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Chapter 6 

APPLICATIONS TO DIFFERENTIAL EQUATIONS 

6.1 Ordinary Dilferential Equations 

We begin applications of the present nonlinear analytic formalism to differential equa

tions starting from the very elementary level. The real number system R is realized 

as an extended deformed real line R which reduces to the connected real line R only 

at the 0(1) scale. At infinitesimally (infinitely) small (large) scales, R degenerates 

into a set having the structure of a positive measure totally disconnected Cantor set. 

In the presence of scale invariant infinitesimals, the usual point like structure of an el

ement of the Cantor set is extended to an infinitesimal connected line segment (at the 

level of a well defined infinitesimal scale) on which a self similar replica of the original 

0(1) differential equation on R is written in a scale invariant manner using appro

priate logarithmic variables. Two self similar replica equations on the disconnected 

branches are matched smoothly at the point of disconnection by inversion induced 

smooth jumps. We recall that such a smooth matching is not admissible in the ordi

nary analysis since a point of disconnection is interpreted as a singular point in the 

conventional treatment. The present nonlinear framework accommodating smooth 

jump as a nonlinear incremental mode is formulated mainly to bypass the difficulties 

in formulating differential equations on a disconnected setting involving discontinuous 

coefficients and/or data. Notice that the scale free equation (3.1) (Chapter 3) already 

plays a key role in the formulation of the analysis. 



6.1.1 First order Equation 

Let us consider the simplest differential equation 

dx = 1 
dt 
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(6.1) 

This may be assumed to represent the uniform motion (of the centre of mass) of a 

rigid ball. Accordingly, the ball will roll at uniform rate 1 along the x-axis when the 

position at any instance may, for instance, be given by x(t) = t. This is what follows 

according to Newton's first law of motion. The ball will continue to roll for ever along 

the rectilinear path unless impressed by an externally applied force. 

Now suppose the above uniform motion of the rigid ball continues to hold good 

even as t--> oo. Lett= ~T, E > 0. Then for E--> o+, t--> oo for a finite 0(1) 

non-zero T. In the new rescaled variable r, Eq(6.1) assumes the form of an singularly 

perturbed problem 
dx 

E-=1 
dr 

(6.2) 

For an arbitrarily small but fixed E =f 0, both the above equations are identical and 

yield the same solution x(t) = t = ~T (and also satisfies the initial condition x(O) = 0). 

It is also clear that the parameter E can go arbitrarily close to 0, but can not exactly 

vanish. In other words, the singularity at oo for Eq(6.1) is realized as a singularity 

at 0 for Eq(6.2). Consequently, this singular problem is further reducible to the scale 

free equation 
dx 

T-=X 
dr 

(6.3) 

when T here is a small scale variable and tends to 0 satisfying : 0 < E < T, T --> 0. 

This follows once one replaces E in the left hand side by r/x, since x = t for any finite 

value oft. 

Because of scale invariance, the above equation (6.3) is assumed to be valid on 

the deleted set (neighborhood) I = ( -1, 1) \ {0}. Since, T = 0 is unattainable, and 

the size of the hole of I has no positive lower bound, it might be imagined to have 

the shape of a totally disconnected Cantor set having a countable number of disjoint 
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gaps (open intervals) of arbitrarily small lengths. Indeed, exploiting scale invariance, 

Eq(6.3) may be rewritten as 
dx 

TI-=X 
dri 

(6.4) 

where TI = T / € and 0 < € < T so that as T --+ o+, € --+ o+ in such a manner 

that TI = €-v(f(r)) goes to zero at a much slower rate. Here, v denotes an ultra 

metric valuation defined over the class of infinitesimals f(r) those are assumed to 

reside in (0, €) (c.f. Chapter 3). We remark here once more that the scale € may be 

identified with an accuracy level in the sense that beyond which elements of (0, €), 

are practically invisible (undetectable) relative to the real variable (defined by) T > €. 

Let T :=log,_, TI = v(f). We call T as a dressed {deformed} value for the original 

linear variable (asymptotic time) T relative to the scale €. Exactly in a similar manner 

we also write X:= log,-• XI where XI= xjE. 

We now have an important observation. The limit € --+ o+ realizes a non classical 

extension of the ordinary linear neighborhood of 0 of the form ( -€, €) into a topolog

ically inequivalent ultra metric neighborhood f) so that the singleton set {0} of R is 

extended into a positive measure Cantor like fractal set C C R (more precisely, the 

gaps of C) accommodating infinitesimals f. The valuation v(f) now replaces the ordi

nary linear measure T for the closed interval [0, r] by the nonlinear, but, nevertheless, 

smooth measure dT = dv(f) defined instead over an infinitesimal neighborhood (in 

the form of open gaps) of C C (-€, €), as €--+ o+. Clearly, the original initial value 

{consistency constraint} x(O) = 1 for (6.1) gets extended smoothly over to a differential 

equation over C in the form 
dX = 1 
dT 

(6.5) 

using the deformed variables X and T, thereby replicating the original ODE (6.1) on 

the deleted neighborhood (-1, 1)\{0} onto an infinitesimally small (deleted) neigh

borhood C of 0. Accordingly, the original t - x plane in the neighborhood of 0 is 

extended over to aT- X plane (realized as a subset of the product space C x C), 
which is nothing but the t - x plane in the log-log scale, though however, in the 

asymptotic limit € --+ 0. 
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To summarize, the extension of the singleton set of the form {0} of Rover to a 

deleted set of the form (-1, 1)\{0} is realized explicitly in the context of the linear 

equation (6.1). Plugging in all the steps together we can also write down a generalized 

class of solutions of this equation in the form 

X(t) = t(1 + € X (d n-X(u(f)) = t(1 + € X T-s(T)) (6.6) 

where symbols are already introduced above. We remark that t in the right hand 

sides of the new solution is an undirected real variable, but t i within the bracketed 

expression in the r.h.s (first equality) is an asymptotically increasing variable. For 

arbitrarily small e > 0 and t ~ 0(1), the new extended solution reduces to the 

standard solution x(t) = t. However, as t grows to the level oft ~ O(e-1) so that 

T ~ 0(1), the second terms in the two equalities can become significant, defining 

not only the above mentioned extension of the size of the ordinary neighborhoods of 

a point, but should also have important applications in various nonlinear complex 

physical, biological and other problems. 

It also follows that the ordinary non-directed (classical/Newtonian) time t is ex

tended to the deformed time T(t) = t(1 + € X (d n-T(v(f)) = t(1 + t-1 X T-s(T)) 

with an 0(1) directed multiplicative component (c.f. Definition 13, Chapter 4) for a 

T =d~ 0(1). 

6.1.2 Harmonic Oscillation 

Consider an orbit of the Harmonic oscillator 

x+x=O (6.7) 

In R this equation is written as X" + X = 0 where I denotes derivation with the 

deformed time T = t(1 + t-1 x ( T)-•(tl), so that dT ~ dt, both fort --+ 0 or oo. Fort 

finite, s(t) ~ 0, but T-• = 0(1) when t--+ oo. Suppose the corresponding deformed 

orbit X is given by X= xe¢(q,z(qll, 7J = logTft. One verifies that nonlinear late time 

fluctuation if!(t) = ~(7J, x(7J)) satisfies the driven nonlinear equation 

~ + (2Xfx + ~)~ = -(x + x)fx. (6.8) 
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when the explicit dependence of¢ on xis disregarded, for simplicity (i.e., 1</J,I << l¢11 

etc). As a consequence, in a world admitting nontrivial small scale structures in the 

real number system, the classically sinusoidal orbits of an harmonic oscillator are 

expected to undergo a highly nonlinear late time evolution governed by (6.8) exposing 

an emergent interaction of slowly evolving nonlinear waves with (linear) sinusoidal 

wave. For finite values oft, ¢ and its derivatives are negligible and we recover the pure 

harmonic oscillation. However, as t -+ oo, small scale fluctuation in t is magnified, 

so that the scale invariant logarithmic variable 1J "" r-•(t) "" (t0 ft)s(tl ~ 0(1), for a 

sufficiently large scale t0 = 1/ € for the ordinary time. As a consequence, the original 

harmonic oscillation calibrated in ordinary timet now is transferred to the new 0(1) 

fluctuating motion in 1J in which derivatives of ¢ ie, ~ etc are non negligible, and the 

original linear oscillation would experience nonlinear perturbations . 
• 

Rewriting Eq(6.8) as 

(6.9) 

We note that for a given deformation factor ¢(t) original simple harmonic oscilla

tion gets deformed into a driven Lienard type system (under the above simplifying 

assumption disregarding x dependence of ¢) because of the late time influence of 

the nonlinear internal time. For instance, choosing a deformation factor of the form 

(p = ~(~x2 - 1), 0 < € << 1 so that (p2 term may be dropped, a late time nonlinear 

oscillation may be designed as the intrinsically genemted Van der Pol equation 

X+E(x2 -1):i;+x = 0 (6.10) 

The closed circular phase paths of the harmonic oscillations would therefore be broken 

into families of phase paths spiraling towards the unique limit cycle of the Van der 

Pol equation Eq(6.10) in an asymptotically late time when the deformed nonlinear 

component of time t is chosen suitably as above. For a small nonlinearity parameter 

0 < € << 1, the unique limit cycle of the Van der Pol limit cycle has the exact 

amplitude (i.e. the value of x > 0 when :i; = 0) a( E) = 2. According to the present 
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scenario, as t approaches 1/ E, all the harmonic oscillator orbits, excepting the one 

with amplitude 2 would open up and spiral toward the unique stable cycle (either 

inwardly or outwardly) in the asymptotically generated nonlinear system. 

The most general amplitude variation is expected to be described by a nonlin

ear partial differential equation replacing Eq(6.8). Further details of this linear to 

nonlinear transition and nonlinear amplitude variations will be considered elsewhere 

[67]. 

6.1.3 Vander Pol Equation 

As pointed out already, the above derivation has a simple interpretation. A simple 

harmonic oscillator left undisturbed for an indefinite time would experience late time 

nonlinear oscillation because of the influence of hidden nonlinear structures which 

become activated at an asymptotic time. We gave a derivation of the Van der Pol 

oscillator like variations when the late time variation is modeled as a special amplitude 

variation for the original harmonic oscillator. Here we take the reversed problem. We 

begin with the Vander Pol oscillator equation 

x" + E(x2 -1)x' + x = 0 (6.11) 

and assume that explicit nonlinearity in the equation induces a transformation from 

the linear time variable t to a nonlinear timer= ¢(d) with the condition that ¢(t) is 

monotonic increasing and ~(0) = 1 so that difJ(t) ~ dt fort ~ 0. This, in turn, implies 

that time derivatives (i.e. x' and x'') in the above equation are in fact with respect to 

r rather than t. As a consequence, re-expressing this equation in the ordinary time t 

we have 
1 .. ¢ . 1 ( 2 1) . 0 -. X--. X+ ~€ X - X+ X= 

¢2 ¢3 ¢ 
(6.12} 

so that fixing¢ by ~(t)-1 = 1-€ P(x2(r)-1) dt, we reproduce the harmonic oscillator 

equation for any € > 0 when 0 < t << 1, and we set ~2 ~ 1 (derivatives~ etc are 

evaluated with the rescaled variable t). With this choice of ¢ the two middle terms 
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in the above equation cancel each other leading to the harmonic oscillator equation 

for a time scale arbitrarily close to 0. 

The advantage of this observation is the following. We now have a new non

perturbative method for computing solutions and estimating amplitude, frequency etc 

of the closed cycle of the Van der Pol equation. To briefly outline the actual procedure 

for computing the amplitude for the closed cycle of the Van der Pol oscillator, one 

begins with the harmonic oscillator solution x(t) = asint fort~ 0. For a finite time 

t, we replace t by the nonlinear timeT= rf>(t) := t + q(d), so that a solution of the 

nonlinear oscillator now is written as x(r) = a(q) sin(t + q(d)) where the functions 

rf>(t) and the associated q(d) are introduced as above. Consequently, q(O) = 0 and 

q(1) = 1 as t ~ 1/E. Writing x(t+q) = 2:xnqn and a(q) = 2:~qn, and noting that 

the definition of q already involves x, one can now develop an algorithm for calculating 

iteratively approximate solutions Xn and the corresponding approximate amplitudes 

of the limit cycle. In general, the calculated phase trajectory need not represent a 

closed cycle, but as t--> 1/€, all the trajectories of the Vander Pol system would be 

attracted toward the unique limit cycle, so the computed solution x(r), in the limit 

q --> 1- should correspond to the orbit of the limit cycle. 

Details of the explicit computations will be taken up elsewhere. We close this 

Section dealing with the problem of transition of a linear system into a nonlinear mode 

and vice versa in the deformed real number system n with the following remark: 

In the present scenario, neighborhoods of t = 0 and t = oo are disconnected 

sets. As a consequence, a linear harmonic oscillator in the 0(1) linear timet in the 

connected segment of the form ( €, c 1 ), will be transported into a nonlinear Van der 

Pol type nonlinear oscillator in an asymptotically distant connected line segment in 

the region t > €-1. On the other hand, a Vander Pol system in ordinary 0(1) time 

variable t will be reduced into a linear harmonic oscillator in an infinitesimally small 

connected segment in 0 < t < €. Although realized in a different setting, such a tran

sition from a linear system to a nonlinear system (and vice versa) was also proposed 

in the homotopy analysis method of Liao [2] which seems to offer a much improved 
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method for computing solution and relevant parameters in a nonlinear differential 

system. We shall explore the interesting problem of a homotopy interpretation of 

the above mentioned transition based on the deformed nonlinear time in future. The 

linear oscillator in the disconnected 0(1) component ( E, E-1) and a nonlinear oscilla

tor in a disjoint component when t > f-1 as f -+ o+ can indeed be visualized as a 

homotopy transformation [2] on the (topological) space of differential operators. 

6.2 Diffusion to Anomalous Diffusion 

6.2.1 Introduction 

AB an application of the present formalism to the linear partial differential equations, 

we consider the linear one dinlensional diffusion (heat) equation 

aw 82W 
8t = ax2 , -oo < x < oo, t > 0 (6.13) 

where we choose, for simplicity, the diffusion constant to be unity [19]. This parabolic 

equation is known to admit self similar fundamental solution W(x, t) which represents 

the Gaussian probability density function for a diffusing particle in Brownian motion 

and is characterized by the linear growth of the mean square deviation (Ax2(t)} = t. 

Anomalous diffusion, on the other hand, is known to occur ubiquitously in diverse 

complex systelllS enjoying fine "structure with variations" [53] such as in disordered or 

fractal media, thus giving rise to fat tailed, broad (probability) distributions and/or 

long range spatio-temporal correlations [54, 55]. The hallmark of such a diffusion 

process is the occurrence of an anomalous law for the mean square displacement (de

viation/fluctuation), viz., (Ax2(t)} =tv, with v f 1. Sub-diffusive (v < 1) behavior 

is usually predominant in disordered systelllS, for instance, in spin glasses, amorphous 

semiconductors, lipid bilayers, living cells, transport in fractal sets and many others 

where a broad (fat tailed) distribution for local trapping times of the diffusive test 

particle gradually build up [54]. Super-diffusion (v > 1), on the other hand, may arise 

from long range correlations in velocity fields of turbulent flows, Levy flights and so 
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on [55]. The emergence of nonlinear growth of the mean square fluctuation tells that 

the Gaussian central limit theorem may not be applicable in the underlying random 

walk processes ( We note, incidentally, that complex systems with linear mean square 

fluctuations in Brownian like motion with nongaussian distribution are reported in 

literature recently (56]. A nonlinear growth, however, could be considered as a clear 

signature of the break down of the (finite variance) central limit theorem). An im

portant problem is to look for a generic (universal) mechanism for the emergence of 

anomalous diffusion in such diverse phenomena. 

In the present Section, we offer one such dynamical principle that might be at play 

at the heart of complex systems, besides more specific, system dependent mechanisms. 

We show that the anomalous mean square fluctuations can arise naturally from the 

ordinary diffusion equation interpreted scale invariantly in the formalism endowing 

real numbers with a nonarchimedean multiplicative structure (c.f. Chapter 3-5). In 

Chapter 5, it is shown that a variable t approaching 0 linearly in the ordinary analysis 

would enjoy a sub linear t log t-1 flow in the presence of this scale invariant structure. 

Diffusion ·on an ultra metric Cantor set is also generically sub diffusive with the 

above seemingly universal sub linear mean square deviation. The present study seems 

to offer a new interpretation of a possible emergence of complex patterns from an 

apparently simple system. This, in turn, appears also to suggest a_ realization of 

the philosophical principle, "Nature can produce complex structures even in simple 

situations, and can obey simple laws even in complex situation [53]." 

There is already a vast body of studies on anomalous diffusion and its origin that 

are available in literature [54, 55]. Even with this back ground, the present inves

tigation aims at offering a potentially new insight into the actual meclmnism of the 

dynamics of an anomalous motion. As it is well known, there are actually two distinct 

types of motion observed in Nature: smooth, regular motion, like the Newtonian (two 

body) planetary motion, and random, highly irregular motion, as in the Brownian 

motion of a fine pollen particle in a liquid at rest [55]. A smooth motion, at least 

on a moderate time scale, is expected to be predictable and so are deteflilinistic in 
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nature, when Brownian type motion requires statistical ( stochastic) methods. Of 

course, the deterministic chaos falls in between, and several authors, for instance, 

Ref. [57], discussed the problem of offering a dynamical interpretation for the Brow

nian like motion based on the deterministic Hamiltonian models in the phase space. 

At a more elementary level, on the other hand, the classical Brownian motion can, 

in fact, be considered to enjoy a bit of a deterministic flavor as the relevant Gaussian 

probability distribution (transition probability/ propagator) is known to follow the 

linear homogeneous diffusion equation (6.13). Accordingly, variations of macroscopic 

variables such as the number of diffusive particles, concentration and similar other 

quantities are governed effectively by a smooth deterministic law. Mathematically, 

Brownian motion is a process realized in a homogeneous smooth manifold where Tay

lor's expansion and other relevant analytic function theoretic resources are available. 

Moreover, the probability density is also a smooth function having finite mean and 

variance, so that the universality of the central limit theorem drives the force Jaw to 

be smooth (for another explanation, see [57]). 

On the other hand, if the underlying space of diffusion has a manifestly disor

dered, fractal structure, the above Gaussian, and/or the function theoretic smooth

ness is generally lost (see for instance [29, 34, 49, 54, 58, 59, 60, 61, 62, 63]). All 

these studies tried to offer precise mathematical justifications leading to anomalous 

mean square variations in such fractal sets. It follows also that the emergence of a 

smooth effective deterministic Jaw (in the sense of differentiable functions in a Eu

clidean space) at the macroscopic scale of such a system is generally lost because 

of the inherent loss of smoothness in the random process. The most of the above 

approaches are based mainly on new developments in the areas of geometric measure 

theory, harmonic analysis, functional analysis, probability theory and so on and are 

technically more involved. We also note that a macroscopic law derived from some 

sort of an integral principle based on Lebesgue integration need not be smooth in the 

sense considered here. A "fractionally smooth" macroscopic law following a fractional 

differential equation, for example, is supposedly nonsmooth (in the ordinary sense) 
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and reflects the presence of randomness. 

As already detailed in Chapter 3-5, the scale invariant nonlinear analysis [16, 17] 

aims at integrating the framework of the standard analysis on, for instance, the Eu

clidean spaces and those on a fractal like space. Another motivation was to investigate 

if a seemingly smooth deterministic evolution, even in the absence of any external in

fluences, may lead naturally to a complex pattern over an asymptotically long (or 

short) time scale (c.f. Sec.6.1.1-3 for applications of this principle in ODEs). It will 

become clear that the presence of dynamically generated ultra metric Cantor sets at 

infinitesimally small finer scales in the (deformed) real line would force a linear diffu

sive process to evolve anomalously over infinitely long time scales, that are available 

naturally in the scale invariant formalism. Our approach, in comparison to the above 

cited references, namely, [29, 34, 49, 54, 58, 59, 60, 61, 62, 63], is conceptually more 

simpler and appealing and may be considered to give yet another concrete example 

of the extension of the ordinary analysis on R over a positive measure Cantor set. 

6.2.2 Diffusion 

Coming back to the diffusion equation Eq(6.13), let us next recall the scale invariance 

and self similarity of the solutions of the same. Writing W(x, t) = t-112w(z), z = 2~.i' 
the scaling function w satisfies the first order ordinary differential equation 

dw 
du =-w, u=z2 (6.14) 

2 

giving rise to the Gaussian propagator W(x, t) = At-112 e-~• by a direct integration. 

Now, in the present analysis, the real variables x and t > 0 must be assumed to live in 

the corresponding scale invariant deformed extensions R and R+ (set of nonnegative 

numbers), so that the scaling variable z gets extended to a deformed variable Z = 

:. = J¥ E 1 in the extended (deformed) neighborhood of a point (xo, to) E R x ~· 

In fact, we have deformed extension (x0 , to) --+ (X, T) = (xoX, toT) leading to the 

above scale invariant ratio for Z The scale invariant variables X and T belong to 

two Cantor sets C, and Ct respectively with scale invariant measures d;X = dxa and 
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d/T = dtf3, where a and .Bare the respective inverse Hausdorff dimensions and x and t 

are two scale invariant variables near 1 of R (c.f., jump differential following Eq(5.5) of 

Chapter 5). AB a consequence, Eq.(6.13), defined originally on R, now automatically 

gets extended to one in the new rescaling symmetric variable Z living on a ultra metric 

Cantor set in the extended neighborhood of every point (x, t) E R x l4 and hence 

supports nontrivial solutions analogous to Eq.(5.1) and Eq.(6.6). Thus, integrating 

Eq.(6.14) in that class of new solutions, we get 

Wc(X,T) =Acf312e-<if;JI+• (6.15) 

as a stretched exponential, fat tailed propagator for a diffusive process (random walker) 

on a Cantor set. Indeed, W c satisfies the scale invariant diffusion equation 

ow a2W 
8i' = oX2 

(6.16) 

which is defined close to every point X E C. and at any instant T E Ct. Although 

the derivatives are evaluated with jump differentials, these are equivalent to the usual 

partial derivatives, but in the deformed (scaling) variables xa and tf3 respectively 

(recall differential jump measure of Chapter 5). Further, the exponent v in Eq.( 6.15) is 

a valuation so that zv<il is a locally constant Cantor function that arises in connection 

with the residence Cantor setfor the variable z (c.f. Eq.(5.1) of Chapter 5) 1 . Because 

of the sub linear asymptotic increments of the form Eq.(5.4) (of Chapter 5), this 

equation is also considered to be valid on a connected line segment close to t = 0, 

so that Eq.(6.16) is also valid for T ~ 0. Next, we note that the scale invariant 

factors of a real variable (viz. Eq.(5.1)) become significant only for an asymptotically 

large time. Consequently, the above scale invariant solution Eq.(6.15) of the diffusion 

equation Eq.(6.13) is expected to arise naturally in any diffusive process that persists 

over many longer time scales living in a set of the form R and hence in 'R. Further, 

the anomalous mean square deviation is given generically as (~x2 (t)} = tf31a, where 

t --> o+ [54), for every scale invariant x near 1. 

1 If x e c. and t e C., then z, in general, would belong to a Cantor set, when thickness of the 
original sets satisfy certain restrictions (66]. 
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We conclude that a simple diffusion process if allowed to evolve over many longer 

and longer time scales as those available for natural processes will ultimately give away 

naturally to a stretched exponential nongaussian distribution of the form Eq.(6.15) 

leading to an anomalous mean square fluctuation; reflecting, in turn, the universally 

present scale invariant numerical fluctuations [65]. 

Diffusion on a Cantor set, on the other hand, when examined in the framework of 

the ordinary Newtonian time (i.e., when Ct reduces to the singleton {0}) is generally 

sub diffusive with exponent a-1 = s : 0 < s < 1, s being the Hausdorff dimension of 

the diffusive medium (since (3 = 1) [54]. The mean square deviation has the generic 

form (ll.x2 (t)) = t• ~ tlogrl, t--> o+, because of the sub linear asymptotic flow on 

a Cantor set (Chapter 5). 

For a fractal time process (i.e. when time t itself varies over a Cantor set) [54] the 

sub diffusion occurs for s < s and super diffusion for s > s, s being the Hausdorff 

dimension for underlying Cantor like set for the fractal time. However, for s = s, the 

gaussian like linear mean square variation may be observed even for a fractal time 

process [56]. Analogous smoothening in the asymptotic scaling of the eigenvalue 

counting function was also noticed by Freiberg [60]. 

To conclude, the scale invariant formalism is shown to have interesting applica

tions both for simple ordinary and partial differential equations. Besides offering new 

non-classical asymptotic late time behaviors for simple differential systems on the 

deformed real line n, both simple and fractal time diffusion on a Cantor like fractal 

medium can also be treated easily as a smooth (sub or super-diffusive) process. 


