCB of circular-arc bigraphs with the help of the 
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characterization of the corresponding bigraphs given in chapter 5. 


