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Chapter 3 

NON-ARCIDMEDEAN EXTENSION OF REAL NUMBER 

SYSTEM 

3.1 Introduction 

The main objective of the present chapter is to study the formulation of a scale 

invariant analysis that aims at developing a coherent framework for analysis on the 

real lineR as well as on Cantor like fractal subsets of R [13, 14]. The formulation of 

a scale invariant analysis was motivated by an effort in justifying the construction of 

the so called non-smooth (i.e. higher derivative discontinuous) solutions [15] of the 

simplest scale invariant Cauchy problem 

dX 
xdx =X,X(1)=1 (3.1) 

in a rigorons manner. It is clear that the framework of classical analysis, because of 

Picard's uniqueness theorem, can not rigorously accommodate such solutions, except 

possibly only in an approximate sense. To bypass the obstacle, it becomes imperative 

to look for a non-archimedean extension of the classical setting, thus allowing for ex

istence of non-trivial infinitesimals (and hence, by inversion, infinities). Robinson's 

original model of non-standard analysis appeared to be unsatisfactory, because (1) 

infinitesimals here are infinitesimals even in "values", since the value of an infinites

imal is the usual Euclidean value and (2) these are new extraneous elements in R. 

Although, the non-standard *R is of course non-archimedean, but still an infinitesi

mal behaves more in a ''real number like" manner; that is to say, in essence, it fails 

to have an identity, except for its infinitesimal Euclidean value. Such non-standard 

infinitesimals are known to generate proofs of harder theorems of mathematical anal-
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ysis in a more intuitively appealing manner. Further, any new theorem proved in the 

non-standard approach is expected to have a classical proof, though, may be, using 

lengthier arguments. Justifying a higher derivative discontinuous solution of (3.1), 

therefore, appeared to be difficult even in the conventional non-standard analysis. To 

counter this problem, we develop a novel non-archimedean extension R of R by com

pleting the rational number field Q under a novel ultra metric which treats arbitrarily 

small and large rational (and real) numbers [13] separately. The ultra metric reduces 

to the usual Euclidean value for finite real numbers, but, nevertheless, leads to a new 

definition of scale invariant infinitesimals in the present context. 

Another motivation (as already mentioned) for this Chapter is to formulate "mo

tion" (variation of a quantity) in a smooth differentiable sense on a zero or a positive 

measure Cantor like fractal sets which arise copiously in complex system studies. 

3.2 Non-Arcbimedean model 

Infinitesimals: Let *R be a non-standard extension (c. f. Sec. 2.2) of the real number 

set R. Let 0 denote the set of infinitesimals in *R. Then an element of *R, denoted 

as x, is written as x=x + T, x E R and T E 0. The set 0 and hence *R is linearly 

ordered that matches with the ordering of R. The set 0 is thus of cardinality c, 

the continuum. The non zero elements of 0 are new numbers added to R which are 

constructed from the ring S of sequences of real numbers via a choice of an ultra 

filter to remove the zero divisors of S. A non-standard infinitesimal is realized as an 

equivalence class of sequences under the ultra filter and may be considered extraneous 

to R. The magnitude of an element x of *R is evaluated using the usual Euclidean 

absolute value Jxle· 
We now give a new construction relating infinitesimals to arbitrarily small elements 

of R in a more intrinsic manner. The words "arbitrarily small elements" are made 

precise in a limiting sense in relation to a scale. The infinitesimals so defined are 

called relative infinitesimals [16, 17]. 
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Definition 1. Given an arbitrarily small positive real variable x --> o+, there exists 

a rational number d > 0 and a set li! of positive reals x(x) = x(x, .X) satisfying 

0 < x(x) < d <X and the inversion rule 

x~) = .X(8)~, (3.2) 

where 0 < .X(8) << 1, is a real constant, so that x also satisfies the scale invariant 

equation 
dX 

x-=-x 
dx 

(3.3) 

The elements x( x) so defined are called relative infinitesimals relative to the scale 

d. A necessary condition for relative infinitesimals is that 0 < x1 < x2 < 8 means 

0 < x1 + x2 < 8. A relative infinitesimal x is negative if -x is a positive relative 

infinitesimals. Further, the associated scale invariant infinitesimal corresponding to 

the relative infinitesimal xis defined by X= lim~. 
5-o 

Now, because of linear ordering of o+, the set of positive infinitesimals of *R, 

that is inherited from R, and the fact that the cardinality of o+ equals that of R, 

there is a one-one correspondence between o+ and (0, 8) C R, which we can write as 

T(x) = To(x/8) for an infinitesimal To E o+ and a relative infinitesimal 0 < x < 8, 

d --> o+. This may be interpreted as by saying that for each arbitrarily small d > 0, 

there exists in the non-standard *R an infinitesimal To E o+ so that the dimensionless 

equality ofthe form T/To=x/8 holds good independent of the scale 8. We, henceforth 

identify o+ with the set of relative infinitesimals li! in rt = (0, 8) c R so that 

li! C fo. We use symbols 0 and lin interchangeably henceforth to refer the set of 

(relative) infinitesimals. We remark that in this framework, a positive real variable x 

is defined relative to the scale d by the condition x > 8. 

Infinitesimals , so modeled, will be assigned with a new absolute value. The real 

number set R equipped with this absolute value (denoted henceforth by R) will be 

shown to support naturally the generalized class of solutions of eq(3.1). 

Definition 2. A relative infinitesimal x E lin C 16 = ( -8, 8) (# 0) is assigned with a 

new absolute value, v(x) := lxl = limlog6-• x!\ x1 = lxl./8. We also set 101 = 0. 
5-o 
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Remark 1. We observe that there exists a nontrivial class of infinitesimals (viz., those 

satisfying [x[. ~ 8.86
) for which the value [x[ assigned to an infinitesimal x is a real 

number, i.e., [x[ > d. One of our aims here is to point out nontrivial influence of 

these infinitesimals in real analysis. This is to be contrasted with the conventional 

approach. The Euclidean value of an infinitesimal in Robinson's non-standard analysis 

is numerically an infinitesimal. Further, the limit 8 --+ o+ is, of course, considered in 

the above definitions in the Euclidean metric. 

We also notice that the inversion in Definition 1 is nontrivial in the sense that in 

the absence of it, the scale 8 can be chosen arbitrarily close to an infinitesimal x (say), 

so that letting 8--+ x, which, in turn, --+ o+, one obtains [x[ = 0. Thus, dropping the 

inversion rule, we reproduce the ordinary real number system R with zero being the 

only infinitesimal. 

Clearly, the above absolute value is well defined and also scale invariant. For, even 

as 8 --+ o+ the relative ratio T/ = x /8 might be a constant (or approaches zero at a 

slower rate) in (0,1), so that Definition 2 can yield non-trivial values. 

Remark 2. An infinitesimal x E / 0 has a countable number of different realizations, 

each for a specific choice of the scale 8, having valuation [x[6• Indeed, given a de.. 

creasing sequence of (primary) scales dn so that dn -->0 as n --+ oo, the limit in the 

Definition-2 can instead be evaluated over a sequence of secondary smaller scales of 

the form 8;:', m --+ oo for each fixed n. 

This observation allows one to extend that definition slightly which is now restated 

as 

Definition 3. i) Soole free {invariant) infinitesimals X0 = Xn/8n satisfying 0 < Xn < 
[Jn{and xn/8n = (x/8)n as n --+ oo) are rolled {positive) soole-free 8-infinitesimals. 

By inversion, elements of [Xi1
[. > 1 are scale free 8-infinities. {ii) A relative (8) 

infinitesimal Xo(# 0) E Io is assigned with a new {8 dependent) absolute value v(x) = 

[x[6 = lim log6-n(xn/8n)-1• {In this scale free notation, all the finite real numbers 
n~oo 
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are mapped to 1. We denote this set of li infinitesimals and infinities by R 5 .) 

Clearly, the above definition yields lxl5 = log5_, ( li fx) for each fixed li, which will 

have important applications in the following. The Euclidean absolute value, however, 

is uniquely defined lxl. = x, x > 0. We also notice that for a (non-zero) real number 

x E R, the only meaningful scale is lxl. It therefore makes sense to identify all finite 

real numbers to 1 in ~. 

Proposition 7. 1-15 defines a nonarchimedean semi-norm on 0. 

Remark 3. To simplify notations, 1-15, is written often as 1-1· The li- infinitesimals are 

also denoted simply by x. By a semi-norm we mean that 1-1 satisfies three properties 

(i) lxl > o, x =f o, (ii) 1- xl = lxl and (iii) lx1 + x2l ~ max{lx11, lx2l}. Property (iii) 

is called the strong ultra metric triangle inequality. Note that this definition of semi

norm on a set differs from the semi-norm on a vector space. However, this suffices 

our purpose here. 

Proof. The first two are obvious from the definition. For the third, let 0 < x2 < XI 

in 0. Then there exists li > 0 so that 0 < 112 < 111 < 1 where 1/i = x;f lin =f 1 and 

lx;l = log5-n 11i\ n-> oo. Clearly, lx2l > I xi I· Moreover, 0 < 112 < 1/1 < 1/1 + 112 < 1. 

By Definition 2, we thus have lx1 + x2l = log5-n('T/1 + 'T/2)-1 ~ log5-n 1121 ~ lx2l· 

Moreover, lx1- x2l = lx1 + ( -x2)l ~ max{lx1l, lx2l} = lx2l- • 

Now, to restore the product rule, viz., lx1x2l = lx1llx21, we note that given x and 

li ( 0 < x < li ), there exist 0 < u(li) < 1 and a: 0-> R such that 

{3.4) 

so that, in the limit n -> oo, we have 

v(x) = lxl = ua(x) 

For definiteness, ~e choose u(li) = li (this is justified later). The function a(x) is a 

(discretely valued) valuation satisfying (i) a(x1x2) = a(x1)+a(x2) and (ii) a(x1 +x2) :2:: 

min{(a(x1), a(x2)}. As a result, lx1x2l = lx1llx2l and hence we have deduced. 
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Proposition 8. 1-1 defines a nonarchimedean absolute value on 0. 

Remark 4. The above definition of valuation (3.4) can be extended further to include 

an extra piece in the exponent, viz., 

(3.5) 

where € (>0) vanishes with 8 in such a manner that (8n){ = 1 in the limit. This 

observation offers an alternative definition of a scale free (8) infinitesimal, viz., X= 
lim (5"ln+1•1,1 = 0(8ne), as n--> oo, which will be useful in the following. 

We now recall the general topological structure of a non-archimedean space. 

Definition 4. The set Br(a) = {xllx- al = v(x- a)< r} is called an open ball in 

0. The set Br(a) = { xl lx- al :'0: r} is called closed ball in 0. 

Lemma 3. 1} Every open ball is closed and vice versa(clopen ball}. 

2} Every point bE Br(a) is a centre of Br(a). 

3) Any two balls in 0 are either disjoint or one is contained in another. 

4) 0 is the union of at most a countable family of clopen balls. 

5) The set 0 equipped with the absolute value 1-1 is totally disconnected. 

The proof of these assertions follows directly from the ultra metric property (See 

Chapter 2, Sec. 2.3 ) and the fact that 0 is an open set. Because of the property 

(4) the set o+ can be covered by at most a countable family of clopen balls viz., 

o+ = UB(t;) where t; is a bounded sequence in 0, on each of which the absolute 

value 1-1 can have a constant value. With this choice of absolute value 1-1 is discretely 

valued. 

Remark 5. To emphasize, the definition of relative infinitesimals takes note of rela

tive position of x with respect to 8, which could then be extended as a geometrical 

progression to a sequence Xn satisfying 0 < Xn < 5n so that xn/8n = (xf8)n for the 



40 

evaluation of jxj5. Further, we use the symbol X to denote a scale free infinitesimal 

and the sequence Xn of arbitrarily small real numbers are called the real valued re

alizations of the infinitesimal X. IS infinitesimals carry traces of residual influence of 

the scale, as reflected in the corresponding absolute values jxj5 = log5_, IS /lxj., where 

as a genuinely scale free one should be independent of any scale. We notice that the 

above absolute value awards the real number system R a novel structure, viz., for an 

arbitrarily small scale IS, numbers x and x satisfying x > IS and 0 < x < IS now are 

represented as 

x = IS.IS-i"•i and x = >..IS.ISixol 

for a >. ( 0 < >. < < 1 ) , so that the inversion rule is satisfied. Actually, x belongs 

to an open set Iii; (say) of (0, IS), the size of which is determined by >.. Here, x0 is a 

special reference point in Ji!, for instance, x0 = x-1 E Ji!· It is also often useful to 

rewrite the inversion rule as an exponentiation: x/IS = (IS/x)" so that J.Llog(x/IS) = 

log>.-1 +log(x/IS), for a given x and IS. It also follows that although>. is a constant, 

the exponent J.t is actually a function both of the real variable x and the scale IS. For 

x-+ IS, and IS-+ o+, we have J.t-+ oo and jx0 j-+O in such a manner that jxj may have 

a finite value. For a IS infinitesimal, on the other hand, J.t may tend to 1 + as IS -+ o+. 

Indeed, in that case, we have, for a given arbitrarily small x and IS, a sequence Xn 

such that Xn = ISniS"ixol• = ISniSn(iilxoi•) where jj = J.t/n -+ 1 for a sufficiently large 

n. Notice that such a sequence always exists. In the limit IS-+ o+, a IS infinitesimal 

should go over to a scale free infinitesimal. Letting x1 = x /IS = IS-ixol ~ 1 + 'T/, so 

that 'T/ ~ jx0 jlog1S-l, we get x1 = x/IS = IS"ixol ~ 1- J.t'T/, J.t = 0(1)(> 0). Moreover 

the rate of approach of a real variable x, which equals 1 in the ordinary analysis, gets 

slower in the presence of scale free infinitesimals. In fact x approaches 0 now as x1-a, 

a= jxj, rather than simply as x. 

Remark 6. The scale IS might correspond to the accuracy level in a computational 

problem. In this context, 0 in R is identified with the interval l5 (the closure of 

15 ) and thus is raised to 0. A computation is therefore interpreted as an activity 
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over an extended field R. By letting 5n --> o+ as n --> oo, we consider an infinite 

precision computation, which is achieved progressively by increasing the accuracy 

level, when real numbers are represented as 8-adically, for instance, the binary or 

decimal representation correspond to 8 = 1/2 or 8 = 1/10 respectively. Consequently, 

one arrives at a class of (scale free) infinitesimals X= xj8n E (-1, 1), n--> oo, which 

seem to remain available even in the ordinary analysis. To avoid any conflict with 

the standard real analysis results (for instance, the Lebesgue measure of Cantor sets 

in R), the scale free infinitesimals may be assumed to live in a zero measure Cantor 

set. A13 a consequence, the topological dimension of R5 is zero. To re-emphasize, a 

scale free infinitesimal X is an element of a Cantor set C5 (with the scale factor 8) in 

h, while the sequence of realizations Xn corresponds to its nth iteration realization. 

In such a realization, Xn (say) is an element of a closed (undeleted) subset .Fin of 

!5, each element of which is mapped to the finite real number x by the inversion 

rule. The Cantor set structure of the scale free infinitesimals is consistent with the 

ultrametricity of 0. 

Remark 7. Relationship between JXJ and JXJ5: 

We have already noticed that for an arbitrarily small 8 --> o+, we have the asymp

totic representations x = 88-1'"•1 and x = .M81zol. Accordingly, JxJ may have a finite 

value even as x vanishes as 8--> 0. For a 8 infinitesimal X, on the other hand the 

analogous representations are x = 88-l'"•l• and Xn = 5n ( 5n )il<5llzol•, where n --> oo but 

8 is kept fixed, and ji now depends on 8. It follows that JxJ5 = lim,._00 lo&-n(8/x)n = 
log5_,(8/x) = ji(8)Jxol5· Recalling that ji = 1+o"6(x), where a5 -->0 with 8, we there

fore write, JxJ5 = (1 + a5(x))JxoJ5 := Xt· From the remarks following the proof of 

Proposition 7 it also follows that JxoJ5 = 8" ::'0: 1 for a ~ 0. 

Example 1. Let us recall that a p-adic integer is given by X, = p'(1 +I;;;" a;p;), 

r > 0, where a; assumes values from 0,1,2, .... (p-1) with p-adic norm JXrlp = p-•. As 

an example of 8 infinitesimals we now consider p-infinitesimals, which are related to 

the p-adic integers in Zp c Qp. Let 8 = 1/p, p being a prime. Then there exist a class 

of p infinitesimals Xp (actually an equivalence class of such infinitesimals) which are 



42 

ordered according to the primes. Let, x = p-(l-lfp•J, for some positive integer r, be 

a given value of a real variable x relative to the scale 1/p. Then we have a class of 

p-infinitesimals 0 < Xrp < 1/p given by Xrp = p-nl'p(x)(l+ljp•) where 0 < r :S n and 

/lp = (1 + ap(x)), ap(x) being a small positive variable and goes to zero faster than 

1/p. Then we have JXrpl = p-r(1 + ap)· When O"p = 0, one obtains a p-adic integer, 

realized asap-infinitesimal, because in that case we have JXrpl = p-r. The sequence 

of partial sums Sm = pr(1 + 2:~ a;pi), whicll is divergent in the usual metric of Q 

and is an infinitely large element in the conventional non-standard models of Q, is 

realized in the present model as a p-infinitesimal Xrp· 

Lemma 4. A closed ball in 0 is both complete and compact. 

Proof. The proof follows from the following observations. Given E > 0, consider 

a closed interval [a, b] C 0 (in the usual topology) sucll that 0 < a < b < E. The 

valuation v realizes this closed interval as an ultra metric (sub) space U of 0 whicll is 

an union of at most of a countable family of disjoint clopen balls (by Lemma 3). 

Now we consider completeness. A sequence { Xn} C U is Cauclly <* v(xm- Xn) --> 

0 <* v(xn+l - Xn) --> 0 => 3N > 0 sucll that v(xn+l) = v(xn) for all n 2': N. Now 

since for a non-zero infinitesimal Xn, the associated valuation is non-zero, it follows 

that Xn --> XN E U in the ultra metric in the sense that v(xn) = v(xN) as n --> oo. 

Compactness is a consequence of the fact that any sequence in U has a convergent 

subsequence. Indeed, a sequence {xn} in U can not be divergent in the given ultra 

metric since 0 :S v(xn) < 1. • 

Next, we extend this nonarcllimedean structure of 0 on the whole of R, whicll is 

already assumed as an intrinsically nonstandard extension R. 

Definition 5. Let 1&(r) = r + 1&(0) 1&(0) = (-8,8), 8 > 0 for a real number r E R. 

For a finite r E R, i.e., when r ¢. 1&(0}, we have llrll = JrJ. = r. For an r E 1&(0}, on 

the other hand, we have llrll = JrJ = limlog6-,(8/r) = v(r), while, for an arbitrarily 
&-o 
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larger (---+ oo), i.e., when lrle > N, N > 0, we define llrll = lr-1
1 which is evaluated 

with the scale o ~ 1/N. 

Proposition 9. 11.11 is a nonarchimedean absolute value on R. It is discretely valued 

over the set of infinitely small and large numbers. 

Notation 1. The ultm metric space {R, II· II} is denoted as R. 

Proof. For an infinitely small or larger, the proof follows from Proposition 8. For 

a finite (non-zero) value of r E R, we have, on the other hand, r = s + r(t), s = 

r-t, r(t) = t, t E It(o), so that llrll = max{llsll, llr(t)ll} = s = lrl., by lettingt---+ 0. 

Discreteness on the set of infinitesimals and infinities follows from the discreteness of 

1-1- • 

Corollary 3. R is a locally compact complete (ultm-)metric space. 

The proof follows from Lemma 4 and Proposition 9. 

Proposition 10. The topology induced by 11·11 on R is equivalent to the usual topology. 

Moreover, the embedding i : R ---+ R is continuous. 

Proof: It is easy to verify that an open set of R in usual topology is open in 11·11 

and conversely since 11.11 reduces to the usual absolute value on Rand the continuity 

also follows from Definition 5. 

Definition 6. A (o) infinitesimal X is an (non-archimedean) integer if lXI < 1. It 

is a unit if lXI = 1. 

Lemma 5. A scale free (o) unit Xu on R has the form Xu = 1 +X where lXI < 1. 

Proof. A scale free (o) unit is defined by IIXull = 1. According to the valuation 

equation (3.5), we have 

(3.6) 
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since v(Xu) = 1 (xun are various realizations of Xu ). We also assume ~ > 0. 

Thus Xun/IP" = 0(8n{) --> 1, as n --> oo and subsequently 8 --> 0. Thus writing 

Xn = ~log8n (Remark 4), we have the lemma, since, as n--> oo, Xu= limxun/~Pn = 

lim ex" = 1 + Xo, when we have 11Xn(1 + o(Xnlll = IIXoll, (because of the ultra

metricity of II-II) for a Xo = Xn(1 + o(Xn)). • 

Lemma 6. Let X; be two 8; infinitesimals, i = 1, 2 such that 81 > 82. Then there is 

a canonical decamposition x1 = X1(1 + X2) where IX11 = IX11 < 1. 

Proof. Recall that the positive 8-infinitesimals live in (0, 1) C R6, which is covered 

by clopen balls B(X1;), j = 1, 2, .... Let X1 E B(X1;) for some j. Suppose X1; 

is defined by (3.4). For a general infinitesimal X1 we have, on the other hand, the 

extended definition given by (3.5), viz., X1 = X1n/8'i = (8'i)(IX•;I•,H(X,,62ll, where 

~ > 0 goes to zero faster than IX1;I = v(X1;) such that (8'i)e = 1 as 8'i -->0. Now 

writing~ = ( ~) log 82/ log 81 and using Lemma 5, we obtain X1n/ 8'i = X1jn/ 8'i X Xun/ 8~" 

and so taking limit n --> oo the desired result follows. • 

Let us recall that dX/dx = 0 means X=constant, on R. However, in a non

archimedean space R, X can be a locally constant function, whicll we call here a 

slowly varying function. In a non-arcllimedean extension of R, >.(in Definition 1) may 

be a slowly varying function. Thus, the nonsmooth solutions of R (Section 3.1) are 

realized as smooth in the non-archimedean space R. We recall that differentiability 

in a non-archimedean space is defined in the usual sense by simply replacing the usual 

Euclidean metric by the ultra metric llx- Yll, x, y E R. 

Definition 7. Let f: R--> R be a mapping from R to itself. Then f is differentiable 

at Xo E R if 3 l E R such that given e > 0, 3 11 > 0 so that 

Ill f(x)- f(xo) II IIlii I< e 
II x-xo II 

(3.7) 

when 0 <II x- x0 II< 1j, and we continue to write the standard notation f'(x0 ) = 

d/(zo) = l 
tb: • 
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Remark 8. The above definition is in conformity with the more conventional definition, 

viz., 
II f(x)- f(xo) -lll< e 

x-xo 
(3.8) 

since 1 11 ''";-~~~~o)ll IIlii I. <II f(x;-~~xo) -l II< e. As long as lx- xole--+ o+, but 

lx- x01 ~ O(o), the above definition reduces to the ordinary differentiability. But 

when lx-xole --+ o the above gets extended to the logarithmic derivative xdlog,!.(zo) = l, 

when we make use of the nonarchimedean absolute value 1-1· 

So far in the above discussion the scale o is unspecified. In the following, we 

introduce the nonarchimedean absolute value (Definition 10) on the field of rational 

numbers Q, construct its Cauchy completion and finally, because of the Ostrowski 

theorem, relate it to the local p-adic fields. We get a minimal nonarchimedean ex

tension of R (and which is a subset of the above R) for each given scale o, thus 

sufficing our purpose ofrelating the (secondary) scales o with the inverse primes viz., 

o = 1/p. Consequently, we have a countable number of distinct field extensions Rp 

of R depending on the scale at which the origin 0 of R is probed. 

However, before proceeding further, let us collect a few more general properties of 

the valuation v( x) in the following subsection. 

3.3 Non-archimedean valuation: A few more properties 

The set of infinitesimals 0 reduces to the singleton {0} when o--+ 0 classically. How

ever, the corresponding asymptotic expressions for the scale free (invariant) infinites

imals are non-trivial, in the sense that the associated valuations (Definition 3) can be 

shown to exist as finite real numbers. Below we give a definite construction indicat

ing the exact sense how relative infinitesimals and associated values could arise in a 

limiting problem. 

Fix a value o = Oo and let 0 00 C [0, o0] = It. be a Cantor set defined by an 

IFS of the form fi(x) = AX, !2(x) =Ax- (A/50 - 1)80 where A = {Jo0 , 0 < {J < 1 
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and a + 2/3 = 1. Thus at the first iteration an open interval 0 11 of size ao0 is 

removed from the interval I~, at the second iteration two open intervals 0 21 and 

022 each of size aoo(/3) are removed and so on, so that a family of gaps Oii of size 

aoo(f3)i-l, j = 1, 2, .... 2i-l are removed in subsequent iterations from each of the 

closed subintervals I;;, j = 1, 2, .... 2; of I~. Consequently, C60 = I~ - U;O;;=rl; U; I;;. 

Notice that the total length removed is I: ao0(2j3)i-l =50 , so that the linear Lebesgue 

measure m(C60 ) = 0. 
Next, consider IN= [0, f3N] and let N = n + r and N-+ oo as n-+ oo for a fixed 

r ;::: 0. Choose the scale o = af3"o0 and define x. E [0, af3N o0], a relative infinitesimal 

(relative to the scale o) provided it also satisfies the inversion rule i:fo = >.0/x, for 

a real constant A(o) (0 <<A< 1). For each cl10ice of x and o, we have a unique i; 

for a given A E (0, 1). Consequently, by varying A in an open subinterval of (0,1), we 

get an open interval of relative infinitesimals in the interval (0, o), all of whicll are 

related to x by the inversion formula. In the limit o -+ 0, relative infinitesimals i:., of 

course, vanish identically. However, the corresponding scale invariant infinitesimals 

x. = x.jo, o -+ 0 are, nevertheless, nontrivial and are weighted with new scale 

invariant absolute values (norms) (Definition 3). 

The set of infinitesimals are uncountable, and as already shown the above norm 

satisfies the stronger triangle inequality v(x + y) :::; max{v(x), v(y)}. Accordingly, 

the zero set 0={0, ±oX. I Xr E (0, /3'), r = 0, 1, 2, .... , o-+ o+} may be said to acquire 

dynamically the structure of a Cantor like ultra metric space, for each f3 E (0, 1/2). 

The set 0 indeed is realized as a set of nested circles Sr = { Xr I v( Xr) = a.} in 

the ultra metric norm, when we order, with out any loss of generality, ao > a1 > 
..... The ordinary 0 of R is replaced by this set of scale free infinitesimals 0-+ 0 = 

0/ "-'={0, us.}; 0 being the equivalence class under the equivalence relation"', where 

x "'y means v(x) = v(y). 

Remark 9. The concept of infinitesimals and the associated absolute value considered 

here become siguificant only in a limiting problem (process), which is reflected in 
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the explicit presence of "lim" in the relevant definitions. For the continuous real 
•~o 

valued function f(x) = x, the statement limx = 0, means that the statement x--+ 0 
x~o 

essentially means that x = 0 (i.e. x not only tends to 0 but, in fact, assumes the 

value 0 "exactly"). This may be considered to be a passive evaluation of limit. The 

present approach is active (dynamic), in the sense that it offers not only a more 

refined intermediate stages in the evaluation of the limit, but also provides a clue 

how one may induce new (nonlinear) structures in the limiting (asymptotic) process. 

The inversion rnle is one such non linear structure which may act non trivially as one 

investigates more carefully the motion of a real variable x (and hence of the associated 

scale 8 < x) as it goes to 0 more and more accurately. Notice that at any "instant", 

elements defined by 0 < x < 8 < x in a limiting process are well defined; relative 

infinitesimals are meaningful only in that dynamic sense (classically, these are all zero, 

as x itself is zero). Scale invariant infinitesimals X, however, may or may not be zero 

classically. X= p,(=f 0), a constant, for instance, is non zero even when x and 8 go 

to zero. On the other hand, X = 8a, 0 < a < 1, of course, vanish classically, but 

as shown below, are non trivial in the present formalism. AB a consequence, relative 

infinitesimals may be said to exit even as real numbers in this dynamic sense. The 

accompanying metric 1-1, however is an nltra metric. 

Remark 10. A genuine (nontrivial) scale free infinitesimal X can not be a constant. 

Let, x = p,8, 0 < J.L < 1,p, being a constant. Then v(x0 ) = limlog6_, p,-1 = 0, so that 
•~o 

x0 is essentially the trivial infinitesimal 0. More precisely, such a relative infinitesimal 

belongs to the equivalence class of 0. 

Example 2. Let, Xn = En(l-l), 0 < l < 1, 0 < E < 1. Then scale invariant in

finitesimals are Xn>. = AEnl, 0 < A < 1, when 8 = En, for a sufficiently large 

n, is chosen as a scale. Analogously, for a continuous variable x approaching o+, 
say, and considered as a scale, a class of relative infinitesimals are represented as 

x = x1+1(1 + o(x)), 0 < l < 1, so that the corresponding scale invariant infinitesimals 
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are defined by the asymptotic formula X = >.x1 + o(xm), m > l. The corresponding 

scale invariant absolute value has the non-trivial value JxJ = lim log.,_, £g = l. No-
x-o x 

tice that a scale invariant infinitesimals goes to zero at a smaller (ultra metric) rate 

l: X= >.x1 =? dlogX/dlogx = l 

Remark 11. The scale free infinitesimals of the form Xm ~ 5am +o(5fl),f3 >a goes to 

0 at a slower rate compared to the linear motion of the scale 5. The associated non 

trivial absolute value v(xm) = am essentially quantifies this decelerated motion. 

Theorem 3. The norm v has the following properties 

1} v is an ultra metric, and hence 0 equipped with v is an ultra metric space 

(non-archimedean space). 

2} v is a locally constant Cantor function. Conversely, given a Cantor function 

¢>(x), there exists a class of scale invariant infinitesimals determined by <f>(x), those 

live on the extended ultra metric neighborhood 0 of 0. 

Remark 12. The part 1 of the theorem is already proved in proposition 7 and Propo

sition 8. We present here a slightly improved concise proof of the same. 

Proof. 1)(a) vis well defined. Indeed, the open set 0 is written as a countable union 

of disjoint open intervals h, of relative infinitesimals, i.e. 0=Ul0,. Let v(x;) = a;, a 

constant for all x;( = >.55a•) E lo., the closure of ! 0,. Thus v exists and well defined. 

(b) Let 0 < x2 < x1 < x1 + x2 < 5 be two relative infinitesimals. We have, 

0 < x2 < xl < xl + x2 < 1 and v(x2) > v(xl) > v(xl +x2), thus proving the strong 

triangle inequality v(x1 + x2) :<::; max{ v(x1), v(x2)}. Next, given 0 < x < 5 , there 

exists a constant 0 < a(5) < 1 and a: 0--+ R, sucll that X= >.5•('") and v(x) = aa(x). 

Accordingly, a(x) is a discrete valuation satisfying (i) a(x1x2) = a(x1) + a(x2), (ii) 

a(x1 + x2) <:: min{ a(x1), a(x2)}. As a result, v(x1x2) = v(x1)v(x2)- Hence {0, v} is 

an ultra metric space. 

2) Let 0 = (Ul5;) U(UJk), the closure of 0. The open intervals A are gaps between 

two consecutive closed intervals !0;. Jk's actually contain new points those arise as 
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the limit points of sequences of the end points of the open intervals 16;· Clearly, ii is 

connected in usual topology. However, in the ultra metric topology, both !6; and Jk 

are clopen sets and ii is totally disconnected. Since, it is bounded and also is perfect, 

0 is equivalent to an ultra metric Cantor set. 

Now, the local constancy of v in the ultra metric ii follows from the definition: 

dv(x) = lim .!!:_ (log x + 1) = 0 
dx 6-o+ dx log 8 

(3.9) 

The vanishing derivative above arises from a logarithmic divergence arising from 

the nontrivial finer scales. This is unlike the ordinary analysis, when one interprets ii 

as a connected subset of R, thereby forcing v to vanish uniquely, so as to recover the 

usual structure of R. The above vanishing derivative can be interpreted non trivially 

as a LCF [43] when x E R is supposed to belong to a Cantor subset of R. 

Eq(3.9) also reveals the repammeterization invariance of a locally constant valu

ation v(x). As a consequence, v may be a function of any reparametrized monotonic 

variable x = x(x) with X'(x) > 0, instead being simply a function of the original real 

variable x. 

Now to construct a general class of locally constant functions in the ultra metric 

space, let us proceed as in 1a) above, with the supposition that the constants a;'s are 

arranged in ascending order. Thus, v(x;) = a;, a; ~ a3 {o} i ~ j for all x; E /;(we 

drop the suffix 8 for simplicity ) . Clearly, Definition 5 holds over for all I;. On the 

other hand, for an x E Jk, where A separates two consecutive l; and l;+l, say, so that 

x; < x < x;+l, where X; is the right end point of l; and xi+1 is the left end point of l;+l, 

we have v(xi+1)-v(x;) = (a;H-a;). Because ofultrametricity, one can always choose 

a; = {3;1,u( i)", for {Jii, >0 ascending and u( i) -+0 as i -+ oo and j; = 0, 1, 2, ...... k( i) for 

somei dependent constant k(i). Consequently, v(xi+1 )-v(x;) = (f3(i+l)i•+>-{3;1.)u(i)". 

It follows that the sequence v(x;+I) is decreasing and v(x;) is increasing. Thus, 

v(x) := lin1 v(x;) as i -+ oo. Hence, v : 0 -+ 1+ is indeed a Cantor function. 

Conversely, given a Cantor function ifJ(x), x E J+, one can define a class of in

finitesimals x ~ 88¢(ii/6l belonging to the extended set 0 for 8 -+ o+. This completes 
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the proof. • 

Definition 8. Besides the usual Euclidean value, a real variable x I' 0, but x --> o+ 
gets a deformed ultra metric value given by v(x) := lim5~o+ log5-,(xjo). 

Lemma 7. v(x) = v(x). 

Because of inversion rule, xjo = >.(ojx), 0 < >. < 1, and hence v(x) = v(x) since 

limlog5_, >.-1=0. 0 

Lemma 8. Let,O < ixi < ix'i be two arbitrarily small real variables and o be a scale 

such that 0 < o < lx- x'i < ixi < ix'i· Then v(x') = v(x). 

From Definition 8, v(x- x') < v(x) < v(x'). But x' = x + (x'- x). So, by ultra 

metric inequality, v(x') < max{v(x), v(x'- x)} :<:::: v(x) and hence the result. 0 

Lemma 9. Let 0 < lxl < ix'i be two arbitrarily small real variables and o and o' 

be two scales such that 0 < o < ixi < lt < ixl The corresponding scale invariant 

infinitesimals are X and .X' with associated valuations v(x) and v(x'). Then v(x') = 
(at/s)v(x), where at= limlog_xX', determines the gap size between X and .X' and 

s = lim log lt /logo is the Hausdorff dimension of the Cantor set of infinitesimals as 

x,x' -->0. 

Proof. The proof follows from 

v(x') =lim log(x' jlt) x lim logo 
v(x) log(xjo) logo' 

(3.10) 

so that at= limlog.,15(x'jlt) = limlog_xX' =?.X'= X"(l+O(,B(x,x'))), ,8 -->0 faster 

than the linear approach x -->0. The exponent at gives a measure of the said gap size . 

• 
Corollary 4. Let 0 < o < lt < x be two scales in association with an arbitrarily 

small real variable and X = (xjo)-1 and .X' = (xjo')-1 be the corresponding scale 
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invariant infinitesimals. Then v(x') = (afs)v(x), where a= limlog_x- X', determines 

the gap size between X and x' and s = lim log 8 I logo' is the Hausdorff dimension of 

the Cantor set of infinitesimals as x, x' ->0. The exponent a gives a measure of the 

said gap size. 

Definition 9. A scale invariant jump is defined by the pure inversion X' = x-a with 

the scale invariant minimal jump size a = 1. The (scale invariant) jump size a thus 

runs over the set of natural numbers N. 

Remark 13. Lemma 8 characterizes the equivalence classes of infinitesimals with iden

tical valuations. Subsequent lemma (and corollary) tells that the valuation v changes 

only when an infinitesimal from one equivalence class switches over to another class. 

Summing up the above observations, we now state a general representation of 

relative infinitesimals and corresponding valuation. 

Lemma 10. A relative infinitesimal x relative to the scale 8 has the asymptotic form 

(3.11) 

with associated valuation v(x) = l + ¢(xf8) where l :2: 0 is a constant and¢ is a 

nontrivial Cantor function. 

The locally constant v = Vo + v1 solves dvfdx =0 and so the above ansatz is the 

more general solution, with the trivial ultra metric valuation v0 = l and the nontrivial 

valuation v1 = ¢. The representation for x now follows from defiuition. D 

Remark 14. As a real variable x and the associated scale 8 < x approach 0, the 

corresponding infinitesimals 0 < x < 8 may also live (in contrast to measure zero 

Cantor sets considered so far) in a positive measure Cantor set Cv. Such a possibility 
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is already considered in [14] in relation to an interesting phenomenon of growth of 

measure. In such a case vo(x) = m(Cp) = l, the Lebesgue measure of Cp. The 

nontrivial component v1 then relates to the uncertainty (fatness) exponent of the 

positive measure 1-set. In this extended model, the valuation quantifies the presence 

of nontrivial motion in a limiting process: v0 gives the uniform scale invariant motion 

when V1 arises from the associated non-uniformity stemming out from measure zero 

Cantor sets. We, however, do not consider this aspect of the analysis any further in 

this thesis. 

3.4 Completion of the Field of Rational Numbers 

We have already shown that the real number system R gets extended over a locally 

compact, complete ultra metric spaceR under the nonarchinledean norm 11-11- How

ever, we haven't yet shown that the ultra metric space R is a field. In the present 

Section, we present yet another route extending R minimally as an ultra metric field 

completion R of the field of rationals Q (with a slight abuse of notation, we use same 

notation for both type of ultra metric extensions). Because of the Frobenius field 

extension theorem, this field extension must be of infinite dinlensional. In the next 

chapter, a new elementary proof of the Prime Number Theorem will be presented. 

Applications to differential equations on the extended field will be studied in the 

subsequent latter chapter. 

On the field of rationals Q, we introduce the definition ofthe valuation 11-11 : Q--> 

Rt as follows. 

Definition 10. Let 15(r) = r + h, 16 = ( -5, 5), 5 > 0 for rational numbers r and 

5 E Q. For a finite r E Q, i.e., when r ¢ 16(0), we have llrll = lrJ. = r. For an 

r E 16(0), on the other hand, we have llrll = lrl = limlog6-,(5/r) = v(r), while, for 
6-o 

an arbitrarily larger(--> oo}, i.e., when lrl. > N,N >0, we define llrll = lr-11 with a 

scale 5 ~ 1/N. 
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Proposition 11. II-II is a non-archimedean absolute value over Q. 

Proof is similar to that on R which is given in the previous Section. 0 

Now by the Ostrowski theorem [42], any non-trivial absolute value on Q must be 

equivalent to any of the p-adic absolute values l-Ip, p > 1 being a prime and 1-loo = l-Ie 
is the usual Euclidean absolute value. From Definition 10, finite rationals of Q get the 

Euclidean value, while 1-1, on the arbitrarily small and large values, must be related 

to the p-adic valuations. Consequently, the set of primary scales are represented 

uniquely by the inverse primes 8 = p-1 . 

To construct the completion of Q under II-II we first consider the ringS of all 

sequences of Q. The zero divisors inS are removed by the choice of an ultra filter, as 

in the usual non-standard models of R [52]. The quotient set of the Cauchy sequences 

C (cS), under the usual absolute value, modulo the maximal ideal N consisting of 

sequences converging to 0, gives rise to the ordinary real number set R=C - N. 

The elements of diverging sequences in Sdiv = S - C correspond to the infinitely 

large elements, when the inverse {a;1} E Sdiv of a divergent sequence {a,} leads 

to an infinitesimal in the conventional approaches of non-standard analysis. In our 

approach, this realization· is, however, somewhat reversed. 

Notice that the set of divergent sequences Sdiv is quite a large set. Now among 

the all possible divergent sequences, there exists a subset SP of sequences which are 

nevertheless p (-adically) convergent (Sp C Sd;v, since the sequence {n} is p-adically 

divergent for each p). For each fixed p, let us consider the Cauchy completion of p 

convergent sequences {an (say) (modulo the sequences p-adically converging to zero), 

viz., the local field Qp. We identify, by definition, the p-adic integers X E Zp C Qp 

with IXIP ~ 1 as the p infinitesimals. On the other hand, the elements X of Qp 

with IXIp > 1 are identified with infinitely large numbers of type p. In other words, 

X denotes the p-adic limit of an inverse sequence of the form {(a~)-1 }, leading to 

the inversion symmetry X = x-1 which is valid for a suitable p infinitesimal X. 

The absolute value 11-11 when restricted to Sp thus relates an infinitesimal X, i.e. 

an element of *R (a non-standard model of R), to a countable number of p-adic 
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realizations Xp E Zv with valuations I lXII = ttviXvlv, p=2,3, .... ; p =f oo, ltv being a 

constant for each p, as the neighborhood of 0 in R is probed deeper and deeper by 

letting 5 = p-1 --->0 asp ---> oo. In the computational model (c.f Sec.3.2, Remark 

6), this might be interpreted as (in equivalence classes of) higher precision models 

of a computation. Consequently, equipped with 11-11, the set Sv decomposes into 

(a countably infinite Cartesian product of) local fields Qp in a hierarchical sense as 

detailed in the Lemma 11. We note that any element X of Sv is an equivalence class 

of sequences of rational numbers under the cl10sen ultra filter. In eacll of such a 

class there exists a unique sequence {an' say, converging to a p-adic integer or its 

inverse Xv. A scale free infinitesimal X then relates to Xv, and that X indeed is 

an infinitesimal tells that I lXII = ~tviXvlv < 1. We say that 0 of R is probed at the 

depth of the (secondary) scale 1 I p when a scale free ( 5)- infinitesimal X is related 

to a p-adic infinitesimal Xv· We, henceforth, denote infinitesimals, as usual, by 0, 

when p- infinitesimals are denoted as Ov ( 0 is identified with Op ) at the level of the 

(secondary) scale 5 = 1lp. 

Example 3. Let avn = 1+ I:~ a;pi, where a; assumes values from O,l, ..... (p-1}. The 

sequence apn is divergent in R for each prime p. In the non-standard set *R, {avn} 

denote a distinct infinitely large number for each p. p-adically, however, apn converges 

to the unity Xpu (IXvulv = 1). The scale free unity Xu E Sp now denotes the larger 

sequence {llpn, Vp}. At the level of secondary scale 5 = 1lp, unity Xu is realized as 

Xvu. 

Remark 15. By "hierarchical" we mean that as a scale free real variable x = xI ff', n ---> 

oo, approaclles 0 from the iuitial value 1 through the secondary scales 1lp, p ---> oo 

and 5 = p-1 , the ordinary real variable x ER would experience cllanges over various 

local fields Qp successively by inversions. 

Lemma 11. Let Xv E Zv and X 9 E Z 9 , q being the immediate successor of the 

prime p. Then an infinitesimal X E 0 when realized as a p- infinitesimal has the 
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representation 

(3.12) 

Further, a p-unit is given as Xvu = 1 + XP, IXPI < 1. 

Let us fix the scale at o = 1/pn. Then the proof follows from Lemma 5 and 6 . D 

Corollary 5. One also has the following adelic extension 

X =Xp II(1+Xq) (3.13) 
q>p 

where the product is over all the primes q greater than p. 

Proof. This follows from the above Lemma when the valuation formula (3.5) is 

extended further 

(3.14) 

where lXI = IX; I, o;.1 (m > 1) are primes greater than p, 0 = 1/p and each of the 

indeterminate functions ~m satisfies conditions analogous to that in the formula in 

Lemma 6. Further, ~q goes to zero faster than ~P if q > p. • 

Collecting together the above results, we have 

Theorem 4. The completion of Q under the absolute value II· II yields a countable 

number of complete scale free models R, of R, such that each element x E R, has 

the form Xp=X(1+XPITq>p(1 + Xq)), x E R, Xp E Qp, where Xp is given by the 

asymptotic expression Xp = (p-n)(l+IXplp(l+u(q))) and 7J = O(o) is a real variable. 

Finally, R, locally has the Cartesian product form R,=R x Qp x ITq>p Qq. 

The only missing element in the proof of the above is the completeness. Let us 

first fix a scale 0 = 1/pr,r > 0. Let {an} be a Cauchy sequence in Rp. Then it is 

Cauchy either in p-adic metric or in the usual metric, finishing the proof. D 

In the following chapter we discuss the nature of influences that the scale free 

non-archinledean extensions of R would have on the basic structure of R itself. 


