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Abstract 

In this thesis, a scale invariant analysis on the set of real number system R is devel

oped using the concept of relative infinitesimals , scale free infinitesimals and their 

corresponding non-archimedean valuation (absolute value). With this valuation we 

first extend the real number system R to an infinite dimensional non-archimedean 

system R accommodating infinitesimally small and infinitely large numbers. Next 

we determine the corresponding inversion mediated metric space 'R and interpret a 

directed variation of a real variable in a dynamical sense. Then applying the scale free 

analysis on R, we present a new elementary proof of the well known Prime Number 

Theorem. Next this analysis is applied on a class of differential equations. We report in 

particular, some simple but nontrivial applications of this nonlinear formalism leading 

to emergence of complex nonlinear structures even from a linear differential system. 

These emergent nonlinear phenomena from a linear system is argued to offer, a new 

non-perturbative method for computing solutions and estimate amplitude, frequency 

etc. for a specific nonlinear system, viz, the Van der Pol equation. It is also shown 

that anomalous mean square fluctuations can arise naturally from the ordinary dif

fusion equation interpreted scale invariantly in the present formalism endowing real 

numbers with a non-archimedean multiplicative structure. 
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Chapter 1 

INTRODUCTION 

1.1 Preamble 

World around us is nonlinear. Nonlinear differential equations and systems play vital 

role in formulating theories elucidating and explaining the origin, nature and struc

ture of nonlinearity observed in various natural, biological, financial and other related 

fields. Although a systematic study of such problems were already initiated in the 

later half of nineteenth century by Henry Poincare in the context of the planetary three 

or many-body systems, this field of nonlinear dynamical system is still very active. 

The aim of the present thesis was originally to investigate some aspects of singularly 

perturbed nonlinear differential systems with the aim of formulating and developing 

systematically a novel non-perturbative method analogous to, and also possibly su

perseding some of those available in the literature, for instance, the admonian method 

[1], homotopy analysis [2] and variational iteration method [3], re-normalization group 

method [4], method of geometric singular perturbation [5] and so on, which would 

yield more efficiently relevant information depicted in a nonlinear differential system, 

for instance, determination of orbit, amplitude, frequency etc of a nonlinear periodic 

orbit. 

The actual results reported in the thesis now transpires, however, that a more 

appropriate and reasonable title of the thesis should have been "On Some Aspects 

of a Scale Invariant Analysis and Applications", (inability to go with this title 

stems from rigid Ph.D Registration rules in the University) since a major part of the 

thesis deals with a formalism of a scale invariant nonlinear analysis on an extended 
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real number system which allows a real variable to undergo changes by inversions 

rather than simply by linear translations, as in the conventional classical formulation 

of analysis of a real variable. As a consequence, the framework of the new analysis 

may be said to have acquired the structure of an intrinsic nonlinearity as compared 

with that of the linear classical analysis. The motivation of contemplating such a 

nonlinear formalism is not only to gain better insights into the existing nonlinear 

techniques available in the literature but also to shed hopefully new light on the 

meaning and structure of complex nonlinearity as a whole. The latter portion of 

the thesis reports some simple but nontrivial applications of this nonlinear formalism 

leading to emergence of complex nonlinear structures even from linear differential 

systems. These emergent nonlinear phenomena from a linear system is shown to 

offer, in turn, a new nonperturbative handle for a specific nonlinear differential system 

(Vander Pol system). 

1.2 Introduction 

The conventional treatments of nonlinear problems generally consider nonlinear ( ordi

nary or partial) differential equations when actual nonlinearity appears as new terms 

with one ( or more) (small) parameter(s), for instance, the pendulum equation, the 

Duffing equation, the Vander Pol oscillator [6] . The standard (regular) perturbation 

method attempts to find an approximate solution to a nonlinear problem, which can

not be solved exactly, by starting from the exact solution of a related (simpler and 

generally a linear) exactly solvable problem. Perturbation methods are applicable if 

the problem at hand can be formulated in a way when the nonlinearity term comes 

with a "small" parameter. The relevant dynamical quantities are expressed as a for

mal power series in the "small" parameter known as a perturbation series for the 

dynamical quantity concerned that quantifies the degree and type of deviations from 

the exactly solvable problem. The leading term in this power series is the solution of 

the exactly solvable problem, while higher order terms describe the (small) deviations 

in the solution, due to the nonlinear coupling. Perturbation methods are plagued 
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with several limitations: perturbation series for a nonlinear problem are known to di

verge generally. More often such a naive formal power series in the small parameter is 

known to have the problem of non-uniformity: a power series which is known to yield 

meaningful (convergent) result for small values of time t < 1/E, E being the small 

parameter, will become meaningless for sufficiently large values of time i.e., when 

t > 1/E. Perturbation method also fails when the nonlinearity parameter assumes 

larger values, that is when, E > 1. More often, nonlinear equation may not come with 

any small or large parameter either. 

The standard approaches in resolving some of the limitations of the perturba

tion theory are the method of multiple time scales [7], renormalization group method 

[4], homotopy analysis method [2] and so on, besides the more sophisticated phase 

space (plane) analysis. The geometric singular perturbation method and the method 

of boundary layers [5] are some approaches commonly used in singularly perturbed 

problems. Most of these methods rely and make use of some asymptotic matching 

of two or many branches of approximate solutions, obtained by solving some reduced 

component equations of the original equation, as the nonlinearity parameter asymp

totically approaches some fixed value (may be 0, oo or any fixed finite number). 

With this rich background, the present thesis aims at formulating an altogether 

new approach in the study of nonlinear problems. It is now well known that a non

linear system may yield very complicated geometric as well as dynamical structures, 

when the control (coupling) parameter of the system is varied continuously over a 

well defined range of values [8, 9]. For instance, consider the continuously perturbed 

time dependent oscillator of the form 

x + p.(t,:i;, x)sinx = 0 (1.1) 

where p.( t, :i;, x) is a time and x dependent frequency. Such a non autonomous and non

linear pendulum equation may lead to chaotic dynamics when the perturbed frequency 

becomes sufficiently large (p. >> 1). By chaos we mean here sensitive dependence on 

initial conditions and to the fact that the late time evolutionary pattern of the system 

is so irregular that knowing the state of the system at a particular moment does not 
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guarantee one to predict the position of the state in the phase space at any future 

moment. It is also well known that the basic reason for the emergence of such an 

irregular dynamics (motion) of a system is the spontaneous formation of one or mul

tidimensional Cantor set like fractal sets in a bounded region of the phase space [9]. 

Cantor sets are compact, perfect, totally disconnected subsets of the Euclidean space 

Rn. The ordinary smooth periodic, say small amplitude, oscillations of the perturbed 

pendulum over an initially connected portion of the phase space would experience a 

dramatic change to nonsmooth, irregular chaotic motion when the pendulum state 

is attracted toward and ultimately is arrested on a lower dimensional Cantor subset 

(strange attractor) in an asymptotic late time. The state of the pendulum (noulin

early driven) is then found to execute random jump motion on the strange attractor 

set, the analysis of which can not simply be made meaningfully by a set of ordinary 

differential equations as in the case of smooth motion. More involved techniques 

involving geometric measure theory [10], methods of ergodic theory, noulinear func

tional analysis [11], fractional differential equations [12] and others are being used by 

several authors to explore and understand intricate structures those appear to emerge 

in such a driven system in the late time. One important aspect of such investigations 

is to understand the precise mechanism of generation of multiple scales dynamically 

in, for instance, the phase trajectory of the evolving noulinear system. 

Let us recall that any natural system, for example the pendulum in equation 

(1.1) is not an isolated system, but essentially placed in an environment. In an 

idealized problem, the perturbation due to environment may be considered negligibly 

small. However, assuming that the pendulum is designed to execute small amplitude 

periodic oscillations over very (i.e. infinitely) long time scales, the original (arbitrarily 

small) environ induced perturbations (in the form of systematic driven force(s) and/or 

random noise) is likely to grow to a non negligible 0(1) level and as a consequence 

the small amplitude simple harmonic oscillation would be driven presumably to a 

nonlinear irregular (fluctuating) motion. The non autonomous equation (1.1) is a 

classical modeling of the above scenario. In the sense of the approach presented 
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in this thesis this might be designated as extrinsic modeling of nonlinearity making 

an idealized simple differential equation more and more complicated via coupling to 

higher order nonlinear terms. In the proposed non-classical nonlinear formalism we 

aim to present another level of intrinsic nonlinearity over and above the standard 

extrinsic one. According to this intrinsic principle one expects that a system evolving 

following a simple linear equation {say) would experience a late time nontrivial scale 

invariant asymptotic motion induced by an a priori nonlinear fractal structure in 

the time variable that could be revealed as time asymptotes to oo utilizing a nontrivial 

iteration process. 

Over the past few years an approach to a scale invariant nonlinear analysis [13, 

14, 15, 16, 17, 19] is being developed. One of the aims of these initiatives was to 

develop a scale invariant analytical framework that would be suitable to construct a 

rigorous analysis on Cantor like fractal subsets of R [16, 17]. Since a Cantor set C is 

a totally disconnected, compact, perfect subset of R, the ordinary analysis of R can 

not be meaningfully extended over C, i.e., when a real variable x is assumed to live 

and undergo changes ouly over the points of C. More specifically, the concept of a 

derivative in the sense of rate of change of a dynamic quantity, namely, a function of 

time when time is supposed to vary over a Cantor set, (say)1 can not be formulated 

consistently on such a set. The general trend in the literature is to bypass defining 

derivatives directly on such sets, by taking recourse to technically more involved 

approaches based on geometric measure theory [10], harmonic analysis [22], functional 

analysis on non commutative spaces [23], probability theory [24] and so on. The 

present scale invariant analysis utilizing the concepts of relative and scale invariant 

infinitesimals turns out not ouly simpler than the other contemporary approaches 

but also offers an elegant avenue extending the well-known differential calculus of 

R over a Cantor set C in a conceptually appealing manner. Recall that ordinary 

measure theoretic arguments can essentially establish an analytic statement on R up 

1The possibility of a time variation on a Cantor like fractal set is considered in Continuous Time 
Random Walk theories of statistical mechanics [25]. 
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to a Lebesgue measure zero set only. Our analysis, on the other hand, succeeds in 

deducing results which are valid everywhere in R. For instance, a Cantor function 

1/J(x) can be defined classically as a non decreasing continuous function which satisfies 

~ = 0 almost everywhere in [0,1]. In the present scale invariant approach a Cantor 

function is shown to be locally constant everywhere in [0,1]. Further, the global 

variability of a Cantor function is shown to get exposed in a double logarithmic scale 

loglogx-1 . Some simple evolutionary equations are also defined and studied on such 

a Cantor set [17, 19]. The scale invariant approach rests on an extension of the usual 

ultra metric structure of a Cantor set into an inequivalent class of ultra metrics using a 

seemingly new concept of relative infinitesimals that are shown to exist in the gaps of 

infinitesimally small neighborhoods of 0, considered as an element of another Cantor 

set G c [0, 1]. 

The present thesis extends the above framework of scale invariant analysis to the 

level of ordinary classical analysis on the real number system R [13, 14, 19, 21]. To 

develop a meaningful scale invariant analytic framework on R one needs to proceed 

in steps. A real variable t E R essentially represents a dimensionless variable and 

may be assumed to have been measured in the unit of 1. Any change in the unit 

of measurement of the length of the closed interval [0, t] would simply introduce a 

constant multiplicative factor k > 0 (say) transforming t to a new variable t1 = 

kt. The framework of classical analysis is trivially scale invariant in the sense that 

fundamental definitions of limit, continuity, derivative etc can be stated in either of 

the two variables t or t1 yielding identical results, perhaps up to an appropriate scaling 

constant. For example, if limf(t) = l then lim j(t1) = h where a1 = ka and /1 = kl. 
t--ta tt--tat 

Next, one observes that there does not exist any nontrivial smaller scale in R other 

than 0, in the sense that if one supposes existence of a nontrivial small scale E > 0 

satisfying 0 < E < t and t -+ 0 then it automatically means that E = 0. On the face 

of this obstruction i.e. non-availability of a nontrivial smaller scale ( on the classical 

triadic Cantor set, on the other hand €n = g-n gives a countable set of nontrivial 

scales) construction of a scale invariant analytic framework on R requires extending 
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the conventional (Archimedean) real number system R over an infinite dimensional 

non-Archimedean space R accommodating infinitesimally small and infinitely large 

scales (numbers). The reason for contemplating an infinite dimensional space arises 

from the obstruction offered by the Frobenius field extension theorem. The non

Archimedean extension R must involve new elements in the form of infinitely small 

and large numbers analogous to A. Robinson's nonstandard extension [26] RNs of R. 

The present thesis introduces the concept of relative and scale invariant infinitesimally 

small numbers afresh exploiting a possible alternative definition of limit introducing 

new nontrivial scales. Such an infinitesimally small number is shown to carry a 

non-archimedean absolute value which would allow non-null values even when the 

classical Euclidean value goes to zero in a limiting problem. We report here several 

new analytic and dynamical results involving imprints of these dynamically active 

infinitesimals and their nontrivial values. In short, the present thesis represents a 

body of analytic results and their applications in a class of linear and noulinear 

differential equations which are of interdisciplinary in nature involving various themes 

such as real analysis, measure theory, Cantor like fractal sets, theory of infinitesimals, 

nonarchimedean spaces, analysis on p-adic local fields and so on. 

1.3 Main Results Of The Thesis 

In Chapter 2, salient features of several key notions such as Cantor set, Non-Standard 

Analysis, Non-Archimedean Ultra metric theory and P-adic Number and Analysis 

which are used in the subsequent development of our results, are reviewed briefly. 

In Chapter 3 we mainly study the formulation of a Scale Invariant analysis. To 

this end, we extend the Real Number System R to a Non-Archimedean System R. 

For this purpose we first introduce the basic concepts of relative infinitesimals, scale 

free infinitesimals, non-archimedean ultrameric norm (ultra metric absolute value) 

and study some of their properties. The real number system R equipped with this 

norm then defines the ultra metric space R. We next consider the completion of the 

field of rational numbers Q under this norm which yields infinite number of scale free 
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models Rp of R for each non-trivial scale J where J = 1/p and p is prime number. 

In Chapter 4 we present anew proof of Prime Number Theorem (PNT). This proof 

is derived on the above scale invariant, non-archimedean model R of real number 

system R, involving non-trivial infinitesimals and infinites. More specifically, here 

we introduce a new generalized inversion mediated metric space n having several 

branches R and Rp and also interpret a directed variation of a real variable in a 

dynamical sense. In ordinary real number system R, increment of a variable is possible 

only by means of linear translation. But in n, increments of a variable are mediated 

by a combination of linear translations and inversions. Also there exists two types of 

inversions: (i) global or growing mode leading to an asymptotic finite order variation 

in the value of a dynamic variable of n following the asymptotic growth formula of the 

prime counting function and (ii) Localized inversion mode leading to an asymptotic 

scaling to a directed infinitesimal and the relative correction to the PNT. Finally we 

show in this Chapter that prime counting function is a locally constant function on 

n. 
In Chapter 5 we present an application of this scale invariant analysis on a Cantor 

set C and show that a real variable x E C and approaching 0 on C is extended to a 

sub linear variation x log x-1 ---+ 0 in R. Here, we also derive a differential measure on 

the Cantor set C. 

In Chapter 6, a few interesting applications of the above non-linear analysis are 

presented in the context of some selected topics of differential equations. First we 

consider ordinary first order differential equation : = 1 in the extended space n 
and we find a generalized class of solution of the equation. Fort~ 0(1), the new 

extended solution reduces to the standard solution in R. However as t grows to an 

asymptotically large value, the timet is extended to the deformed time T(t) with an 

0(1) directed multiplicative component acquired from the directed infinitesimals of 

n. 
Next we consider harmonic oscillation. We find that admitting non-trivial small 

scale structures in real number system, the classical sinusoidal orbits of a harmonic 
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oscillator would undergo a nonlinear late time evolution. The original linear oscilla

tion would also experience nonlinear late time perturbations. The simple harmonic 

oscillation may be deformed into a driven Lineard type system as t -+ oo. Then 

we also give a derivation of the Vander Pol oscillator like variations when the late 

time variation is modeled as a special amplitude variation for the original harmonic 

oscillator. Next we consider the reversed problem. That is, beginning from Van der 

Pol equation, we reproduce the harmonic oscillator equation in an infinitesimal time 

scale. Finally we point out a possible future application of homotopy type analysis 

method in the above type of linear to nonlinear transitions and vice versa. 

Next we consider linear diffusion equation. Anomalous diffusion is known to occur 

in diverse complex systems enjoying fine structures such as in disordered or fractal me

dia. The hallmark of such a diffusion process is the occurrence of an anomalous law for 

the mean square displacement viz.< Ax2 (t) >=tv with v ~ 1. Sub-diffusive (v < 1) 

behavior is usually predominant in disordered systems. Super-diffusion (v > 1), on 

the other hand, may arise from long range correlations in velocity fields of turbulent 

flows. Here we offer a potentially new insight into the actual mechanism of the dynam

ics of anomalous motion and show that the anomalous mean square fluctuations can 

arise naturally from the ordinary diffusion equation interpreted scale invariantly in the 

formalism endowing real numbers with a non-archimedean multiplicative structure. 

In the concluding chapter, we summarize our main results and also indicate briefly 

possible future applications of the formalism developed here. 

This work is based on the following published and communicated papers: 

1. D.P.Datta and A.Ray Chaudhuri, Scale Free Analysis and Prime Number 

Theorem, Fractals, 18, (2010), 171-184. 

2. D.P.Datta, S.Raut and A.Ray Chaudhuri, Ultra metric Cantor sets and Growth 

of measure, P-adic Numbers, ultra metric Analysis and Applications, (2011), Vo1.3, 

No.1, 7-22. 
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3. D.P.Datta, S.Raut and A.Ray Chaudhuri, Diffusion in a Class of Fractal sets, 

International Journal of Applied Mathematics and Statistics, Vo1.30 {2012), 34-50. 

4. A.Ray Chaudhuri, D.P.Datta, Rescaling Symmetry, Ultrametricity and Emer

gent Nonlinearity, communicated {2013). 
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Chapter 2 

REVIEW OF RELEVANT CONCEPTS 

In this chapter we give a somewhat detailed review of several relevant inter-related 

concepts such as Cantor set, Lebesgue and Hausdorff measure, the formalism of non

standard analysis and analytic and topological properties of nonarchimedean ultra 

metric spaces including p-adic local fields which will be useful in the latter Chapters. 

Resources available in the inter net web are used freely in compiling this review. 

2.1 Cantor Set 

2.1.1 Introduction 

The Cantor set, introduced originally by George Cantor in 1883 (though however, 

discovered in 1875 by Henry J. S. Smith) [27, 28], is a set of points lying on a straight 

line segment that has a number of remarkable and deep properties and was mainly 

introduced as counter examples of various general topological concepts. A Cantor 

set is a totally disconnected compact and perfect subset of the real line. Such a set 

displays many paradoxical properties. Although the set is uncountable, its Lebesgue 

measure vanishes. The topological dimension of the set is also zero. Cantor set is an 

example of a self similar fractal set that arises in various fields of applications. The 

chaotic attractors of a number of one-dimensional maps, such as the logistic maps, 

turn out to be topologically equivalent to Cantor sets. Recently there have been a lot 

of activities developing an analysis on a Cantor-like fractal sets [29, 30]. Because of 

disconnected nature, methods of ordinary real analysis break down on a Cantor set. 

Various approach based on the fractional derivatives [35, 36] and measure theoretic 

harmonic analysis [37] have already been considered at length in the literature. 
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2.1.2 Basic Definitions 

A Cantor set is defined as a countable intersection of a finite unions of closed (and 

bounded) subsets of R. For definiteness, let C C I = [0, 1]. Then by definition, 
00 00 pn 

C = n Fn = n U Fnm where Fnm c I are closed with F0o = I. Equivalently, 
1 n=l m=l 

00 

C is also defined as C = I- U 0; where 0; are open intervals which are deleted 
. i=l 

recursively from I. We also give an alternative definition of a Cantor set. Let us 

call the initial set I = [0, 1] as 80 • For the first iteration a fraction a is taken away 

from 80 such that S1 contains two disconnected sets of real numbers [0, H1- a)] and 

[1- H1- a), 1]. Let a :-:- H1- a) and b := 1- ~(1- a), and call [0, a] as S1a and 

[b, 1] as S1b. For the 2nd iteration take away the fraction a from S1a and S1b such that 

82 contains four disconnected sets of real numbers [0, Ha- aa)], [a- ~(a- aa), a], 

[b, ";:1 (a-aa)], and [1-";:1 (a-aa), 1]. This is continued until Boo is reached, and 800 

is called the Cantor set; more specifically the middle-a Cantor set Ca . Consequently, 

a Cantor set is often defined as the linllt set of an iterated function system (lFS) 

f = {/;I/; : I-+ I} so that C = f(C) where /;(x) = (Jx + i(1- (3), i = 0,1 where 

the scale factor f3 is defined by a + 2{3 = 1. A point x E Ca has the infinite word 

representation x = (1- (3) E::o x;(Ji = x0x1 .... , X; E {0, 1}. For the special value 

a= f3 = 1/3 one obtains the classical one-third (triadic) Cantor set. 

Some Important Properties of Cantor sets 

We here list a few well-known properties of a Cantor set: 

(a) Cantor sets are self-similar fractals. Cantor sets look like the same no matter 

the level at which they are seen. All (n+1) sections of Sn looks the same as So when 

magnified. 

(b) Cantor sets are totally disconnected (no-where dense) in R. 

(c) There are no intervals within a Cantor set. 

(d) Cantor sets are uncountable. 

(e) Cantor sets are closed. 

(f) Cantor sets are compact. 
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(g) Cantor sets are perfect. 

(h) Cantor sets Ca have Lebesgue measure of zero. 

Instead of repeatedly removing the middle a of every piece as in the Cantor set 

Ca, we could also keep removing any other fixed percentage (other than 0 percent 

and 100 percent) from the middle. The resulting sets are all homeomorphic to the 

Cantor set and also have Lebesgue measure 0. 

But removing progressively smaller percentages of the remaining pieces in every 

step, one can also construct sets homeomorphic to the Cantor set that have positive 

Lebesgue measure, while still being no-where dense. This is called a fat Cantor set 

and is denoted by C. 
Before proceeding further we present a short note about measure. 

Measure 

Lebesgue Measure 

The Lebesgue measure is the standard way of assigning a measure to subsets 

of n-dimensional Euclidean space. For n=1,2, or 3 it coincides with the standard 

measure of length, area or volume. In general it is also called n-dimensional volume 

or simply volume. Sets those can be assigned a Lebesgue measure are called Lebesgue 

measurable; the measure of a Lebesgue measurable set A is denoted by m(A). 

The construction of Lebesgue measure proceeds as follows: 

Fix n E N. A box in R!' is a set of the form B = TI:=1[a;, b;] where b; > a; and 

the product symbol here represents a Cartesian product. 

The volume vol(B) of this box is defined to be TI:=1 (b;- a;). 

For any subset A of R!' we can define its outer measure m*(A) by 

m*(A) = inf{~Becvol(B): Cis a countable collection of boxes whose union cov

ers A}. 

We then define the set A to be Lebesgue measurable if for every subset S of R!', 
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m*(S) = m*(A n S) + m*(S- A). 

and the Lebesgue measure is defined by m(A) = m*(A) for any Lebesgue measurable 

set A. 

Examples of positive measure Cantor sets : 

1. Let at each step we remove an portion of the length of each component of 

the previous closed set Fn-1 so that Fn-1 = Fn0 U On U Fn1 and IOnl = anJFn-11, 

JFnol = JFn,l = ~(1- crn)IFn-11· By induction, each of 2n components of Fn has 

length 

JFn,l = 112n ll~(1- a1), i = 1, 2, .... , 2n . 

Consequently m(G) = linln-oo JFn-1l = ll~(1- ai) > 0 when .L;an < oo. 

2. Suppose at the nth step an open interval of length oj3n, (0 < o < 1) is 

removed from each of the 2n components of Fn. The length of each component 

of Fn is 2~ (1- oj3- · · ·- 2
;:' o). The sum of lengths of all open intervals removed 

is .L;2no;sn+l = o, so that m(C) = 1- o. 

Hausdorff measure 

Let U be a nonempty subset of n-dimensional Euclidean space Rn. Diameter of 

U is defined as JUI = sup{lx- Yl : x, y E U}, the greatest distance between any pair 

of points in U. If {Ui} be a countable (or finite) collection of sets of diameter at most 

o that cover F, i.e., F c u~p;, with 0 < IU;I :<::; o, for each i, then we say that {Vi} 

is a o cover of F. Suppose that F is a subset of Rn and we define 

Hj(F) = inf{.L;:1 IU;I" : {U;} is a o cover ofF } 

where s is a non-negative number and infinlum is taken over all possible o covers. 

As, o decreases, the class of permissible covers of F is reduced. Therefore, the 

infimum increases and so approaches a limit as o -+ 0. We write 

H'(F) = ~Hl(F) 
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This limit exists for any subset F of R!', though the limiting value can be 0 or oo. 

We call H'(F), the s-dimensional Hausdorff measure of F. If {Pi} is any countable 

collection of disjoint Borel sets then 

H•(u~l.Fi) = L:~1 H'(F) 

Hausdorff measure generalizes the familiar ideas of length, area, volume etc. 

Hausdorff dimension 

H;(F) is non-increasing with s so that H•(F) is also non-increasing with s. Now 

if t > s, and {U;} is 0 cover ofF, we have I: jU;I1 ::; ot-s I: IU;I• 

and so taking infimum for each fixed s, H~ ::; or--• H6(F). 

Letting o -> 0, we see that if H•(F) < oo, then IP(F) = 0 for t > s. Thus it 

shows that there is a critical value of s at which H'(F) jumps from oo to 0. This 

critical value is called the Hausdorff Dimension of F. 

H•(F) = oo if s < dimHF and H•(F) = 0 if s > dimHF. 

Thus H'(F) jumps from oo to 0, at a critical value s0 • This critical value is 

called the Hausdorff dimension of F. It can be shown that for a totally disconnected 

uncountable set F C R, 0 < H'"(F) < oo {'} 0 <so< 1. 

2.1.3 Cantor function 

The Cantor function is an example of a function that is continuous, but not absolutely 

continuous. It is referred to as the Devil's Staircase. 

Definition 

Formally, the Cantor function <P : [0, 1 J -> [0, 1 J is defined as follows: 

1. Express x in base 3. 

2. If x contains a 1, replace every digit after the first 1 by 0. 

3. Replace all 2's with 1 's. 

4. Interpret the result as a binary number. The result is <Pcx). 
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To construct¢ explicitly, let ¢(0) = 0,¢(1) = 1. Assign ¢(x) a constant value 

ifJ(x) = i2-n, i = 1, 2, ..... 2n- 1, on each of the deleted open intervals, i.e. the gaps 

(including the end points of the deleted intervals) of Ca. Next let x E Ca. Then at 

the nth iteration, x belongs to the interior of exactly one of the 2n remaining closed 

intervals each of length /3". Let [an, bn] be one of such interval. Then bn - nn = /3". 
Moreover ifJ(bn) - ¢(nn) = 2-n. At the next iteration, let x E [nn+I, bn+I], (nn = 

an+I).Then we have ¢(x) = limn~oo 1/J(nn) = limn~oo ¢(bn)· Then¢: [0, 1] ---> [0, 1] is 

a continuous, non decreasing function. Also¢' (x) = 0 for x E I- Ca when it is not 

differentiable at any x E Ca. 

Also we can define a sequence {fn} of functions on the unit interval that converges 

to the Cantor function. 

Let, fo(x) = x 

Then for every integer n ~0, the next function fn+I(x) will be defined in terms of 

fn(x) as follows: 

0.5fn(3x), 

fn+I(x) = 0.5, 

0 ::; X ::; 1/3; 

1/3 <X::; 2/3; 

0.5 + 0.5fn(3x- 2), 2/3 ::; x::; 1; 

(2.1) 

The three definitions are compatible at the end points 1/3 and 2/3, because fn(O) = 0 

and fn(1) = 1 for every n. fn converges point wise to the Cantor function defined 

above. 

Although a Cantor function is continuous everywhere and has zero derivative al

most everywhere, ¢ goes from 0 to 1 as x goes from 0 to 1, and takes on every value 

in between. Moreover a Cantor function is actually uniformly continuous but not abso

lutely. It is constant on intervals of the form (O.x1x2 ... Xn02222 ... , O.x1x2 ... Xn20000 ... ), 

and every point not in the Cantor set is in one of these intervals, so its derivative is 

zero outside of the Cantor set. On the other hand, it has no derivative at any point in 

an uncountable subset of the Cantor set containing the interval end points described 

above. 
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2.2 Non Standard Analysis 

2.2. 1 Introduction 

Non-Standard analysis is a branch of classical analysis that formulates analysis using 

a rigorous notion of an infinitesimal number. Non-Standard analysis was introduced 

in the early of 1960s by the mathematician Abraham Robinson. He wrote: 

" the idea of infinitely small or infinitesimal quantities seems to appeal naturally 

to our intuition. At any rate, the use of infinitesimals was widespread during the 

formative stages of the Differential and Integral calculus. As for the objection that the 

distance between two distinct real numbers can not be infinitely small, G.W.Leibnitz 

argued that the theory of infinitesimals implies the int roduction of ideal numbers 

which might be infinitely small or infinitely large compared with the real numbers 

but which were to possess the same properties as the latter." 

Much of the earliest development of infinitesimal calculus by Newton and Leibnitz 

was formulated using expressions such as infinitesimal number and vanishing quantity. 

These formulation were widely criticized by George Berkely and others. It was a 

challenge to develop a consistent theory of analysis using infinitesimals and the first 

person to do this in a satisfactory way was Abraham Robinson [26]. In 1958 Schmieden 

and Laugwitz proposed a construction of a ring containing infinitesimals [38] . The 

ring was constructed from sequences of real numbers. Two sequences were considered 

equivalent if they differed only in a finite number of elements. Arithmetic operations 

were defined element wise. However, the ring constructed in this way contains zero 

divisors and thus can not be a field. 

2.2.2 Approach to Non-Standard Analysis 

There are two different approaches to non-standard analysis: t he semantic or model-

theoretic approach and the syntactic approach. Both of these approaches apply to 

2'11063 
0 7 IUN 101~ 
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other areas of mathematics beyond analysis, including number theory, algebra, topol

ogy and etc. 

Robinson's original formulation of non-standard analysis falls into the category of 

semantic approach. As developed by him in his papers, it is based on studying models 

(in particular saturated models) of a theory. Since Robinson's work first appeared, 

a simpler semantic approach (due to Elias Zakon) has been developed using purely 

set-theoretic object called super structures. In this approach a model of a theory 

is replaced by an object called a super structure V(S) over a set S. Starting from 

a super structure V(S) one construct another object *V(S) using the ultra power 

construction together with a mapping V(S) -+ *V(S) which satisfies the transfer 

principles. The map * relates formal properties of V(S) and *V(S). Moreover it 

is possible to consider a simplified form of saturation called countable saturation. 

This simplified approach is also more suitable for use by mathematicians who are not 

specialist in model theory or logic. 

Let us briefly recall the ultra power construction of Robinson. Though less direct 

than the axiomatic approach, it allows one to get a more intuitive contact with the 

origin of the new structure . Indeed the new infinite and infiuitesimal numbers are 

formulated as equivalence classes of sequences of real numbers, in a way quite similar 

to the construction of the set of real numbers R from rationals. 

Let N be the set of natural numbers. A non-principal (free) ultra filter U on N is 

defined as follows: 

U is a non empty set of subsets of N [P(N) :::> U :::> c{l], such that 

i) cP E U 

ii) A E U and BE U => AnB E U 

iii) A E U and B E P(N) and B :::> A => B E U 

iv) B E P(N) => either B E U or {j EN: j rf. B} E U, but not both. 

v) B E P(N) and B is finite => B rf. U. 

Then the set *R is defined as the set of equivalence classes of all sequences of real 
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numbers modulo the equivalence relation: a- b, provided {j: ai = bi} E U, a and b 

being two sequences {ai} and {bi}· 

Similarly, a given relation is said to hold between elements of *R if it holds term 

wise for a set of indices which belongs to the ultra filter. For example a < b =? {j : 

ai < bi} E U. 

R is isomorphic to a subset of *R, since one can identify any real r E R with the 

class of sequences {r,r, .... }. Moreover *R is an ordered field. 

The syntactic approach requires much less logic and model theory to understand 

and use. This approach was developed in the mid 1970s by the mathematician Edward 

Nelson. Nelson introduced an entirely axiomatic formulation of non-standard analysis 

that he called Internal Set Theory (1ST) [39]. 1ST is an extension of Zermelo Fraenkel 

Set Theory (ZST). Along with the basic binary membership relation, it introduces a 

new unary predicate standard which can be applied to elements of the mathematical 

universe together with some axioms for reasoning with this new predicate. 

Syntactic non-standard analysis requires a great deal of care in applying the prin

ciple of set formation which mathematicians usually take for granted. As Nelson 

pointed out, a co=on fallacy in reasoning in IST is that of illegal set formation. 

For instance, there is no set in IST whose elements are precisely the standard inte

gers (here standard is understood in the sense of new predicate). To avoid illegal set 

formation, one must only use predicates of Zermelo-Frankel-Choice (ZFC) to define 

subsets [39]. 

2.2.3 Basic Definitions and Constructions of Extended Number Systems 

An infinitesimals is a number that is smaller than every positive real number and 

is larger than every negative real number, or, equivalently, in absolute value it is 

smaller than 1/m for all mEN= {1, 2, 3, ....... }. Zero is the only real number that 

at the same time is an infinitesimal, so that the non zero infinitesimals do not occur 

in standard analysis. Yet, they can be treated in much the same way as can be for 
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ordinary numbers. For example, each non zero infinitesimal € can be inverted and 

the result is the number w = 1/E. It follows that lwl > m for all mEN, for which 

reason w is called hyper large or infinitely large. Hyper large numbers too do not 

occur in ordinary analysis, but nevertheless can be treated like ordinary numbers. If, 

for example, w is positive hyper large, we can compute w/2,w -l,w + 1,2w,w2 etc. 

The positive hyper large numbers must not be confused with oo, which should not be 

regarded a number at all. 

If € is hyper small, if o too is hyper small but non zero and if w is positive hyper 

large, so that -w is negative hyper large, we write € ~ 0, o ~ 0, w ~ oo, -w ~ -oo 

respectively. It would be wrong of course, to deduce from w ~ oo that the difference 

between w and oo would be hyper small. 

Given any x E R , x # 0 and any o ~ 0, let t = x + o, then € < ltl < w, for all 

€ ~ 0 and all w ~ oo. The number tis called finite (or appreciable/moderately small 

or large) number (as it is not too small and not too large). 

Three non overlapping sets of numbers (old or new) can now be formed. 

a) the set of all infinitesimals, to which zero belongs, 

b) the set of all finite numbers, to which all non zero reals belong, and 

c) the set of all hyper large numbers, containing no ordinary numbers at all. 

Together these three sets, constitute the set of all numbers of "Real Non-Standard 

Analysis". This set, which clearly an extension of R, is indicated by *R and is called 

the * transform of R. The elements of *R are called hyper real. 

If a number is not hyper large it is called finite or limited. Clearly, t E *R is finite 

iff t = x + € for some x E R and € ~ 0. Given such a t, both x and € are unique, for, 

x + € = y + o, x, y E R, E, o ~ 0, we have x = y (as x- y E R)and € ~ o. 

By definition x is called the standard part oft, and this is written as x = st(t). 

The standard part function st provides an important bridge between the finite 

numbers of non-standard analysis and the ordinary real numbers. Trivially, if t is 

itself an ordinary real number, then st(t) = t. 

The * transform not only can be obtained for R but also for N, Z, Q, and in 
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fact for any set X of classical mathematics. Their * transforms are indicated by 

*N, *Z, *Q, *X respectively. 

Selecting all finite numbers from *N and *z we obtain again N and Z, but this is 

not true for *Q, simply because *Q (just as *R) contains finite non-standard numbers. 

But again there is a distinct difference between *Q and *R in this respect; there are 

finite elements t of *Q that can not be written as t = x+f, with x E Q, f E *Q, f:::::: 0. 

For let c be any irrational number, say c = v'2, and let {rb r2, .... }be some Cauchy 

sequence of rationals converging to c. The sequence { r 1 - c, r2 - c, ..... } generates 

an infinitesimals o in *R (because this sequence converges to zero). On the other 

hand { r 1 , r 2 , •••• } generates an element r E *Q C *R and r is finite, but it has no 

standard part in Q, for otherwise r = x + f for some x E Q and c E *Q, c ~ 0. But 

{ r1 - c, r 2 - c, .... } also generates the finite number r - c E R, so that r - c = o ~ 0. 

It follows that x- c =o-f~ 0, hence x- c = 0 (as x- cis ordinary real), which 

would mean that c E Q, a contradiction. 

There are various ways to introduce new numbers. One way is done by means of 

infinite sequences of real numbers. In particular, the elements of *R will be generated 

by means of infinite sequences of reals and it will be necessary to consider all suclr 

sequences. (Recall that the elements of R can be generated by means of rather spe

cial infinite sequence of rationals, i.e, the Cauclry sequences ) . More generally, given 

any set X the elements of its * transform *X will be generated by means of infinite 

sequence of elements of X, quotionted by the equivalence class generated by the cho

sen ultra filter and again all such sequences must be taken into account. For example 

{1, 2,3, ..... }generates a hyper large element of *N, and {3/2, 5/4,9/8, ..... }generates 

a finite element of *Q, and an infinitesimal, generated by {1/2, 1/4,1/8, ..... }. Dif

ferent sequences may generate the sanre elements of *X. In fact, given any x E *X 

there are many (uncountably many) different sequences whiclr form an equivalence 

class under the ultra filter which represents the element x E *X. As a consequence, 

changing finitely many terms of a generating sequence has no effect on the element 

generated. 
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2.2.4 The Purpose of Non-Standard Analysis 

Starting from N, the sets Z, Q and R have been introduced in classical analysis 

(mathematics) in order to enrich analysis with more tools and to refine existing tools. 

The introduction of negative numbers, of fractions, and of irrational numbers is felt 

as a strong necessity, and without it mathematics would only be a small portion of 

what it actually is. The introduction of *N, *z, *Q and *R, however was not meant 

at all to enrich mathematical analysis (at least not when it all started), but only 

to simplifying it. In fact, definitions and theorems of classical analysis generally are 

greatly simplified in the context of non-standard analysis. Non-standard analysis has 

also been applied later in a more traditional way, namely to introduce new mathemat

ical notions and models. Examples can be found in probability theory, asymptotic 

analysis, mathematical physics, economics etc. 

As an example of a simpler definition, consider continuity. A function f from R 

to R is continuous at c E R if statement (i) holds: 

Ve E R, e > 0 : 35 E R, o > 0 : Vx E R, 

Jx- cJ < o: Jf(x)- f(c)J < € ••••••••••••• (i) 

Now to f there corresponds a unique function *f, called the* transform of/, 

that is a function from *R to *R, such that* f(x) = f(x) if x E Rand (i) is true iff 

(ii), which is the * transform of (i) is true: 

V€ E *R, € > 0 : 35 E *R, o > 0 : Vx E *R, 

Jx- cJ < o: I* f(x)- *f(c)J < e .............. (ii) 

Moreover (i) is equivalent to much simpler statement (iii) 

V5 E *R, o ~ o: *f(c+o)- *f(c) ~ o .................... (iii) 

An illustration of a simpler proof is that of the Intermediate Value Theorem: 

H f: R--> R is continuous in the closed interval [a, b], a< b, a and b both finite, 

and f(a) < 0, f(b) > 0, then f(c) = 0 for some c E [a, b]. 
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A non-standard proof of this theorem proceeds as follows: 

Let, m E *N be hyper large. Divide [a, b] into m equal subintervals, each of 

length o = (b- a)fm. Then o ~ 0. Let, n be the smallest element of *N such that 

* f(a +no) > 0, then * f(a + (n- 1)o) ::; 0. 

Let c = st(a +no), then, by continuity, 

* f(a+no)- * f(c) = E1 and* f(c)- * f(a+ (n -1)o) = E2 for certain infinitesimals 

f1 and f2. Hence -fl < f(c) = *f(c)::; f2. But f(c) E R, so f(c) = 0. 

Terrence Tao, one of the most brilliant contemporary mathematicians, has been 

advocating strongly the use of nonstandard analysis as soft analysis rather than using 

only the classical hard analysis in partial differential equations and various other fields 

of applications in his blog page 'What's New'. 

2.3 Non-Archimedean Ultra metric Theory 

2.3.1 Absolute value on a Field 

Definition 1. An absolute value on K is a function 1-1 : K-+ 14 that satisfies the 

following conditions : 

1) lxl = 0 iff x = 0, 

2) lxyl = lxiiYI for all x,y E K, 

3) lx + Yl ::; lxl + IYI for all x, Y E K. 

We shall say an absolute value of K is non-archimedean if it satisfies the additional 

condition: 

4) lx + Yl ::; max(lxl, IYI) for all x, y E K. 

Otherwise, the absolute value is archimedean. 

Example- If we take, 

lxl= {
1, 

0, 

ifx i 0 

ifx = 0 
(2.2) 
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for any field K, then it is trivially a non-archimedean absolute value. 

Theorem 1. Let, A C K be the image of Z inK. An absolute value 1-1 on K is 

non-archimedean iff Ia I :::::; 1 for all a E A. In particular, an absolute value on Q is 

non-archimedean iff lnl:::::; 1 for any n E Z. 

Proof. We have I± 11 = 1; hence, if 1-1 is non-archimedean, we get that Ia ±II :::::; 

max{lal, I}. By induction lal :::::; I for every a EA. 

For converse part, suppose that lal < 1 for all a E A. We want to prove that 

for any two elements x, y E K, we have lx + Yl :::::; max{lxl, IYI}. If y = 0, this is 

obvious. If not, we can divide through by IYI, and we see that this is equivalent to 

the inequality lx/y + 11:::::; max{lxfyl, I}. 

This means that we need only to prove the inequality for the case when the second 

summand is 1, and the general fact will then follow. In other words, we want to prove 

that for any x E K we have lx + 11 :::::; max{lxl, I}. 

Now let m be any positive integer. Then we have 

lx+IIm 

- l~)mckxk)l 
k 

< lmCkllxkl 

:::::; Llxkl [since l(mCk)l :::::; I] 
k 

- Llxlk 
k 

< (m + 1)max{I, lxlm} 

(for the last step, notice that the largest value of lxlk fork= 0, 1, 2, ...... m is equal to 

lxlm if lxl > I and equal to I otherwise). 

Taking m-th root on both sides gives, lx +II :::::; (m + 1)1/mmax(I, lxl). 

Now this inequality holds for every positive integer m, and we know that limm-oo(m+ 

I)1/m = 1. 
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Therefore, if we let m --> oo we get lx +II ::; max{ lxl, 1} which is what we wanted 

to prove . 

• 
Archimedean property 

Given x, y E K, x fo 0, there exists a positive integer n such that lnxl > IYI· 

The archimedean property is equivalent to the assertion that sup{lnl : n E Z} = 

+oo. 

Corollary 1. An absolute value 1-1 is non-archimedean iffsup{lnl: n E Z} = 1. 

2.9.2 Topology 

The essential point of an absolute value is that it provides us with a notion of "size". 

In other words, once we have an absolute value, we can use it to measure distances 

between numbers, that is, to put a metric on our field. Having the metric, we can 

define open and closed sets, and in general investigate the (metric) topology of our 

field. 

Definition 2. Let, K be a field and 1-1 an absolute value on K. We define the 

distance d(x, y) between two elements x, y E K by d(x, y) = lx- Yl· 

The function d(x, y) is called the metric induced by the absolute value and the 

metric d(x, y) has the following properties: 

1) for any x,y E K, d(x,y) 2:0, and d(x,y) = 0 iff x = y 

2) for any x,y E K, d(x,y) = d(y,x) 

3) for any x, y, z E K, d(x, z) ::; d(x, y) + d(y, z) 

The last inequality is called triangle inequality. 

Lemma 1. Let 1-1 be an absolute value on afield K, and define a metric by d(x,y) = 
lx - Yl· Then 1-1 is non-archimedean iff for any x, y, z E K, we have d(x, y) ::; 

max{ d(x, z), d(z, y)}. 
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Proof. To get one way, apply the non-archimedean property to the equation (x-y) = 

(x- z) + (z- y). 

For the converse, take y = -y and z = 0 in the inequality satisfied by d(., .). • 

This inequality is known as the "Ultra metric inequality" and a metric for which 

it is true is called an "Ultra metric". A space with an ultra metric is called an "Ultra 

metric Space" . 

Proposition 1. Let K be a field and let 1·1 be a non-archimedean absolute value on 

K. If x, y E K and x =I y, then lx + Yi = max{lxl, IYI}. 

Proof. Exchanging x andy if necessary, we may suppose lxl > IYI· Then lx + Yi :s; 

lxl = max{lxl, IYI}. 
On the other hand x = (x + y) - y, so that lxl :s; max{lx + yi, IYI} = lx + Yi· 

So, lxl = lx + Yi =? lx + Yi = max{ixl, IYI}. • 

Corollary 2. In an ultra metric space, all triangles are isocels. 

Definition 3. Let, K be a field with an absolute value 1.1. Let a E K be an 

element and let r E Rt. be a positive real number. The open ball of radius r and 

center a is the set B(a,r) = {x E K: d(x,a) < r} = {x E k: lx- ai < r} 

The closed ball of radius rand centre a is the set B(a,r) = {x E k: d(x,a) :s; 

r} = {x E k: lx- ai < r}. 

Proposition 2. Let K be a field with a non-archimedean absolute value. 

1} If b E B(a,r), then B(a,r) = B(b,r); in other words, every point that is 

contained in an open ball is a centre of that ball. 

2} If bE B(a, r) then B(a, r) = B(b, r); in other words, every point that is con

tained in a closed ball is a centre of that ball. 

3} The set B(a, r)[B(a, r)] is both open and closed. 



27 

4) any two open balls {closed balls) are either disjoint or contained in one another. 

Proof. 1) By definition b E B(a, r) iff lb- ai < r. Now, taking any x for which 

lx-al < r, the non-archimedean property says that lx-bl ~ max{lx-al, lb-al} < r. 

So, x E B(b,r). That is B(a,r) C B(b,r). Switching a and b, we get the opposite 

inclusion, so that the two balls are equal. 

2) Similar as (1). 

3) The open ball B(a,r) is always an open set in any metric space. What we 

need to show is that in non-archimedean case, it is also closed. So, take an x in the 

boundary of B(a, r); this means that any open ball centred in x must contain points 

those are in B(a, r). Choose a number s ~ r. Now, since x is a boundary point, 

B(a, r) n B(x, s) =f 1/J; so that there exists an element y E B(a, r) n B(x, s). 

This means that IY - al < r, IY - xi < s ~ r 

Now lx- ai ~ max{lx- yi, IY- al} <max{ s, r} ~ r, sox E B(a, r). This shows 

that boundary point of B(a, r) belongs to B(a, r), which means that B(a, r) is closed. 

Converse part is similar. 

4) Let, B(a, r) and B(b, s) are two open balls such that B(a, r) n B(b, s) =f 1/J. 

We can assume that r ~ s. If the intersection is not empty, there exists a c E 

B(a, r) n B(b, s). Then from (1) we have, B(a, r) = B(c, r) and B(b, s) = B(c, s). 

Hence B(a, r) = B(c, r) C B(c, s) = B(b, s). • 

Definition 4. Let, K be a field with an absolute value 1-1· We say a setS C K 

is clopen if it is both an open and a closed set. 

Thus it is clear that a non-archimedean ball does not have well defined centres, 

because every point of the ball can be called its centre. Also every open (closed) ball 

is clopen. 

A Cauchy sequence in an ultra metric space X is a sequence {xn} such that for 

any e > 0, 3n0 E N such that for all m, n :2: no, d(xm, Xn) < e. This implies 

d(xn+l• xn) < e (by strong triangle inequality) for all n :2: no. 
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A space X is complete if every Cauchy sequence converges to a limit in X. 

2.4 p-adic Number and Analysis 

2.4.1 Introduction 

In mathematics and chiefly in number theory, the p-adic number system [42] for 

any prime number p, extends the ordinary arithmetic of the rational numbers in 

a way different from the extension of the rational number system to the real and 

complex number systems. The extension is achieved by an alternative interpretation 

of the concept of absolute value. The p-adic numbers were motivated primarily by 

an attempt to bring the ideas and techniques of power series methods into number 

theory. Their influence now extends far beyond this. For example, the field of p-adic 

analysis essentially provides an alternative form of calculus. 

More formally, for a given prime p, the field Qp of p-adic numbers is a completion 

of rational numbers. The field Qp is also given a topology derived from a metric, which 

is itself derived from an alternative valuation on the rational numbers. This metric 

space is complete in the sense that every Cauchy sequence converges to a point in Qp. 

This is what allows the development of calculus on Qp, and it is the interaction of 

this analytic and algebraic structure which gives p-adic number systems their power 

and utility. 

2.4.2 p-adic expansions 

If p is a fixed prime number, then any positive integer can be written in a base p 

expansion in the form I:~=l a;p; where the a; are integers in {0, 1, ...... p- 1}. For 

example, the binary expansion of 27 is 1.24 + 1.23 + 0.22 + 1.21 + 1.2°, often written in 

the short hand notation (11011)2 The familiar approach to extending this description 

to the larger domain of the rationals (and, ultimately to the reals) is to use sums of 
"'n . the form: L..i=-m a;p'. 
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A definite meaning is given to these sums based on Cauchy sequences, using the 

absolute value as metric. Thus for example, 1/3 can be expressed in base 5 as the 

limit of the sequence (0.13131313 .... )5· In this formulation, the integers are precisely 

those numbers for which a; = 0 for all i < 0. 

As an alternative, if we extend the base p expansions by allowing infinite sums of 

the form I::ka;pi where k is some (not necessarily positive) integer, we obtain the 

p-adic expansions defining the field Qp of p-adic numbers. Those p-adic numbers for 

which a; = 0 for all i < 0 are called the p-adic integers. The p-adic integers form a 

subring of Qp, denoted by Zp. 

2 ... p The field of p-adic numbers Qp 

The basic example of a norm on the field Q of rational numbers is the absolute value 

1-1· The induced metric d(x, y) = lx-yl is the ordinary Euclidean distance on the real 

line and the field of real numbers R is the completion of Q with respect to this norm. 

Now the question arises: Is the Euclidean distance between rational numbers really 

the most ''natural" one? Is there any other way to describe the "closeness" between 

rationals? The new ways of measuring distance between rational numbers come from 

the following "arithmetical" construction. 

Definition 1. Let, p E N be any prime number. Define a map l-Ip on Q as 

follows: 

{

p-ordpz' ifx f' 0 
lxlp = (2.3) 

0, ifx = 0 

where ordpx =the highest power of p which divides x, if x E Z and ordpx = ordpa

ordpb , if x = afb, a, bE Z, b f' 0 is the p-ruiic order or p-adic valuation of x. 

Proposition 3. l-Ip is a non-archimedean norm on Q. 

Property (1) of non-archimedean norm follows from definition of l-Ip . 

Again ordp(xy) = ordp(x) + ordp(y). 

Therefore, lxylp P-ordp(zy) p-[ordp(z)+ordp(y)] P-ordp(z) .p-ordp(Y)=Ixlp·IYip· 
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So, property (2)of non-archimedean norm is satisfied. 

Let us verify property (3). If x = 0, y = 0, (3) is trivial, so assume x, y f' 0. Let, 

x = afb,y = cfd. 

Then we have 

x + y = adi}dbc and 

orclp(x + y) 

- orclp(ad +be) - orclp(bd) 

> min(ordp(ad), orclp(bc))- ordp(b)- orclp(d) 

- min(ordpa- orclpb, ordpc- orclpd) 

- min(ordpx,orclpy) 

Therefore lx +Yip= p-ordp(x+y) ~ max(p-ord•"',p-ord•y) = max(lxlp, IYip)· 
So, the strong ultra metric triangle inequality is satisfied by this norm. So, l-Ip is 

non-archimedean. 

Note that the usual absolute value is denoted by 1-loo and is associated to the real 

numbers. 

Definition 2. Two absolute values l-l1 and l-l2 on a field K are called equivalent 

if they define the same topology on K, that is, if every set that is open with respect 

to one is also open with respect to the other. 

Lemma 2. Let 1-11 and l-l2 be absolute values on a field K. The following statements 

are equivalent. 

1} I· h and l-l2 are equivalent absolute values; 

2} for any x E K we have lxh < 1 iff lxl2 < 1; 

3} there exists a positive real number a such that every x E K we have lxh = lxl2. 

Theorem 2. {Ostrowski:} Every non-trivial absolute value on Q is equivalent to one 

of the absolute values l-Ip, where pis a prime number or p = oo. 

Proposition 4. For any X E Q- {0}, we have rrp~oo lxlp = 1. 
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Proof. It is easy to see that we only need to prove the formula when x is a positive 

integer, and that the general case will then follow. So, let x be a positive integer, 

which we can factor as x = pJ.' .p~2 ••••• p~•. 

Then we have lxlq =1 if q =f. Pi 

lxl,. = pj"' for i=1,2, .... k 

lxloo = pJ.' .p~2 ...... p~•. The result then follows . 

• 
The field Q is not complete with respect to the usual absolute value 1-loo and the 

set of real numbers R is the extension of Q which is complete field with respect to 

1-loo · 

Proposition 5. The field Q of mtional numbers is not complete with respect to 1-lv 
for any prime p. 

Let, p be a fixed prime. We define Qp to be the completion of Q with respect to 

the p-adic absolute value 1-lv· Therefore (Qv, 1-lv)is a complete normed field and this 

is called the field of p-adic numbers. The elements of Qp are the equivalent classes 

of Cauchy sequences in Q with respect to the extension of the p-adic norm. So, Q 

can be identified with the subfield of Qp consisting of equivalence classes of constant 

Cauchy sequences. 

For some a E Qp, let {a,.} be a Cauchy sequence of rational numbers representing 

a. Then by definition lalv = lim,._oo la..lv· 

Definition 3. A p-adic number a E Qp is said to be a p-adic integer if its canonical 

expansion contains only non-negative powers of p. 

The set of p-adic integers is denoted by Zv, so Zv = U:::~o a;pi} 

It is easy to see that Zp ={a E QviJalv::::: 1}. 

So, we can summarize the results as follows: 

• there is an absolute value 1-1 = 1-lv on Qp and Qp is complete with respect to 

this absolute value; 
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<> there is an inclusion Q --+ Qp whose image is dense in Qp, and the restriction 

of the absolute value /./P to (the image of) Q coincides with the p-adic absolute 

value; 

• the set of values of Q and Qp under 1-/p is the same; specially, the two sets 

{x E R+: x = />./P for some>. E Q} and {x E ~: x = />./P for some>. E Qp} 

are both equal to the set {pn : n E Z} U {0} of powers of p, together with 0. 

Proposition 6. For each x E Qp, x =f 0 there exists an integer n E Z such that 

/x/P = p-n. 

The topology of Qp 

1) The open balls in Qp are both open and closed. 

2) If bE B(a,r), then B(b,r) = B(a,r). in other words, every point of a ball is 

its centre. 

3) Two balls in Qp have a non-empty intersection iff one is contained in other. 

4) The set of all balls in Q P is countable. 

5) The space Qp is locally compact. 

6) The space Qp is totally disconnected. 

Proof. (1), (2), (3) follows from the fact that Qp is an ultra metric space. 

4) Write the centre of the ball B(a,p-•) in its canonical form a = 2:::"=-m UnPn 

and let ao = 2:~=-m UnPn. 

Clearly a0 is a rational number and /a- ao/P < p-• 

i.e. a0 E B(a,p-•). Therefore, B(ao,p-•) = B(a,p-•). 

Here both the centres and radii come from countable sets. Therefore, the product 

set of all pairs (a0 , s) is also countable and so the set of all balls in QP is countable. 

To prove (5) we recall that 

a subset K in a metric space is called sequentially compact if every infinite sequence 

of points in K contains a subsequence converging to a point in K. 
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Further, every infinite sequence of p-ruiic integers has a convergent subsequence. 

Therefore Zv is sequentially compact. Therefore Zv is compact, and so is any ball 

in Qp. So, Qp is locally compact. 

6) For any a E Qp and each n E N, the set 

Un(a) = {x E Qvllx- alv :::; p-n}={x E Qvllx- alv < p-(n+l)} is an open and 

closed neighborhood of a. Suppose a E A so that A f {a}. Then there is annE N 

such that Un(a) n A fA. Therefore, A = (Un(a) n A) u (Qp- Un(a) n A), where 

both Un(a) and its complement Qp- Un(a) are open and non-empty; this implies A 

is not connected and hence the result follows. • 
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Chapter 3 

NON-ARCIDMEDEAN EXTENSION OF REAL NUMBER 

SYSTEM 

3.1 Introduction 

The main objective of the present chapter is to study the formulation of a scale 

invariant analysis that aims at developing a coherent framework for analysis on the 

real lineR as well as on Cantor like fractal subsets of R [13, 14]. The formulation of 

a scale invariant analysis was motivated by an effort in justifying the construction of 

the so called non-smooth (i.e. higher derivative discontinuous) solutions [15] of the 

simplest scale invariant Cauchy problem 

dX 
xdx =X,X(1)=1 (3.1) 

in a rigorons manner. It is clear that the framework of classical analysis, because of 

Picard's uniqueness theorem, can not rigorously accommodate such solutions, except 

possibly only in an approximate sense. To bypass the obstacle, it becomes imperative 

to look for a non-archimedean extension of the classical setting, thus allowing for ex

istence of non-trivial infinitesimals (and hence, by inversion, infinities). Robinson's 

original model of non-standard analysis appeared to be unsatisfactory, because (1) 

infinitesimals here are infinitesimals even in "values", since the value of an infinites

imal is the usual Euclidean value and (2) these are new extraneous elements in R. 

Although, the non-standard *R is of course non-archimedean, but still an infinitesi

mal behaves more in a ''real number like" manner; that is to say, in essence, it fails 

to have an identity, except for its infinitesimal Euclidean value. Such non-standard 

infinitesimals are known to generate proofs of harder theorems of mathematical anal-
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ysis in a more intuitively appealing manner. Further, any new theorem proved in the 

non-standard approach is expected to have a classical proof, though, may be, using 

lengthier arguments. Justifying a higher derivative discontinuous solution of (3.1), 

therefore, appeared to be difficult even in the conventional non-standard analysis. To 

counter this problem, we develop a novel non-archimedean extension R of R by com

pleting the rational number field Q under a novel ultra metric which treats arbitrarily 

small and large rational (and real) numbers [13] separately. The ultra metric reduces 

to the usual Euclidean value for finite real numbers, but, nevertheless, leads to a new 

definition of scale invariant infinitesimals in the present context. 

Another motivation (as already mentioned) for this Chapter is to formulate "mo

tion" (variation of a quantity) in a smooth differentiable sense on a zero or a positive 

measure Cantor like fractal sets which arise copiously in complex system studies. 

3.2 Non-Arcbimedean model 

Infinitesimals: Let *R be a non-standard extension (c. f. Sec. 2.2) of the real number 

set R. Let 0 denote the set of infinitesimals in *R. Then an element of *R, denoted 

as x, is written as x=x + T, x E R and T E 0. The set 0 and hence *R is linearly 

ordered that matches with the ordering of R. The set 0 is thus of cardinality c, 

the continuum. The non zero elements of 0 are new numbers added to R which are 

constructed from the ring S of sequences of real numbers via a choice of an ultra 

filter to remove the zero divisors of S. A non-standard infinitesimal is realized as an 

equivalence class of sequences under the ultra filter and may be considered extraneous 

to R. The magnitude of an element x of *R is evaluated using the usual Euclidean 

absolute value Jxle· 
We now give a new construction relating infinitesimals to arbitrarily small elements 

of R in a more intrinsic manner. The words "arbitrarily small elements" are made 

precise in a limiting sense in relation to a scale. The infinitesimals so defined are 

called relative infinitesimals [16, 17]. 
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Definition 1. Given an arbitrarily small positive real variable x --> o+, there exists 

a rational number d > 0 and a set li! of positive reals x(x) = x(x, .X) satisfying 

0 < x(x) < d <X and the inversion rule 

x~) = .X(8)~, (3.2) 

where 0 < .X(8) << 1, is a real constant, so that x also satisfies the scale invariant 

equation 
dX 

x-=-x 
dx 

(3.3) 

The elements x( x) so defined are called relative infinitesimals relative to the scale 

d. A necessary condition for relative infinitesimals is that 0 < x1 < x2 < 8 means 

0 < x1 + x2 < 8. A relative infinitesimal x is negative if -x is a positive relative 

infinitesimals. Further, the associated scale invariant infinitesimal corresponding to 

the relative infinitesimal xis defined by X= lim~. 
5-o 

Now, because of linear ordering of o+, the set of positive infinitesimals of *R, 

that is inherited from R, and the fact that the cardinality of o+ equals that of R, 

there is a one-one correspondence between o+ and (0, 8) C R, which we can write as 

T(x) = To(x/8) for an infinitesimal To E o+ and a relative infinitesimal 0 < x < 8, 

d --> o+. This may be interpreted as by saying that for each arbitrarily small d > 0, 

there exists in the non-standard *R an infinitesimal To E o+ so that the dimensionless 

equality ofthe form T/To=x/8 holds good independent of the scale 8. We, henceforth 

identify o+ with the set of relative infinitesimals li! in rt = (0, 8) c R so that 

li! C fo. We use symbols 0 and lin interchangeably henceforth to refer the set of 

(relative) infinitesimals. We remark that in this framework, a positive real variable x 

is defined relative to the scale d by the condition x > 8. 

Infinitesimals , so modeled, will be assigned with a new absolute value. The real 

number set R equipped with this absolute value (denoted henceforth by R) will be 

shown to support naturally the generalized class of solutions of eq(3.1). 

Definition 2. A relative infinitesimal x E lin C 16 = ( -8, 8) (# 0) is assigned with a 

new absolute value, v(x) := lxl = limlog6-• x!\ x1 = lxl./8. We also set 101 = 0. 
5-o 
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Remark 1. We observe that there exists a nontrivial class of infinitesimals (viz., those 

satisfying [x[. ~ 8.86
) for which the value [x[ assigned to an infinitesimal x is a real 

number, i.e., [x[ > d. One of our aims here is to point out nontrivial influence of 

these infinitesimals in real analysis. This is to be contrasted with the conventional 

approach. The Euclidean value of an infinitesimal in Robinson's non-standard analysis 

is numerically an infinitesimal. Further, the limit 8 --+ o+ is, of course, considered in 

the above definitions in the Euclidean metric. 

We also notice that the inversion in Definition 1 is nontrivial in the sense that in 

the absence of it, the scale 8 can be chosen arbitrarily close to an infinitesimal x (say), 

so that letting 8--+ x, which, in turn, --+ o+, one obtains [x[ = 0. Thus, dropping the 

inversion rule, we reproduce the ordinary real number system R with zero being the 

only infinitesimal. 

Clearly, the above absolute value is well defined and also scale invariant. For, even 

as 8 --+ o+ the relative ratio T/ = x /8 might be a constant (or approaches zero at a 

slower rate) in (0,1), so that Definition 2 can yield non-trivial values. 

Remark 2. An infinitesimal x E / 0 has a countable number of different realizations, 

each for a specific choice of the scale 8, having valuation [x[6• Indeed, given a de.. 

creasing sequence of (primary) scales dn so that dn -->0 as n --+ oo, the limit in the 

Definition-2 can instead be evaluated over a sequence of secondary smaller scales of 

the form 8;:', m --+ oo for each fixed n. 

This observation allows one to extend that definition slightly which is now restated 

as 

Definition 3. i) Soole free {invariant) infinitesimals X0 = Xn/8n satisfying 0 < Xn < 
[Jn{and xn/8n = (x/8)n as n --+ oo) are rolled {positive) soole-free 8-infinitesimals. 

By inversion, elements of [Xi1
[. > 1 are scale free 8-infinities. {ii) A relative (8) 

infinitesimal Xo(# 0) E Io is assigned with a new {8 dependent) absolute value v(x) = 

[x[6 = lim log6-n(xn/8n)-1• {In this scale free notation, all the finite real numbers 
n~oo 



38 

are mapped to 1. We denote this set of li infinitesimals and infinities by R 5 .) 

Clearly, the above definition yields lxl5 = log5_, ( li fx) for each fixed li, which will 

have important applications in the following. The Euclidean absolute value, however, 

is uniquely defined lxl. = x, x > 0. We also notice that for a (non-zero) real number 

x E R, the only meaningful scale is lxl. It therefore makes sense to identify all finite 

real numbers to 1 in ~. 

Proposition 7. 1-15 defines a nonarchimedean semi-norm on 0. 

Remark 3. To simplify notations, 1-15, is written often as 1-1· The li- infinitesimals are 

also denoted simply by x. By a semi-norm we mean that 1-1 satisfies three properties 

(i) lxl > o, x =f o, (ii) 1- xl = lxl and (iii) lx1 + x2l ~ max{lx11, lx2l}. Property (iii) 

is called the strong ultra metric triangle inequality. Note that this definition of semi

norm on a set differs from the semi-norm on a vector space. However, this suffices 

our purpose here. 

Proof. The first two are obvious from the definition. For the third, let 0 < x2 < XI 

in 0. Then there exists li > 0 so that 0 < 112 < 111 < 1 where 1/i = x;f lin =f 1 and 

lx;l = log5-n 11i\ n-> oo. Clearly, lx2l > I xi I· Moreover, 0 < 112 < 1/1 < 1/1 + 112 < 1. 

By Definition 2, we thus have lx1 + x2l = log5-n('T/1 + 'T/2)-1 ~ log5-n 1121 ~ lx2l· 

Moreover, lx1- x2l = lx1 + ( -x2)l ~ max{lx1l, lx2l} = lx2l- • 

Now, to restore the product rule, viz., lx1x2l = lx1llx21, we note that given x and 

li ( 0 < x < li ), there exist 0 < u(li) < 1 and a: 0-> R such that 

{3.4) 

so that, in the limit n -> oo, we have 

v(x) = lxl = ua(x) 

For definiteness, ~e choose u(li) = li (this is justified later). The function a(x) is a 

(discretely valued) valuation satisfying (i) a(x1x2) = a(x1)+a(x2) and (ii) a(x1 +x2) :2:: 

min{(a(x1), a(x2)}. As a result, lx1x2l = lx1llx2l and hence we have deduced. 
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Proposition 8. 1-1 defines a nonarchimedean absolute value on 0. 

Remark 4. The above definition of valuation (3.4) can be extended further to include 

an extra piece in the exponent, viz., 

(3.5) 

where € (>0) vanishes with 8 in such a manner that (8n){ = 1 in the limit. This 

observation offers an alternative definition of a scale free (8) infinitesimal, viz., X= 
lim (5"ln+1•1,1 = 0(8ne), as n--> oo, which will be useful in the following. 

We now recall the general topological structure of a non-archimedean space. 

Definition 4. The set Br(a) = {xllx- al = v(x- a)< r} is called an open ball in 

0. The set Br(a) = { xl lx- al :'0: r} is called closed ball in 0. 

Lemma 3. 1} Every open ball is closed and vice versa(clopen ball}. 

2} Every point bE Br(a) is a centre of Br(a). 

3) Any two balls in 0 are either disjoint or one is contained in another. 

4) 0 is the union of at most a countable family of clopen balls. 

5) The set 0 equipped with the absolute value 1-1 is totally disconnected. 

The proof of these assertions follows directly from the ultra metric property (See 

Chapter 2, Sec. 2.3 ) and the fact that 0 is an open set. Because of the property 

(4) the set o+ can be covered by at most a countable family of clopen balls viz., 

o+ = UB(t;) where t; is a bounded sequence in 0, on each of which the absolute 

value 1-1 can have a constant value. With this choice of absolute value 1-1 is discretely 

valued. 

Remark 5. To emphasize, the definition of relative infinitesimals takes note of rela

tive position of x with respect to 8, which could then be extended as a geometrical 

progression to a sequence Xn satisfying 0 < Xn < 5n so that xn/8n = (xf8)n for the 
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evaluation of jxj5. Further, we use the symbol X to denote a scale free infinitesimal 

and the sequence Xn of arbitrarily small real numbers are called the real valued re

alizations of the infinitesimal X. IS infinitesimals carry traces of residual influence of 

the scale, as reflected in the corresponding absolute values jxj5 = log5_, IS /lxj., where 

as a genuinely scale free one should be independent of any scale. We notice that the 

above absolute value awards the real number system R a novel structure, viz., for an 

arbitrarily small scale IS, numbers x and x satisfying x > IS and 0 < x < IS now are 

represented as 

x = IS.IS-i"•i and x = >..IS.ISixol 

for a >. ( 0 < >. < < 1 ) , so that the inversion rule is satisfied. Actually, x belongs 

to an open set Iii; (say) of (0, IS), the size of which is determined by >.. Here, x0 is a 

special reference point in Ji!, for instance, x0 = x-1 E Ji!· It is also often useful to 

rewrite the inversion rule as an exponentiation: x/IS = (IS/x)" so that J.Llog(x/IS) = 

log>.-1 +log(x/IS), for a given x and IS. It also follows that although>. is a constant, 

the exponent J.t is actually a function both of the real variable x and the scale IS. For 

x-+ IS, and IS-+ o+, we have J.t-+ oo and jx0 j-+O in such a manner that jxj may have 

a finite value. For a IS infinitesimal, on the other hand, J.t may tend to 1 + as IS -+ o+. 

Indeed, in that case, we have, for a given arbitrarily small x and IS, a sequence Xn 

such that Xn = ISniS"ixol• = ISniSn(iilxoi•) where jj = J.t/n -+ 1 for a sufficiently large 

n. Notice that such a sequence always exists. In the limit IS-+ o+, a IS infinitesimal 

should go over to a scale free infinitesimal. Letting x1 = x /IS = IS-ixol ~ 1 + 'T/, so 

that 'T/ ~ jx0 jlog1S-l, we get x1 = x/IS = IS"ixol ~ 1- J.t'T/, J.t = 0(1)(> 0). Moreover 

the rate of approach of a real variable x, which equals 1 in the ordinary analysis, gets 

slower in the presence of scale free infinitesimals. In fact x approaches 0 now as x1-a, 

a= jxj, rather than simply as x. 

Remark 6. The scale IS might correspond to the accuracy level in a computational 

problem. In this context, 0 in R is identified with the interval l5 (the closure of 

15 ) and thus is raised to 0. A computation is therefore interpreted as an activity 
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over an extended field R. By letting 5n --> o+ as n --> oo, we consider an infinite 

precision computation, which is achieved progressively by increasing the accuracy 

level, when real numbers are represented as 8-adically, for instance, the binary or 

decimal representation correspond to 8 = 1/2 or 8 = 1/10 respectively. Consequently, 

one arrives at a class of (scale free) infinitesimals X= xj8n E (-1, 1), n--> oo, which 

seem to remain available even in the ordinary analysis. To avoid any conflict with 

the standard real analysis results (for instance, the Lebesgue measure of Cantor sets 

in R), the scale free infinitesimals may be assumed to live in a zero measure Cantor 

set. A13 a consequence, the topological dimension of R5 is zero. To re-emphasize, a 

scale free infinitesimal X is an element of a Cantor set C5 (with the scale factor 8) in 

h, while the sequence of realizations Xn corresponds to its nth iteration realization. 

In such a realization, Xn (say) is an element of a closed (undeleted) subset .Fin of 

!5, each element of which is mapped to the finite real number x by the inversion 

rule. The Cantor set structure of the scale free infinitesimals is consistent with the 

ultrametricity of 0. 

Remark 7. Relationship between JXJ and JXJ5: 

We have already noticed that for an arbitrarily small 8 --> o+, we have the asymp

totic representations x = 88-1'"•1 and x = .M81zol. Accordingly, JxJ may have a finite 

value even as x vanishes as 8--> 0. For a 8 infinitesimal X, on the other hand the 

analogous representations are x = 88-l'"•l• and Xn = 5n ( 5n )il<5llzol•, where n --> oo but 

8 is kept fixed, and ji now depends on 8. It follows that JxJ5 = lim,._00 lo&-n(8/x)n = 
log5_,(8/x) = ji(8)Jxol5· Recalling that ji = 1+o"6(x), where a5 -->0 with 8, we there

fore write, JxJ5 = (1 + a5(x))JxoJ5 := Xt· From the remarks following the proof of 

Proposition 7 it also follows that JxoJ5 = 8" ::'0: 1 for a ~ 0. 

Example 1. Let us recall that a p-adic integer is given by X, = p'(1 +I;;;" a;p;), 

r > 0, where a; assumes values from 0,1,2, .... (p-1) with p-adic norm JXrlp = p-•. As 

an example of 8 infinitesimals we now consider p-infinitesimals, which are related to 

the p-adic integers in Zp c Qp. Let 8 = 1/p, p being a prime. Then there exist a class 

of p infinitesimals Xp (actually an equivalence class of such infinitesimals) which are 
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ordered according to the primes. Let, x = p-(l-lfp•J, for some positive integer r, be 

a given value of a real variable x relative to the scale 1/p. Then we have a class of 

p-infinitesimals 0 < Xrp < 1/p given by Xrp = p-nl'p(x)(l+ljp•) where 0 < r :S n and 

/lp = (1 + ap(x)), ap(x) being a small positive variable and goes to zero faster than 

1/p. Then we have JXrpl = p-r(1 + ap)· When O"p = 0, one obtains a p-adic integer, 

realized asap-infinitesimal, because in that case we have JXrpl = p-r. The sequence 

of partial sums Sm = pr(1 + 2:~ a;pi), whicll is divergent in the usual metric of Q 

and is an infinitely large element in the conventional non-standard models of Q, is 

realized in the present model as a p-infinitesimal Xrp· 

Lemma 4. A closed ball in 0 is both complete and compact. 

Proof. The proof follows from the following observations. Given E > 0, consider 

a closed interval [a, b] C 0 (in the usual topology) sucll that 0 < a < b < E. The 

valuation v realizes this closed interval as an ultra metric (sub) space U of 0 whicll is 

an union of at most of a countable family of disjoint clopen balls (by Lemma 3). 

Now we consider completeness. A sequence { Xn} C U is Cauclly <* v(xm- Xn) --> 

0 <* v(xn+l - Xn) --> 0 => 3N > 0 sucll that v(xn+l) = v(xn) for all n 2': N. Now 

since for a non-zero infinitesimal Xn, the associated valuation is non-zero, it follows 

that Xn --> XN E U in the ultra metric in the sense that v(xn) = v(xN) as n --> oo. 

Compactness is a consequence of the fact that any sequence in U has a convergent 

subsequence. Indeed, a sequence {xn} in U can not be divergent in the given ultra 

metric since 0 :S v(xn) < 1. • 

Next, we extend this nonarcllimedean structure of 0 on the whole of R, whicll is 

already assumed as an intrinsically nonstandard extension R. 

Definition 5. Let 1&(r) = r + 1&(0) 1&(0) = (-8,8), 8 > 0 for a real number r E R. 

For a finite r E R, i.e., when r ¢. 1&(0}, we have llrll = JrJ. = r. For an r E 1&(0}, on 

the other hand, we have llrll = JrJ = limlog6-,(8/r) = v(r), while, for an arbitrarily 
&-o 
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larger (---+ oo), i.e., when lrle > N, N > 0, we define llrll = lr-1
1 which is evaluated 

with the scale o ~ 1/N. 

Proposition 9. 11.11 is a nonarchimedean absolute value on R. It is discretely valued 

over the set of infinitely small and large numbers. 

Notation 1. The ultm metric space {R, II· II} is denoted as R. 

Proof. For an infinitely small or larger, the proof follows from Proposition 8. For 

a finite (non-zero) value of r E R, we have, on the other hand, r = s + r(t), s = 

r-t, r(t) = t, t E It(o), so that llrll = max{llsll, llr(t)ll} = s = lrl., by lettingt---+ 0. 

Discreteness on the set of infinitesimals and infinities follows from the discreteness of 

1-1- • 

Corollary 3. R is a locally compact complete (ultm-)metric space. 

The proof follows from Lemma 4 and Proposition 9. 

Proposition 10. The topology induced by 11·11 on R is equivalent to the usual topology. 

Moreover, the embedding i : R ---+ R is continuous. 

Proof: It is easy to verify that an open set of R in usual topology is open in 11·11 

and conversely since 11.11 reduces to the usual absolute value on Rand the continuity 

also follows from Definition 5. 

Definition 6. A (o) infinitesimal X is an (non-archimedean) integer if lXI < 1. It 

is a unit if lXI = 1. 

Lemma 5. A scale free (o) unit Xu on R has the form Xu = 1 +X where lXI < 1. 

Proof. A scale free (o) unit is defined by IIXull = 1. According to the valuation 

equation (3.5), we have 

(3.6) 
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since v(Xu) = 1 (xun are various realizations of Xu ). We also assume ~ > 0. 

Thus Xun/IP" = 0(8n{) --> 1, as n --> oo and subsequently 8 --> 0. Thus writing 

Xn = ~log8n (Remark 4), we have the lemma, since, as n--> oo, Xu= limxun/~Pn = 

lim ex" = 1 + Xo, when we have 11Xn(1 + o(Xnlll = IIXoll, (because of the ultra

metricity of II-II) for a Xo = Xn(1 + o(Xn)). • 

Lemma 6. Let X; be two 8; infinitesimals, i = 1, 2 such that 81 > 82. Then there is 

a canonical decamposition x1 = X1(1 + X2) where IX11 = IX11 < 1. 

Proof. Recall that the positive 8-infinitesimals live in (0, 1) C R6, which is covered 

by clopen balls B(X1;), j = 1, 2, .... Let X1 E B(X1;) for some j. Suppose X1; 

is defined by (3.4). For a general infinitesimal X1 we have, on the other hand, the 

extended definition given by (3.5), viz., X1 = X1n/8'i = (8'i)(IX•;I•,H(X,,62ll, where 

~ > 0 goes to zero faster than IX1;I = v(X1;) such that (8'i)e = 1 as 8'i -->0. Now 

writing~ = ( ~) log 82/ log 81 and using Lemma 5, we obtain X1n/ 8'i = X1jn/ 8'i X Xun/ 8~" 

and so taking limit n --> oo the desired result follows. • 

Let us recall that dX/dx = 0 means X=constant, on R. However, in a non

archimedean space R, X can be a locally constant function, whicll we call here a 

slowly varying function. In a non-arcllimedean extension of R, >.(in Definition 1) may 

be a slowly varying function. Thus, the nonsmooth solutions of R (Section 3.1) are 

realized as smooth in the non-archimedean space R. We recall that differentiability 

in a non-archimedean space is defined in the usual sense by simply replacing the usual 

Euclidean metric by the ultra metric llx- Yll, x, y E R. 

Definition 7. Let f: R--> R be a mapping from R to itself. Then f is differentiable 

at Xo E R if 3 l E R such that given e > 0, 3 11 > 0 so that 

Ill f(x)- f(xo) II IIlii I< e 
II x-xo II 

(3.7) 

when 0 <II x- x0 II< 1j, and we continue to write the standard notation f'(x0 ) = 

d/(zo) = l 
tb: • 
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Remark 8. The above definition is in conformity with the more conventional definition, 

viz., 
II f(x)- f(xo) -lll< e 

x-xo 
(3.8) 

since 1 11 ''";-~~~~o)ll IIlii I. <II f(x;-~~xo) -l II< e. As long as lx- xole--+ o+, but 

lx- x01 ~ O(o), the above definition reduces to the ordinary differentiability. But 

when lx-xole --+ o the above gets extended to the logarithmic derivative xdlog,!.(zo) = l, 

when we make use of the nonarchimedean absolute value 1-1· 

So far in the above discussion the scale o is unspecified. In the following, we 

introduce the nonarchimedean absolute value (Definition 10) on the field of rational 

numbers Q, construct its Cauchy completion and finally, because of the Ostrowski 

theorem, relate it to the local p-adic fields. We get a minimal nonarchimedean ex

tension of R (and which is a subset of the above R) for each given scale o, thus 

sufficing our purpose ofrelating the (secondary) scales o with the inverse primes viz., 

o = 1/p. Consequently, we have a countable number of distinct field extensions Rp 

of R depending on the scale at which the origin 0 of R is probed. 

However, before proceeding further, let us collect a few more general properties of 

the valuation v( x) in the following subsection. 

3.3 Non-archimedean valuation: A few more properties 

The set of infinitesimals 0 reduces to the singleton {0} when o--+ 0 classically. How

ever, the corresponding asymptotic expressions for the scale free (invariant) infinites

imals are non-trivial, in the sense that the associated valuations (Definition 3) can be 

shown to exist as finite real numbers. Below we give a definite construction indicat

ing the exact sense how relative infinitesimals and associated values could arise in a 

limiting problem. 

Fix a value o = Oo and let 0 00 C [0, o0] = It. be a Cantor set defined by an 

IFS of the form fi(x) = AX, !2(x) =Ax- (A/50 - 1)80 where A = {Jo0 , 0 < {J < 1 
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and a + 2/3 = 1. Thus at the first iteration an open interval 0 11 of size ao0 is 

removed from the interval I~, at the second iteration two open intervals 0 21 and 

022 each of size aoo(/3) are removed and so on, so that a family of gaps Oii of size 

aoo(f3)i-l, j = 1, 2, .... 2i-l are removed in subsequent iterations from each of the 

closed subintervals I;;, j = 1, 2, .... 2; of I~. Consequently, C60 = I~ - U;O;;=rl; U; I;;. 

Notice that the total length removed is I: ao0(2j3)i-l =50 , so that the linear Lebesgue 

measure m(C60 ) = 0. 
Next, consider IN= [0, f3N] and let N = n + r and N-+ oo as n-+ oo for a fixed 

r ;::: 0. Choose the scale o = af3"o0 and define x. E [0, af3N o0], a relative infinitesimal 

(relative to the scale o) provided it also satisfies the inversion rule i:fo = >.0/x, for 

a real constant A(o) (0 <<A< 1). For each cl10ice of x and o, we have a unique i; 

for a given A E (0, 1). Consequently, by varying A in an open subinterval of (0,1), we 

get an open interval of relative infinitesimals in the interval (0, o), all of whicll are 

related to x by the inversion formula. In the limit o -+ 0, relative infinitesimals i:., of 

course, vanish identically. However, the corresponding scale invariant infinitesimals 

x. = x.jo, o -+ 0 are, nevertheless, nontrivial and are weighted with new scale 

invariant absolute values (norms) (Definition 3). 

The set of infinitesimals are uncountable, and as already shown the above norm 

satisfies the stronger triangle inequality v(x + y) :::; max{v(x), v(y)}. Accordingly, 

the zero set 0={0, ±oX. I Xr E (0, /3'), r = 0, 1, 2, .... , o-+ o+} may be said to acquire 

dynamically the structure of a Cantor like ultra metric space, for each f3 E (0, 1/2). 

The set 0 indeed is realized as a set of nested circles Sr = { Xr I v( Xr) = a.} in 

the ultra metric norm, when we order, with out any loss of generality, ao > a1 > 
..... The ordinary 0 of R is replaced by this set of scale free infinitesimals 0-+ 0 = 

0/ "-'={0, us.}; 0 being the equivalence class under the equivalence relation"', where 

x "'y means v(x) = v(y). 

Remark 9. The concept of infinitesimals and the associated absolute value considered 

here become siguificant only in a limiting problem (process), which is reflected in 
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the explicit presence of "lim" in the relevant definitions. For the continuous real 
•~o 

valued function f(x) = x, the statement limx = 0, means that the statement x--+ 0 
x~o 

essentially means that x = 0 (i.e. x not only tends to 0 but, in fact, assumes the 

value 0 "exactly"). This may be considered to be a passive evaluation of limit. The 

present approach is active (dynamic), in the sense that it offers not only a more 

refined intermediate stages in the evaluation of the limit, but also provides a clue 

how one may induce new (nonlinear) structures in the limiting (asymptotic) process. 

The inversion rnle is one such non linear structure which may act non trivially as one 

investigates more carefully the motion of a real variable x (and hence of the associated 

scale 8 < x) as it goes to 0 more and more accurately. Notice that at any "instant", 

elements defined by 0 < x < 8 < x in a limiting process are well defined; relative 

infinitesimals are meaningful only in that dynamic sense (classically, these are all zero, 

as x itself is zero). Scale invariant infinitesimals X, however, may or may not be zero 

classically. X= p,(=f 0), a constant, for instance, is non zero even when x and 8 go 

to zero. On the other hand, X = 8a, 0 < a < 1, of course, vanish classically, but 

as shown below, are non trivial in the present formalism. AB a consequence, relative 

infinitesimals may be said to exit even as real numbers in this dynamic sense. The 

accompanying metric 1-1, however is an nltra metric. 

Remark 10. A genuine (nontrivial) scale free infinitesimal X can not be a constant. 

Let, x = p,8, 0 < J.L < 1,p, being a constant. Then v(x0 ) = limlog6_, p,-1 = 0, so that 
•~o 

x0 is essentially the trivial infinitesimal 0. More precisely, such a relative infinitesimal 

belongs to the equivalence class of 0. 

Example 2. Let, Xn = En(l-l), 0 < l < 1, 0 < E < 1. Then scale invariant in

finitesimals are Xn>. = AEnl, 0 < A < 1, when 8 = En, for a sufficiently large 

n, is chosen as a scale. Analogously, for a continuous variable x approaching o+, 
say, and considered as a scale, a class of relative infinitesimals are represented as 

x = x1+1(1 + o(x)), 0 < l < 1, so that the corresponding scale invariant infinitesimals 
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are defined by the asymptotic formula X = >.x1 + o(xm), m > l. The corresponding 

scale invariant absolute value has the non-trivial value JxJ = lim log.,_, £g = l. No-
x-o x 

tice that a scale invariant infinitesimals goes to zero at a smaller (ultra metric) rate 

l: X= >.x1 =? dlogX/dlogx = l 

Remark 11. The scale free infinitesimals of the form Xm ~ 5am +o(5fl),f3 >a goes to 

0 at a slower rate compared to the linear motion of the scale 5. The associated non 

trivial absolute value v(xm) = am essentially quantifies this decelerated motion. 

Theorem 3. The norm v has the following properties 

1} v is an ultra metric, and hence 0 equipped with v is an ultra metric space 

(non-archimedean space). 

2} v is a locally constant Cantor function. Conversely, given a Cantor function 

¢>(x), there exists a class of scale invariant infinitesimals determined by <f>(x), those 

live on the extended ultra metric neighborhood 0 of 0. 

Remark 12. The part 1 of the theorem is already proved in proposition 7 and Propo

sition 8. We present here a slightly improved concise proof of the same. 

Proof. 1)(a) vis well defined. Indeed, the open set 0 is written as a countable union 

of disjoint open intervals h, of relative infinitesimals, i.e. 0=Ul0,. Let v(x;) = a;, a 

constant for all x;( = >.55a•) E lo., the closure of ! 0,. Thus v exists and well defined. 

(b) Let 0 < x2 < x1 < x1 + x2 < 5 be two relative infinitesimals. We have, 

0 < x2 < xl < xl + x2 < 1 and v(x2) > v(xl) > v(xl +x2), thus proving the strong 

triangle inequality v(x1 + x2) :<::; max{ v(x1), v(x2)}. Next, given 0 < x < 5 , there 

exists a constant 0 < a(5) < 1 and a: 0--+ R, sucll that X= >.5•('") and v(x) = aa(x). 

Accordingly, a(x) is a discrete valuation satisfying (i) a(x1x2) = a(x1) + a(x2), (ii) 

a(x1 + x2) <:: min{ a(x1), a(x2)}. As a result, v(x1x2) = v(x1)v(x2)- Hence {0, v} is 

an ultra metric space. 

2) Let 0 = (Ul5;) U(UJk), the closure of 0. The open intervals A are gaps between 

two consecutive closed intervals !0;. Jk's actually contain new points those arise as 
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the limit points of sequences of the end points of the open intervals 16;· Clearly, ii is 

connected in usual topology. However, in the ultra metric topology, both !6; and Jk 

are clopen sets and ii is totally disconnected. Since, it is bounded and also is perfect, 

0 is equivalent to an ultra metric Cantor set. 

Now, the local constancy of v in the ultra metric ii follows from the definition: 

dv(x) = lim .!!:_ (log x + 1) = 0 
dx 6-o+ dx log 8 

(3.9) 

The vanishing derivative above arises from a logarithmic divergence arising from 

the nontrivial finer scales. This is unlike the ordinary analysis, when one interprets ii 

as a connected subset of R, thereby forcing v to vanish uniquely, so as to recover the 

usual structure of R. The above vanishing derivative can be interpreted non trivially 

as a LCF [43] when x E R is supposed to belong to a Cantor subset of R. 

Eq(3.9) also reveals the repammeterization invariance of a locally constant valu

ation v(x). As a consequence, v may be a function of any reparametrized monotonic 

variable x = x(x) with X'(x) > 0, instead being simply a function of the original real 

variable x. 

Now to construct a general class of locally constant functions in the ultra metric 

space, let us proceed as in 1a) above, with the supposition that the constants a;'s are 

arranged in ascending order. Thus, v(x;) = a;, a; ~ a3 {o} i ~ j for all x; E /;(we 

drop the suffix 8 for simplicity ) . Clearly, Definition 5 holds over for all I;. On the 

other hand, for an x E Jk, where A separates two consecutive l; and l;+l, say, so that 

x; < x < x;+l, where X; is the right end point of l; and xi+1 is the left end point of l;+l, 

we have v(xi+1)-v(x;) = (a;H-a;). Because ofultrametricity, one can always choose 

a; = {3;1,u( i)", for {Jii, >0 ascending and u( i) -+0 as i -+ oo and j; = 0, 1, 2, ...... k( i) for 

somei dependent constant k(i). Consequently, v(xi+1 )-v(x;) = (f3(i+l)i•+>-{3;1.)u(i)". 

It follows that the sequence v(x;+I) is decreasing and v(x;) is increasing. Thus, 

v(x) := lin1 v(x;) as i -+ oo. Hence, v : 0 -+ 1+ is indeed a Cantor function. 

Conversely, given a Cantor function ifJ(x), x E J+, one can define a class of in

finitesimals x ~ 88¢(ii/6l belonging to the extended set 0 for 8 -+ o+. This completes 
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the proof. • 

Definition 8. Besides the usual Euclidean value, a real variable x I' 0, but x --> o+ 
gets a deformed ultra metric value given by v(x) := lim5~o+ log5-,(xjo). 

Lemma 7. v(x) = v(x). 

Because of inversion rule, xjo = >.(ojx), 0 < >. < 1, and hence v(x) = v(x) since 

limlog5_, >.-1=0. 0 

Lemma 8. Let,O < ixi < ix'i be two arbitrarily small real variables and o be a scale 

such that 0 < o < lx- x'i < ixi < ix'i· Then v(x') = v(x). 

From Definition 8, v(x- x') < v(x) < v(x'). But x' = x + (x'- x). So, by ultra 

metric inequality, v(x') < max{v(x), v(x'- x)} :<:::: v(x) and hence the result. 0 

Lemma 9. Let 0 < lxl < ix'i be two arbitrarily small real variables and o and o' 

be two scales such that 0 < o < ixi < lt < ixl The corresponding scale invariant 

infinitesimals are X and .X' with associated valuations v(x) and v(x'). Then v(x') = 
(at/s)v(x), where at= limlog_xX', determines the gap size between X and .X' and 

s = lim log lt /logo is the Hausdorff dimension of the Cantor set of infinitesimals as 

x,x' -->0. 

Proof. The proof follows from 

v(x') =lim log(x' jlt) x lim logo 
v(x) log(xjo) logo' 

(3.10) 

so that at= limlog.,15(x'jlt) = limlog_xX' =?.X'= X"(l+O(,B(x,x'))), ,8 -->0 faster 

than the linear approach x -->0. The exponent at gives a measure of the said gap size . 

• 
Corollary 4. Let 0 < o < lt < x be two scales in association with an arbitrarily 

small real variable and X = (xjo)-1 and .X' = (xjo')-1 be the corresponding scale 
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invariant infinitesimals. Then v(x') = (afs)v(x), where a= limlog_x- X', determines 

the gap size between X and x' and s = lim log 8 I logo' is the Hausdorff dimension of 

the Cantor set of infinitesimals as x, x' ->0. The exponent a gives a measure of the 

said gap size. 

Definition 9. A scale invariant jump is defined by the pure inversion X' = x-a with 

the scale invariant minimal jump size a = 1. The (scale invariant) jump size a thus 

runs over the set of natural numbers N. 

Remark 13. Lemma 8 characterizes the equivalence classes of infinitesimals with iden

tical valuations. Subsequent lemma (and corollary) tells that the valuation v changes 

only when an infinitesimal from one equivalence class switches over to another class. 

Summing up the above observations, we now state a general representation of 

relative infinitesimals and corresponding valuation. 

Lemma 10. A relative infinitesimal x relative to the scale 8 has the asymptotic form 

(3.11) 

with associated valuation v(x) = l + ¢(xf8) where l :2: 0 is a constant and¢ is a 

nontrivial Cantor function. 

The locally constant v = Vo + v1 solves dvfdx =0 and so the above ansatz is the 

more general solution, with the trivial ultra metric valuation v0 = l and the nontrivial 

valuation v1 = ¢. The representation for x now follows from defiuition. D 

Remark 14. As a real variable x and the associated scale 8 < x approach 0, the 

corresponding infinitesimals 0 < x < 8 may also live (in contrast to measure zero 

Cantor sets considered so far) in a positive measure Cantor set Cv. Such a possibility 
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is already considered in [14] in relation to an interesting phenomenon of growth of 

measure. In such a case vo(x) = m(Cp) = l, the Lebesgue measure of Cp. The 

nontrivial component v1 then relates to the uncertainty (fatness) exponent of the 

positive measure 1-set. In this extended model, the valuation quantifies the presence 

of nontrivial motion in a limiting process: v0 gives the uniform scale invariant motion 

when V1 arises from the associated non-uniformity stemming out from measure zero 

Cantor sets. We, however, do not consider this aspect of the analysis any further in 

this thesis. 

3.4 Completion of the Field of Rational Numbers 

We have already shown that the real number system R gets extended over a locally 

compact, complete ultra metric spaceR under the nonarchinledean norm 11-11- How

ever, we haven't yet shown that the ultra metric space R is a field. In the present 

Section, we present yet another route extending R minimally as an ultra metric field 

completion R of the field of rationals Q (with a slight abuse of notation, we use same 

notation for both type of ultra metric extensions). Because of the Frobenius field 

extension theorem, this field extension must be of infinite dinlensional. In the next 

chapter, a new elementary proof of the Prime Number Theorem will be presented. 

Applications to differential equations on the extended field will be studied in the 

subsequent latter chapter. 

On the field of rationals Q, we introduce the definition ofthe valuation 11-11 : Q--> 

Rt as follows. 

Definition 10. Let 15(r) = r + h, 16 = ( -5, 5), 5 > 0 for rational numbers r and 

5 E Q. For a finite r E Q, i.e., when r ¢ 16(0), we have llrll = lrJ. = r. For an 

r E 16(0), on the other hand, we have llrll = lrl = limlog6-,(5/r) = v(r), while, for 
6-o 

an arbitrarily larger(--> oo}, i.e., when lrl. > N,N >0, we define llrll = lr-11 with a 

scale 5 ~ 1/N. 
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Proposition 11. II-II is a non-archimedean absolute value over Q. 

Proof is similar to that on R which is given in the previous Section. 0 

Now by the Ostrowski theorem [42], any non-trivial absolute value on Q must be 

equivalent to any of the p-adic absolute values l-Ip, p > 1 being a prime and 1-loo = l-Ie 
is the usual Euclidean absolute value. From Definition 10, finite rationals of Q get the 

Euclidean value, while 1-1, on the arbitrarily small and large values, must be related 

to the p-adic valuations. Consequently, the set of primary scales are represented 

uniquely by the inverse primes 8 = p-1 . 

To construct the completion of Q under II-II we first consider the ringS of all 

sequences of Q. The zero divisors inS are removed by the choice of an ultra filter, as 

in the usual non-standard models of R [52]. The quotient set of the Cauchy sequences 

C (cS), under the usual absolute value, modulo the maximal ideal N consisting of 

sequences converging to 0, gives rise to the ordinary real number set R=C - N. 

The elements of diverging sequences in Sdiv = S - C correspond to the infinitely 

large elements, when the inverse {a;1} E Sdiv of a divergent sequence {a,} leads 

to an infinitesimal in the conventional approaches of non-standard analysis. In our 

approach, this realization· is, however, somewhat reversed. 

Notice that the set of divergent sequences Sdiv is quite a large set. Now among 

the all possible divergent sequences, there exists a subset SP of sequences which are 

nevertheless p (-adically) convergent (Sp C Sd;v, since the sequence {n} is p-adically 

divergent for each p). For each fixed p, let us consider the Cauchy completion of p 

convergent sequences {an (say) (modulo the sequences p-adically converging to zero), 

viz., the local field Qp. We identify, by definition, the p-adic integers X E Zp C Qp 

with IXIP ~ 1 as the p infinitesimals. On the other hand, the elements X of Qp 

with IXIp > 1 are identified with infinitely large numbers of type p. In other words, 

X denotes the p-adic limit of an inverse sequence of the form {(a~)-1 }, leading to 

the inversion symmetry X = x-1 which is valid for a suitable p infinitesimal X. 

The absolute value 11-11 when restricted to Sp thus relates an infinitesimal X, i.e. 

an element of *R (a non-standard model of R), to a countable number of p-adic 
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realizations Xp E Zv with valuations I lXII = ttviXvlv, p=2,3, .... ; p =f oo, ltv being a 

constant for each p, as the neighborhood of 0 in R is probed deeper and deeper by 

letting 5 = p-1 --->0 asp ---> oo. In the computational model (c.f Sec.3.2, Remark 

6), this might be interpreted as (in equivalence classes of) higher precision models 

of a computation. Consequently, equipped with 11-11, the set Sv decomposes into 

(a countably infinite Cartesian product of) local fields Qp in a hierarchical sense as 

detailed in the Lemma 11. We note that any element X of Sv is an equivalence class 

of sequences of rational numbers under the cl10sen ultra filter. In eacll of such a 

class there exists a unique sequence {an' say, converging to a p-adic integer or its 

inverse Xv. A scale free infinitesimal X then relates to Xv, and that X indeed is 

an infinitesimal tells that I lXII = ~tviXvlv < 1. We say that 0 of R is probed at the 

depth of the (secondary) scale 1 I p when a scale free ( 5)- infinitesimal X is related 

to a p-adic infinitesimal Xv· We, henceforth, denote infinitesimals, as usual, by 0, 

when p- infinitesimals are denoted as Ov ( 0 is identified with Op ) at the level of the 

(secondary) scale 5 = 1lp. 

Example 3. Let avn = 1+ I:~ a;pi, where a; assumes values from O,l, ..... (p-1}. The 

sequence apn is divergent in R for each prime p. In the non-standard set *R, {avn} 

denote a distinct infinitely large number for each p. p-adically, however, apn converges 

to the unity Xpu (IXvulv = 1). The scale free unity Xu E Sp now denotes the larger 

sequence {llpn, Vp}. At the level of secondary scale 5 = 1lp, unity Xu is realized as 

Xvu. 

Remark 15. By "hierarchical" we mean that as a scale free real variable x = xI ff', n ---> 

oo, approaclles 0 from the iuitial value 1 through the secondary scales 1lp, p ---> oo 

and 5 = p-1 , the ordinary real variable x ER would experience cllanges over various 

local fields Qp successively by inversions. 

Lemma 11. Let Xv E Zv and X 9 E Z 9 , q being the immediate successor of the 

prime p. Then an infinitesimal X E 0 when realized as a p- infinitesimal has the 
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representation 

(3.12) 

Further, a p-unit is given as Xvu = 1 + XP, IXPI < 1. 

Let us fix the scale at o = 1/pn. Then the proof follows from Lemma 5 and 6 . D 

Corollary 5. One also has the following adelic extension 

X =Xp II(1+Xq) (3.13) 
q>p 

where the product is over all the primes q greater than p. 

Proof. This follows from the above Lemma when the valuation formula (3.5) is 

extended further 

(3.14) 

where lXI = IX; I, o;.1 (m > 1) are primes greater than p, 0 = 1/p and each of the 

indeterminate functions ~m satisfies conditions analogous to that in the formula in 

Lemma 6. Further, ~q goes to zero faster than ~P if q > p. • 

Collecting together the above results, we have 

Theorem 4. The completion of Q under the absolute value II· II yields a countable 

number of complete scale free models R, of R, such that each element x E R, has 

the form Xp=X(1+XPITq>p(1 + Xq)), x E R, Xp E Qp, where Xp is given by the 

asymptotic expression Xp = (p-n)(l+IXplp(l+u(q))) and 7J = O(o) is a real variable. 

Finally, R, locally has the Cartesian product form R,=R x Qp x ITq>p Qq. 

The only missing element in the proof of the above is the completeness. Let us 

first fix a scale 0 = 1/pr,r > 0. Let {an} be a Cauchy sequence in Rp. Then it is 

Cauchy either in p-adic metric or in the usual metric, finishing the proof. D 

In the following chapter we discuss the nature of influences that the scale free 

non-archinledean extensions of R would have on the basic structure of R itself. 
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Analytic number theory is a branch of number theory that uses methods from math

ematical analysis to solve problems about natural numbers [45, 47]. The modern 

study of analytic number theory may be said to have begun in the eighteenth century 

with Euler's proof of the divergence of the series of inverse primes L: ~ = oo and later 

with Dirichlet's introduction of Dirichlet 1-functions in the first half of the nineteenth 

century to give the first proof of Dirichlet's theorem on arithmetic progressions [45]. 

Another major interest in this subject is the Prime Number Theorem. 

Here we shall focus mainly on the Prime Number Theorem (PNT). 

Statement of Prime Number Theorem : 

Let II(x) be the prime counting function that gives the number of primes less than 

or equal to x, for any positive real number x. For example, II(10) = 4 because there 

are four prime numbers (2,3,5 and 7) less than or equal to 10. The PNT then states 

that the limit of the quotient of the two functions II(x) and xfln(x) as x approaches 

infinity is 1, which is expressed by the formula lim,_oo .,7~~) = 1, known as the 

asymptotic law of distribution of prime numbers. Using asymptotic notation this 

result can be restated as II(x) ~ x/ln(x). 

This notation (and the theorem) does not say anything about the limit of difference 

of the two functions as x approaches infinity. Indeed, the behavior of this difference 

is very complicated and related to the lliemann hypothesis (RH) [47]. Instead, the 
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theorem states that xfln(x) approaches II(x) in the sense that the relative error of 

this approximation approaches 0 as x approaches infinity. According to the RH , 

the relative correction (error) should be given by II(x) x (x/ln(x)) = 1 + O(x-!+<), 

for any f > 0. So far no proof of the PNT could retrieve and substantiate the RH 

correction term, although all the current experimental searches on primes are known 

to agree with the RH value [47]. 

The prime number theorem is equivalent to the statement that the nth prime 

number Pn is approximately equal to nln(n), again with the relative error of this 

approximation approaching 0 as n approaches infinity. 

Based on some deep results derived on 1859 by B. Riemann on the relationship 

of PNT and the complex zeros of the Riemann Zeta function, the first proof of the 

PNT was given independently by J Hadamard and de !a Vallee Poussin on 1896 nsing 

methods of advanced theory of complex analysis. The first elementary proof of the 

PNT without using Complex analysis was obtained by A. Selberg and P. Erdos on 

1949. 

4.2 New Elementary Proof 

4.2.1 Introduction 

We present a new proof of the PNT [13]. We call it elementary because the proof does 

not require any advanced techniques from the analytic number theory and complex 

analysis. Although the level of presentation is truly elementary even in the standard of 

the elementary calculus, except for some basic properties of non-archimedean spaces 

[42, 48], some of the novel analytic structures that have been uncovered here seem to 

have significance not only in number theory but also in other areas of mathematics, 

for instance the non commutative geometry [49], infinite trees [50] and network [51] 

and emergence of nonlinear complex structures. 

The proof of the PNT is derived on the scale invariant, non-archimedean model R 

of real number system R, involving non-trivial infinitesimals and infinities which have 
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been introduced in the previous chapter. The model R is realized as a completion 

of the field of rational numbers Q under a new non-archimedean absolute value II-II, 

which treats arbitrarily small and large numbers separately from any finite number. 

The model constructed is distinct from the usual non standard models of R in two 

ways: (1) infinitesimals arise because of our nontrivial scale invariant treatments of 

small and large elements and so may be regarded members of R itself and (2) it 

is a completion of Q under the new absolute value. The so-called scale-invariant, 

infinitesimals are therefore modeled as p-adic integers X; with IX;Ip < 1, l-Ip being 

the p-adic absolute value and is given by the adelic formula X= Xp Ilq>p(1 + Xq). 

By inversion, infinities are identified with a general p-adic number X with IXJP > 1. 

The infinitesimals considered here are said to be active as the definition involves an 

asymptotic limit of the form X -> Q+, thereby letting an infinitesimal directed i.e. 

having a direction. We show that as a consequence the value of a scale invariant 

infinitesimal X would undergo infinitely slow variations over p-adic local fields Qp as 

a scale free real variable x-1
, called the internal time variable, approaches oo through 

the sequence of primes p. We show that these p-adic infinitesimals leaving in R 

conspire, via non trivial absolute values, to have an influence over the structure of 

the ordinary real number system R thereby extending it into an associated infinite 

dimensional Euclidean space R, so that a finite real number r gets an infinitely small 

correction term given by rcor = r+E(x)JIXIJ, where E(x-1) = logx-1 jx-1 is the inverse 

of the asymptotic PNT formula of the prime counting function II(x-1) = Ep<z-' 1. 

In the ordinary analysis, there is no room for such an E thus making the value of r 

exact, viz., Tear = r. 

The proof of the PNT in the present formulation is accomplished by proving 

that the value JIXJI of a scale free infinitesimal actually corresponds to the prime 

counting function II(x-1) as the internal time x-1 approaches infinity through larger 

and larger scales denoted by primes p. To this end we consider an eqnivalent (infinite 

dimensional} extension R of R, in the usual metric topology, however, with a caveat 

that increments of a variable are mediated by a combination of linear translations 
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and inversions. We show that there exist two types of inversions, viz. the global or 

growing mode leading to an asymptotic finite order variation in the value of a dynamic 

variable of n following the asymptotic growth formula of the prime counting function. 

On the other hand, the localized inversion mode is shown to lead to an asymptotic 

(golden ratio) scaling to a directed (dynamic) infinitesimal and the relative correction 

to the PNT. 

4.2.2 Dynamical Properties 

To recapitulate, we note that the set R, in the presence of non-trivial scales, pro

liferates into the above p-adically induced extensions Rp. We now investigate the 

converse question, "How do these field extensions influence the standard asymptotic 

behaviors in R?" Let ns recall that the standard asymptotic behavior of an ordinary 

real variable x as it approaches 0 is that x vanishes linearly as x ->0 (at the uniform 

rate 1). In the presence of non trivial scales the situation is altered significantly. 

The point 0 is now identified with the set / 0 = [-8, 8], 8 = 1/pr, for some r > 0 

inhabiting infinitesimals as in the Definition 1 of previous chapter. Corresponding to 

these infinitesimals there exists scale free (p )- infinitesimals Xp = lim Xn/ 5n, n -> oo 

. with absolute values of the form IIXvll = IXvl = 1Xrvlp(1 + u(17)) when we choose 

8 = p-r. Here, 11 is defined by the real variable x=8(1 + 17) approaching o+, viz., 8 

from the right. In the ordinary real analysis, 8 =0 and the limiting value of x, viz., 

0 is attained exactly. For a non zero 8, this exact value is attained by the rescaled 

variable x1 = x/8, although the value attained is now 1 instead, i.e., X1 = x/8 = 1 

(which also means eqnivalently log x1 = 0). We are thus still in the framework of the 

real analysis (and the computational models based on this analysis). The presence of 

infinitesimals of the form x (in the conventional sense) does not appear to induce any 

new structure beyond those already existing in the system. The definition of scale 

free infinitesimals and the associated nonarchimedean absolute values now provide us 

with a new input. 
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Definition 11. The scale free (p )· infinitesimals, in association with absolute values 

1-1, are called valued (scale-free) infinitesimals. These infinitesimals are also said to 

be "active" (directed}, when infinitesimals of conventional non-standard models are 

inactive (or passive, non-directed). 

Remark 16. Because of scale free infinitesimals, the exact equality of R in the ordinary 

analysis is replaced by an approximate equality, for instance, the equality x = 1 is 

now reinterpreted as x = 0(1). In an associated non-arcbimedean realization Rp 

the exact equality is again realized, albeit, in the ultra metric absolute value viz., 

llxll = L Further, the rescalings defined by the inversion rule (so that a variable 

x is replaced by the rescaled variable x / o) accommodates also a residual rescalings 

(because of the nontrivial factor of the form o±!Xpj in the representations X = 0 X o-!Xpj 

and x = )..o X olX.l ( c.f. Remark 7) when the absolute value of a valued infinitesimal 

Xp at the scale 0 = 1/p-n is given by IXPI = IXnplp(1 + u(x)), IXnplp = p-"). 

Influence of infinitesimals on R: We consider a class of infinitesimals ~ as 

defined by 0 < ~ < € < x < o < x (E is determined shortly). We show that 

valued infinitesimals from (0, E] would affect the ordinary value of x non-trivially. 

Infinitesimals in (E, o) are (relatively) passive. As stated above, in ordinary analysis, 

the limit x-> o+ in the presence of a scale o is evaluated exactly viz., x1 = xfo = 1 

i.e., logx1 = 0 := O(o). Infinitesimals, in conventional scenario, are passive in the 

sense that their values remain always infinitesimally small in any linear process (or 

dynamical problem). In the present case, however, the numerically small (in the 

ordinary Euclidean sense) infinitesimals lying closer to 0 relative to o, are dominantly 

valued, so as to induce a nontrivial influence over a finite real variable (number), 

because of the definitions of valued infinitesimals. 

To state formally, we reinterpret the concerned effect of the valuation (in the 

sense of an absolute value), in the context of ordinary analysis, as one admitting an 

extension of the ordinary (positive) real line from ( o, oo) to the larger set ( E, o] U ( o, oo) 

so that ordinary zero is now identified as [0, E], where the value of € is defined by 



•.· .. 

61 

€ = ~~\5Iogo-1 for an 0(1) rescaled (renormalized) variable ~1 = 1~1 = o-« > 1 for 

a:> 0 (c.f. Remark 7). 

Indeed, from Definitions 1,2 and Remarks 5 & 6 ' a variable X approaching o+ is 

replaced by the dressed representation X= oo-1~1(1 + o(1)) for an infinitesimal~= 

Aool~l(1+o(1)), so that the classical limit xfo ~ 1 is replaced by X~ o+ l~lologo-1, 
as o -t o+. The presence of the extra logarithmic term now facilitates the above 

mentioned extension. Infact, we notice from Remark 7 that the absolute value of an 

infinitesimal of the form ~ can exceed 1 for a negative valuation i.e. I~ I = o-« > 1 

for a: > 0 whicll is attained by a sufficiently small infinitesimal ~ < < o relative to the 

scale o, so that the size of the linear neighborhood [0, OJ gets extended to the level 

[o, €] for an € = l~lologo-1 . Defining € = ~~1ologo-1 < o proves the desired assertion 

when a: is sufficiently large. 

AB a consequence, we shall now have logx1 = 0(€) improving the classical value 

logx1 = O(o). In the language of a computational model, the accuracy of the model 

is therefore increased to the level denoted by €. So, from Remark 7 we can write 

since both x and 1~1 ~ O(o). Thus, fixing r = n, so that IXnlp = p-n = o, we get the 

first correction 

(4.1) 

to the ordinary (classical) value of x1 = 1 + 1) from (p) infinitesimals, even for a fixed 

value of 1). 

We note that x1p := 1 + up(1J) (c.f. notation in Remark 7) and up >0 must be 

of higher degree in the real variable 1) for a Xp E Rp. Eq.(4.1) is interpreted as one 

encoding the influence of the (first order} {p) infinitesimals. Taking into account 

successively the higher order (p) infinitesimals, and iterating the above steps on eacll 

rescaled variables x1P = 0(1), one obtains log(1 + up(1J)) = 0(€), where € = x2 x 

8 log 8-1 , 8 = q-n, q being the immediate successor to the prime p, and so on, so that 

we get finally an extended version of the equality x1 = 0(1) E R when the effective 
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influence of infinitesimals x living in R on R is encoded as 

X(71) := (1 +77) IT(l +uq(71))(= 0(1)) (4.2) 
q?J> 

The variable x = (1 + 71) E R is thus replaced by the modified variable X E R (where 

R is the infinite dimensional Euclidean (Archimedean) extension of R) and hence, in 

this extended framework, a solution of 

xdxjdx = -x (4.3) 

is written, for a x > 1, as 0 < x(x) = (X(71))-1 < 1, which belongs to the class 

of nonsmooth solutions of Eq. (3.1) [15, 18]. Here, U:,s take care of the residual 

rescalings of Ref.[15], and thereby introduce small scale variations in the value of 71· 

Remark 17. It is important to note that the above derivation is performed purely 

in the framework of the ordinary analysis, except for the fact that we make use 

of the special representations of x and x as induced from the definitions of valued 

infinitesimals. Consequently, (i) the transitions between real and infinitesimals are 

interpreted as being facilitated by inversions (for instance, either as x_ ,__. x:1 = x+, 
or as x+ ,__. x_ = x:;:1 , as the case may be ) as opposed to linear shifting operations 

only, and (ii) the non-archimedean p-adic absolute value IXrlp generates a scale factor 

in the smaller scale logarithmic variables. In fact, this correspondence could be made 

more precise. 

Proposition 12. 1. [43, pages 14,15] Let Xp E Qp, so that Xp = pr(1 + L~ a;pi), 

where a; assumes values from 1, 2, ... (p- 1) and r E Z. Then there exists a one to 

one continuous mapping¢: Qp--> ~ given by rp(Xp) = p-r(1 + 2.:: a;p-2i). 

2. [44, pages 63-65] The set of p-adic integers Zp is homeomorphic to a Cantor 

set CP under the homeomorphism '1/J : Zp --> CP defined by 

where r > 0. 
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We denote Rp = ¢(Qv)· It then follows that any bounded subset of Rp is a zero 

(Lebesgue) measure Cantor set Cp in R. Accordingly, the treatments of ordinary 

analysis can be extended in a scale free manner (though remaining in the framework 

of the usual topology of R) over a more general metric space n acco=odating 

the above new structure. In view of Theorem 4 of previous chapter, n is locally a 

Cartesian product, viz.,n=R x IIv Rp. 

The product space is interpreted as an hierarchical sense. An ordinary real variable 

x is extended over n as X=x II xp where Xp = 1 + fr>Xp, Xp E Rp and €p ~ 

lip-1 1og(pli-1) denotes the enhanced level of accuracy because of valued infinitesimals 

x E Rat the scale J = lip-1 , li-t o+. Noting that €q = pfq x €p -tO, as li-t o+, for 

q > p, one may re-express X as X=x(1 +eX), where e ~ /ilog/i-1 when the scale 

is identified with li = 2-(n-1) so that p = 2, and the scale free infinitesimal X now 

resides and varies in II Rp in an orderly (hierarchical) manner as detailed below, as 

x---> o+ = O(li). 

Let us first recall that the concept of relative infinitesimals is introduced origi

nally in the context of a Cantor set [16, 17]. Because of the existence of relative 

infinitesimals, each element of a Cantor set, denoted here as CP, for each class of (p) 

infinitesimals, is effectively identified with a closed and bounded interval of Rp at 

every level of the scale li, as li = 1/p --->0. In the presence of infinitesimals a Cantor 

set is thus realized as a compact subset of Rp except for the fact that the motion on 

Cp is now visualized as a combination of linear shift (along a compact and connected 

line segment) together with an inversion in the vicinity of a Cantor point. As a con

sequence, the generalized, inversion mediated metric space n is denoted locally as 

n=R X II Rp. A generalized motion on n now is represented as follows. 

Definition 12. The set n is interpreted as having several branches R and Rp, p 

being a prime. The branches Rp accommodating scale free Euclidean (Archimedean} 

infinitesimals and infinites are thought to be knotted at (the scale free number} 1. A 

real variable x E R approaching 0 (= 0(/i)) from 1(say) is replaced, because of the 
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scale invariance, by the scale free variable x1 = xjo. For simplicity of notation we 

continue to denote x1 by x and call it a scale free variable. So, as the scale free 

x -+ 1 +, the unique linear motion is replaced by two inversion mediated modes: 

(i} Local or vertical mode: x+ is replaced by x+ ,..... x:j:1 = x_ which takes note 

of the localized effects of (Euclidean} infinities on an (Euclidean} infinitesimal and 

(ii} global or horizontal (growing) mode: a scale free (Euclidean) infinitesimal 

0 < x E Rp grows infinitely slowly following the linear law until it shifts to a 0(1} 

variable living possibly in another branch Rq by inversion X_ I-+ x=l = X+ = 1 + :ij 
where 0 :::; i E Rq. 

Remark 18. We disregard henceforth distinguishing Euclidean (Archimedean) and 

Non-Archimedean infinitesimals and infinities explicitly in notations. We indicate 

the difference whenever there is a room for confusion. The basic characteristic of an 

Euclidean infinitesimal is the explicit presence of a logarithmic factor. 

Remark 19. The unidirectional motion of a real variable x E R approaching o+ thus 

bifurcates into two possible modes: a variable x approaching 0 (= O(o)) from above 

will experience, as it were, a bounce at x ~ o and so would get replaced by the inverted 

rescaled infinitesimal variable x = ojx living in a scale free branch Rp (say). A fraction 

of the asymptotic limit X -+ o+ = O(o) of R (viz., X ...... X+ = xfo = 1 + 'T}, 'T} -+ o+ 
) is therefore replaced by a growing mode of the rescaled variable x=1 = Xp+ = 1 + 
'T}p, Xp+, 'f/p E Rp and 'T}p 2': 0 initially but subsequently growing to -+ 1- in the branch 

Rp. Besides this growing mode, another fraction of the decreasing (decaying) mode of 

the flow in R, viz., x,..... x+ = xjo = 1+'fJ, 'TJ-+ o+, is also available as a localized mode 

in another branch Rq (say) in the form x:j:1 = (1 + 'TJq)-1 = Xq-, where again 'T}q RlO 

initially, but grows subsequently to 'T}q -+ 1- slowly. As a consequence, the limiting 

value 1 of the reScaled variable in R, now, gets a dynamic (multiplicative) partitioning 

of the form Xq-Xp+ ~ 1 =? (1-p.('TJq)'TJq)(1 + 'T/p) = 0(1),0:::; 'f/p E Rp, 0 < 'T}q E Rq, 

which eqnivalently can also be written more conveniently as (1 - x"•)(1 + 'T}p) = 

0(1). The local and global modes inn therefore induce, as it were, a competition 
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between the effects generated by infinitesimals and infinities living in R, leading to 

this dynamic partitioning of the unity. The localized factor (1 - xx) arising from 

active infinitesimals X living in a branch of n will lead to an asymptotic scaling of 

any scale free (locally constant) variable X= X/x inn (see Sec. Scaling(4.2.4)). 

Accordingly, dX/dx = 0 and hence X E II.R, satisfies the scale free equation 

dX -
logxdl =-X 

ogx 
(4.4) 

Consequently, asymptotic limits either of the forms x --+ o+ or x --+ oo, in R would 

ultimately behave as a directed (monotonically increasing) variable inn. Moreover, 

as x-1 --> oo, the ordinary linear motion of x -->0 will undergo small scale mutations, 

because of zigzag motion of the inverted variables xp(~ 0(1)), living successively in 

the rescaled branches R, and mapping recursively the smaller and smaller neighbor

hoods of 0 to the smaller and smaller neighborhoods of 1. As a consequence, extended 

real numbers X of n are directed, since each of the (p) infinitesimals are, by definition, 

directed. 

Definition 13. Intrinsic (Internal) Time: A continuous monotonically increasing 

variable x living in the product space II R,, from the initial value 1, is called an 

internal evolutionary time. The rate of variations of x is infinitely small because of 

the presence of scale factors of the form op-\ 0 --> o+. 
Any variable X E II R, is called dynamic since it underyoes spontaneous changes 

(mutations) relative to the (scale free) internal timex. 

With this dynamic interpretation of n, it now follows that the new solution con

structed in Eq.(4.2) is indeed smooth in n (as it is evident from the derivation). 

However, because of the presence of the irreducible 0(1) correction factors this solu

tion can not be accommodated in the ordinary analysis (i.e., even in the context ofn) 

in an exact sense. In the non-archimedean extensions Rp, such a solution is not only 

admissible and smooth but also exact, in the sense of absolute values, viz., I lXII = 1, 
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since llxll = llx;ll = 1 for each i, thus retrieving the ordinary equality lx;le = 1 in the 

ultra metric sense. 

We restate the above deductions as the following Lemma. 

Lemma 12. The ordinary analysis on R is extended over R with new structures as 

detailed above (Definition 12, Remark 19 ). In this extended formalism accommo

dating dynamic infinitesimals, 0 E R:t (the set of positive reals) is identified with 

[0, €], € = x11.8log8-I, where x1 = x/8 and X-> 8+. As a consequence, a constant in 

R becomes a variable over infinitesimals of R. 

Proof. We have already seen in the above that 0 E R+ is extended over [0, €] in R. 

We justify it further by showing that an equation of the form 

dlj> =0 
dx 

for finite real values of x is transformed into 

dlog 4> = 0(1) 
dlogx 

(4.5) 

(4.6) 

for a relative infinitesimal x satisfying x/8 = >..8/x = 8-Jixll,o < x < 8:::; x,x---> 

o+, >.. > 0 and llxll = x1(= lxlv(l+u(77))), when one interprets 0 in relation to the scale 

8 as 0(~ log8-1). Indeed, we first notice that Eq.(4.5) means dlj> = 0 = 0(8),dx # 0 

for an ordinary real variable. However, as x ---> 8, that is, as dx = 71 ---> 0 = 0( €) 

( i.e. 71 is an infinitesimal in the present sense lying in [0, €]), the ordinary variable 

x gets replaced by the above extended variable, so that d1og6_,(xf8) = dX1 = 0(€). 

AB a consequence, in the infinitesimal neighborhood of 0, Eq. (4.5) is transformed 

into an equation of the form Eq. ( 4.6); since in that neighborhood, x and 4>, are both 

represented as x=8.8-;;, and 4> = ¢08kf' for a real constant k, whence we get Eq.( 4.6) . 

• 
Before proving the PNT in the present dynamic extension of R, we need two more 

ingredients: viz., the origin of the prime counting function and the asyniptotic scaling 

of active infinitesimals. 
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4.2.3 Prime Counting FUnction 

The prime counting function arises in connection with the growing mode of a dynamic 

variable in n, when we assume that a scale free variable x varies over all possible 

prime-adic branches Rp in an orderly manner following the order of the primes. 

Recall that the usual € - o definition of limit (in R) does not characterize ex

plicitly the actual motion of a real variable x (in fact, it is taken in granted that x 

varies in uniform rate 1) approaching a fixed number, 0, say. In the present formalism 

infinitesimals are defined by intermediate asymptotic scaling formulas (which would 

ordinarily correspond simply to zero), and so may be considered to carry an evolu

tionary arrow. A limit of the form x --+0 in n would be interpreted in the context of 

a dynamical problem, so that x-1 may be identified with the (physical) time. More 

precisely, when the ordinary R component of n=Rx IT Rp is free of any arrow, the 

non-trivial components Rp do carry an evolutionary arrow. A problem involving the 

asymptotic limit X --+ 0+ (equivalently X --+ 00) in ordinary analysis is raised in the 

present context over n as the asymptotic limit of the extended variable X=x(1+EX) 

where X is an 0(1) growing dynamic variable which lives hierarchically in the sets 

Rp, p = 2, 3, 5, ... as explained in Definition 12 and Remark 19 (a growing dynamic 

infinitesimal7] is represented now as 1J = EX). 

Thus the ordinary limit of X as X-+ o+' that is, X = 0, is interpreted in the 

present context as log(X/x) = log(1 + EX)=O(di(x-1)) as x--+ o+ hierorchically 

through scales op-1 . 

In fact, as pointed out above (in Remark 19), as x --+ o+, it changes over to 

various branches Rp by assuming the guise of several variables X;s (all of which are 

different Rp valued realizations of X) having the forms Xi = 1 + 1Ji, x0 = x and i 

runs over the primes. Consequently, as x2 = (.Xt)X11 E ~. Xt = xfo approaches 

1/2-, we get the next level variable x3 = (2.X2)x21 E R3 and so on and so forth, 

adding one unit to the prime counting function II at every change of the prime-adic 

scale. Indeed, infinitesimal1Ji grows linearly (and spontaneously) to 0(1) whence it 

undergoes inversion mediated transition of the form 1Ji- ,..... 1Ji! = 1 +TJi, where j being 
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the next prime. As a consequence, we have 

Theorem 5. The ordinary (linear) limiting behavior of a real variable X-> o+ in the 

real number set R is raised, in the inversion mediated set n, to the asymptotic limit of 

the extended variable X =x(1 +EX), where the 0(1) dynamic variable X is realized in 

relation to every secondary (prime-adic) scale 1/p as a variable of the form Xp 2: 1. As 

a consequence, the asymptotic limit of X= Xfx as X (= xp)--> 1/p,p--> oo is given 

by 1og(X/x) = O(EII(x-1)), for a locally constant infinitesimal E = 0(5log5-1) = 

O(xlogx-1), when the real variable x-1 --> oo 

In the next section we consider the scaling of X(x) En as x--> 0 in R. 

4.2.4 Scaling 

Let us begin by recalling that the main characteristic of both the inverted motions 

is the inherent directed sense. That is to say, although xl+ = 1 + 1/, 11 ! o+ in R, 

in either of the inverted motions, we have however, xl+ = 1 + ij, ij ~o, initially, but 

ij l 1-, slowly, when xl+ E Rp. As shown in the above sections, the growing mode 

induces the global evolutionary sense leading to the prime counting function. Here 

we study the local motion leading to the asymptotic scaling for a small scale variable 

X En. 

Because of the valued infinitesimals in R that contribute non-trivially to the or

dinary value of an arbitrarily small x E R, the scaling behavior of the corresponding 

extended variable X E n is also nontrivial. As explained above, an ordinary, arbi

trarily small X E R is extended inn as Xfx = (1- o(a;X<z-')))¢(x-1), for a class of 

(Euclidean) infinitesimals X(x-1). Our aim here is to estimate lim X as x--> 0. No

tice that the (-) sign in the first factor makes it a true dynamic infinitesimal living in 

Rp. The second factor ¢ corresponds to the growing mode of a dynamic infinitesimal 

and is considered in Theorem 5. 

We recall that the above limit may have a constant (non zero)(ultra metric) value. 

Indeed, as x approaches 0, following 5, the ordinary variable x gets extended to 
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the rescaled variable X_ = X_fx = 1 - O(xX), which now approaches o+, via a 

combination of inversions and translations. Indeed, as X --> 0 in R, x_ in R is 

realized as a locally constant function satisfying dX_ / dx = 0 so that X E II Rp now 

satisfies the Eq.( 4.4), i.e. 
dX -

logx dl =-X (4.7) 
ogx 

and changes from one copy of Rp to another near the scale 1/p by inversions via 

a sequence of distinct realizations x1, i being a prime. To see in detail, let fi- = 
:z;X<,-'J. As x --> 0 - 0(8) linearly and the motion should have terminated at 8 

in R, now, instead is picked up by the rescaled variable which shifts by inversion to 

fj2_ = x2X2 , x2 ~o. The limiting motion is now transmitted over to the next generation 

variable x2 E R2 , which grows to 1/2- linearly, until the motion is again transferred 

to the next level by inversion viz., 2x2 = 1/(1+3x3), where x3(~ 0) E R3 • Recall that 

this (and the following) local inversions essentially inject into an infinitesimal higher 

order influences from infinities. The new rescaled variable x3 now grows to 1/3- and 

transmits its motion to x5 E Rs near x5 --> 1/5- by inversion, and so on successively 

over all the higher prime-adic scales. The exponent in fi- now asymptotically assumes 
1 

the form of the golden ratio continued fraction, i.e., fioo- = x'+I+ ... , so that the 

exponent has the value v = 1+ 1 = ~-1 and therefore fioo- = xv. As a consequence, 
1+ ... 

the asymptotic small scale variations (mutations) in the dynamic infinitesimal follow 

a generic golden ratio scaling exponent [20]. 

Combining this local asymptotic scaling together with the global asymptotic of 

Theorem 5, one finally arrives at the asymptotic law. 

Theorem 6. The generic asymptotic behavior of a dynamic variable X E R, extend

ing the ordinary real variable x, is given by 

(4.8) 

as x-1 --> oo. 

The above asymptotic formula is the main result of this Chapter. Over any finite 

(time) x scale, the right hand side effectively reduces to zero, recovering the standard 
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variable X = x. However, in any dynamic process which persists over many (infinitely 

large) (time) scales, the correction factor may become significant leading to a finite 

observable correction to the evolving quantity X = xe0 <1l which may arise from the 

annihilation (cancellation) of the infinitesimal (locally constant variable) e by the 

growing mode of the prime counting function. The proof of the PNT now follows as 

a corollary to the Theorem 6. 

4.2.5 Prime Number Theorem 

The locally constant infinitesimal e(x-1) = O(xlogx-1) clearly corresponds to the 

inverse of the PNT asynrptotic formula for the prime counting function IT(x-1). The 

0(1) correction to any dynamic variable X E n is realized for a sufficiently large 

value of x-1 provided 

(4.9) 

with the relative correction (error) IT(x-1)e(x-1) -1 = O(xv), which clearly respects 

the Riemann's hypothesis since xv :5: Mx<112-u) for a suitable M >0 and for any 

u > o, x _, o+. o 
This completes the derivation of the PNT on a deformed real number system 

n accommodating scale invariant infinitesimals and the inversion induced nonlinear 

jump modes for infinitesimal increments. We close this section with another applica

tion of the scale invariant formalism to the prime counting function IT(x). We recall 

that IT(x) has by definition the structure of an irregular step function (i.e. a devil's 

straicase function). 

Proposition 13. The prime counting function IT(x) is a locally constant function on 

n. 

To prove this, let us first consider the step function 

{

a, 
f(x) = 

b, 

0 <x <p, 

x>p 
(4.10) 
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with a finite discontinuity at x = p in the usual sense. In the present scale invariant 

formalism with inversion mode for increments, we now show that f solves x~ = 0 

every where, that is, even at x = p. As x increases toward p from the left linearly, 

the graph of f is a straight line parallel to the x-axis. In the left neighborhood of p, 

x = p- 'f/ = px_, x_ = 1- Ti/P· Analogously, in the right neighborhood, we have 

x = p + ij = px+, x+ = 1 + ijfp, so that x+ = x:1
. Let us assume that T/ and ij 

are sufficiently small, so that the point set {p} is identified with the closed interval 

Ip = [1- T!/P, 1 + ijfp], and so defines the accuracy level of a given computational 

problem. The interval Ip corresponds to an infinitesimally small neighborhood of p. 

At the level of this infinitesimal scale, the function f is interpolated by the scale 

invariant formula 

a, 0< X <px_, 

/(x) = a+ (b- a)c/>p(x), x E pip, (4.11) 

b, 

wherex= (p-T!)+(ii+Ti)X, 0 ~ x ~ 1. Clearly, /(x) =f(x), in thelimit'f/, ij--+ 0. 

Moreover, x::! = 0 everywhere, including x = p, since the locally constant Cantor 

function ¢p(x) on Ip does. It follows, therefore, that as x approaches top from left 

and arrives at a point of the form x = px_, it switches smoothly to x = px+ at 

the right of p by inversion x:1 = x+. The associated value of the function f i.e. a, 

however, changes over to b by a cascade of smaller scale self similar smooth jumps 

as represented by the Cantor function ¢p(x). The cost of this smoothness, however, 

is the arbitrariness in the formalism that is introduced via the arbitrariness of the 

choice of the Cantor function. 

The prime counting function IT(x) is a step function in the neighborhood of every 

prime. Hence the result. D 
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Chapter 5 

APPLICATION TO A CANTOR SET 

5.1 Introduction 

In this Chapter, we present a few new results on a Cantor set [19) exposing the precise 

nature of variability of a nontrivial valuation and hence of a Cantor function. This 

also constitutes an application of the scale invariant analysis on a Cantor subset of 

R. In Ref. [16, 17), the formulation of the scale invariant analysis on a Cantor set 

C C [0, 1) using the concepts of relative infinitesimals and the associated ultra metric 

norm are considered in detail (but not included in the present thesis). Here, we 

discuss in particular how an ordinary limiting variation R 3 x --> 0 is extended to 

a sub linear variation xlogx-1 --> 0 when x E C C [0, 1). Finally, we derive the 

differential measure on a d;;;tor set C. 

5.2 Cantor Set: New Results 

It follows from the results presented in Chapters 3 and Chapter 4 that, because of 

scale invariant influence of relative infinitesimals, a nonzero real variable x(> 0 say,) 

in R and approaclting 0 now gets a pair of deformed structures living in an associated 

deformed real number system R :J R of the form R 3 X±(x) = x x x'fv(z(zll, thus 

mimicking nontrivial effects of dynamic infinitesimals over the structure of the real 

number system R. Above ansatz worl.<s even for a finite x (> 0) E R when we express 

the above deformed representation in the form 

X = X X x'fv(z(z')) (5.1) 
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for a set of infinitesimals x living in 0. Here, x' denotes a positive real variable 

approaching o+ since an infinitesimal in the present formalism is defined relative to 

a limiting real variable. Clearly, X = x E R when v = 0 and hence R C R. The 

corresponding scale invariant components X± := X±fx now live, by definition, in a 

Cantor set (since by Theorem 3, Chapter 3, v(x) behaves as a Cantor function) and 

hence undergo changes by inversions of the form X+= X:::1 (c.f. Chapter 3). 

We further recall that a given Cantor subset C of I = [a, b] C R enjoys a ultra 

metric structure which is equivalent to the subspace topology inherited from the usual 

topology of R. In Ref.[14], it is, however, shown that the ultra metric valuation v(x) 

defined by Definition 2 of Chapter 3 is both metrically and topologically inequivalent 

to the usual ultra metric that a Cantor set carries naturally [13]. For a point x0 in the 

Cantor set C, the representation Eq(5.1) now gives rise to a scale invariant ultra metric 

extension X± = X±/ x0 = xciv(x) where the transition between two infinitesimally close 

scale invariant neighbors is mediated by more general inversions of the form x ---+ x-h 
for a real h, which determines the jump size. Notice that X (and equivalently, v(x)) is 

a locally constant Cantor function and solves ~ = 0 everywhere in I. The ordinary 

discontinuity of a Cantor function at an x0 E C is removed, since in the present ultra 

metric extension, the point x0 in C is replaced by an inverted Cantor set which is the 

closure of gaps of an infinitesimal Cantor set C; that is assumed to be the residence 

Cantor set for the relevant infinitesimals x living in the extended neighborhood 0 of 0. 

The gaps of C; constitute a disjoint fanilly of connected clopen intervals (represented 

in a scale invariant manner) over each of which scale invariant equation (3.1) of 

Chapter 3 are well defined [13]. Consequently, the valuation v(x), redefined slightly 

in the modified form 

(5.2) 

(that is, v(x)fv(x) = logx0/log(x/x0), exposing the relative variation of v over v), 

x assuming values from the gaps in the neighborhood of x0 , is realized as a smooth 

function defined recursively in a scale invariant way by the equation 



dii(x) = -ii(x) 
df; 
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(5.3) 

where~= loglog(x/x0), x E C;. Recall that x resides in the gaps of nontrivial neigh

borhood of 0 instead. As a consequence, ii may be written as ii(x) = (1og(xfx0)k)-I, 

where k may be allowed to assume values from a set of scale factors related to 

that of the Cantor set. This form is clearly consistent with (5.2). Assuming x 

is drawn from a specific gap of a given size, the same, written more effectively as 

ii(x)fv(x) = (log.,
0
(x/xo))-I, yields, in the limit of vanishingly small gaps (i.e., as 

x--+ x0 and vice versa), thelimitingvalueii0 (x)/v0 (x) = 1/s, sincelimlog.,
0
(x/x0) = s 

equals the finite Hausdorff dimension of the Cantor set C;. Let us first note that if 

one replaces the Cantor set by a segment of a line of the form (0, 8), then xfxo = 1, in 

that limit (8--+ 0) gives s = 0, which is consistent with the fact that the line segment 

reduces to a point, viz. 0 in the said limit. In the general case, xfxo oc N, the number 

of clopen balls that covers the fattened gap of the form (x, x0 ) C (0, 8) (size of balls 

are determined by the gap). Letting x0 --+ 0 (following the relevant scale factors 

f3" --+ 0), the above limit therefore mimics the box dimension, which also equals the 

Hausdorff dimension of the Cantor set concerned. The topological in equivalence of 

the present ultra metric arises from the possible dichotomy in the choice of C;. 

5.3 Limit on a Cantor set 

Let us now show that when the ordinary 0 of R is replaced by an infinitesimal Cantor 

set C;, the ordinary limit E --+ 0 in R is altered. This follows because of scale invariant 

dynamic infinitesimals with valuations given by logx/~: ~ v(x) log~:-1 ~ doge I, 

when the relative infinitesimal x is considered to lie on a fattened (connected ) gap, so 

that the ultra metric valuation may be assumed to coincide with the usual (Euclidean) 

value viz. v(x) ~ E • However, assuming € ( = f3", n --+ oo) to be an infinitesimal scale 

of the Cantor set concerned, we also have logxf€ ~ f"'log€-I, since the valuation 

is identified with the associated Cantor function tf>( x) ~ €" ~ E, s being, as usual, 
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the corresponding Hausdorff dimension. Reverting back to the ordinary scale E (and 

keeping in view the associated scale invariance), this scaling can be identified with 

E8 ~ 0(1)dogE-\ for an s given by s ~ 1- Io~;;•;'. As a consequence, in the 

presence of an ultm metric space, in the neighborhood of 0 the ordinary limit E --> 0 

is replaced by the sub linear limit 

(5.4) 

0 < s < 1, as E--> 0. A real variable x in R approaching to (or flowing out from 

) 0 will experience this scale invariant sub linear behavior in an incredibly small 

neighborhood of 0 in R and should have a deep significance in number theory and 

other areas [13, 19, 21]. One application is already presented in the new proof of 

the prime number theorem. If the variable x changes only over a Cantor set C and 

approaches 0 through points of C by hoppings (inversion induced jumps) then the 

above sub linear asymptotic behavior is obviously remain valid. As a consequence the 

limit E --> 0 on C is interpreted as the sub linear limit dog E-1 --> o+ on R. 

To justify further the above claim, let us suppose that the original Cantor set C 

and the infinitesimal Cantor set C; have Hausdorff dimensions s and s' respectively. 

Any point x of the fattened set C = C + C; is given as x = x + x, x E C, x E C;. It is 

well known that C =I, for almost every s', for a givens [64]. Accordingly, it follows 

that given a Lebesgue measure zero Cantor set C, the above smooth differentiable 

structure is a.s (almost surely) realized on C, which is nothing but I, though in an 

appropriate (scale free) logarithmic variable. 

We note that similar behavior is also reported recently in the context of diffusion 

in an ultra metric Cantor set in a non commutative space [49]. Finally, the ultra 

metric induced by the valuation v(x) coincides with the natural ultra metric only 

when the scaling properties of C; coincide with that of C. In this chapter we adhere 

to the latter possibility. 

To understand more clearly the above smooth scale invariant structure let us 

consider the classical middle third Cantor set C113 with scale factors l = 3-n. A 
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point x0 = 3-n I: a;3-i, a; E {0, 2} of C1; 3 is raised to the scale free :X which is a 

variable living in a family of fattened gaps, attached and structured hierarchically 

at the point x0 (or equivalently, by scale invariance, at 1), over each of which scale 

free equations of the form equation (5.3) are valid. The infinitesimals are elements 

of the gaps "closest" to 0, viz. the open intervals 3-n-m(1, 2), in the liluit n --+ oo, 

for a fixed 0 < m < n, which are assigned nontrivial values analogous to the Cantor 

function v(x) = i3-m•, i = 1, 2, ... 2m -1 [16]. Over each of the fiuite size gaps, on 

the other hand, the valuation v(x) is awarded as v(x) = 3-sn. Both these valuations 

are not only continuous but also smooth since the corresponding Cantor function is 

realized as a smooth function via the logarithluic ansatz for a substitution of the 

form 3n~Xn = 3n(x- Xn)--+ nlog:,, as n--+ oo, thereby removing the derivative 

discontinuity at the points of scale changes ( c.f. [16] ), so that d"J:l = 0, every 

where on the Cantor set concerned. Notice that gaps scale as E = 2-n (recall the 

binary representation for points on a connected segment of the real line) when a 

closed interval containing points like Xo E cl/3 scales as 3-n' so that the Hausdorff 

dimension iss= log3 2. By equation (5.2), the variability of the valuation v(x) in the 

liluit of vanishing gap sizes is obtained as v0(x) ex 3-•ns-1, n--+ oo. 

5.4 Differential increments 

Next, we determine the incremental measure, denoted d;X, of smooth self siluilar 

jump processes of (gap) "size" (in the sense of a weight) E (2-n, for C1; 3 , say) in 

the neighborhood of the scale invariant 1. To this end, let us first recall that pure 

translations follow a linear law: y = Tx = x +h. The instantaneous pure jumps (of 

Iluit length close to the scale invariant 1), on the other hand, follow a hyperbolic law: 

X --+ Y = x-1 =? logY +log X = 0, which tells, in turn, that the corresponding 

translational increment, even in the log scale, is indeed zero. This actually is the 

case for the valuation defined in terniS of the locally constant Cantor function. The 

(manifestly scale invariant) multiplicative valuation v(x) = log.,-,(X/x) , however, 

gives the correct linear measure for a single jump relative to the point x (for the above 
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hyperbolic type jump, v(x) = 1 relative to x itself as the scale). The corresponding 

multiplicative increment is denoted as 5iX = (xjx0 )v(xl. More importantly, this 

valuation is realized as a smooth measure and may be considered to contribute an 

independent component in the ordinary measure of R. Further, the total self similar 

jump mediated increments over a spectrum of gaps of various sizes of the forms 

e, = 2-"e0 in the neighborhood of a (middle third) Cantor point x0 (say) is now 

obtained as 

(5.5) 

which in the limit x --+ x0 , that is, m --+ oo yields the jump differential diX = ( di;)•-', 

where x = Jim(xjx0 ) 2-m, is a deformed variable close to 1. Such a variable (1' 1 

exactly) exists because of a nontrivial g.l.b. of gap sizes (another manifestation of 

the sub linear asymptotic). Incidentally, we note that the essential siilgularity in 

s = 0 tells that in the absence of inversion mediated jumps, the whole structure of 

gaps collapses to a point (singleton set, devoid of any nontrivial infinitesimals). The 

divergence in the jump measure then reflects the ordinary non differentiable structure 

of the Cantor set. On the other hand, on any connected segment of R, s = 1, and 

the jump measure reduces to the ordinary linear measure dx. To summarize, the 

significantly new insight that emerges from the above analysis is that an infinitesimal 

scale invariant increment on an ultm metric space must have the form X = 1 + 
e11•, e --+ o+ on a connected segment close to 0. Recalling i! = e11•, the above 

infinitesimal jump increment X = 1 ± i! reduces to the usual increment on a Cantor 

set in the usual metric, but at the cost of the smooth structure. 
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Chapter 6 

APPLICATIONS TO DIFFERENTIAL EQUATIONS 

6.1 Ordinary Dilferential Equations 

We begin applications of the present nonlinear analytic formalism to differential equa

tions starting from the very elementary level. The real number system R is realized 

as an extended deformed real line R which reduces to the connected real line R only 

at the 0(1) scale. At infinitesimally (infinitely) small (large) scales, R degenerates 

into a set having the structure of a positive measure totally disconnected Cantor set. 

In the presence of scale invariant infinitesimals, the usual point like structure of an el

ement of the Cantor set is extended to an infinitesimal connected line segment (at the 

level of a well defined infinitesimal scale) on which a self similar replica of the original 

0(1) differential equation on R is written in a scale invariant manner using appro

priate logarithmic variables. Two self similar replica equations on the disconnected 

branches are matched smoothly at the point of disconnection by inversion induced 

smooth jumps. We recall that such a smooth matching is not admissible in the ordi

nary analysis since a point of disconnection is interpreted as a singular point in the 

conventional treatment. The present nonlinear framework accommodating smooth 

jump as a nonlinear incremental mode is formulated mainly to bypass the difficulties 

in formulating differential equations on a disconnected setting involving discontinuous 

coefficients and/or data. Notice that the scale free equation (3.1) (Chapter 3) already 

plays a key role in the formulation of the analysis. 



6.1.1 First order Equation 

Let us consider the simplest differential equation 

dx = 1 
dt 
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(6.1) 

This may be assumed to represent the uniform motion (of the centre of mass) of a 

rigid ball. Accordingly, the ball will roll at uniform rate 1 along the x-axis when the 

position at any instance may, for instance, be given by x(t) = t. This is what follows 

according to Newton's first law of motion. The ball will continue to roll for ever along 

the rectilinear path unless impressed by an externally applied force. 

Now suppose the above uniform motion of the rigid ball continues to hold good 

even as t--> oo. Lett= ~T, E > 0. Then for E--> o+, t--> oo for a finite 0(1) 

non-zero T. In the new rescaled variable r, Eq(6.1) assumes the form of an singularly 

perturbed problem 
dx 

E-=1 
dr 

(6.2) 

For an arbitrarily small but fixed E =f 0, both the above equations are identical and 

yield the same solution x(t) = t = ~T (and also satisfies the initial condition x(O) = 0). 

It is also clear that the parameter E can go arbitrarily close to 0, but can not exactly 

vanish. In other words, the singularity at oo for Eq(6.1) is realized as a singularity 

at 0 for Eq(6.2). Consequently, this singular problem is further reducible to the scale 

free equation 
dx 

T-=X 
dr 

(6.3) 

when T here is a small scale variable and tends to 0 satisfying : 0 < E < T, T --> 0. 

This follows once one replaces E in the left hand side by r/x, since x = t for any finite 

value oft. 

Because of scale invariance, the above equation (6.3) is assumed to be valid on 

the deleted set (neighborhood) I = ( -1, 1) \ {0}. Since, T = 0 is unattainable, and 

the size of the hole of I has no positive lower bound, it might be imagined to have 

the shape of a totally disconnected Cantor set having a countable number of disjoint 
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gaps (open intervals) of arbitrarily small lengths. Indeed, exploiting scale invariance, 

Eq(6.3) may be rewritten as 
dx 

TI-=X 
dri 

(6.4) 

where TI = T / € and 0 < € < T so that as T --+ o+, € --+ o+ in such a manner 

that TI = €-v(f(r)) goes to zero at a much slower rate. Here, v denotes an ultra 

metric valuation defined over the class of infinitesimals f(r) those are assumed to 

reside in (0, €) (c.f. Chapter 3). We remark here once more that the scale € may be 

identified with an accuracy level in the sense that beyond which elements of (0, €), 

are practically invisible (undetectable) relative to the real variable (defined by) T > €. 

Let T :=log,_, TI = v(f). We call T as a dressed {deformed} value for the original 

linear variable (asymptotic time) T relative to the scale €. Exactly in a similar manner 

we also write X:= log,-• XI where XI= xjE. 

We now have an important observation. The limit € --+ o+ realizes a non classical 

extension of the ordinary linear neighborhood of 0 of the form ( -€, €) into a topolog

ically inequivalent ultra metric neighborhood f) so that the singleton set {0} of R is 

extended into a positive measure Cantor like fractal set C C R (more precisely, the 

gaps of C) accommodating infinitesimals f. The valuation v(f) now replaces the ordi

nary linear measure T for the closed interval [0, r] by the nonlinear, but, nevertheless, 

smooth measure dT = dv(f) defined instead over an infinitesimal neighborhood (in 

the form of open gaps) of C C (-€, €), as €--+ o+. Clearly, the original initial value 

{consistency constraint} x(O) = 1 for (6.1) gets extended smoothly over to a differential 

equation over C in the form 
dX = 1 
dT 

(6.5) 

using the deformed variables X and T, thereby replicating the original ODE (6.1) on 

the deleted neighborhood (-1, 1)\{0} onto an infinitesimally small (deleted) neigh

borhood C of 0. Accordingly, the original t - x plane in the neighborhood of 0 is 

extended over to aT- X plane (realized as a subset of the product space C x C), 
which is nothing but the t - x plane in the log-log scale, though however, in the 

asymptotic limit € --+ 0. 
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To summarize, the extension of the singleton set of the form {0} of Rover to a 

deleted set of the form (-1, 1)\{0} is realized explicitly in the context of the linear 

equation (6.1). Plugging in all the steps together we can also write down a generalized 

class of solutions of this equation in the form 

X(t) = t(1 + € X (d n-X(u(f)) = t(1 + € X T-s(T)) (6.6) 

where symbols are already introduced above. We remark that t in the right hand 

sides of the new solution is an undirected real variable, but t i within the bracketed 

expression in the r.h.s (first equality) is an asymptotically increasing variable. For 

arbitrarily small e > 0 and t ~ 0(1), the new extended solution reduces to the 

standard solution x(t) = t. However, as t grows to the level oft ~ O(e-1) so that 

T ~ 0(1), the second terms in the two equalities can become significant, defining 

not only the above mentioned extension of the size of the ordinary neighborhoods of 

a point, but should also have important applications in various nonlinear complex 

physical, biological and other problems. 

It also follows that the ordinary non-directed (classical/Newtonian) time t is ex

tended to the deformed time T(t) = t(1 + € X (d n-T(v(f)) = t(1 + t-1 X T-s(T)) 

with an 0(1) directed multiplicative component (c.f. Definition 13, Chapter 4) for a 

T =d~ 0(1). 

6.1.2 Harmonic Oscillation 

Consider an orbit of the Harmonic oscillator 

x+x=O (6.7) 

In R this equation is written as X" + X = 0 where I denotes derivation with the 

deformed time T = t(1 + t-1 x ( T)-•(tl), so that dT ~ dt, both fort --+ 0 or oo. Fort 

finite, s(t) ~ 0, but T-• = 0(1) when t--+ oo. Suppose the corresponding deformed 

orbit X is given by X= xe¢(q,z(qll, 7J = logTft. One verifies that nonlinear late time 

fluctuation if!(t) = ~(7J, x(7J)) satisfies the driven nonlinear equation 

~ + (2Xfx + ~)~ = -(x + x)fx. (6.8) 
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when the explicit dependence of¢ on xis disregarded, for simplicity (i.e., 1</J,I << l¢11 

etc). As a consequence, in a world admitting nontrivial small scale structures in the 

real number system, the classically sinusoidal orbits of an harmonic oscillator are 

expected to undergo a highly nonlinear late time evolution governed by (6.8) exposing 

an emergent interaction of slowly evolving nonlinear waves with (linear) sinusoidal 

wave. For finite values oft, ¢ and its derivatives are negligible and we recover the pure 

harmonic oscillation. However, as t -+ oo, small scale fluctuation in t is magnified, 

so that the scale invariant logarithmic variable 1J "" r-•(t) "" (t0 ft)s(tl ~ 0(1), for a 

sufficiently large scale t0 = 1/ € for the ordinary time. As a consequence, the original 

harmonic oscillation calibrated in ordinary timet now is transferred to the new 0(1) 

fluctuating motion in 1J in which derivatives of ¢ ie, ~ etc are non negligible, and the 

original linear oscillation would experience nonlinear perturbations . 
• 

Rewriting Eq(6.8) as 

(6.9) 

We note that for a given deformation factor ¢(t) original simple harmonic oscilla

tion gets deformed into a driven Lienard type system (under the above simplifying 

assumption disregarding x dependence of ¢) because of the late time influence of 

the nonlinear internal time. For instance, choosing a deformation factor of the form 

(p = ~(~x2 - 1), 0 < € << 1 so that (p2 term may be dropped, a late time nonlinear 

oscillation may be designed as the intrinsically genemted Van der Pol equation 

X+E(x2 -1):i;+x = 0 (6.10) 

The closed circular phase paths of the harmonic oscillations would therefore be broken 

into families of phase paths spiraling towards the unique limit cycle of the Van der 

Pol equation Eq(6.10) in an asymptotically late time when the deformed nonlinear 

component of time t is chosen suitably as above. For a small nonlinearity parameter 

0 < € << 1, the unique limit cycle of the Van der Pol limit cycle has the exact 

amplitude (i.e. the value of x > 0 when :i; = 0) a( E) = 2. According to the present 



83 

scenario, as t approaches 1/ E, all the harmonic oscillator orbits, excepting the one 

with amplitude 2 would open up and spiral toward the unique stable cycle (either 

inwardly or outwardly) in the asymptotically generated nonlinear system. 

The most general amplitude variation is expected to be described by a nonlin

ear partial differential equation replacing Eq(6.8). Further details of this linear to 

nonlinear transition and nonlinear amplitude variations will be considered elsewhere 

[67]. 

6.1.3 Vander Pol Equation 

As pointed out already, the above derivation has a simple interpretation. A simple 

harmonic oscillator left undisturbed for an indefinite time would experience late time 

nonlinear oscillation because of the influence of hidden nonlinear structures which 

become activated at an asymptotic time. We gave a derivation of the Van der Pol 

oscillator like variations when the late time variation is modeled as a special amplitude 

variation for the original harmonic oscillator. Here we take the reversed problem. We 

begin with the Vander Pol oscillator equation 

x" + E(x2 -1)x' + x = 0 (6.11) 

and assume that explicit nonlinearity in the equation induces a transformation from 

the linear time variable t to a nonlinear timer= ¢(d) with the condition that ¢(t) is 

monotonic increasing and ~(0) = 1 so that difJ(t) ~ dt fort ~ 0. This, in turn, implies 

that time derivatives (i.e. x' and x'') in the above equation are in fact with respect to 

r rather than t. As a consequence, re-expressing this equation in the ordinary time t 

we have 
1 .. ¢ . 1 ( 2 1) . 0 -. X--. X+ ~€ X - X+ X= 

¢2 ¢3 ¢ 
(6.12} 

so that fixing¢ by ~(t)-1 = 1-€ P(x2(r)-1) dt, we reproduce the harmonic oscillator 

equation for any € > 0 when 0 < t << 1, and we set ~2 ~ 1 (derivatives~ etc are 

evaluated with the rescaled variable t). With this choice of ¢ the two middle terms 
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in the above equation cancel each other leading to the harmonic oscillator equation 

for a time scale arbitrarily close to 0. 

The advantage of this observation is the following. We now have a new non

perturbative method for computing solutions and estimating amplitude, frequency etc 

of the closed cycle of the Van der Pol equation. To briefly outline the actual procedure 

for computing the amplitude for the closed cycle of the Van der Pol oscillator, one 

begins with the harmonic oscillator solution x(t) = asint fort~ 0. For a finite time 

t, we replace t by the nonlinear timeT= rf>(t) := t + q(d), so that a solution of the 

nonlinear oscillator now is written as x(r) = a(q) sin(t + q(d)) where the functions 

rf>(t) and the associated q(d) are introduced as above. Consequently, q(O) = 0 and 

q(1) = 1 as t ~ 1/E. Writing x(t+q) = 2:xnqn and a(q) = 2:~qn, and noting that 

the definition of q already involves x, one can now develop an algorithm for calculating 

iteratively approximate solutions Xn and the corresponding approximate amplitudes 

of the limit cycle. In general, the calculated phase trajectory need not represent a 

closed cycle, but as t--> 1/€, all the trajectories of the Vander Pol system would be 

attracted toward the unique limit cycle, so the computed solution x(r), in the limit 

q --> 1- should correspond to the orbit of the limit cycle. 

Details of the explicit computations will be taken up elsewhere. We close this 

Section dealing with the problem of transition of a linear system into a nonlinear mode 

and vice versa in the deformed real number system n with the following remark: 

In the present scenario, neighborhoods of t = 0 and t = oo are disconnected 

sets. As a consequence, a linear harmonic oscillator in the 0(1) linear timet in the 

connected segment of the form ( €, c 1 ), will be transported into a nonlinear Van der 

Pol type nonlinear oscillator in an asymptotically distant connected line segment in 

the region t > €-1. On the other hand, a Vander Pol system in ordinary 0(1) time 

variable t will be reduced into a linear harmonic oscillator in an infinitesimally small 

connected segment in 0 < t < €. Although realized in a different setting, such a tran

sition from a linear system to a nonlinear system (and vice versa) was also proposed 

in the homotopy analysis method of Liao [2] which seems to offer a much improved 
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method for computing solution and relevant parameters in a nonlinear differential 

system. We shall explore the interesting problem of a homotopy interpretation of 

the above mentioned transition based on the deformed nonlinear time in future. The 

linear oscillator in the disconnected 0(1) component ( E, E-1) and a nonlinear oscilla

tor in a disjoint component when t > f-1 as f -+ o+ can indeed be visualized as a 

homotopy transformation [2] on the (topological) space of differential operators. 

6.2 Diffusion to Anomalous Diffusion 

6.2.1 Introduction 

AB an application of the present formalism to the linear partial differential equations, 

we consider the linear one dinlensional diffusion (heat) equation 

aw 82W 
8t = ax2 , -oo < x < oo, t > 0 (6.13) 

where we choose, for simplicity, the diffusion constant to be unity [19]. This parabolic 

equation is known to admit self similar fundamental solution W(x, t) which represents 

the Gaussian probability density function for a diffusing particle in Brownian motion 

and is characterized by the linear growth of the mean square deviation (Ax2(t)} = t. 

Anomalous diffusion, on the other hand, is known to occur ubiquitously in diverse 

complex systelllS enjoying fine "structure with variations" [53] such as in disordered or 

fractal media, thus giving rise to fat tailed, broad (probability) distributions and/or 

long range spatio-temporal correlations [54, 55]. The hallmark of such a diffusion 

process is the occurrence of an anomalous law for the mean square displacement (de

viation/fluctuation), viz., (Ax2(t)} =tv, with v f 1. Sub-diffusive (v < 1) behavior 

is usually predominant in disordered systelllS, for instance, in spin glasses, amorphous 

semiconductors, lipid bilayers, living cells, transport in fractal sets and many others 

where a broad (fat tailed) distribution for local trapping times of the diffusive test 

particle gradually build up [54]. Super-diffusion (v > 1), on the other hand, may arise 

from long range correlations in velocity fields of turbulent flows, Levy flights and so 



86 

on [55]. The emergence of nonlinear growth of the mean square fluctuation tells that 

the Gaussian central limit theorem may not be applicable in the underlying random 

walk processes ( We note, incidentally, that complex systems with linear mean square 

fluctuations in Brownian like motion with nongaussian distribution are reported in 

literature recently (56]. A nonlinear growth, however, could be considered as a clear 

signature of the break down of the (finite variance) central limit theorem). An im

portant problem is to look for a generic (universal) mechanism for the emergence of 

anomalous diffusion in such diverse phenomena. 

In the present Section, we offer one such dynamical principle that might be at play 

at the heart of complex systems, besides more specific, system dependent mechanisms. 

We show that the anomalous mean square fluctuations can arise naturally from the 

ordinary diffusion equation interpreted scale invariantly in the formalism endowing 

real numbers with a nonarchimedean multiplicative structure (c.f. Chapter 3-5). In 

Chapter 5, it is shown that a variable t approaching 0 linearly in the ordinary analysis 

would enjoy a sub linear t log t-1 flow in the presence of this scale invariant structure. 

Diffusion ·on an ultra metric Cantor set is also generically sub diffusive with the 

above seemingly universal sub linear mean square deviation. The present study seems 

to offer a new interpretation of a possible emergence of complex patterns from an 

apparently simple system. This, in turn, appears also to suggest a_ realization of 

the philosophical principle, "Nature can produce complex structures even in simple 

situations, and can obey simple laws even in complex situation [53]." 

There is already a vast body of studies on anomalous diffusion and its origin that 

are available in literature [54, 55]. Even with this back ground, the present inves

tigation aims at offering a potentially new insight into the actual meclmnism of the 

dynamics of an anomalous motion. As it is well known, there are actually two distinct 

types of motion observed in Nature: smooth, regular motion, like the Newtonian (two 

body) planetary motion, and random, highly irregular motion, as in the Brownian 

motion of a fine pollen particle in a liquid at rest [55]. A smooth motion, at least 

on a moderate time scale, is expected to be predictable and so are deteflilinistic in 
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nature, when Brownian type motion requires statistical ( stochastic) methods. Of 

course, the deterministic chaos falls in between, and several authors, for instance, 

Ref. [57], discussed the problem of offering a dynamical interpretation for the Brow

nian like motion based on the deterministic Hamiltonian models in the phase space. 

At a more elementary level, on the other hand, the classical Brownian motion can, 

in fact, be considered to enjoy a bit of a deterministic flavor as the relevant Gaussian 

probability distribution (transition probability/ propagator) is known to follow the 

linear homogeneous diffusion equation (6.13). Accordingly, variations of macroscopic 

variables such as the number of diffusive particles, concentration and similar other 

quantities are governed effectively by a smooth deterministic law. Mathematically, 

Brownian motion is a process realized in a homogeneous smooth manifold where Tay

lor's expansion and other relevant analytic function theoretic resources are available. 

Moreover, the probability density is also a smooth function having finite mean and 

variance, so that the universality of the central limit theorem drives the force Jaw to 

be smooth (for another explanation, see [57]). 

On the other hand, if the underlying space of diffusion has a manifestly disor

dered, fractal structure, the above Gaussian, and/or the function theoretic smooth

ness is generally lost (see for instance [29, 34, 49, 54, 58, 59, 60, 61, 62, 63]). All 

these studies tried to offer precise mathematical justifications leading to anomalous 

mean square variations in such fractal sets. It follows also that the emergence of a 

smooth effective deterministic Jaw (in the sense of differentiable functions in a Eu

clidean space) at the macroscopic scale of such a system is generally lost because 

of the inherent loss of smoothness in the random process. The most of the above 

approaches are based mainly on new developments in the areas of geometric measure 

theory, harmonic analysis, functional analysis, probability theory and so on and are 

technically more involved. We also note that a macroscopic law derived from some 

sort of an integral principle based on Lebesgue integration need not be smooth in the 

sense considered here. A "fractionally smooth" macroscopic law following a fractional 

differential equation, for example, is supposedly nonsmooth (in the ordinary sense) 
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and reflects the presence of randomness. 

As already detailed in Chapter 3-5, the scale invariant nonlinear analysis [16, 17] 

aims at integrating the framework of the standard analysis on, for instance, the Eu

clidean spaces and those on a fractal like space. Another motivation was to investigate 

if a seemingly smooth deterministic evolution, even in the absence of any external in

fluences, may lead naturally to a complex pattern over an asymptotically long (or 

short) time scale (c.f. Sec.6.1.1-3 for applications of this principle in ODEs). It will 

become clear that the presence of dynamically generated ultra metric Cantor sets at 

infinitesimally small finer scales in the (deformed) real line would force a linear diffu

sive process to evolve anomalously over infinitely long time scales, that are available 

naturally in the scale invariant formalism. Our approach, in comparison to the above 

cited references, namely, [29, 34, 49, 54, 58, 59, 60, 61, 62, 63], is conceptually more 

simpler and appealing and may be considered to give yet another concrete example 

of the extension of the ordinary analysis on R over a positive measure Cantor set. 

6.2.2 Diffusion 

Coming back to the diffusion equation Eq(6.13), let us next recall the scale invariance 

and self similarity of the solutions of the same. Writing W(x, t) = t-112w(z), z = 2~.i' 
the scaling function w satisfies the first order ordinary differential equation 

dw 
du =-w, u=z2 (6.14) 

2 

giving rise to the Gaussian propagator W(x, t) = At-112 e-~• by a direct integration. 

Now, in the present analysis, the real variables x and t > 0 must be assumed to live in 

the corresponding scale invariant deformed extensions R and R+ (set of nonnegative 

numbers), so that the scaling variable z gets extended to a deformed variable Z = 

:. = J¥ E 1 in the extended (deformed) neighborhood of a point (xo, to) E R x ~· 

In fact, we have deformed extension (x0 , to) --+ (X, T) = (xoX, toT) leading to the 

above scale invariant ratio for Z The scale invariant variables X and T belong to 

two Cantor sets C, and Ct respectively with scale invariant measures d;X = dxa and 
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d/T = dtf3, where a and .Bare the respective inverse Hausdorff dimensions and x and t 

are two scale invariant variables near 1 of R (c.f., jump differential following Eq(5.5) of 

Chapter 5). AB a consequence, Eq.(6.13), defined originally on R, now automatically 

gets extended to one in the new rescaling symmetric variable Z living on a ultra metric 

Cantor set in the extended neighborhood of every point (x, t) E R x l4 and hence 

supports nontrivial solutions analogous to Eq.(5.1) and Eq.(6.6). Thus, integrating 

Eq.(6.14) in that class of new solutions, we get 

Wc(X,T) =Acf312e-<if;JI+• (6.15) 

as a stretched exponential, fat tailed propagator for a diffusive process (random walker) 

on a Cantor set. Indeed, W c satisfies the scale invariant diffusion equation 

ow a2W 
8i' = oX2 

(6.16) 

which is defined close to every point X E C. and at any instant T E Ct. Although 

the derivatives are evaluated with jump differentials, these are equivalent to the usual 

partial derivatives, but in the deformed (scaling) variables xa and tf3 respectively 

(recall differential jump measure of Chapter 5). Further, the exponent v in Eq.( 6.15) is 

a valuation so that zv<il is a locally constant Cantor function that arises in connection 

with the residence Cantor setfor the variable z (c.f. Eq.(5.1) of Chapter 5) 1 . Because 

of the sub linear asymptotic increments of the form Eq.(5.4) (of Chapter 5), this 

equation is also considered to be valid on a connected line segment close to t = 0, 

so that Eq.(6.16) is also valid for T ~ 0. Next, we note that the scale invariant 

factors of a real variable (viz. Eq.(5.1)) become significant only for an asymptotically 

large time. Consequently, the above scale invariant solution Eq.(6.15) of the diffusion 

equation Eq.(6.13) is expected to arise naturally in any diffusive process that persists 

over many longer time scales living in a set of the form R and hence in 'R. Further, 

the anomalous mean square deviation is given generically as (~x2 (t)} = tf31a, where 

t --> o+ [54), for every scale invariant x near 1. 

1 If x e c. and t e C., then z, in general, would belong to a Cantor set, when thickness of the 
original sets satisfy certain restrictions (66]. 
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We conclude that a simple diffusion process if allowed to evolve over many longer 

and longer time scales as those available for natural processes will ultimately give away 

naturally to a stretched exponential nongaussian distribution of the form Eq.(6.15) 

leading to an anomalous mean square fluctuation; reflecting, in turn, the universally 

present scale invariant numerical fluctuations [65]. 

Diffusion on a Cantor set, on the other hand, when examined in the framework of 

the ordinary Newtonian time (i.e., when Ct reduces to the singleton {0}) is generally 

sub diffusive with exponent a-1 = s : 0 < s < 1, s being the Hausdorff dimension of 

the diffusive medium (since (3 = 1) [54]. The mean square deviation has the generic 

form (ll.x2 (t)) = t• ~ tlogrl, t--> o+, because of the sub linear asymptotic flow on 

a Cantor set (Chapter 5). 

For a fractal time process (i.e. when time t itself varies over a Cantor set) [54] the 

sub diffusion occurs for s < s and super diffusion for s > s, s being the Hausdorff 

dimension for underlying Cantor like set for the fractal time. However, for s = s, the 

gaussian like linear mean square variation may be observed even for a fractal time 

process [56]. Analogous smoothening in the asymptotic scaling of the eigenvalue 

counting function was also noticed by Freiberg [60]. 

To conclude, the scale invariant formalism is shown to have interesting applica

tions both for simple ordinary and partial differential equations. Besides offering new 

non-classical asymptotic late time behaviors for simple differential systems on the 

deformed real line n, both simple and fractal time diffusion on a Cantor like fractal 

medium can also be treated easily as a smooth (sub or super-diffusive) process. 
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Chapter 7 

CONCLUDING REMARKS 

An approach to a scale-invariant non-linear analysis on R is presented. In a compu

tational problem a number x = 1, for example, is represented up to a finite accuracy; 

i.e., up to a scale €, say. Then the numbers in the interval {1- E, 1 +E) are compu

tationally unobservable and identified, as a whole, as the number 1. The non-trivial 

construction presented in this thesis now tells that the points in that computationally 

inaccessible limiting interval may get aligned dynamically as non intersecting clopen 

balls of a Cantor set C endowed with the non-trivial ultra metric value, thereby 

extending the ordinary real number set R to an infinite dimensional, scale free, non

archimedian space R accommodating dynamically active scale invariant infinitesimals 

and infinities. 

Because of scale invariant infinitesimals, a non zero real variable x (> 0) say, in R 

approaching 0 now gets a pair of deformed structures living in an associated deformed 

real number system R ::J R of the form R 3 X± ( x) = x.x'fv(z(z)), thus mimicking non

trivial effects of dynamic infinitesimals over the structure of real number system R. 

In this thesis we have studied a few non-trivial influences of the dynamical in

finitesimals in the asymptotic estimates of number theory, more specifically prime 

number theorem. We have also presented some applications of dynamical infinites

imals in some simple ordinary differential equations and also in diffusion equation 

leading to the emergence of anomalous mean square fluctuations when a diffusive 

system is allowed to execute motion over infinitely long time scales. 

We aim to make more detailed applications of this nonlinear analysis to other well 

known differential equations as well as dynamical systems in future. Applications 

to analytic number theory and fractal sets will also be considered. The status of 
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homotopy analysis method in the present formalism will also be explored [67]. 
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