
Chapter 2 

Theoretical Insight 

The background for the quant~fication of magnetic exchange coupling 
constant of the molecules the theoretical background for the evaluation ol 
property ofmolecules has also been discussed. 

24 



2.1 Introduction 

The quantification of magnetic and electronic transport property of molecular systems 

renders a vast area for rigorous theoretical endeavor. The magnetic property of a single molecule 

or radical systems can be estimated in terms of exchange coupling constant (J). The energy 

difference between high spin and low spin states of a system is actually quantified as magnetic 

exchange coupling constant. An adequate computation of the exchange coupling constant can be 

achieved through ab initio post Hartree-Fock methods which are immensely resource intensive .. 

In recent years density functional theory based broken symmetry approach is widely used to 

compute the exchange coupling constant. 

On the other hand, the general strategy to judge whether a molecule or a can 

transport electrical current is to follow their current vs. voltage (1- V) profile. As the 

phenomena represent a unbalanced situation under the bias voltage, it deviates a 

equilibrium proviso. Such a situation cannot be dealt akin to the everyday-quantum 

affairs. This inadequacy equilibrium quantum mechanics to address the non equilibrium 

behavior of transport property can be made up by the clever use of the non equilibrium green's 

function method. Besides the I-V plot, the density of states, and the transmission probabilities 

also give insight to the transport behavior of molecules and radicals. 

In this chapter functional theory will be briefly introduced, based on which the magnetic 

behavior of molecules and radicals have been computed through the broken symmetry approach. 

The non equilibrium green's function (NEGF) method is also competently discussed for 

addressing the transport phenomena in a system. 

2.2 Overview on Hartrre-Fock and Post-Hartree-Fock Methods 

Before going deep into DFT it will be useful to pay a little effort in discussing about the 

wave function based methods. The fundamental equation of quantum mechanics which describes 

any given chemical system is the Schrodinger equation. To get a physical property of a system 

from Schrodinger equation we have to solve it. In 1920 Hartree and Fock gave a solution for the 

Schrodinger equation of many electron system based on variational principle. They assumed that 

the exact N-body wave function of the system can be approximated by single slater determinant 

of N spin orbitals. One can get Hartree-Fock (HF) wave function and energy of the system by 
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solving N-coupled equations for N spin orbitals using variational principle. The mam short 

coming of the HF method is that it assumes the electrons are moving· independently; i.e. they 

have no correlation. That is the main reason for poor performance of HF method. Taking HF as 

the starting point, several post-HF methods such as configuration interaction or coupled cluster 

methods are introduced. These post-HF methods provide eminent ways of recovering the 

correlation missing from HF method. Although, Post-HF methods are more accurate, they are not 

so popular due to their resource intensive nature. 1 

2.3 Density Functional Theory 

Density functional theory (DFT) provide an alternative route to address both the 

inadequacy of HF and resource intensive nature of post-HF methods by replacing the multi

electronic wave function with the electronic density as the basic variabie. Modem DFT starts 

with two basic by Hohenberg and Kohn 1964.2 These are as follows: 

Theorem I 

For any system of interacting particles in an external potential VextCr), the density is uniquely 

determined (in other words, the external potential is a unique functional of the density). 

Theorem II 

A universal functional for the energy E[p] can be defined in terms of the density. The exact 

ground state is the global minimum value of this functional. 

2.4 The Energy Functional 

The energy functional contains three terms - the kinetic energy, the interaction with the 

external potential and the electron-electron interaction and can be written in the following form 

E[p] = T[p] + Vext[P] + Vee[p]. (2.1) 

The interaction with the external potential is expressed as 
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(2.2) 

The kinetic and electron-electron functionals are unlmown and they have a common form 

for every system. Direct minimization of the energy would be possible if good approximations to 

these functionals could be found. 

These kinetic and electron-electron functional can be approximated by a popular 

approach due to Kohn and Sham. 3 The Kohn-Sham system is composed of N non-interacting, 

thus fictitious, electrons which can be described by a single determinantal wavefunction in N 

"orbitals" c/Ji . In this system the kinetic energy and electron density are known exactly from the 

orbitals; 

(2.3) 

Here the suffix emphasizes that this is not the true kinetic energy but the kinetic energy of 

a system of non-interacting electrons, which reproduce the true ground state density 

N 

p(r) = Ll¢d 2 
. (2.4) 

i 

The acceptance of the methodology emerges from the the construction of the density 

explicitly from a set of orbitals. This ensures that it can be constructed from any asymmetric 

wavefunction. 

The electron electron interaction term the energy functional is distinctly composed 

classical Coulomb interaction, which is known as the Hartree energy. This can 

terms on density as 

1 J p(r1)p(rz) 
VH[P] = 2 lrl- rzl drldrz. 

Here we introduce exchange - correlation functional 

27 

(25) 

(2.6) 



Exc is simply the sum of the error made in using a non- interacting kinetic energy and the error 

made in treating the electron- electron interaction classically. 

Now, the expression for the energy functional can be written as 

(2.7) 

The non-interacting orbitals, from which the density was built m equation 2.7, satisfy the 

following set of equations 

(2.8) 

Here we have introduced a local potential which 1s the functional derivative of the 

exchange correlation energy with respect to density, 

(2.9) 

This set of non-linear equations (the Kohn-Sham equations) describes the behavior non

interacting "electrons" in an effective local potential. For an exact local potential, the "orbitals" 

yield the exact ground state density via equation 2.4 and exact ground state energy via equation 

2.6. 

2.5 Spin Hamiltonian and Magnetic Exchange Coupling Constant 

The interaction between two magnetic sites l and 2, is generally expressed by Heisenberg 

spin Hamiltonian 

(2.10) 

where S1 and S2 are the respective spin angular momentum operators and J is the exchange 

coupling constant. The positive value of J indicates the ferromagnetic interaction while the 

negative value indicates the antiferromagnetic interaction between two magnetic sites. For a 

diradical containing one unpaired electron on each site, J can be represented as; 
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(2.11) 

The single determinantal wave function cannot adequately represent a low spm state of a 

molecule in the unrestricted formalism, which leads to spin contamination in such types of 

calculations. Multiconfigurational approaches are suitable to describe pure spin states in an 

appropriate manner; however, these methods are resource intensive and can hardly be applicable 

in large systems. The way out of this difficulty is the broken symmetry method. 

Broken symmetry (BS) method proposed by Noodleman4
·
5 is widely applied 

calculating the magnetic exchange coupling constant. ln this approach, we can calculate a value 

for J using SCF methods. While the arguments have been given in terms wavefunction theory~ 

the formalism is most often applied within the context of density functional theory (DFT). 

Within the restrictions a single spin-unrestricted Slater determinant in which there are 

different orbitals for different spin, Noodleman's method works using variational treatment.6 

After getting spin-unrestricted solutions for the determinants of maximum spin Ms =SA+ SB and 

broken spin symmetry Ms =!SA- S3 l (note that neither determinant represents an eigenfunction 

of the total spin-squared operator S2 if calculated by spin-unrestricted methods), Noodleman's 

formula for evaluating J is as: 

EHs- Ess 
J =- sz 

max 
(2.12) 

where EHs and EBs are the energies of the high-spin (HS) and BS determinants, respectively. 

Unfortunately, this equation is applicable when the interactions between magnetic orbitals are 

small. On the other hand the expression proposed by Bencini 7'
8 and co workers and Ruitz et at} 

is applicable for large interaction. The equation for evaluating J looks like: 

EHs- Ess 
1=------

Smax(Smax + 1) 
(2.13) 

The spin projected method for evaluating magnetic exchange coupling constant given by 

Yamaguchi10
'
11 is applicable for whole range of coupling strengths. The equation is as follows: 
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(2.14) 

2.6 Density Functional Method for Electron Transport 

The standard Kohn-Sham one electron Hamiltonian within the nonlocal 

pseudopotential approximation can be written as: 12 

fl = f + L V/ocal(r) + L vrB + vH (r) + vxc(r). 

I I 

Where f = -ivz is the kinetic energy operator, VH(r) and vxc(r) are the total 

exchange correlation (XC) potentials and V/ocal(r) and vrs are the local and 

(Kleiman and By lander ( KB)) parts of the pseudo potential of atom I. 

1 

Now, let 15p be difference between the self consistent electron density p(r) and the sum 

of atomic densities patom = Lt pftom, and let 15VH (r) be the electrostatic potential generated by 

15p(r), which integrates to zero and is usually much smalter than p(r). Then the total 

Hamiltonian can be rewritten as: 12 

fl = f + L vrs + L vFA + ovH (r) + vxc(r). (2.16) 
1 l 

The first two terms of the equation involve only two-centre integrals as matrix elements, which 

are calculated in reciprocal space. The remaining terms involve potentials calculated on a three 

dimensional real space. 

The system for transport calculation constitutes three parts, namely, (i) left electrode, (ii) 

molecular region and (iii) right electrode (Figure 2.1) (generally represented as L-C-R). The 

distribution of electrons which is described through the density matrix obtained from a series of 

Green's function matrices of the infinite system. As the major concern is the electron distribution 

of the finite L-C-R part, the Green's function matrix is of the central importance here. This part 

can be obtained by inverting the finite matrix given as, 14 
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(2.17) 

Here Hu HR and He are the Hamiltonian matrices in the L, Rand C, respectively. and VL (VR) is 

the interaction between the L (R) and C regions. The self energies, LL and LR• that can be 

readily extracted from separate calculations of the corresponding bulk phase of the electrodes, 

stand for the coupling of Land R to the remaining part of the semi-intlnite electrodes .. 

Molecular Region Right Electrode 

extended to boxes). 

one can all observab!es the 

density matrix. DJ.I.v· 

(2.18) 

Here fiL and fiR are the electrochemical potentials of each electrode, I.e .. Il-L -fiR = The 

density matrix pL(E). is calculated as: 

Pbv(E) = ;(G(c-)ImL;L(c)Gt(c)) 11v. 

With similar way we can write an expression for pR(E), 

P~v(E) = ;cc(c)Iml:R(E)Gt(E))11v. 
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Then the electron density, 

nCr) = L 0tt(r) DJ-lv0v(r), (2.21) 
tf.V 

with the 0 being the numerical basis orbitals, which allows one to compute DFT Hamiltonian 

elements H, in equation (2.17). Equations 2.17-2.21 are then iterated until self consistency is 

achieved. 15 

The transmission is obtained from the equation 14 

T(E) == Tr[ rL (&)G-r (&)1 R (c)G(&) J (2.22) 

where r L ( & ) and r R (E) are the self energies of left and right electrode, c-r (E) and G( E) are the 

retarded and advanced Green's function. 

In the nonequilibrium Green's-function formalism the current I through the contact can 
be derived as 

00 

I ( V) = G0 J dE [ n F ( E - ,UL ) - n F ( E - ,u R ) ] x T (E) (2.23) 

where G0==2e2/h, np is the Fermi function, pL and pR are the chemical potentials of left and 

right electrodes respectively. 14 

By comparing with Landaur-Biittiker forrnula 16 one can readily identify the (left-to-right) 
transmission amplitude matrix t as17 

(2.24) 

F. 11 1 d h . . . . h l 18 ]<) ma y, one can a so ecompose t e quantum transmissiOn mto etgen c anne s · 

(2.25) 

This decomposition will be instrumental in the interpretation ofthe mechanism oftransport. 1720 
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