
Chapter 7 

Modified Chaplygin Gas in 

Horava-Lifshitz Gravity and 

Constraints on its B parameter 

7.1 Introduction 

Recently modification to the gravitational sector of the Einstein-Hilbert action is 

considered widely to accommodate the present accelerating phase. A polynomial La

grangian in scalar curvature R with different powers are considered to address some 

of the recent issues in cosmology ([76]-[80]). However no significant cosmological 

model came up which describes the evolution of the universe consistently: Horava

Lifshitz gravity is considered as an alternative theory of gravity. It is known that 

the Big Bang singularity does not arise in the Horava-Lifshitz gravity due to higher 

order terms in the spatial curvatures ~J· Horava-Lifshitz gravity is considered to 
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be a UV complete theory of gravity. HL gravity may reduce to classical general 

relativistic theory of gravity in the low energy limit. HL gravity is useful to con-

struct cosmological model as it has a number of novel features in connection with 

evolution of the universe. A number of issues in the universe namely, gravitational 

wave production [207, 208, 209], perturbation spectrum [210, 211, 212], black-hole 

properties [213, 214, 215], dark energy phenomenology [216, 217], the problems of de-

termining observational constraints in the theory [218], astrophysical phenomenology 

[219, 220, 221], thermodynamic properties [222, 223] are studied in the framework 

of HL gravity. Setting aside the foundational and conceptual issues of HL gravity, 

cosmological scenario with generalized Chaplygin gas (GCG) [224] is also studied in 

the literature. In the HL gravity, generally two conditions are assumed: (i) detailed 

balance with projectibility and (ii) projectibility in beyond detailed balance. Under 

the detailed balance condition in HL gravity, it is found that the Friedmann equa-

tion gets modified by extra ; 4 term [81, 82, 83], where a is the scale factor. Here 

cosmological models with MCG in HL gravity are obtained and used to determine 

the constraints on model parameters from observations for both the closed and open 

universe. Thereafter the suitability of a cosmological model is examined using Union 

Compilation data [102]. 

7.2 Horava-Lifshitz cosmology 

In Horava-Lifshitz (in short, HL) gravity [82, 83], it is convenient to use the 

Arnowitt-Deser-Misner decomposition of the metric which is given by eq. (1.22). 

The full action of HL gravity consists of kinetic and potential terms which is given 

·,. 
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by eq. (1.23). In the next section we study cosmological model with detailed balance 

and projectibility. 

7.2.1 Cosmological model: 

Using symmetry property of the Lagrangian Lv, Horava noted that it reduces the 

number of invariants which one should actually consider in the action to begin with 

[72]. The symmetry is known as detailed balance and it requires that the Lagrangian 

Lv should be derivable from a super-potential W [83] . Under the detailed balance 

condition the full action of HL gravity is given by 

(7.1) 

where 

(7.2) 

is the Cotton tensor and the covariant derivatives are determined with respect to the 

spatial metric 9ii. Eijk is a totally antisymmetric unit tensor, .X is a dimensionless 

constant with K,, w and p,. 

In order to incorporate the matter components one needs to add a cosmological stress-

energy tensor to the gravitational field equations, that recovers the usual general 

relativity formulation in the low-energy limit [216, 225, 226, 227]. The matter-tensor 

is a hydrodynamical approximation which contains the matter energy density Pm 

and the corresponding pressure Pm in Friedmann equation. Here Pm represents the 
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total matter energy density, that accounts for both the baryonic density Pb as well as 

that of the dark matter density Pdm, including the normal matter. Horava obtained 

the gravitational action assuming that the lapse function is just a function of time 

i.e., N = N(t). Here we use FRW metric with N = 1, 9ii = a2 (t)!ij, Ni = 0, 

"/ijdxidxi = 1!~r2 + r2dSl~, where K = -1, 1, 0, corresponds to open, closed and fiat 

universe respectively. Varying N and 9ij, one obtains the following field equations: 

. 3H2 

H+-
2 

/'\,2 

6(3,\ _ 1) (Pm + Pr) 

/'\,2 [ 3/'\,2 p,2 K2 3/'\,2 p,2 A 2 ] /'\,4 p,2 AK 
+ 6(3.\- 1) 8(3.\- 1)a4 + 8(3.\- 1) - 8(3.\- 1)2a2 ' 

/'\,2 

- 4(3,\ _ 1) (PmWm + PrWr) 

/'\,2 [ /'\,2 p,2 K2 3/'\,2 p,2 A 2 ] /'\,4 p,2 AK 
4(3.\- 1) 8(3.\ -1)a4 8(3.\ -1) 16(3.\- 1)2a2 ' 

(7.3) 

(7.4) 

where H = ~, is the Hubble parameter. In the above, the term proportional to a-4 

may be considered as the usual "dark radiation term", characteristic of the HL cos-

mology [82, 83] and the constant term as the cosmological constant. The conservation 

equation for matter and radiation are 

P"-m + 3H(pm + Pm) = 0, (7.5) 

Pr + 3H (Pr + Pr) = 0 (7.6) 

where 

(7.7) 
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7.3 Observational constraints on EoS parameters 

ofMCG 

Here MCG is considered to determine observational constraints on EoS parameters 

for a viable cosmology in the framework of Horava-Lifshitz gravity. Observational 

constraints on the EoS parameters are determined using the recent observational 

data namely, Observed Hubble data (OHD), BAO peak parameter and CMB shift 

parameter. 

7.3.1 Constraints obtained from detailed balance 

In this case, using eq. (7.7), the Friedmann equation can be re-written as: 

We define the following dimensionless density parameters: 

(i) for matter component 

(ii) for curvature 

(iii) for cosmological constant 

A 
no= 2H6 

The dimensionless parameter for the expansion rate is defined as: 

E(z) = H~:). 

(7.8) 

(7.9) 

(7.10) 

(7.11) 

(7.12) 

(7.13) 
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Using the above parameters the Friedmann equation can be re-written as: 

E 2 (z) = nbo(1 + z)3 + ncoF(z) + nro(1 + z)4 

+nKo(1 + z)2 + [no+ nko~~: z)4] (7.14) 

1 

where F(z) = [As+ a3 c 1~~1t1+a)] 1+a. At the present epoch E(z = 0) = 1, which leads 

to 

(7.15) 

where nbo, nco, nro, nKo represent the present day baryon, MCG, radiation and 

curvature energy density respectively. Here no is the energy density associated with 

the cosmological constant. The last term in eq. (7.15) corresponds to dark radiation, 

which is a characteristic feature of the Horava-Lifshitz theory of gravity. The dark 

radiation component may be important during nucleo-synthesis. Thus a suitable 

bound from Big Bang Nucleo-synthesis (BBN) may be incorporated in the EoS. Using 

the upper limit on the total amount of Horava-Lifshitz dark radiation that is permitted 

during BBN era is expressed by the parameter tlNv which represents the effective 

neutrino species [228, 229]. The constraints on ~gg determined in Ref. [218] in the 

framework of HL gravity which is: 

(7.16) 

The BBN limit on tlNv is -1.7 ::::; tlNv ::; 2.0, follows from Refs. [229, 230]. A 

negative value of tlNv is usually associated with models involving decay of massive 

particles which is not considered here. Again tlNv = 0 corresponds to the zero 

curvature scenario (a non-interesting case since Horava-Lifshitz cosmology with zero 

curvature becomes indistinguishable from ACDM). T~erefore we consider values of 
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.6.N11 which lies within the bound 0 ~ .6.N11 ~ 2.0. 

To sum up, in HL gravity the following parameters, nbo, nco, nro, nKo, no, .6.N11 , 

H0 , As, B, a are involved. We fix some of the parameters using 7 year WMAP data 

[93]. The fixed parameters are nmo(= nbo +nco), nbo, H0, nro and the corresponding 

values of the parameters are chosen as follows: nmo = 0.27, nbo = 0.04, H 0 = 

71.4KmjsecjMpc, nro = 8.14 * 10-5._ Therefore now six free parameters are left to 

be determined which are nKo, no, As, B,a, .6.N11 • Using eq. (7.16) in eq. (7.15) one 

obtains 

and 

no(K, .6.Nv, As, a)= 1- nmo- (1- 0.135.6.Nv)nro 

-0.73(K)V llNvJnro- nmonro- n~o (7.17) 

(7.18) 

Now, there are four free parameters, namely, As, B, a, .6.Nv in the above equations. 

To determine the EoS parameters of the MCG, three values of a namely, a=0.999, 

0.500, 0.001 are considered in closed universe and open universe respectively. In 

this case each of these values of a determined the best-fit values of the rest three 

parameters (i.e., As, B, .6.N11 ). Then at the best-fit values of .6.Nv we plot contours 

for the para:rp.eters As, B at different confidence limits for a given a. From the 

contours of As, B drawn at different values of a and best-fit .6.Nv we determine the 

permissible range of values of the B parameter for the MCG in HL gravity in the 

framework of open or closed universe. 
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7.4 Numerical analysis 

In this section we use three sets of observational data to determine EoS parameters 

of the MCG, namely, Stern data set for (H-z) data (OHD), BAO peak parameter 

and CMB shift parameter by numerical analysis. Chi-square minimization technique 

is used to determine the limiting values of the EoS parameters in the next section. 

7.4.1 (H-z) data (OHD) as a tool for constraining 

The best-fitted parameters of the model considered here are obtained minimizing 

the Chi-square function which is defined as 

2 (R A B f:lN ) _ .L; (H(Ho,A.,B,o:,ANv,z)-Hobs(z))
2 

XoHD o, s, , a, v, z - u~ (7.19) 

where Habs(z) is the observed Hubble parameter at redshift z and O"z is the associated 

error with that particular observation. Hubble parameter is given by 

H(z) = H0 E(z) (7.20) 

where 

(7.21) 

1 -

with F(z) = [As+ a3(1~~1t1+a)] I+a . Here (H(z)- z) data (OHD) is taken from Stern 

data analysis [99] from Table-(2.1). 
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Model B As b..Nv 
a= 0.999 0.0037 0.0628 0.2330 
a= 0.500 0.0166 0.1105 0.0999 
a= 0.001 0.0062 0.0521 0.8071 

Table 7.1: Best-fit values of MCG forK= 1 

7.4.2 BAO peak parameter as a tool for constraining 

Using the definition of a model independent BAO peak parameter defined for low 

redshift (z1 ) measurements given in eq. (1.30) we analyze the model. The Chi-square 

function x1Ao defined in eq. (1.31) is used. 

7.4.3 CMB shift parameter as a tool for constraining 

The CMB shift parameter defined in eq. (1.34) is used here. The Chi-square 

function xbMB defined in eq. (1.35) is employed here for the analysis. 

7 .4.4 Joint analysis with OHD + BAO + CMB data 

Total Chi-square function for the joint analysis: 

2 2 2 2 
Xtot = XoHD + XBAO + XcMB· (7.22) 

The statistical analysis with x;ot gives the bounds on the model parameters specially 

on B. The best-fit values of the closed universe and the corresponding range of 

values of the EoS parameters are shown in Table-(7.1) and in Table-(7.3) respectively. 

The contours between As, B for closed universe are shown in fig. (7.1) and that for 

open universe in fig. (7.2). The figures are drawn for three values of a at the 

best-fit value of b..Nv. From fig. (7.1 a) which is plotted for a = 0.999 for closed 
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Figure 7.1: As- B contours for (a) a= 0.999, (b) a= 0.500 and (c) a= 0.001 for 
closed universe using ( OHD + SDSS (BAO) + CMB shift) data at 68.3% (Solid), 
95.4% (Dashed) and 99.7% (Dotted) confidence level. 
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Model As b.Nv 
a= 0.999 0.0138 0.0662 
a= 0.500 0.0108 0.0808 
a= 0.001 0.0073 0.0761 

Table 7.2: Best-fit values of GCG (B = 0) for K = 1 

Data CL B As 
a= 0.999 68.3% ( -0.0630, 0.0773) ( -1.206, 0.6321) 

95.4% ( -0.0900, 0.1146) (-2.175, 0.7623) 
99.7% ( -0.1144, 0.1531) ( -3.478, 0.8347) 

a= 0.500 68.3% ( -0.0654, 0.0785) ( -0.9372, 0.5396) 
95.4% ( -0.0951, 0.1158) ( -1.544, 0.6846) 
99.7% ( -0.1234, 0.1673) ( -2.374, 0.7901) 

a= 0.001 68.3% ( -0.0724, 0.0898) ( -0.6392, 0.4532) 
95.4% ( -0.1081, 0.1334) ( -1.043, 0.5838) 
99.7% ( -0.1358, 0.1901) (-1.53, 0.7025) 

Table 7.3: Range of values of the EoS parameters forK= 1 in MCG 

universe we get at 68.3% confidence limit the acceptable range for B lies between 

( -0.0630, 0.0773) and for As it is ( -1.206, 0.6321). For 95.4% confidence limit, the 

bound on B widens and it takes up values between ( -0.0900, 0.1146) and As takes 

( -2.175, 0.7623). At 99.7%, it is (-0.1144, 0.1531) forB and ( -3.478, 0.8347) for 

As. The best-fit value for the effective neutrino parameter D.Nv = 0.2330. From fig. 

(7.1 b) which is plotted for a= 0.5000 for closed universe we get at 68.3% confidence 

limit the acceptable range for B lies in ( -0.0654, 0.0785), for As ( -0.9372, 0.5396). 

At 95.4% confidence limit B lies in ( -0.0951, 0.1158) and As in ( -1.544, 0.6846). At 

99.7%, it is ( -0.1234, 0.1673) forB and ( -2.374, 0.7901) for A8 • The best-fit value 

for the effective neutrino parameter D.Nv = 0.0999. From fig. (7.1 c) which is plotted 

for a = 0.001 for closed universe at 68.3% confidence limit the acceptable limit for 
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Model B As f::..Nv 
a= 0.999 0.0075 0.1079 0.1001 
a= 0.500 0.0105 0.1106 0.1000 
a= 0.001 0.0165 0.1143 0.1000 

Table 7.4: Best-fit values of MCG for K = -1 

Model As f::..Nv 
a= 0.999 0.0168 0.0859 
a= 0.500 0.0131 0.1000 
a= 0.001 0.0090 0.0999 

Table 7.5: Best-fit values of GCG (B = 0) forK= -1 

B is obtained as ( -0.0724, 0.0898), the limit for As is ( -0.6392, 0.4532). At 95.4% 

confidence limit B lies in ( -0.1081, 0.1334) and As in ( -1.043, 0.5838). At 99.7%, 

B lies in (-0.1358, 0.1901) and As lies in (-1.53, 0.7025). The best-fit value for the 

effective neutrino parameter b..Nv = 0.8071. 

So combining all the figures for closed universe we get at 68.3% confidence limit the 

acceptable range forB which lies between ( -0.0724, 0.0898) and the parameter As lies 

in the range ( -1.206, 0.6321). At 95.4% confidence limit B lies in ( -0.1081, 0.1334) 

and As in the range ( -2.175, 0.7623). At 99.7% confidence limit, B lies in the range 

(-0.1358, 0.1901) with As in the range ( -3.478, 0.8347). 

Best-fit values of the open universe and the corresponding range of values of the 

EoS parameters are shown in Table-(7.4) and in Table-(7.6) respectively. Fig. (7.2 a) 

is plotted for a = 0.999 in the case of open universe, at 68.3% confidence limit, the 

acceptable range forB lies in ( -0.0604, 0.0773) and As lies in ( -1.191, 0.6321). For 

95A% confidence limit B lies in ( -0.0887, 0.1133) and As lies in ( -2.175, 0.7623). 

At 99.7%, B lies in ( -0.1157, 0.1519) and As lies in ( -3.449, 0:8492). The best-fit 
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Figure 7.2: As- B contours for (a) a= 0.999, (b) a= 0.500 and (c) a= 0.001 for 
open universe using ( OHD + SDSS (BAO) + CMB shift) data at 68.3% (Solid), 
95.4% (Dashed) and 99.7% (Dotted) confidence level. 
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Data CL B As 
a= 0.999 68.3% ( -0.0604, 0.0773) ( -1.191, 0.6321) 

95.4% ( -0.0887, 0.1133) ( -2.175, 0.7623) 
99.7% (-0.1157, 0.1519) ( -3.449, 0.8492) 

a= 0.500 68.3% ( -0.0643, 0.0773) ( -0.8977, 0.5264) 
95.4% ( -0.0951, 0.1223) ( -1.531' 0.6846) 
99.7% ( -0.1234, 0.1673) ( ~2.348, 0.8033) 

a= 0.001 68.3% ( -0.0712, 0.0918) ( -0.6336, 0.4598) 
95.4% ( -0.1072, 0.1430) ( -1.049, 0.6114) 
99.7% ( -0.1387, 0.1942) ( -1.535, 0.7231) 

Table 7.6: Range of values of the EoS parameters forK= -1 in MCG 

value for the effective neutrino parameter ~Nv = 0.1001. Fig. (7.2 b) is plotted 

for a = 0.5000 in the case of open universe, in this case 68.3% confidence limit the 

acceptable range forB becomes ( -0.0643, 0.0773) and As becomes ( -0.8977, 0.5264). 

At 95.4% confidence limit B lies in ( -0.0951, 0.1223) and As lies in ( -1.531, 0.6846). 

At 99.7%, B lies in ( -0.1234, 0.1673) and As lies in ( -2.348, 0.8033). The best-fit 

value for the effective neutrino parameter .6.Nv = 0.1000. Fig. (7.2 c) is plotted for 

a = 0.001 in the case of open universe, we get at 68.3% confidence limit the acceptable 

range for B which lies in ( -0.0712, 0.0918), that of As lies in ( -0.6336, 0.4598). At 

95.4% confidence limit B lies in ( -0.1072, 0.1430) and As lies in ( -1.049, 0.6114). 

At 99.7%, B lies in ( -0.1387, 0.1942) and As lies in ( -1.535, 0.7231). The best-fit 

value for the effective neutrino parameter .6.Nv = 0.1000. 

Now for all the figures together for open universe one obtains at 68.3% confidence 

limit the range for B which lies in the range ( -0.0712, 0.0918) and As lies in the range 

( -1.191, 0.6321). At 95.4% confidence limit B lies in the range ( -0.1072, 0.1430) 

and As lies in the range (-2.175, 0. 7623). At 99.7% confidence limit B lies in the 

range ( -0.1387, 0.1942) and A8 lies in the range ( -3.449, 0.8492). 
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Comparing closed and open universe together it is found that for a closed universe 

at 68.3% confidence limit B lies in ( -0.0724, 0.0898) compared to ( -0.0712, 0.0918) 

for an open universe. At 95.4% confidence limit B lies in the range ( -0.1081, 0.1334) 

compared to that of (-0.1072, 0.1430) in the case of open universe. For closed 

universe B, satisfies the limit -0.1358 < B < 0.1901 and that for open universe it 

becomes -0.1387 < B < 0.1942 in 99.7% confidence level. 

7.5 Test of MCG in HL gravity 

In this section we discuss some of the implications of the present scenario of the 

universe. The evolution of the equation of state parameter of the total cosmic fluid 

of the universe is defined as w(z) = fui, with the total pressure and energy density 
Ptot 

given by 

1 2 [K2 
] Ptot = Pc + 3 Pr + K2 Aa4 - 3A , (7.23) 

2 [3K2 
] Ptot = Pc + Pb + Pr + K 2 Aa4 + 3A · (7.24) 

In the above the scale factor of the universe is replaced by redshift parameter, con-

sequently the density parameter and the Hubble parameter are accordingly written. 

The variation of state parameter w(z) with the redshift parameter z for both open 

and closed universe are plotted in fig. (7.3). It is evident from the curves that the 

model accommodates most of the evolutionary phases of the universe. At high red-

shift (early times) the state parameter is close to ~, indicating radiation dominance in 

that epoch which is permitted both in closed and open universe. In the intermediate 

redshift dust dominates through MCG for quite a long period of time. It is noted that 
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Figure 7.3: Variation of equation of state parameter for closed (Dotted line) and open 
(Solid line) universe 

the state parameter becomes negative at small redshift, i.e., in very recent past. In 

the case of closed or open universe the present value of the EoS parameter is negative 

( -0. 7) which permits an accelerating universe. 

In order to test the validity of the model best-fit values of the parameters of the 

MCG is used to find supernovae magnitudes (J-t) at different redshift (z) and plotted 

1-£ vs. z curves for a closed universe. We compared these with original curves of Union 

Compilation data [102] and observed an excellent agreement. Similar agreement is 

observed in the case of an open universe. 

7. 6 Discussion 

Cosmological models with MCG in the framework of HL gravity is studied to 

determine observational constraints op EoS par_;;~,meters using ( H ( z) - z) ( 0 HD), 
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Figure 7.4: The comparison of the Union compilation data with the best-fit values in 
closed universe. 

BAO peak parameter, CMB shift parameter. The analysis is done for the open and 

closed universe at 68.3%, 95.4%, 99.7% confidence limits. Comparing closed and 

open universe models we see that in a closed universe at 68.3% confidence limit B 

lies between ( -0.0724, 0.0898) compared to ( -0.0712, 0.0918) for an open universe 

model. At 95.4% confidence limit B lies between ( -0.1081, 0.1334) compared to that 

one obtains for an open universe ( -0.1072, 0.1430). For closed universe the limit is 

( -0.1358, 0.1901) (Table-7.3) and for open universe it is ( -0.1387, 0.1942) (Table-

7.6) with 99.7% confidence level. Comparing closed and open universe we see that 

in a closed universe the range of B is lesser compared to that in an open universe 

in the case of 68.3%, 95.4%, 99.7% confidence levels respectively. The range of B is 

quite small and may be negative as well. The negative value of B suggests that MCG 

corresponds to exotic matter.! I~ the literature [231] the acceptable value of B was 

predicted to be very small, W~f?R is once again gets support from our analysis. 

The plot of w(z) vs. z at high redshift (early times) in fig. (7.3) shows that w(z) 
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attains ~ in the case of closed and open universe respectively. This corresponds 

to radiation dominated era. In the intermediate redshift it behaves as dust for an 

extended period of time. EoS parameter picks up a negative value at small redshift, 

i.e., at very recent past. From the plot it is also ensured that in the case of closed 

or open universe the effective state parameter attains a negative value ( -0. 7) which 

favours an accelerating universe in accordance with observations. The best-fit values 

for both MCG and GCG EoS parameters in closed and open universe are determined. 

From the table for the best-fit values of the parameters it is quite obvious that the 

values of the parameters As, !:::..Nv pick up smaller values in GCG model than MCG 

model in both closed and open universe. In this model the parameter B plays a 

deterministic role of the evolution of the universe. The effective neutrino parameter 

is determined in MCG model as well as in GCG (B = 0) model. The effective neutrino 

parameter is found smaller in GCG model which is physically unrealistic. In addition 

the parameter As which is related to the speed of sound is also found small. On the 

other hand, both the neutrino parameter and As values obtained in the framework 

of MCG model in closed and open universe are physically relevant. Cosmological 

models with MCG are found to accommodate positive values for B when fitted with 

observational data. Thus it appears from the analysis that MCG is better than GCG 

in HL gravity because B > 0 i:::; reali:::;tic. In MCG, the best-fit value for neutrino 

parameter may be less than one. The deviation of the value of the parameter from 

standard value is due to thermal history of the universe at the epoch such as the 

low reheating temperature [232]. The low value of the parameter signifies that the 

radiation-matter equality attains at earlier epoch which on the other hand leads to 
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an increase of matter energy density. 

Using the best-fit values in closed universe model f..L vs. redshift curve is plotted 

in fig. (7.4) and that compared with Union Compilation data. Similar curves may 

be drawn in open universe case also. It is found that both the plots agree quite 

satisfactorily. Thus it is evident that MCG is observationally acceptable matter 

constituents in Horava-Lifshitz gravity. The present analysis clearly shows the edge 

of MCG over GCG in the context of HL gravity. Earlier in the Einstein frame, 

MCG is employed to obtain viable cosmological models [233, 234], in this case MCG 

is employed in tlfe HL gravity and determined various physical parameters of the 

universe which are supported from observations. 


