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Chapter 7 

GROWTH OF MEASURE: APPLICATIONS 

7.1 Introduction 

A point of the original Cantor set C is identified with the closure of the set 

of gaps of C. The increments on such an ultrametric space is accomplished 

by inversion rule. An interesting phenomenon, called growth of measure, 

is studied on such an ultrametric space (26]. Using the reparametrisation 

invariance of the valuation it is shown how the scale factors of a Lebesgue 

measure zero Cantor set might get deformed leading to a deformed Cantor 

set with a positive measure. The definition of a new valuated exponent is 

introduced which is shown to yield the fatness exponent in the case of a 

positive measure (fat) Cantor set. 

7.2 Reparametrisation Invariance and Measure 

We studied the valued ultrametric structure of a measure zero Cantor set. 

Here we study a few more general properties of the valued ultrametricity. 

We note, at first, that the valuation v(i) is LC Cantor function corre

sponding to a homogeneous Cantor set C. As a consequence, v satisfies 

the equation 
d -

dx V (X (X)) = 0. (7.1) 
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and hence, v is, not only a LCF, but more importantly is a reparametri

sation invariant object (c.f., page 33) As a result, v does not require to 

be an explicit function of the original variable x but may be a function 

instead of any monotonic, continuously first differentiable function of x. 

By the same token, v does not depend explicitly on the scale E inherited 

from the original (mother) Cantor set, as we did in the examples of chap

ter 4. In the following example, we show that relative infinitesimals may 

instead live in a positive measure Cantor set. Notice that in the general 

representation of the valued ultrametric in equation (3.2), the parameter 

may be a constant independent of an explicit E. 

Example 5. Suppose that equations (4.5) and (4.6) are replaced by 

( 
6) n,Bn(l+')'m) x = {3n {3n X a (7.2) 

where a= (1- /3) ( 1 + ~a,/3') , a, E {0, 1 }, i3 = !(1- a), and i3n and "fn 
are two non-increasing sequence of positive numbers such that f3n ---+ 0 as 

n ---+ oo and m may be independent of n or may vary with n more slowly, 

and 8 > 1 is a constant. 

Although f3n ---+ 0 as n---+ oo , the valuation v(x) could be non-trivial, 

since 

v(x) 
{3n 

lim log,a-n -::-
n-+oo X 

lim [n8 f3n (1 + f'm) +log a ] 
n-+oo ,a-n 

l + l'mn(8) 

(7.3) 
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when we assume n 8 f3n -+ l as n -+ oo and n8 f3nttm -+ i'mn ( J) is a sub

dominant slowly varying non-increasing sequence, for a real mn > 0. The 

representation {7.2} tells that a scale free infinitesimal ;, may live in a 

Cantor set Cp, so that m(Cp) = l. Let the original Cantor set be a middle 

a set Ca with the uniform scale factor f3 = ~(1 -a). For the positive 
- - n 

measure set Cp the scale factor at the nth iteration is f3n = 2-n .:E (1 - ai) 
. t=l 

and l = m (cP) = IT (1 - ai) = lim 2n ~n· Let us choose J > 1 such 
i=l n-+oo 

t~at ~n = 13n". Then n 8 f3n-+ l tells that f3n ~ lllog(3_(3 as n-+ oo. Thus the 
og n 

dominant term l of the valuation v(i:) is a constant while the subdominant 

asymptotic i'm(J) could be a genuine LCF (i.e. a Cantor function for a 

sub dominant Cantor like set C8 (say) ), precise determination of which 

depends on the explicit model of the Cantor set Cp. It follows, therefore, 

from equations (4.3} and (4-4) the ultrametric valuation of x E Ca now 

has the form 

(7.4) 

For larger and larger values of n (-+ oo), we can disregard the sub

dominant term (since i'mn -+ 0 as mn -+ oo) so that 

II X II= l v X E Ca_, Xi- 0. (7.5) 

Clearly the trivial ultrametric (7.5) reveals that the mother set Ca must get 

deformed to a positive measure set Cp so that J-Lv ( Cp) = m( Cp) = l, when 

the reparametrisation invariance of LC correction factors is invoked. In

deed, we have II x-y II= l for any two x, y E Cp. Thus, any single clopen 



ball B (xo), xo E Cp {say) covers the compact Cp and hence f.-Lv( Cp) 

du (B (xo)) = l. 
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To summarize, we have shown that any element x E Co. when de

formed by the non-trivial, reparametrisation invariant valuation of rela

tive infinitesimals, is identified with an element of a 1-set Cp. Because 

of this invariance, the relative infinitesimals may be assumed to live in a 

positive measure set Cp, which, in turn, determines the measure (size) of 

the deformed set Cp. Since each element x E C c [0, 1) is written as the 
• arithmetic sum of two elements x0 E Co. and x 1 E Co.' ( Co.' being the 

Cantor set of infinitesimal neighbours of xo), it follows from a theorem 

of Solomyak [46) that for (3 = ~ (1 -a) E (0, ~) , there exists Co.' for 

a.e. (3' = ~ (1- a') E (0, ~) so that Co.+ Co.~, has positive measure and 

;:-:-r
1 

1 + ~1 1 > h. This, therefore, constitutes an alternative proof for the 
og i3 og "§' og 

said assertion. Indeed, in the above construction, the set of infinitesimals 

Ca.' itself is a 1-set Cp. 

It follows, accordingly, that a slower rate of removal of middle open 

sets compared to a measure zero Cantor set hides a positive measure in 

an infinitesimal scaling factor which is exposed under the present scale 

invariant valuation. The uniform rate of deletion in the case of a measure 

zero set is violated because of the underlying reparametrisation invari

ance. Further, in a dynamical process leading to a Cantor set, a positive 

measure Cantor set Cp is favoured a.s (almost surely) compared to a mea

sure zero set Co. since relative infinitesimal neighbours a.s. lie in a Cantor 

set Co.' satisfying the above constraints. 
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The generic result that follows from this example is stated thus 

Theorem 2. Because of the reparametrisation in variance of the infinites

imal valuation, a measure zero Cantor set Ca. is a.s. deformed to a pos

itive measure Cantor set Cp, the measure of which is determined by the 

Cantor set Cp in which the relative infinitesimals are supposed to live. 

Next to expose the significance of the sub-dominant term, let us first 

define a renormalized valuation vR(x): 

• 
VR (x) = logfln log,n [ x ] n ----t oo " (;Jn) l+vo(x) ' 

(7.6) 

where v0 (x) = l < 1 is the dominant valuation of the infinitesimal x. The 

LCF i'mn(8) is now given by (c.f.,(chapter 6)) 

(7.7) 

where the 8-dependent constant p is called a renormalised valuated ex

ponent and the non-zero constant O::i assumes values from a finite set for 

a secondary scale (3mn. As will become clear the valuated exponent p is 

useful to distinguish two sets with identical Hausdorff dimensions. 

7. 2.1 Applications 

1. Middle third Cantor sets: 

As an application of the renormalised valuated exponent, let us first 

consider a class of s- sets where s = log3 2, constructed as a slight vari

ation of the process of Example 2, Sec.2.4. Let I = (0, 1]. Also let 

i i 
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0 << 6n = 3-(n+1)an ;;; 1, n, = 1, 2, · · · (so that 6~ 1 ~ 1), be a non

increasing sequence. For definiteness, one may choose an = q-n, for a 

sufficiently large positive integer n and q > 1. In that case an may be 

considered to belong to the range set of an appropriate Cantor function. 

Delete the middle open interval of length 1/3. Next, delete a length 

3C - 2(1+al)) from each of the two closed subintervals. Then, delete the 

length 3(-3(1-a2 )) from each of 22 closed subintervals. Call these two op

erations together 0 1 . On consists of two steps: deletion of 2n+1 open 

intervals of length 3-(n+1)(1+an), which is succeeded by the next deletion 

• of lengths 3-(n+2H1-an+l) from 2n+2 remaining closed subintervals. No-

tice that we are considering a set of fluctuating scale factors, i.e., in the 

( n + 1 )th step open intervals of slightly smaller sizes compared to the 

middle third set are removed. In the next step, however, open intervals 

of slightly bigger sizes are removed. As a consequence, we get a family of 

limit sets which are indistinguishable and equivalent to the middle third 

Cantor set at the level of the Hausdorff dimension, but nevertheless, dis

tinguishable at the level of renormalised valuated exponents. Indeed, the 

total length of deleted open intervals viz., ~ + bJ1 + ~82 1 + · · · = 1 + 2::: Un 

equals 1, when the series of real numbers 2::: Un vanishes. The sequence Un 

• d • d b h • 1 (1 3(n+l)- )-l d IS etermme y t e sequence an, 1.e., an = og3(n+ll - ~'Un an 

( 3(n+2) - ) - - Cl l 
O:n+l = log3(n+2) 1 + 2n+l Un+1 SO that 1Ln = -Un, Un+1 = Un+1· ear y, 

such a series exists. Hence, all such sets are of measure zero. 

Now, to determine the Hausdorff dimension, we first note that the 

scaling of closed intervals (bridges) follows the recurrence 2ln = ln-1 -

8;13-(n+1), where + sign goes with an odd n and the - sign with n even 

.I 
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and ln denotes the length of each closed interval at level n. Accordingly, 
- 1 t5 2rl 2n-lt5;tl '"'"' 8!~1 . 

ln - 3_2n [1 - ~ - ""32 - · · · 3n ] '"'"' 3n+2, for a sufficiently large n. As 

a consequence, the scale factors behave as either f3n+l = 3-(n+l)(l+an) 

or f3n+2 = 3-(n+2)(l-an+I) respectively, and hence, the lower and upper 

box dimensions and the Hausdorff dimension are all equal and equal to 

I' Iog2 -I 2 
n~~ log 3(1±an) - og3 . 

One may also estimate the thickness of these sets easily. Because of 

the above scaling, the limiting length of the closed intervals (bridges) 

coincides with that of the corresponding gap (viz., c5!~ 1 3-(n+2)) at the 

nt~evel. It follows therefore that the ratio of sizes of bridges and gaps 

(c.f., Sec.2.1) has the limiting value 1. Hence, thickness of all these sets 

coincides with that of the classical middle third Cantor set as well. 

However, a higher order (renormalised) valuated exponent can indeed 

reveal the local dissimilarities of such an s-set. Extending the repre

sentations ( 4.6) and (7.2) a little further to suit the present problem, we 

would now have for an element x of the s-set, 

3-n 3-n(-i2-mn{l±<>mnl) b 
Xi±= · X , llbll = 1 (7.8) 

where i assumes values from a finite set and mn -7 oo at a slower rate as 

n -7 oo, so that a renormalised valuation is defined as 

It now follows from the definition of CXmn, that one can find a sufficiently 

large natural number q > > 1 such that CXmn = q-mn. Consequently, we 
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obtain VR(x) = amn = 3-prhn, where p = log3r q > 0 is the valuated 

exponent, for suitable positive integers r and mn. 

Now, to justify the existence of such a q, let us first assume u2m = u~ 
00 

and U2m+1 = u~ such that 2::: u~ = l. Then I:un = 2::: U2m+1- 2::: ii2m = 
2 

l l - C 1 - 1 ( 3(2m+l) 1 )-1 d - - 0. onsequent y, a2m - og3(2m+l) 1- 22m um an a2m+l 

( 
3(2m+2) 2 ) 

log3(2m+2) 1 + 22m+l um . 

L - 3(2m+l) 1 d - - 3(2m+2) 2 Th h f . ( et TJ2m - 22m um an TJ2m+ 1 - 22m+l um. en t e unctiOns 1 -

rJ2mt1 and 1 + fi2m+1 are identified as LCF of the form (7.1), in the 

nei~bourhood of 1. Using scale invariance, we can then choose for x in 

equation (23) as x = 3-n(l-ryn) (or x = 3-n(1+fin)), and the scale factor 

E = 3-n. Thus, there exists a Cantor function T(i), i = xjf such that 

logc1 i-1 = T(i) (or logc1 i = T(i)). As a result, there exists positive 

integers q and mn so that the sequence { q-mn} C Range( 7( i)). More 

generally, because of the local constancy, the limiting form an could be 
- - -

an = l + q-mn, where l is a non-negative constant, 0 < l < 1. 

We remark that the exponent p may be considered to be the inverse 

of the Hausdorff dimension of a residual Cantor set that would remain 

attached with infinitesimal scales in a neighbourhood of a point (of the 

original Cantor set). For the classical middle third Cantor set an = 0 Vn 

and so p = oo, which is consistent with the fact that the residual set is 

null. Since, sets with infinite Hausdorff dimension s = oo are excluded, 

by definition, p indeed is positive p > 0. 

2. 1-sets: Irregular 1-sets [3] are positive measure Cantor sets and are 

generally classified on the basis of fatness and/ or uncertainty exponents. 



88 

The LC renormalised valuation (7.6) and (7.7) now tells that vR(x) is 

a Cantor function corresponding to a subdominant residual Cantor set 

C8 , and so has the form vR(x) = exifJmnP. As for the s-sets, the valuated 

exponent p > 0 equals the inverse of the Hausdorff dimension of the 

residual set C8 • For p = oo, the double exponential factor in (7.2) drops 

out (i.e., reduces to the trivial factor (3n), and hence the 1-set is a regular 

set [3) hiving connected components (actually corresponds to a nonfractal 

set). Consequently, 0 < p < oo. 

Now, to compare with the fatness exponent (37, 43], we first recall the 

relationship between the uncertainty exponent ex, 0 < ex < 1 [44] and the 

fatness exponent ~' 0 < ~ < oo. It is shown (37] that ~ = ex in (0,1], so 

that there is essentially the fatness exponent that has· to be considered. 

We claim that p = (3. The parameter (3 is defined as 

~ = limlog(J-L(E)- J-L(O)] (7.10) 
(-tO logE 

where J-L( E) is a LC measure which tells the scaling of smaller gap sizes 

when the smaller gaps are coarse grained by fattening by the amount 

E and J-L(O) equals the positive (Lebesgue) measure of the set. In our 

multiplicative representation (c.£.,(7.2) and (7.7)), the fattening size is 

E = (3n and 

(7.11) 

where k is a constant independent of (3, so that the exponent p is defined 

by (7.10) when we identify J-L(f3n) = log,an(xj(3n). Notice that J-L(O) = 
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lim logiJn(x/ J)n) = l. Notice also that the measure f-l here is nothing but 
n-+oo 

the valuation of relative infinitesimals at the fattened scale t:, which equals 

the full measure of the Cantor set Cp at the scale E ( c.f., Example 4) where 

the infinitesimals live. Because of the reparamctrisation invariance, we 

may suppose that Cp is determined by the original 1-set and vice versa. 

At the iCale E, the gaps of Cp are fattened by the amount E, and in the 

presence of a positive measure, the said valuation is determined by the 

sum of the fattened gap sizes. For a zero measure set, this valuation, on 

the other hand, is determined instead by the finite Hausdorff measure, 

upto a finer (double logarithmic) scale correction that arises from the 

possible presence of local fine structures ( c.f., above application). This 

observation proves the claim. 


