
Chapter 2 

Theoretical Background 

The theoretical background for the determination of the magnetic exchange coupling 

constants from the first principle of magnetism has been discussed here. Theory for zero field 

splitting parameters and magnitude are also described in this chapter. 



2.1. Introduction 

In the previous chapter we have discussed the background of the different qualitative 

methods of how the ground state of a diradical based magnetic species can be estimated. 

Although these qualitative methods can estimate the ground state of a diradical very 

effectively; however, the quantification is necessary. Theoretically the quantification of the 

magnetic nature of a diradical species have been done by estimating the magnetic exchange 

coupling constant (J). In diradical species J is mainly the energy difference between the 

triplet and the singlet states. Positive and negative values of J indicate the ferromagnetism 

and antiferromagnetism respectively. Nonetheless, as far as the applications of the organic 

diradical based magnetic species are concerned, after evaluating their magnetic characters, 

one needs to quantifY their biological activity such as applicability as magnetic resonance 

imaging contrast agent (MRICA), as hyperthermic agent, applicability in optoelectronic 

devices, in spintronic applications and so on. A point to be mentioned here is that, the 

quantification of a diradical to be applicable as MRICA can be done by the quantitative 

estimation of spin spin axial and rhombic zero field splitting (ZFS) parameters D, E and also 

with the static ZFS magnitude a2. 

2.2. Quantitative Methods: The Hamiltonian 

It is known that the magnetic interaction is electronic 

fenomagnetic diradicals, electronic spins at two different radical centers are aligned 

parallel to each other whereas in antiferromagnetic substances spins are aligned in 

antiparallel fashion. 1 Hence, ferromagnetic substances have high spin ground state. For 

example, organic ferromagnetic diradicals have triplet ground state in contrary 

antiferromagnetic diradicals have singlet ground state. This indicates that for a moiety to be 

ferromagnetic it must have singly occupied molecular orbitals as their HOMO and HOM0-1. 

We now discuss how this interaction energy can be quantified. 
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Let us consider a diradical with two unpaired electrons at sites 1 and 2. The isotropic 

interaction between two spin sites, say S1 and S2, can be best described by Heisenberg 

effective spin exchange Hamiltonian 

(2.1) 

The eigenfunctions of the Heisenberg Hamiltonian are eigenfunction of S2 and S _where S 

is the total spin angular momentum and is directly related to the energy difference between 

the spin eigenstates. 

Let the two electrons are in\{' a(r1) and Wb(r2) where r is the spatial coordinate. For a 

singlet system, the part will be antisymmetric and for triplet is symmetric. 

Electrons being fermionic the total wave function must be antisymmetric under the exchange 

of coordinates which is written as: 

\f's =-~ [Ta(1J)\f'b(rz) + Ta(rz)'I'b(rl)]Xs 
'\'~ 

The singlet and triplet energies are given by 

E5 = J\f';H'¥5 d!jdr 
2 

Er = J'I';H'I'rdr1dr 
2

• 

The quantity (Es- ET) can be estimated assuming Xs and xT to be normalized, 

(2.2) 

(2.3) 

(2.4) 
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Now, we define exchange integral J as 

(2.5) 

Here the quantity J is called isotropic interaction parameter or magnetic exchange 

coupling constant. For diradical systems, when J is negative, S = 0 is the ground state with 

anti-parallel spins resulting an antiferromagnetic interaction. In contrast, when J is positive, S 

= 1 is the ground state with parallel orientation of the electronic spins resulting in a 

ferromagnetic interaction. 

In summary, if the two centers interact with each other then the total spin of the 

diradical system will be S=O and 1, i.e., singlet and triplet respectively. Due to the 

electrostatic reason, energy of the singlet and triplet states are separated by a 2J energy gap 

which is defined as 

0 -- (2.6) 

An explanation of eq 2.6 is required here. Considering electronic correlation, one can 

describe the limiting behavior of a diradical molecule in a weak coupling limit. We note that 

for a ferromagnetic system in weak coupling limit, the spin polarized description of the 

lowest energy electronic configuration corresponds to all spin up with S = 1 and lowest 

energy configuration with half spin up and half spin down to S = an 

between 0 and 1, more than one configuration can be written. Therefore, S = 1 

correctly describes a state with all radical centers with spin up condition. However, S = 0 

corresponds to a state in which radical moieties have their magnetic electrons equally 

distributed among localized spin up and spin down orbitals. Hence Es =I gives correct energy 

for triplet whereas Es = o gives a poor approximation to energy of singlet state. The magnetic 

exchange coupling constant can be evaluated by determining the proper singlet and triplet 

energy values from a multiconfigurational approach. However, quantitative description of 

spin exchange interaction is a difficult task and computationally very expensive. 
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Nevertheless, many groups have done theoretical research usmg multiconfigurational 

techniques. 

2.3. Methodology: The Density Functional Theory (DFT) Based Methods 

DFT is the powerful methodology for chemical simulation where the energy of the 

systems can be defined in terms of its electron probability density (p ), that is, in DFT 

formalism the electronic energy E is treated as the functional of the electron density E(p ), so 

that one to one correspondence between the total electron density of a system and 

electronic energy is made. Notable point is that, compared to the ab initio methodology the 

density functional theory based treatments are easy to use in respect of their 

consumption and flexibility. The simplicity of DFT based methods over other pure methods 

can be understood by considering a system with n electrons. In such systems the 

wavefunctions have 3 coordinates for each electron and there must be one extra coordinate 

where spin is included. However, the electron density actually depends on the 3 coordinates 

and independent of the number of total electrons of the system. As a matter of fact, if 

complexity in the wavefunction is increased for the large systems the electron density keeps 

up the same number ofvariables, irrespective of the size of the system. 

The density functional concept for the first time was emerged from the work ofF ermi 

and Thomas in late 1920s, 2 where the energy of a system is expressed as a function of total 

electron density. In early 1950s, Slater has made the development ofHartree-Fock method to 

fonn Hartree-Fock-Slater3 method which is treated today as an ancestor theory of DFT. 

However, it is the mid 1960s, when Kohn and Sham4 have developed a formalism with the 

introduction of atomic orbitals then the application of DFT in the field of computational 

chemistry really sets in motion. The difficulties in the representation of the kinetic energy 

(KE) of a system are the main problem in earlier DFT formalism. The main essence of Kohn

Sham approach to overcome this problem is that they have splitted the KE functional into 

two different parts. The first part considered electrons are non-interacting particles and this 

part is calculated exactly, and in the other part the electron-electron interactions are 

considered by the introduction of a small correction term. 
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According to the Kohn-Sham formalism the ground state electronic energy of a 

system having n electrons and N nuclei is written as 

(2.7) 

where, 'Pi's (i=l. ..... n) are called Kohn-Sham orbitals, KE of the noninteracting electrons 

are represented by the first term, second term accounts for the nuclear-electron 

whereas the last two terms represent the Coulombic repulsion and exchange correlation tem1 

which leads to correction to total kinetic energy of the system respectively. 

Within the Kohn-Sham orbital formulations the ground state ,..,'"'., ... -.. n 

point r can be written as 

at 

(2.8) 

The importance of Kohn-Sham orbitals lies in the fact that the electron density of the 

total electronic system is calculated from the above equation. To obtain the Kohn-Sham 

orbital one needs to solve the Kohn-Sham equation for which the application of variational 

principle to the electronic energy E(p) with the charge density ( eq 2.8) is required. 

~ 

h, q;; (7j) = 8 ; l.Jii (fj ). (2.9) 

A 

In the above equation h1 and £ 1 represent the Kohn-Sham Hamiltonian and respective 

orbital energy. The Kohn-Sham Hamiltonian has the form 

(2.10) 
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where vxc is the functional derivative of the exchange correlation energy and the description 

of this term causes the major challenge ofDFT methodology, which is given by 

(2.11) 

Hence, having known theExc, the term vxc can be obtained readily. In Kohn-Sham 

density functional theory starting from the tentative charge density p the dependence of 

Exc on electron density is used to calculate V xc . Once the initial set of Kohn-Sham orbitals 

is obtained, these orbitals are used to obtain the superior electron density from eq (2.8). Until 

the density and the Exc meet the certain convergence criteria the process is repeated again 

again. from eq the electronic energy is calculated. 

One point to be noted here is that, the exchange correlation energy ( Exc) is separated 

two terms, namely the exchange term (Ex), the interactions between the electrons having 

same spin and the correlation term ( Ec ), the interactions between the electrons having 

opposite spins. The respective functionals are known as exchange functional and correlation 

functional correspondingly 

(2.12) 

Today, one can find different functionals depending on variation of different 

values of exchange and correlation functional. However, Perdew and Schmidt5 have 

successfully represented their vision of the progress of DFT functionals in the form of 

Jacob's ladder, the famous allusion from the book of Genesis (28, 10-12), in a DFT 

symposium in Menton, France. The ladder has five different rungs depicting the five 

different generations of DFT functionals (Scheme 2.1 ). One gets local density approximation 

(LDA) in the first rung, generalized gradient approximation (GGA) stands in the second 

rung, meta generalized gradient approximation (M-GGA) remains in the third rung, whereas 

the hybrid generalized gradient approximation (H-GGA) and hybrid meta generalized 

gradient approximation (HM-GGA) stand in the fourth rung and the fully nonlocal 
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approximation remains in the last rung when moving from the iower to the higher steps in the 

Jacob's ladder. If one climbs up with the ladder one needs to assume more and more 

sophisticated and complicated approximation and reach the heaven of chemical accuracy. A 

point to be mentioned here is that, each rung has its own drawbacks and advantages. 

Although the better rung gives better results than its lower one, however, the choice of 

functionals somehow depends on the problems in hand. 

Scheme 2.1. The vision of Perdew for Jacob's ladder of five generation DFT functionals 

from the world of Hartree to the heaven of chemical accuracy, with the indication of most 

popular density functional B3L YP at the fourth rung of the ladder. 

Chemical Accuracy (IIeaven) 

Fully Non Local 

IIybrid JV:Iet:a GGA 
II brid GGA 

JV:Iera GGA 

GGA 

LDA 

World o:C IIart:ree (Eart:h) 

The H-GGA functional has possessed a new dimension in the field of density 

functional study especially after the birth of B3L YP having 20% Hartree-Fock exchange in 

1994. The most popular and widely used B3LYP functional contains Becke 3 parameter 

exchange in addition to Lee-Yang-Parr correlation functional. 6 There are very few 

alternatives of B3L YP functional for average quantum chemical problems. If publication is a 

criterion then from its birth to 2005, the B3L YP is the most accepted one. Many competitive 

functionals of B3L YP, like MOX suite7 of functionals are still mounting. However, it is 

35 



expected that the supremacy of popular B3L YP may continue for another 4-5 years or more. 

At last, the property and obviously the type of the systems under study is the key factor of 

choosing accurate functionals. All these discussions are nicely portrayed in a nice review of 

Ramos and coworkers. 8 

2.4. Broken Symmetry: Noodleman's Approach 

A reliable and computationally less expensive solution to estimate the exchange 

coupling constant (J) is provided by Density Functional Theory (DFT) based methodologies. 

To date, the best technique to calculate the S-T energy gap is the well known broken 

symmetry (BS) method. This method was developed by Noodleman and coworkers.9 In this 

method, the spin-polarized, triplet state from unrestricted formalism ( <S2> = 2 

and a broken-symmetry (BS) solution needed. According to Noodleman "when the 

magnetic orbitals, i.e., the singly occupied orbital of two spin bearing monomers are allowed 

to interact by overlapping in self-consistent field procedure, a state of mixed spin symmetry 

and lowered space symmetry is obtained. This is refened to as the mixed spin or broken 

symmetry state." The BS state is not an eigenstate of H. It has the expectation value of <S2> 

equal to 1 for a diradical. It is assumed to be an equal admixture of a singlet and a triplet 

state. States of pure spin symmetry can be retrieved from the BS state using projection 

operator method. A detailed theoretical description of the BS state is given below. 

Following the description of the BS state given by Caballo! et al., 10 we write broken 

symmetry triplet state in unrestricted formalism as I ) = 1 .. ,.¢ A¢H), where (/JA and (/JB are the 

open shell localized spin up orbitals. If one assumes that the spin contamination is small 

enough to neglect its effect, then one can easily approximate that IT1
) = jT)where jT) 

represents pure triplet. In case of broken symmetry solutions, two types of solutions are 

possible. These are 

IBS,) = ! ..... mn) 

jBS2 ) == j ..... mn). (2.13) 

36 



The two magnetic orbitals m and n are expressed as 

(2.14) 

where (ct 2 + c2
2 

) = 1. Using these BS solutions one can write the spin adopted singlet 

function sf (not the pure singlet, S) as 

I f) jBSl)+IBS2) 
S = ~2(1 + (BS1 !BS2 ))' 

1 

where (BS1 jBS2 ) is the overlap integral between the two non-orthogonal BS Slater 

determinant Similarly one can write the triplet with Sz = 0 as 

jrf\ = _ jBS1)-jBS2 ) 

I ~2(1-(BSIIBS2)). 

From the energy expectation values of Sf and 

intramolecular exchange coupling constant J as 

(2.16) 

one can express that the 

(2.17) 

Assuming that the spin polarization of the closed shells can be neglected, the quantity 

(BS1 jBS2 ) can be approximated as the square of simple overlap integral between the 

magnetic orbitals Sab =(min). Hence the J value can be written as 

(2.18) 
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As discussed earlier, in a single determinantal approach, because of the much less 

spin contamination in the high-spin state, Er; can be approximated by the energy of the 

triplet state that is achieved from a direct computation i.e., ET; ~ ET. In contrast, the BS 

state is often found as spin-contaminated. Therefore, to eliminate the effect of spin 

contamination from the energy of the BS state, spin-projected methods have been applied. Eq 

(2.18) is valid when there is only one pair of magnetic orbitals. 

The BS method was further investigated for various systems with different degrees of 

overlap between the magnetic orbitals. The following three spin-projected equations are the 

results obtained from the same basic methodology and valid for different general cases 

depending on the degrees of overlap between the magnetic orbitals: 

( DFTE DFTE) 
yJND= BS- T 

S2 ' 
max 

(2.19) 

1) 

These three relations differ in their applicability. For a sufficiently small overlap 

between the magnetic orbitals, eq (2.18) reduces to eq (2.19).9
•
11 This expression is given by 

Giensberg, Noodleman and Davidson. In another work, Bencini et a1. 12 and Ruiz et a1. 13 have 

proposed an expression for evaluation of J which was further modified by Illas et al. 14
'
1 0 

( eq 

2.20) for the systems with sufficiently large overlap integral, that generally happens for 

binuclear transition metal complexes. On the other hand, eq (2.21 ), can be reduced to eq 

(2.19) and eq (2.20) in the weak and strong overlap limits respectively, has been derived by 

Y arnaguchi et al. 15 One notable point to be mentioned here is that, in my entire thesis work I 
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have used eq (2.21), the expression given by Yamaguchi and coworkers15 for the 

quantification of magnetic exchange coupling constant (J) values. 

2.5. Zero Field Splitting (ZFS) Parameters 

The direction dependent magnetic properties of a material are known as magnetic 

anisotropy. Magnetically isotropic material, in absence of magnetic field has no preferential 

direction of their magnetic moments; however, in absence of such field magnetically 

anisotropic materials align their magnetic moments with one of the easy axes. The easy axis 

means an energetically favorable direction of spontaneous magnetization. The magnetic 

anisotropy may lead to the splitting of 2S+ 1 magnetic sublevels in absence of external 

magnetic field. This phenomenon is called zero field splitting (ZFS). The magnetic 

anisotropy also known as ZFS can characterize the geometric and electronic environment of 

a radical having spin > 112.16 The reason for the quantification of the ZFS data, that is, its 

utility in the biomedical applications (D, E and a2 the axial and rhombic parameters and 

magnitude of ZFS respectively) and the theoretical background of ZFS are discussed below. 

Rajca and co-workers have synthesized and characterized various nitroxide diradicals 

and polyradicals. Nonetheless, the most interesting bio-features of these radicals are that they 

can be used as magnetic resonance contrast agents (MRICAs). 17 To design MRICAs in a 

rational manner, one needs to know the ZFS parameters. The electron spin correlation time is 

a leading factor for clearer MRI scans with enhanced contrast The easy estimation 

electron spin correlation time is possible by the ZFS data. 18 The sign and magnitude of axial 

ZFS parameter Dis crucial in determining different magnetic properties of a system. Rajca 

and co-workers have established that the diradical and polyradical systems of organic origin 

can be successfully used as MRICAs.17 The ZFS arises from two contributions, namely the 

direct electron-electron magnetic-dipole spin-spin (SS) (to first order in perturbation theory) 

interaction and the spin-orbit coupling (SOC) (to second order in perturbation theory) ofthe 

electronically excited state with the ground state. 16 The second order correction to the total 

energy, originating entirely from the spin orbit coupling interactions in molecular systems, is 

estimated with the help of the following expression 
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(2.22) 

where different spin degrees of freedoms are represented by (J, and i, j denote coordinate 

levels x, y and z. However, spin-orbit interaction happens to be dominant in case of heavy 

metal ion systems; in case of organic systems containing lighter elements, this part 

contributes a negligible amount to the total magnetic anisotropy of the system. 

On the other hand, the SS coupling contribution is the main source of ZFS in case of 

organic radicals. 19 The ZFS value arising from the SS interactions can be estimated through 

effective spin Hamiltonian 

iiZFS = LD!!S,Sj, 
ij 

(2.23) 

where Du the ZFS tensor, Skis the k'th Cartesian component of the total electron spin 

operator. Rearrangement of the Dif leads to 

(2.24) 

where D and E are axial and rhombic ZFS parameters respectively .zo The spin spin coupling 

interaction appears as a dipole dipole interaction21 

(2.25) 

The single ground-state Kohn-Sham determinant approximates the result of the SS 

coupling part of the ZFS tensor as the expectation over the single determinant, therebl2 

(2.26) 
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where a is the fine structure constant, ge is the gyromagnetic ratio. The operators Smn signify 

n'th component of m'th spin vector and riJ is the distance between spins i andj; k and I run 

over x, y, and z coordinates. McWeeny and Mizuno expressed the above equation using the 

spin density matrix as23 

(2.27) 

Here pa-P = Pa - pP is the spin density matrix in the atomic-orbital basis, 

and p , v , K, /L are the basis functions. 18 The ZFS parameters D and E are determined from 

the tensor components Di;'5 l, in the following way24 

(2.28) 

1 
E = 2(Dxx- Dry). 

(2.29) 

The D and E values are utilized to determine the static ZFS magnitude (a2) using the 

formula 

(
2 2 2) a2 = JD +2E . (2.30) 

this a2, the longitudinal 

(2.31) 

where B0 is the external magnetic field, m0 is the Larmor frequency, r2 and r' are the 

reduced spectral densities and a2r is the transient ZFS magnitude.26 Larger a2 corresponds to 

.&: t 1 . 1 25 a ~as er re axatwn rate - . 
J;e 
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2.6. Conclusions 

In this chapter we have discussed the theoretical background for the quantification of 

the ground state of a diradical based magnetic species. A brief discussion on Hamiltonian 

relevant to magnetic molecules such as Heisenberg effective spin exchange Hamiltonian is 

given. We also discuss different studies on this subject density functional theory (DFT) based 

methods. A brief focus on the development ofDFT from Fermi and Thomas (1920) to Kohn 

and Sham (1965) is also discussed. In recent years broken symmetry (BS) approach in DFT 

framework has gained much attention for its effectiveness in handling very critical problems 

with less computational effort. A section of this chapter has been attributed to the BS 

formalism. Computational methodology on different contemporary research articles is also 

given. At last, a systematic theoretical discussion on the magnetic anisotropy which is 

called zero splitting as as need of its quantification for design a magnetic 

resonance imaging contrast agents 1s made. These theoretical methodologies would 

followed systematically in this thesis. 
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