
Chapter 1 

Introduction and brief review 

In 1915, Einstein proposed general theory of relativity (in short, GTR) in which it 

has been considered that geometry and matter are intimately connected. The matter 

contained in the space-time manifold is related to its curvature. Subsequently Einstein 

applied his new theory in understanding the observed universe. The limitations of the 

observational instruments and available data from astronomers during that time led 

Einstein to obtain a static model of the universe. However, he failed to obtain such 

model with his field equation. He believed that there might exist a repulsive force in 

the universe for which the universe is not collapsing due to attractive nature of grav

ity. Einstein, consequently modified his field equation by adding a suitable repulsive 

term to obtain a static model of the universe. The constant term (A) which was added 

in the GTR equation by Einstein is known as cosmological constant. Historically in 

1922, Friedmann obtaineda dynamical solution of the field equation in the absence 

of A. However, the solutions obtained by Friedmann remained of academic interest 

only and not accepted by the cosmologists during that time because the solutions 
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confronted with the observations. In 1929, Hubble made a remarkable discovery that 

the galaxies that constitutes the universe are not at rest, they are moving away from 

each other which he ensured from redshifts of galaxies. Hubble's discovery thus ruled 

out Einstein's static model. Knowing Hubble's discovery of an expanding universe 

Einstein gave away A term, in order to accommodate such universe. 

In the expanding universe scenario, the universe originated from a Big Bang. In 

1948, Gamow, Herman and Alpher using Big Bang scenario predicted that in the 

early universe there was a phase of expansion when the universe was dominated by 

radiation with high temperature which in effect gradually decreases as the universe 

expands. The universe transits into a matter dominated phase subsequently. The 

temperature of the decoupled photons of the primordial nucleo-synthesis decreases 

with the evolution of the universe and the 2. 7 K radiation hovering around today as 

cosmic microwave background radiation (CMBR), is a relic of the Big Bang. In 1965, 

Penzias and Wilson discovered existence of CMBR [1, 2]. Big bang model of the 

universe based on perfect fluid assumptions successfully describes the universe from 

present epoch to 10-2s. When the early era is probed in the Big Bang model a num

ber of problems namely, horizon problem, flatness problem, singularity proolem etc. 

cropped up. Thus a number of observed issues came up which have no explanation 

in Big Bang model with perfect fluid assumption. 

In 1981, Guth [3] proposed inflationary universe scenario using temperature de

pendent phase transition mechanism in order to get rid of the problems of the Big 

Bang cosmology. In this scenario there was a phase. of expansion of the universe 

when a small causally coherent region grew into a huge size to encompass the present 
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universe. Thus the cosmological constant which was thrown away by Einstein earlier 

again reintroduced in cosmology to understand the observed universe. Subsequently, 

it is found that a graceful exit from inflation is a serious problem in the scenario. A 

new inflation is then proposed by Linde [4, 5], Albrecht and Steinhardt [6] where the 

graceful exit is natural. The period of inflation was very short in which the whole 

universe grew rapidly so that at a later epoch it engulf the different parts we see 

today, to come in causal contact with each other, thereby explaining the isotropy of 

the observed universe. Eventually, the quantum vacuum state decays, dumping its 

energy into the form of thermal radiation and subsequently the Big Bang Friedmann 

model takes over. 

In 1983, Linde [7] proposed a suitable inflationary universe model which does not 

require temperature dependent phase transition mechanism instead, the universe can 

be realized from a chaotic distribution of a homogeneous scalar field. In the Linde's 

chaotic inflationary scenario sufficient inflation, required to solve the problems of the 

Big Bang model, may be realized if a causally coherent region grow out with an 

initial scalar field which picks up values ¢i > 3Mp, where Mp represents the Planck 

mass. Quantum gravity region is not important in this case as V(¢) 2:: Mj,. Linde [7] 

further shown that a kinetic energy dominated region can pass on to an inflationary 

era afterwards as the potential energy domination sets in at a late epoch in scalar field 

cosmology. Paul et al. [8] shown that chaotic scenario is more realistic as it can be 

accommodated even in the presence of an anisotropy. Thus, an inflationary universe 

model is important as it opens up new avenues not only in cosmology but also in 

particle physics. It can solve some of the outstanding conceptual issues in cosmology 
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and particle physics not understood before. In the last three decades a number of 

inflationary models of the universe came up in the literature in the framework of 

different theories. These are given below 

• (1980-1989): R2-inflation [9, 10], Old inflation [3], New inflation [11], Chaotic 

inflation [7, 12], Power-law inflation [13, 14, 15, 16, 17], Extended inflation [18, 19], 

SUGRA inflation [20], Double inflation (21]. 

• (1990-1999): Hybrid inflation [22, 23, 24], SUSY D-term inflation [25, 26], Brane 

inflation [27, 28, 29, 30, 31, 32], assisted inflation [33, 34]. 

• (2000-2008): Super-natural inflation [35], K-inflation [36], D3-D7 inflation [37, 

38, 39, 40, 41], Tachyon inflation [42], Racetrack inflation [43, 44], Hill top inflation 

[45, 46], DIH inflation [47, 48]. 

Due to advancement of technology the present era is witnessing a transition of 

cosmology from speculative science to experimental science. A number of astronomi

cal and cosmological observations in the recent past made it possible to visualize the 

universe which is different from what we understood a decade ago. Perlmutter et 

al. [49, 50] and Riess et al. [51, 52] found that the present universe is accelerating 

during large redshift surveys of supernovae. This late acceleration cannot be realized 

in the framework of standard model of particle physics. It is one of the challenge in 

theoretical physics to develop a consistent theory to address the issue. It is found that 

old cosmological constant term of Einstein again can help to obtain such a late ac

celerating universe. However, origin of a cosmological constant term required at late 

epoch is not known. When observational results are analyzed in the Big Bang model, 

existence of a new kind of energy that fills the space is required which is termed as 
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dark energy. It has a negative pressure and negative gravitational effect causing a 

gravitational repulsion. As the universe expands, dark energy stays at nearly con-

stant energy density and, as the matter in the universe thins out, the dark energy 

begins to dominate. The repulsive effect of dark energy seems to guarantee that the 

universe might continue to expand forever. 

Thus it is evident that ordinary matter fields available from standard model of 

particle physics fails to account for the present observations. Consequently, to ad-

dress the recent issues a modification of the matter sector of the Einstein-Hilbert 

action with exotic matter is considered in the contemporary literature. Chaplygin 

gas (CG) is considered to be one such candidate for dark energy. The equation of 

state (henceforth, EoS) for CG is 

A 
p=-

p 
(1.1) 

where A is positive constant. It may be important to mention here that the initial 

idea of CG originated in Aerodynamics [53]. It is also int.eresting to note that the 

CG may be considered as an alternative to quintessence [54]. In the context of 

string theory Chaplygin gas emerges from the dynamics of a generalized d-brane 

in a (d+1, 1) space time. It can be described by a complex scalar field which is 

obtained from a generalized Born-Infeld action. But CG is ruled out in cosmology, 

as cosmological models are not consistent with observational data of supernovae Ia 

(SNia), Baryon Acoustic Oscillation (BAO), Cosmic Microwave Background (CMB) 

and so on [55, 56]. Subsequently, the equation of state for CG is generalized to 

incorporate different aspects of the observational universe. The equ,ation of state for 
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generalized Chaplygin gas (in short, GCG) [57, 58] is given by 

A 
p=-

pa 

6 

(1.2) 

with 0 ::::; a ::::; 1. In the above EoS, a = 1 reduces to Chaplygin gas [53]. It has two 

free parameters, A and a. It is known that GCG is capable of explaining background 

dynamics (59] and other features of a homogeneous isotropic universe satisfactorily. 

The feature that the GCG corresponds to almost dust (p = 0) at high density does 

not agree completely with our universe. It is also known that the GCG model suffers 

from serious problems at the perturbation level. The matter power spectrum of GCG 

exhibits strong oscillations or instabilities, unless GCG model reduces to ACDM [60]. 

The oscillations for the baryon component with GCG leads to undesirable features 

in CMB spectrum [61]. Thus a modification to the GCG is considered by adding a 

positive linear tenri in density to the EoS, known as modified Chaplygin gas (in short, 

MCG). The equation of state for the MCG is given by: 

A 
p=Bp-

Pa (1.3) 

where A, B, a are positive constants with 0 ::::; a ::::; 1. The above EoS reduces to that 

of GCG model [57, 58] when one sets B = 0. A cosmological constant A emerges 

by setting a = -1 and A = 1 +B. For A = 0, eq. (1.3) reduces to an EoS which 

describes a perfect fluid with w = B, e.g., a quintessence model [62]. MCG contains 

one more free parameter namely, B over GCG. It may be pointed out here that MCG 

is a single fluid model which unify dark matter and dark energy. The MCG model 

is suitable for obtaining a constant negative pressure at low density accommodating 

late acceleration and radiation dominated era (with B = ~) at a high density. Thus a 
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universe with MCG"may be described starting from the radiation epoch to the epoch 

dominated by the dark energy consistently. On the other hand GCG describes evo

lution of the universe from matter dominated to dark energy dominated regime (as 

B = 0). So, compared to GCG the proposed MCG is suitable to describe the evolu

tion of the universe over a wide range of epoch [63]. Although the distinction between 

ACDM and GCG model are very little, GCG is not attractive to describe EoS for dark 

energy. Another motivation for considering MCG as a dark energy candidate is that 

the exact EoS for dark energy not yet known. MCG is an attempt to find something 

interesting that is not exactly ACDM. Wu et al. [64] studied the dynamics of the 

MCG model. Bedran et al. [65] studied the evolution of the temperature function 

in the presence of MCG. Cosmological models with MCG are found consistent with 

perturbation study [66] and spherical collapse problem [67]. 

Another interesting cosmological model with a non-linear EoS is obtained by Mukher

jee et al. [68] in a flat universe known as emergent universe. Ellis and Maartens [69] 

first proposed an emergent universe in a closed model where the emergent universe 

scenario replaces the initial singularity by an Einstein static phase in which the scale 

factor of the Friedmann-Robertson-Walker (FRW) metric does not vanish and, ac

cordingly, the energy density, pressure etc. do not diverge. In the emergent universe 

scenario the initial size of the universe was large enough so that quantum gravity ef

fect is not important [69, 70]. In this model the horizon and flatnessproblems do not 

arise. In the EU scenario, the universe evolves from a static phase in the infinite past 

into an inflationary phase at a later epoch. In the usual description with a scalar field 

it is shown that a universe starts expanding from the above phase, later on smoothly 
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joins with a stage of exponential expansion followed by a standard reheating phase. 

It then approaches the classical thermal radiation dominated era of the conventional 

Big Bang cosmology [69]. Later Ellis and Maarten [69] shown that the potential 

needed to realize EU may be obtained naturally in a higher derivative gravity with 

I 
conformal transformation. Mukherjee et al. however shown that a non-linear EoS is 

enough to realize in EU scenario. The matter in the universe may be considered as a 

composition of three types of fluid depending on EoS parameter. EU with non-linear 

EoS will be considered here to estimate the unknowns using observational data. 

There are theories considered in the literature to accommodate late acceleration 

either by a modification of the gravitational sector or by a modification of the matter 

sector introducing exotic matter fields in the Einstein-Hilbert action. Alternative 

theories of gravity namely, Horava-Lifshitz gravity [71, 72], massive gravity F(T) 

[73, 74, 75], f(R) gravity [76, 77, 78, 79, 80] are also discussed in the literature. In 

Horava-Lifshitz (in short, HL) gravity one can obtain a cosmological model which is 

singularity free. Horava proposed the theory in cosmology in 2009, motivated from 

its success in solid state physics. The Big Bang initial singularity may be avoided 

in the framework of HL cosmology due to the presence of higher order terms in the 

spatial curvatures Rij. In the ultraviolet (UV) limit, HL gravity has a Lifshitz-like 

anisotropic scaling as t -+ ZZt and xi -+ lxi, between space and time, characterized by 

the dynamical critical exponent z = 3 and thus breaks the Lorentz invariance; while 

in the infra-red (IR) limit, the scale reduces to z = 1. Therefore, a classical general 

relativistic theory of gravity may emerge out of HL gravity in the low energy limit. 

The Friedmann equation in HL gravity is modified by an extra .;4 term [81, 82, 83], 
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where a represents the scale factor of a non-flat universe. HL gravity will be considered 

here to realize late accelerating phase and to determine various parameters for a viable 

cosmology. 

1.1 Methodology 

The Einstein-Hilbert action in 4-dimension is given by 

(1.4) 

where R represents Ricci tensor, g represents the determinant of the space-time metric 

and Lm represents the matter Lagrangian. The variation of the action with respect 

to the metric yields the Einstein's field equation which is given by 

(1.5) 

where R1w is the Ricci tensor, R is the Ricci scalar, 9JJ-v is the 4-dimensional metric 

and TJJ-v is the energy momentum tensor and G is the Newton's gravitational constant. 

Greek letters J-l, v can take up the values (0, 1, 2, 3) respectively. The left hand side 

of eq. (1.5) is determined from space-time geometry, whereas the right hand side is 

determined by the matter content in the universe. 

The most general space-time metric, consistent with homogeneity and isotropy of the 

universe is given by Robertson-Walker (RW) metric which is given by 

(1.6) 

where (k = +1, 0, -1), k = +1 for positively curved spatial sections (closed universe), 

k = 0 for flat universe and k = -1 for negatively curved spatial sections (open uni-

verse), a(t) represents the scale factor of the universe. Using the energy-momentum 
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tensor for perfect fluid, Tt' = diag. [p, -p, -p, -p] where p and p are energy density 

and pressure respectively. The time-time and space-space components of the Einstein 

field equation becomes 

(~)
2 

+ !5_ = 81rGp, 
a a2 3 

(1.7) 

a a2 k 
2- + - + - = -81rGp 

a a2 a2 
(1.8) 

where (") represents derivative w.r.t. time. In the case of a flat universe (k = 0) the 

Friedmann equation is obtained from eq. (1.7) which is given by 

(1.9) 

where H is the Hubble parameter. Using eqs. (1. 7) and (1.8) one obtains the Ray-

chaudhuri equation which is given by 

a 

a 

47rG(p + 3p) 

3 

The equation of state for barotropic fluid is 

p=wp 

where w is the EoS parameter. The conservation equation is given by 

d: + 3H (p + p) = 0 

consequently, the Raychaudhuri equation becomes 

a 

a 

47rG(1 + 3w)p 

3 

(1.10) 

(1.11) 

(1.12) 

(1.13) 

It is evident that to accommodate the early inflation matter with w ::::; -~ is essential. 

Perfect fluid model does not permit matter ,with a negative pressure. Consequently, 
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a semi-classical approximation where the geometry is classical but the matter is de-

scribed by quantum fields becomes essential in cosmology for describing early universe. 

The energy density and pressure in terms of a homogeneous scalar field (¢ = cp(t)) 

are given by 

(1.14) 

Therefore, 

p + 3p = 2 ( ¢2 
- v ( ¢)). (1.15) 

Using the above equation in Raychaudhuri equation (1.10) we obtain the condition 

for an inflationary universe which is ¢2 < V(¢) demanding potential energy domi-

nated regime. Thus a suitable scalar field potential which satisfies the above condition 

permits inflation. While the field rolls down near the minimum of the potential and 

it oscillates, which subsequently produces particle. In the early universe w = -1 is 

favourable. However, in recent times we observe that the present universe can be 

described by matter with w < - ~. The usual scalar field description thus failed to 

obtain accelerating phase at late time. Therefore, an exotic form of matter ( p < 0) 

is essential to address late phase of expansion. In this thesis cosmological models are 

studied using generalized Chaplygin gas (GCG) and modified Chaplygin (MCG) sep-

arately as the candidates for exotic matter. A non-linear equation of state required for 

emergent universe model is taken into account to determine the observed constraints. 

Using different observational predictions from Observed Hubble data (OHD), Baryon 

Acoustic Oscillation (BAO) parameter, Cosmic microwave background (CMB) shift 

parameter and dimensionless age parameter, growth parameter, r.m.s mass fluctua-

tion data, we determine the observational constraints. 



Chapter· 1: IntToduction and bTief r·eview 12 

1.1.1 Emergent Universe model 

Mukherjee et al. [68] assumed the following salient features of emergent universe 

(EU) model. 

1. The universe is isotropic and homogeneous at large scales. 

2. The predicted value of density parameter from observations points towards a flat 

universe (no rv 1). 

3. The universe is sufficiently large so that quantum gravity effects are not important 

so that classical description of space-time is adequate. 

4. No singularity and there exists a time like vector. 

5. The universe is accelerating (Type Ia Supernovae data). 

6. The matter or in general, the source of gravity has to be described by quantum 

field theory. 

7. The universe may contain exotic matter so that energy condition may be violated. 

In the case of flat universe the energy density and pressure can be expressed as 

(1.16) 

p =- 2~ + ~ ( 
.. ·2) 
a a2 

(1.17) 

where we consider 81rG = 1. The above eqs. (1.16) and (1.17) leads to a second order 

differential equation with a non-linear EoS given by 

1 
p = Bp- Ap2 (1.18) 

where A and B are the state parameters. The solution permits an emergent universe 

scenario wher~ the scale factor evolves as 

a(t) = a0 (fJ + exp(at)t (1.19) 
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B l!f in unit 1- W2 l!f in unit ( 1-)2 
w3 Composition 

_l J:!_ -~ ...2___ _.!_ DE,domain wall and cosmic string 3 2a 3 4a2 3 

0 2 1 1 0 DE,exotic matter and dust ------:< -2 a3 Sa2 

1 9 1 9 1 DE,cosmic string and radiation 3 8a2 -3 8a4 3 

1 1 0 1 1 DE,dust and stiff matter 2a3 4{16 

Table 1.1: Composition of matter in EU 

h - ( v'3K(B+1)) 3(;+1) (3 - v'3A - VSACT - 2 •t• t t w ere ao - A , - - 2-, a- 2K' w - 3(B+ 1) are pos1 1ve cons an s. 

The non-vanishing scale factor (a0 ) at time (t = 0) indicates that universe is ever 

existing. Under such conditions the scale factor as well as the size of the universe 

can never attain singularity. The present universe emerged out from a static Einstein 

phase in the infinite pa.<;t in this model. The static de Sitter solution is unstable, 

therefore, at a later epoch the universe which emerged provides the observed universe. 

The expression for energy density and pressure obtained using eqs. (1.18) and (1.12) 

are given by 

P = P1 + P2 + P3 (1.20) 

(1.21) 

h A2 2KA 1 K 2 1 d A2 

wit P1 (B+1)2' P2 = (B+1)2 a 3(B2+1) ' P3 = (B+1)2 a3(B+l) an P1 - (B+1)2' P2 

KA(B- 1) 1 BK
2 1 Thus effectively, it permits a universe composed (B+1)2 a 3(B+l) ' P3 = (B+1)2 a3(B+l) · 

of three types of fluid determined by B parameter. In Table-(1.1), the different 

composition of fluids in the universe based on the value of B are presenterl.. The EU 

model has been explored in a flat universe which is supported by recent observations. 

Subsequently, the EU model was taken up to examine the suitability of implementing 
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it in the context of various theories [67, 84, 85, 86]. A similar type of EoS was 

considered in the literature as a double component dark energy model [87] where the 

model parameters are constrained from Type Ia supernova data. The EoS considered 

by Fabris [87] is basically a special form of a more general EoS of the form, p = 

Bp- Apa; which represents Chaplygin gas with a< 0 [57, 58]. However for a> 0 it 

coincides to EU scenario [68]. 

1.1.2 Horava-Lifshitz gravity 

Horava-Lifshitz (in short, HL) theory of gravity [71, 82, 83] is considered as one of 

the important theory in cosmology motivated by its successes in solid state physics. 

According to the Arnowitt-Deser-Misner (in short, ADM) decomposition form the 

metric is given by 

(1.22) 

where the basic variables are lapse function N, shift vector Ni and the spatial metric 

corresponds to 9ii. The scaling transformation of the co-ordinates are t -+ l3t and 

xi -+ lxi. Both the shift vector Ni and the 3 dimensional spatial metric 9ii depend 

on the time coordinate t and the spatial coordinate xi. However, the lapse function 

N is assumed to depend on time only. This condition imposed on the lapse function 

is called the projectibility condition. The gravitational action of HL gravity consists 

of kinetic and potential energy terms which is given by 

(1.23) 
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The action with kinetic term is 

(1.24) 

where 

(1.25) 

is the extrinsic curvature in which dot represents derivative w.r.t time (t). There 

are two cases in HL gravity namely, (i) detailed balance condition and (ii) beyond 

detailed balance condition that are used in cosmology. In the case of detailed balance 

condition the potential Lagrangian is derivable from a super potential, whereas in 

the case of beyond detailed balance condition the potential Lagrangian can not be 

derived from super potential. Both cases are important in cosmology for describing 

evolution. 

1. 2 Numerical analysis 

The cosmological models obtained with a MCG or a non-linear EoS contains some 

unknown parameters which play an important role in understanding the evolution of 

the universe. The range of permitted values of these parameters may be determined 

making use of the cosmological and astronomical observational data by numerical 

analysis. The observational data namely, (H(z)-z), BAO peak parameter, CMB shift 

parameter, dimensionless age parameter, growth parameter, r.m.s mass fluctuation 

data will be employed for numerical analysis defining a suitable Chi-square function 

and thereafter range of values of the parameters are determined by minimizing the 

above Chi-square function. 
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1.2.1 Likelihood function 

. In the case of a likelihood function defined by L for a probability distribution 

function y we know 

· L(E S t ) ( """ [Yth(EoS parameters, z) - Yobs(z)]
2

) o parame ers <X exp - L..... 
2 

, 
2az 

(1.26) 

where Yobs(z) is the observed parameter at redshift z and az is the associated error 

with that particular observation for a function Yth· Likelihood function also can be 

expressed in terms of Chi-square function as 

(
-x2 (EoS parameters)) 

L( EoS parameters) <X exp Y 
2 

, (1.27) 

where 

· 2(E S t ) """[Yth(EoS parameters, z) - Yois(z)]
2 

Xy o parame ers = L..... 
2 . az 

(1.28) 

The above likelihood function can be maximized for EoS parameters by (i) analytic 

method, (ii) grid search method and (iii) numerical method. This maximization of 

the likelihood function corresponds to the minimization of the Chi-square function. 

1.2.2 Chi-square minimization and confidence limits 

Chi-square function can be constructed for certain distribution with the observed 

value and the corresponding errors of the distribution. Confidence limit is a common 

practice to summarize a distribution rather than presenting all details of a distribu-

tion. A confidence region (confidence interval) is just a region that contains a certain 

percentage of the total probability distribution. A certain region may be marked as, 
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99.7% confidence region, that means there is 99.7 percent chance that the true pa-

rameter value falls within the region. Confidence intervals are categorized as 68.3%, 

95.4%, 99.7% depending on lCJ, 2CJ and 3CJ respectively. We use following Chi-square 

function for numerical analysis; 

• Chi-square function for the set of observed (H(z) - z) data: 

We define the Chi-square function as 

2 (E S ) "' [Hth(EoS parameters, z)- Habs(z)]
2 

XoH D o parameters = ~ 2 
(Jz 

(1.29) 

where Habs(z) is the observed Hubble parameter at redshift z and O"z is the associated 

error with that particular observation. 

• Chi-square function for the Baryon Acoustic Oscillation (BAO) peak 

parameter. 

Baryon Acoustic Oscillations (BAO) are frozen relics left over from the pre-decoupling 

universe. Eisenstein et al. [88] detected baryon acoustic oscillations through redshift-

space correlation function of the Sloan Digital Sky Survey (SDSS) Luminous Red 

Galaxies (LRG) sample. This detection confirms that the oscillations occur at z ~ 

1000 and it survive the intervening time to be detected at low redshift. 

Two measured quantities Dmh2 and Dv(0.35) can be combined to a single parameter 

called BAO peak parameter (A) which is given as A= Dv(z = 0.35) ~ where 

Dv = [D~ ;(z)]l and DM is the co-moving angular distance. 

This model independent BAO peak parameter at low redshift (z1) can be re-written 

in flat universe as: 

A= .JD:l Jo ~ 
( 

fZl dz ) 2/3 

E(z1)a z1 

Z 7 MAY 2016 279008 
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where Slm is the matter density parameter for the Universe. The Chi-square function 

may now be defined as follows: 

2 (A- 0.469)2 

XBAO = (0.017)2 (1.31) 

where we have used the measured value for A (0.469 ± .0.017) as was obtained by 

[88] from the ·sDSS data for LRG (Luminous Red Galaxies) survey. 

• CMB shift parameter {R) is given by: 

To determine constraints on dark energy models a distance scale called CMB shift 

parameter is useful. The CMB shift parameter determines the shift of the peaks 

in the CMB power spectrum when cosmological parameters are varied [89, 90, 91 J. 

This parameter can be used as a probe for dark energy if the models have almost 

identical CMB power spectra and this criteria will be fulfilled if the matter densities 

(i) We = Sleh2, (ii) wb = Slbh2 ( where Wm = We+ wb) and (iii) primordial fluctuation 

spectrum are same [92]. In this case CMB shift parameter is given by 

(1.32) 

where sinnk(x) = sin(x),x,sinh(x) fork= +1,0, 1 respectively with 

y = rl da 
Jar Jwma + wka2 + WAa4 + WQal-3w 

(1.33) 

where we, Wm, wk, WA, WQ represents energy density corresponding to cold dark matter, 

matter, curvature, cosmological constant and quintessence respectively. w is the EoS 

for quintessence and ar is the scale factor at recombination. In the case of fiat universe 

the CMB shift parameter reduces to 

r;::- {zzs dz' 
R = VHm Jo E(z') (1.34) 
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where z18 is the z at the surface of the last scattering. The WMAP 7 data gives us 

R = 1.726 ± 0.018 at z = 1091.3 [93]. The corresponding Chi-square function in this 

case is defined a.s: 

2 (R - 1. 726) 2 

XcMB = (0.018)2 (1.35) 

• The logarithmic growth factor f, according to Wang and Steinhardt 

is given by 

f = n-:n(a) (1.36) 

where f = ~:~;!, r5 = ~ ( r5 is the matter density perturbation, Opm represents the 

fluctuations of matter density Pm) and 1 is the growth index parameter. In the case 

of fiat dark energy model with constant equation of state w0 , the growth index 1 is 

given by 

3(wo- 1) 
I= . 

6wo- 5 
(1.37) 

For MCG it is approximated to 

= 3 ( 1 - Wmcg) + ( 1 _ 0, ) 3 ( i - Wmcg) ( 1 - ~) 
I 5 - 6Wmcg m 125(1 - 6W;'cg )3 

(1.38) 

Using the expression of Wmcg in the above, 1 can be parametrized with MCG param-

eters. Therefore the Chi-square function corresponding to the growth function f is 

defined as 

2(.E S t ) ._., [fobs(zi)- fth(zi,l)]
2 

Xt o parame ers = ~ 
a fobs 

(1.39) 

where fobs and a1 b are observed values of growth functions and associated errors 
0 8 \ 

respectively. However, fth(zi,l) is obtained from cosmological theories. 

• The r.m.s mass fluctuation a 8 (z) is derived from matter density pertur-

bation o(z). 
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The mass fluctuation parameter or over density field for mass ( o) contributes on 

all cosmological scales. At a very small scales it can have huge value which is in-

significant in cosmology. We are interested in determining the properties of the 

smoothed over density field. Hence a filtering concept is used to filter out the contri-

bution below a certain length scale where the contribution is significant. Mathemat-

ically, this is obtained by convolving over density with some window function W(R), 

i.e. oR(t, x) = (o * W)(t, x) = I o(t, X- x')W(Ix'l, R)dx'3 . The second moment of 

the smoothed mass density field called variance of mass fluctuations is defined as 

O'~(t) =< ok(t, x) >= (oR(t, x)o *R (t, x)). This variance of mass fluctuations can be 

expressed in terms of linear power. spectrum as 

(1.40) 

where 

W(kR) = 3 (sin(kR) _ cos(kR)) 
(kR) 3 (kR)2 ' 

(1.41) 

!).2(kz) = 47rk3 P0(k, z), (1.42) 

with P6 (k, z) :::::::: (r5~) is the mass power spectrum at redshift z. The r.m.s mass 

fluctuations (O's(z)) is the variance of mass fluctuations at R = 8h-1 Mpc. O's(z) is 

the measure of mass that fluctuates within the box R = 8h-1 Mpc in the present day 

universe. The function O's(z) is connected to o(z) as 

(1.43) 

which implies 

(1.44) 
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Currently available data points o-8 (zi) originate from the observed redshift evolution 

of the flux power spectrum of Ly-a forest [94, 95, 96]. Finally, we define a new 

Chi-square function which is given by 

(1.45) 

where O"sobs,i is the associated error. 

In addition to Chi-square analysis we adopted the following functional analysis also : 

• Age Parameter : 

Using the definition of the age parameter [97] 

(1.46) 

where :0 = 1!z and H(a) is the Hubble parameter, the predicted age of the universe 

becomes 

1 fnl [ da ] to--
- H0 o aE (a, EoS parameters) 

(1.47) 

with 

E(a, EoS parameters) = H~:). (1.48) 

We consider H0t0 = 0.95 from observational prediction. Although it has some error 

limits, we take this value as standard. 

1.3 Testing viability of models 

The viability of cosmological models is tested by a comparison of values of dis-

tance modulus (J..L) in theoretical models with that of observations. For an object 
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of luminosity L at a distance D from us, the apparent magnitude (m) and absolute 

magnitude (M) are defined as 

m = -2.5log ( 41f~2 ) +constant, (1.49) 

M = -2.5log(L) +constant. (1.50) 

The distance modulus (i.e., supernovae magnitudes) (!-l) is defined in terms of the 

apparent and absolute magnitudes as 

1-l = m- M. (1.51) 

The distance modulus can be expressed in terms of luminosity distance dL as 

f-l = 51og(dL) + 25 (1.52) 

where the luminosity distance dL in the unit of mega parsec is given by 

(1.53) 

and 

rl dr 1to dt 
lo v'l - kr2 = t1 a(t)" 

(1.54) 

The age parameter will also be used to analyze cosmological models. 


