
PART-THREE 

UNSTEADY FLOW OF VISCOUS FLUID THROUGH A 
LONG STRAIGHT POROUS CIRCULAR PIPE DUE TO TIME 

VARYING PRESSURE GRADIENT WITH AN INITIAL 

ARBITRARY VELOCITY DISTRIBUTION 

Introduction : The Study of flow through porous media is of 

principal in rest due to its importance in petroleum engineering for 

studying the movement of natural gas, oil and water through the oil 

reservoirs and to study the underground water in river beds. The flows 

of viscous fluid through porous medium are of considerable importance 

for various purposes. Not only because of its significant flow situation 

and oil extraction but also for the rheometrical aspect, it has been dealt 

with by a number of researchers who presented solutions of the 

problems for various models of viscosity characteristics. The problem of 

unsteady flow of viscous incompressible fluid in an annulus of two 

porous co-axial circular cylinders subjected to suction or injection has 

been studied by Rao (1961}, Bhattacharya (1980) considered unsteady 

laminar flow in a channel with porous bed. Pandey (1969) considered 

slow steady flow of a viscous incompressible fluid between two porous 

walls at slightly variable distance from each other with distributed 

suction. Singh (1967) has studied the flow of visco-elastic Maxwell fluid 

in the annulus of two porous concentric circular tube under the 

influence pressure gradient. Das (1977) considered the flow of viscous 

incompressible fluid between two porous concentric circular cylinder 

with the inner cylinder rotating. Recently, Gupta and Babu (1987) 
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studied the flow of a viscous incompressible fluid through a porous 

medium near oscillating infinite porous plate in the slip flow regime. 

Mukesh Gupta and Shalini Sharma (1991) investigated the flow of 

viscous incompressible and electrically conducting fluid through a 

porous medium bounded by a oscillating porous infinite plate in slip flow 

regime under the influence of transverse magnetic field fixed relative to 

the fluid. 

More recently, Kulshrestha and Singh (1993) considered the MHO 

flow of viscous incompressible fluid between two co-axial rotating 

porous cylinders and discussed the effects of injection, suction 

parameter and eiectromagnetic field on velocity distribution. 

In this paper we have studied the unsteady motion of viscous fluid 

through a straight porous channel due to pressure gradient with an 

initial arbitrary velocity distribution. The fluid assumed to the Newtonian 

and incompressible, the general solution is obtained by using finite 

Hankel Transform. Velocity distribution for some particular types of 

pressure gradients namely (i) impulsive (ii) periodic are discussed. 

Formulation of the Problem : 

Applying cylindrical co-ordinate (r, e ,Z) with Z axis along the axis of 

the circular tube, let us denote by u, v and w the components of velocity 

along r, e ,Z increasing respectively. 

Assuming that the motion is symmetrical about the Z-axis we have 

j_ = o and the nature of motion gives V=O. oe 
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The Navier-Stokes equations of motion of viscous incompressible 

fluid are (in absence of external forces) 

Ow+ u au+ wOw= _ _!_ Bp + v[82~ +!au- ~] .............. (1) 
8t 8r oz p8r 8r r8r r 

The equation of continuity is 

! _E_(ur )+ 8w = 0 .............. (3} 
r 8r 8z 

The direction of flow is taken along direction of the axis of Z. 

This shows that w is independent of Z. 

Bw Therefore, - = o ............. (4) az 
By the hetp of (4) the equation of continuity is 

1 8 ( - -ur)=O 
r 8r 

which gives ur = -s (say) ............ (5) 

where s>O is the suction parameter and s<O is the injection 

parameter. 

By the help of equation (5), equations (1) & (2) reduce to the 

following forms respectively. 

1 8p s2 

--=3'''"'''"'"'"'(6) p 8r r 

8w = _ _!_ 8p + v[azv:_ + (1 + ~)! aw] ................ (7} 
8t p8z 8r v r8r 

Substituting, 

~ = 2n ................ (8) 
v 

_ _!_ 8p = f(t) ................ (9) 
p 8z 

83 



Which is a function oft alone, we get 

-=f(t)+v (1+2n)--+-2 ................ (10) 8w [ 1 8w fiw] 
at r8r ar 

Writing W = Fr-n where F is a function of rand t, we get 

82F 1 8F n2 1 8F 1 n 
-

2 
+---2F=----r f(t) ............... (11) ar r8r r vat v 

Boundary and initial conditions for the problem are 

w(r,t)=Fr-n =0 r=a, t>O 

s 
U= -U0 =- r=a, t>O ............... (12) 

a 

o::;;r ::;;a, t = 0 

t=O .................. (13) 

Solution of the problem : 

We introduce finite Hankel Transform defined by 

00 

WH = Jrw Jn (r~Jir .............. (14) 
0 

Where ~i is a root of the transcendental equation 

Jn(a~J= 0 ........... {15) 

Taking Hankel Transform to equations (10) & {11), we get 

provided n= -1 

00 

FH(O) = Jrn+I W0{r) Jn (r~J dr .............. (17) 
0 

with the help of the boundary condition (11), we get 

dR an+l 
d; +v~~FH =~ V Jn+l (a~Jf(t) 

Solution of this equation subject to the initial condition (17) is 
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Applying the inversion formula, we get 

f(r,t)= ~LFH(o)e-ulllt Jn(rpi) +2an-lLJn+l(aPJ. Jn(rpJ .Je-upi2 (t-1:)f(1:)<h 
a i [J1 n1 (aPJJ i Pi [J1 n1 (aPJJ o 

w(r,t)= 2~~: LFH(O)-eupf, fn(rpi)_ +2r-nan-IL Jn(rpi)_ Je-llf(t-1:)f(1:)d1: .... 
a ; J n+I (a() I) ; P)n+l (apl) 0 

Particular case and discussion : 

Case: 1 If we take 

wo(r)=a2 -r2 

f(1:) = 8(1:) 

Where 8(1:) is the Dirac Delta function, then 

W( )_2 -n n-1'\:'[4(n+l) l] Jn(rpi) e-ul3i
2

t { 20) r, t - r a .L.J 2 + - ( ). -- ............. . 
l . pi Jn+l a()i ()k 

Taking the roots of the equation Jn(api)= 0 

W(r,t) is tabulated against t. 
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Table: 1 

For different values of r (r=O, .25, .5, .75) and a=1, u = .1, n=1 

t 0 1 2 3 4 5 6 7 8 

W(O,t) 1.91 .856 .205 .046 .010 .002 .0001 .000 .000 

W(.25,t) 1.89 .767 .182 .841 .009 .002 .000 .000 .000 

W(.S, t) 1.61 .533 .124 .028 .006 .001 .000 .000 .000 

W(.75,t) 1.43 .271 .062 .014 .003 .000 .000 .000 .000 

Table: 2 

For different values of r (r=O, .25, .5, .75) and a=1, u = 1, n=O 

t 0 1 2 3 5 6 7 8 

W(O,t} i 2.00 1.57 I .85 .48 .27 .15 .08 I .OS 
~ 

W(.2S,t) 1.94 1.33 .74 .42 .23 .13 .07 .04 .o2 1 

W(.S, t) 1.75 I 1.01 .56 .32 .18 .10 .06 .03 .01 

W(.75,t) 1.43 .49 .28 .16 .09 .05 .03 .02 .00 
. 

Table- 3 

For different values of r (r=O, .25, .5, .75) and a=1, u = 1, n=- ~ 

t 0 1 2 3 4 5 6 7 8 

W(O,t) 2.03 1.72 1.39 1.09 .85 .67 .52 .40 .31 

W{.25,t) 1.95 1.64 1.29 1.01 .79 .61 .48 .37 .29 

I W(.S, t) 1.76 1.30 1.99 .77 .60 .47 .37 .28 .22 

W{.75,t) 1.44 .697 .55 .43 .3358 .26 .2049 .16 .13 

From equation (20) it follows that due to the application of 

impulsive pressure gradient the velocity profile dies out exponentially as 

t increases and ultimately tends to zero when t ~ oo. 

Table (1) shows the distribution of velocity when suction parameter 

is equal to 2u and Table {2) shows the same when the suction 

86 



parameter is absent. A comparative study of the two tables reveals the 

fact that suction plays a role for destroying the motion while Table {2) & 

(3) shows that injection accelerates that motion. 

Case: II 

If we take W0(r)=a2 -r2
• 

Using the result 

If there is no arbitrary initial velocity distribution then the real part 

of the solution. 

. .............. (24) 
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is a particular solution of the problem of viscous incompressible 

fluid through a straight porous circular tube due to the influence of 

pressure gradient. In absence of suction parameter s, the above result 

reduces to the form 

which resembles to the result obtained by Grace. 

Now, we consider the small oscillation of highly viscous fluid. In this 

1-ik 
case the quantity -t~-= becomes verv, small. . v u 

Then expanding the Bessel's function in equation (24) in power 

series and neglecting the terms o(u-2
) we get, 

W{r,t)~ _e: [t-(1 + {4o:: !)}}- {4o{:: !)})] 
eikr ( ) 

= 4u(n+l) az -rz 

Which corresponds to the steady flow of viscous liquid through a 

straight porous channel due to a periodic pressure gradient. 
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