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CHAPTER 1 

Introduction 

1.1 Brief review 

The modern cosmology began when the Einstein's general theory of Relativity (in 

short, GTR) was applied to understand the large scale structure of the universe. In 1917, 

Einstein wanted to obtain a static cosmological model of the universe in the framework 

of his new theory, as during that time information of the entities within the galaxy only 

was known to the astronomers, which showed static model of the universe. However, 

Einstein failed to obtain a static cosmological model with positive pressure and energy 

density in the frame work of GTR, with perfect fluid. Consequently, Einstein modified 

his field equations by introducing a repulsive term (cosmological constant) in order to 

obtain a static universe. In the absence of cosmological constant, an expanding universe 

solution was obtained by Friedmann in the year 1922, supposed to have only an academic 

interest at that time. Later, Hubble's discovery (1927) of redshift of the spectral lines of 

light from galaxies made it clear that the universe indeed is expanding. The cosmological 

constant introduced by Einstein, therefore, became redundant. Relativistic cosmological 

models based on perfect fluid assumptions then came up to accommodate an expanding 

universe solution. One of the acceptable model of the universe, known as Big Bang model 

is, therefore, obtained. It is, however, well known that the Big Bang model is also not free 

from problems fully. It is also understood that perfect fluid assumption fails to account 

for some of the observed facts of the universe. A semiclassical theory of gravity where 

space-time is described classically but matter by quantum fields may be important to 

address some of the issues in cosmology. The Particle Physics theories which are relevant 

at very high energy in the standard model may be important in cosmology to understand 

the dynamics of the universe as such huge energy perhaps was available shortly after the 
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Big Bang. It has been realized that the standard Big Bang model is fairly successful in 

explaining the 2.7K Cosmic Microwave Background Radiation (CMBR), the 

expansion of the universe, primodial nucleo synthesis, and the cosmic abundance of the 

light elements the weakly bond deuteron and 4He (about 23% by mass). Nevertheless the 

model could not be considered as an acceptable model of the universe because it fails to 

explain some other observed features of the universe, namely; the horizon problem, the 

flatness problem, the small scale inhomogeneity, singularity problem ete. 

Modern cosmology is based on the overlapping areas of Particle Physics and Cosmo!-· 

ogy. It permits a universe with rapid expansion in a very short time, known as inflation, 

which solves some of the outstanding problems in eosmology [1. 2]. Inflation opens up 

new avenues both in Particle Physics and Cosmology. Consequently it is now accepted 

that inflation is one of the essential ingredient to build a consistent cosmological model 

of the early universe. In the framework of inflationary universe scenario, the prediction 

of primordial density fluctuations which arise from Particle Physics scenario is in agree

ment with the result obtained from the analysis of Cosmic Background Explorer 

(COBE) data [3]. The observations from COBE predict that the present universe might 

have emerged from an early inflating phase in the past and then it settles down into the 

matter dominated phase through an intermediate radiation dominated phase. Several 

mechanisiiiS have been proposed to generate the rapid expansion needed to solve some of 

the outstanding issues in Cosmology and in Particle Physics. Gliner [4] was the first to 

obtain inflation in GTR for an appropriate stress-energy tensor corresponding to matter 

with the properties of a vacuum. Later, inflationary solution using trace anomaly in GTR 

was obtained by Starobinsky [5]. However, the efficacy of the theory is known only after 

the seminal work done by Guth [1] in 1981. Guth in his original work employed tempera

ture dependent phase transition mechanism in cosmology and had shown that necessary 

conditions favouring an inflationary universe might be realized easily. Guth 's [1] model of 

inflation requires a universe trapped in a metastable state (supereooled) initially which 

thereafter decays through a process of bubble nucleation via quantum tunneling. In the 

model bubbles of true vacuum may be spontaneously formed in a sea of false vacua which 
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thereafter rapidly expanded at the speed of light to accommodate a baby universe. How

ever, it was realized later [6] that the above model of the universe fails to reheat the 

universe properly in its subsequent evolution to accommodate the present universe. In 

case inflationary epoch lasts long enough, it could solve the initial condition problem 

satisfactorily, but the collision rate between bubbles in this scenario is found to be ex

ceedingly low which does not lead to a viable cosmological model. It has been realized 

that inflationary model ba.-;ed on a first order pha.<;e transition, could not provide a sat

isfactory explanation of how to exit from the inflationary phase without disturbing the 

good properties of the standard cosmological models [6, 7]. Consequently the problem of 

graceful exit of an inflationary universe wa.~ studied in a new model which is known a.-; 

'new inflation' [2]. In the new inflation model a rapid expansion in a very short duration 

is obtained using a homogeneous scalar field, when it rolls down the potential energy 

hill instead of tunneling out of a false vacuum state. When the field rolls down along 

the potential slope, it vary very slowly compared to the expansion rate of the universe, 

leading to inflation. However, if the hill becomes steeper inflation ends and subsequently 

at the minimum of the potential because of the oscillations of the scalar field the universe 

reheats. It was shown that although new inflation does not produce a perfectly symmetric 

universe, a tiny quantum fluctuation of the scalar field that originates during this phase of 

expansion leads to the observed structure of the universe. Later Mukhanov and Chibisov 

[8] show that the quantum fluctuations of the scalar field originated during the evolu

tion of the early universe might act as the primordial seed for the structure formation of 

the universe. Cosmic Microwave Background Radiation (CMBR) data supports 

the theoretical prediction that was obtained for structure formation, in the inflationary 

model. 

Due to the shortcoming in the new inflation, cosmological models with second order 

phase transition mechanism have been employed to obtain a viable cosmology. However, 

these models are found to be plagued with several fine tuning problems [Y]. The inflation

ary models of the early universe including the new inflationary model [2] makes use of a 

phase transition mechanism which require some fine tuning either in the potential V ( ¢) 

of the inflaton field ¢ or in the initial conditions of the universe. In 1983, Linde [10, 11] 
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proposed a new model (known as the chaotic model) to obtain an inflationary universe 

scenario which apparently need no specific fine tuning or phase transition mechanism. In 

the chaotic model, a scalar field is still needed but the initial state of the field is required 

to be non-thermal. The advantage of the model is that it is not essential to restrict to a 

particular initial configuration for the field,( ¢;; = 0) as was required in the new inflation 

model. The homogeneous scalar field instead can take any value permitted by a random 

initial distribution of the field satisfying the constraint V(¢) :":: Mim imposed by Planck 

scale. The upper bound on potential is essential so that the quantum behaviour of grav

ity does not dominate and a classical description of the space-time still remains valid. 

Since the initial data for the model are randomly distributed, the scenario is known as 

the chaotic inflationary scenario. Thus, Linde's chaotic model is based on a random 

distribution of the values of the vacuum scalar field (also called inflaton field) ¢ at the 

timet ~ tp = M;\ where tp represents the Planck time and MP represents the Planck 

mass. 

An inflationary universe scenano may be realized in a semiclassical theory where 

gravity is described classically while matter interns of quantum fields. It may be noted 

here that the necessary equation of state for inflation with a scalar field is permitted 

when its potential energy dominates over the kinetic energy. During this epoch, the 

vacuum energy behaves like an effective positive cosmological constant, which yields a huge 

expansion of the universe in a very short time. It is also shown [12] that the scenario may 

be realized even when¢ is initially highly fluctuating (~¢2 >> V(¢)). Papantonopouls 

et al. [13] have shown that a favourable condition for inflation (~¢2 << V(¢)), may 

emerge quite naturally if an axion field € is considered which has only derivative coupling 

to the field ¢. Linde further assumed that subject to the condition V(¢) :":: Mi all 

the values of ¢ are equally probable to begin with, however, the problems of big-bang 

model can be solved satisfactorily in this framework if the observed part of the universe 

emerged out from a region having scalar field value initially cp;(t = Mp- 1
) ~· 3Mp. The 

lower bound on ¢ ensures that there is sufficient inflation to solve the problems of Big 

Bang model. Subsequently it was also shown by Paul et al. [14] that Linde's chaotic 

model is fairly general and it can be extended even for a universe with initial anisotropy. 
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The quantum fluctuations of the field generated during inflation are capable of explain 

large scale structure formation of the universe. The fluctuation may be increasing or 

decreasing, consequently in the model in addition to chaotic inflation another type of 

inflationary scenario may be realized. In the case when the quantum fluctuation helps 

the field to grow, that in turn it corresponds to a field which is moving up the potential 

leading to a self reproducing universe. This behaviour of the scalar field admits a new 

scenario of the universe known as Eternal chaotic inflation [15]. 

In addition to exponential growth of the scale factor of the universe as discussed 

above leading to inflation another kind of inflation is characterized by a period in which 

scale factor of the universe a(t) grows as tD with D » 1, which is known as power law 

inflation. It may be mentioned here that inflationary universe scenario with exponential 

expansion is more attractive as it leads to a scale invariant Zeldovich density spectrum 

[16]. However, the later type i.e., power law inflation is more ~imple, which help~ to explore 

easily different aspects of the universe. Power law inflation may be realized with Salam

Sezgin [17] exponential potential which usually originates in the context of string theory. 

Cosmological inflation without scalar field may be realized, if one considers viscous fluid. 

There are various reasons [18] to consider viscosity in the early universe. The important 

of the viscous universe is that it permit both the exponential and power law inflation [19]. 

The effective energy momentum tensor for an imperfect fluid changes in such a way that 

it leads to a negative pressure accommodating inflation. The origin of such an imperfect 

fluid may be understood in terms of various di~sipative processes which might have played 

an important role in the evolution of the early universe. The various processes that may be 

responsible for viscosity in the early universe are that the decoupling of neutrinos during 

the radiation era, the decoupling of matter from radiation during the recombination era, 

creation of superstrings during the quantum era, particle collisions involving gravitons, 

cosmological quantum particle creation processes and during the formation of galaxies 

[18]. Thus it is also important to take up non-equilibrium thermodynamical processes in 

cosmology which might have played a crucial role in physics of the early universe. 

A large number of inflationary models [1, 2, 4, 5, 6], [10]-[15], [20]-[40] in the context 

of ever changing fundamental theories have came up during the last three decades. The 
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attractive idea of inflation was taken up to build up viable cosmological models and tested 

in a number of theories formulated in the last three decades leading to different cosmo

logical models namely, 

• (1980-1989): R2 inflation [5], Old inflation [1], New inflation [2], Chaotic inflation 

[10, 11], Double inflation [20], Power law inflation [21], SUGRA inflation [22], Extended 

inflation [23]. 

• (1990-1999): Hybrid inflation [24], SUSY D-term inflation [25], Assisted inflation [26], 

Brane inflation [27]-[29]. 

• (2000-2011): Supernatural inflation [30], K inflation [31], D3-D7 inflation [32], DB! 

inflation [33], Racetrack inflation [34], Tachyon inflation [35], Hill top inflation [36], Land

scape model [37], String model [38], Loop quantum cosmology [39], Emergent universe 

[40]. 

At present there seems to be no alternative to inflationary ocenario for the early uni

verse description. But in spite of all the attractive features of cosmological inflation, its 

mechanism of realization still remains ad hoc. It is not known when and how the universe 

has entered into the inflationary phase. However, an acceptable model of the universe 

which can explain the evolution of the universe right from the quantum gravity regime is 

yet to come up. As inflation might operate at Planck regime, it is interesting to explore 

cosmological models in the context of string theory which permits such a scale. It is, 

therefore, not surprising that M/String theory inspired models are under active consider

ation in cosmology at present mostly because of some interesting discoveries [27, 41). The 

striking discovery that in ten dimensions, a supergravity theory coupled to Yang-Mills 

fields with a gauge group S0(32) or E8 xE~ is anomaly free has inspired considerable 

activities in this area. Since the quantum consistency of the theory is obtained in the 

critical dimension D=lO, one has to look for a realistic compactification scheme. Candelas 

et al [42) set out to achieve this by requiring that the ten dimensions should compactify to 

M4 xK, where M4 is maximally symmetric and K is a compact six dimensional manifold. 

It was also demanded that the four dimensional theory should lead to a realistic chiral 

fermion spectrum and should also have an unbroken N = 1 supersymmetry, so that hier

archy problem can be tackled. Candelas et al [42] obtained a solution with Minkowskian 
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(.>- = 0) space M4 and K as a Ricci flat CalabiYau manifold, with SU(3) holonomy. While 

the discovery of Candelas et al [42] is striking, the success of the compactification scheme 

partly rests on its ability to be accommodated in a realistic dynamical theory of evolu

tion. However, attempts [43]-[46] to build cosmological models based on the N = 1 Yang 

Mills supergravity action have not been successful. Weiss [47] has even questioned the 

consistency of a Ricci flat compact manifold with observed matter dominated universe. It 

is not easy to get inflation in this model. The difficulties stem from the Ricci flatness of 

the internal space and also from the absence of any dimensionless free parameter. In the 

absence of SUSY breaking, the naive potential has only one minimum at gbur = 0 and 

the realization of the cosmological evolution of the compaetified theory to the correct vac

uum, gbur ~ 0(1), is a nontrivial problem. The available mechanism for SUSY breaking 

is to invoke gaugino condensation in the hidden E8 sector of the Es x E8 theory. Ellis et 

al [43] have considered the tree level potential with some fine tuning of the condensation 

temperature and obtained an inflationary phase in the D=4 effective theory. However, the 

one loop effective potential does not have a minimum and the situation is not very clear. 

Maeda et al [44] have-considered another SUSY breaking potential, given by Binetruy and 

Gaillard [48], which has only asymptotic validity. It is clear that further investigation is 

called for to understand the detailed dynamics both the processes, compactification from 

ten to four dimensions and a subsequent inflation in four dimensions. 

Recently, there is a paradigm shift in implementing a cosmological model in the higher 

dimensions. The concept of extra dimension entered into Physics in an attempt that tried 

to unify electromagnetism and gravity as a single theory [49] before the advent of GTR 

was known. It is also realized that both GTR and quantum mechanics are not compatible 

with each other at high enough energies and at very small distances. There have been a 

number of attempts to consider quantization of gravity but a consistent quantum theory 

of gravity is yet to emerge. Consequently understanding the dynamics of the universe in 

higher dimensions is of considerable interest at the present time. A number of cosmological 

models in the framework of higher dimensions have also been proposed. A universe with 

product space with different dynamics for the evolution of the usual four dimensional scale 

factor and that of extra dimensions have been proposed [46, 48, 50, 51]. The following 
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behaviour for the extra dimensional scale factor are considered: the extra dimensional 

scale factor (i) remains constant, (ii) decreases with time (iii) initially increases thereafter 

decreases and stop by some unknown quantum gravity effect not known, were taken up to 

build a consistent higher dimensional model of the universe. The earlier attempts [51, 52] 

fails to provide a consistent scenario of the universe because of unattractive evolution of 

the extra dimensions. 

The recent idea is that the universe is a (3+ 1) dimensional brane embedded in a 

higher dimensional spacetime [53]. The brane world scenario is now taken up widely to 

construct a viable cosmological scenario where the usual matter field and force except 

for gravity are confined on the brane [27, 28]. In this new picture all the matter fields 

confined to the brane whereas gravity can propagate in the bulk. The scenario admits 

interesting cosmological implications, in particular, the prospects of inflation are enhanced 

on the brane due to a major modification to the Friedmann equation. While discussing 

the applications on the brane world, one often assumes Einstein gravity in the bulk and 

then projects the dynamics on to the brane. This leads to a high energy correction to 

the Friedmann equation leading to a modification in the expansion dynamics of the early 

universe. In the theory, gravity is regarded as higher dimensional, which reduces to an 

effective four dimensional theory. The brane world scenario not only resolves some of the 

longstanding problems of the big bang model but also opens up possibilities of solving 

the hierarchy problem in particle physics by considering large number of compactified 

extra dimensions making use of the string scale, that might become accessible to future 

laboratory experiments [28]. In the string theory, it is necessary to include the higher 

order curvature invariant terms to the Einstein-Hilbert (in short, EH) action, as the 

higher order terms occur naturally in the small slope expansion limit. 

In the above, an inflationary phase is generally driven by a potential or vacuum energy 

of a scalar field and the inflaton, whose dynamics is governed by Klein-Gordon equation 

[54]. Recently, motivated by string theory, other non-standard scalar field actions have 

been used in cosmology. In the string theory higher order curvature terms are also per

mitted in the gravitational action which leads to a modified theory of gravity. One of the 

major mechanism to obtain inflation is to consider a modified theory of gravity e.g., R2 
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gravity adds terms quadratic in the curvature scalar to the standard EH action. For a 

certain range of initial parameters, the quadratic terms will generate sufficient expansion 

without the need for the special matter term used in most inflationary mechanisms. 

The possibility of having inflation without any inflaton field was first predicted by 

Starobinsky [5]. It was shown that the addition of some terms (e.g., R2 ) to the EH action 

permits a de Sitter solution. In fact those terms may be obtained in the effective action 

of gravity as a result of integrating out conformal free matter fields. The possibilities for 

the R2 theory to produce successful inflation was studied by Starobinsky [5], Vilenkin 

and others [55] in different contexts. The justification for adding the quadratic terms 

in the Einstein-Hilbert action is usually two folds. Firstly renormalization of quadratic 

field theories in curved space time usually admits such terms [56] although with coefficient 

much smaller than that required for a fully satisfactory inflationary picture. Secondly it is 

not clear why EH action should be linear in R only. Perhaps, nature does contain second 

order, cubic order or higher order in R -terlllS which are observationally not detected at 

our present epoch [57]. It was shown by Starobinsky [5] that an inflationary solution may 

be obtained using trace anomaly in the Einstein's field equation, which is equivalent to a 

R + aR2 theory. Zwiebach [58] has shown that string corrections due to Einstein action 

up to first order in slope parm:neter and fourth power of momenta should be proportional 

to Gauss-Bonnet (GB) terms (where GB = RabcdRabcd - 4RabR"b + R2). However, it 

was realized subsequently that the field redefinition theorem of G. 't Hooft and Veltman 

[59] may be applicable in this case. On the Einstein's shell (Rab = 0), an action with 

curvature square term of the form R + aR2 + fJ R~b can be transformed into R itself 

(neglecting higher order terms ) by the field redefinition 9ab = 9ab + fJ Rab + 9ab ~~~, 

where D represent the number of dimension. Subsequently, Deser and cowokers [60] have 

shown that on the linearized Einstein's shell, the actions R + a'(GB) and R+ clR~bcd 

(where, a' is the inverse string tension [61]) are not different and this result generalizes 

to all higher-order ghost terms. GB terms arises naturally as the leading order of the a' 

expansion of heterotic supersting theory. The GB terms in the higher dimensions lead to 

ghost free propagator. This particular combination (GB terms) cancels out the square of 

the second derivative in four dimensions and it acts as simply a Euler number. However, 
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it turns out that this term does not make any contribution to the dynamical equation in 

GRin four dimensions. However, in higher dimension (D>4), the GB term is important 

for the physical realization of second iteration of the self interaction of the gravity. The 

GB term in the theory modifies the gravitational action which i8 important to obtain 

viable cosmological scenario. Some interesting results appear in the literature with GB 

interaction e.g., avoidance of the naked singularities in the dilatonic braneworld scenarios 

and the address of the problems of fine tuning with scalar field and Gl3 interaction have 

also been discussed [62]. Further in string induced gravity GB coupling terms with scalar 

dilaton field has been found [63] to play an important role for obtaining a nonsingula,r 

cosmological model. GB term is a topological invariant which in the four dimensional 

space time becomes a Euler number, hence to derive its effect it is coupled with a dynamic 

dilatonic scalar field, which in term helps in understanding the dynamics of the universe 

in four dimension. It is important to explore cosmological models in the presence of GB 

terms taking into account conceptual issues in cosmology as it has rich structure. 

Recent cosmological observations predict that the present universe is passing through 

an accelerating phase of expansion which is remarkable. It has also been estimated from 

the cosmological observations that 4% matter in the universe is observable, 70% of the 

universe consists of dark energy and 26% matter is in the from of dark matter [64]. It 

is a challenge in theoretical physics to address such an accelerating phase of the universe 

as the known matter fields in the standard model fails to account for the observations. 

Recently two approaches have been mainly followed in accommodating present acceler

ating phase in the cosmological models. Models that are proposed (i) incorporating a 

modification of matter sector of the Einstein gravity including exotic type of matter and 

(ii) a modification to gravitational sector by including higher power of scalar curvature/ 

polynomial in R (similar to that incorporated for obtaining early inflation) or with a 

new physics. Experimental results of Large Hadron Collider (LHC) may add further 

knowledge in understanding the later issue. In the first approach a modification of the 

matter sector of the Einstein field equation is done considering field other than that of a 

scalar field, namely Chaplygin gas, phantom field, tachyon field etc. called exotic matter 

field. In the second approach a modification to the Einstein-Hilbert action is considered 
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with higher order terms in scalar curvature. It is known that a modified theory which is 

also known as higher derivative theory of gravity works well for realizing early inflation 

[55, 57]. In analogy it may be interesting to explore a modification to the Einstein grav

itational action with terms that might be important at extremely low curvature region 

in order to accommodate the present. cosmic acceleration. Recently a modification to 

the Einstein-Hilbert action by considering modification to the gravitational sector of the 

action including quadratic (cxR2 ) and /or cubic (fJR3) terms, along with a new (~) term 

are employed for accommodating the present cosmological observation, where R is the 

Ricci Scalar and ex, fJ, {J are dimensional parameters [ 65]. 

Generally speaking, modified gravity lookH very attractive as there appearH possi

bilities to unify and to address both the early inflation and the late time acceleration. 

Meanwhile, at the intermediate epoch the gravity may be approximated by General Rel

ativity. The modified gravity may be suitable for describing dark matter and dark energy 

also. The present thesis contains a study on cosmological models of the universe both 

in the framework of four and higher dimensions taking into account some of the recent 

theories mentioned above. The observational constraints will also be taken into account 

to estimate the different parameters of the theory for a consistent cosmological model. 

The problem of reproducing an accelerating universe with usual matter field in a modified 

Einstein gravity will also be explored. Higher derivative theory of gravity will be taken 

up here to obtain viable cosmological model which accommodates the recent cosmological 

and astronomical observations. 

It is also known that an inflationary solution can be realized taking into account 

imperfect fluid described by non-equilibrium thermodynamical processes. The recent 

accelerating phase may be understood in the frame work of a viscous universe to be 

studied here. Eckart was the first to propose such a theory for describing imperfect fluid 

[66]. However, it is realized that Eckart theory cannot give rise to a satisfactory theory 

for viHcous fluid as it has numbl!rs of shortcomings. The problemH in the Eckart theory 

arises clue to its limitations to consider terms up to first order deviations from equilibrium. 

Therefore the problem in Eckart theory may be overcome by taking terms up to second 

order deviation [67, 68] from equilibrium. In the realm of cosmology, especially bulk 
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viscous phenomena have attracted considerable interest, since bulk viscosity is the only 

possible dissipative mechanism in a homogeneous isotropic universe. 

Recently, cosmological models with bulk viscosity admitting an inflationary epoch of 

the early universe were taken up in the literature for investigating early universe [69]. In 

fact the effect of bulk viscosity in an expanding universe leads to a reduction in equilibrium 

pressure, which subsequently drives the effective pressure negative. This is important as 

it is the.key condition needed for inflation. Thermodynamic states with negative pressure 

are metastable which are not excluded by laws of nature. In general, these thermody

namical states are connected with phase transitions and for certain physical systems the 

occurrence of negative pressure seems to be inevitable [70]. It is found that the system 

is hydrodynamically unstable for bubbles and cavity formations. Subsequently one may 

end up with spontaneous collapse [71]. It was shown by Whittaker [72] that in a stressed 

self-gravitating fluid described by GTR, the pressure may contribute to the effective grav-
' 

itational mass. In the case of negative contribution its effect is repulsive resulting in an 

accelerating cosmic expansion. Thus cosmic fluid out of thermodynamical equilibrium 

with negative effective pressure provides an alternative mechanism for realizing inflation. 

A major point of interest in the study of bulk viscous universe is to explore an inflationary 

universe in the presence of a sufficiently large bulk viscous pressure. A number of liter

atures in GTR have been reported in which bulk viscosity favours an early inflationary 

universe scenario [69], which arises because of equation of states and transport equation 

used in the model. 

Bulk viscosity has been widely interpreted as a phenomenological description of the 

matter creation process in the cosmic fluid also. The particle creation at the Planck 

era may be studied using bulk viscous stress. This is an interesting connection since 

irreversible processes are believed to have played a fundamental role in the context of 

time asymmetry [71]. The usual thermodynamic arrow of time translated in this context 

in terms of entropy generation due to matter creation could provide a natural explanation 

of the arrow of time in the cosmological domain. The modification of the traditional FRW 

equilibrium equation to include these effects is also important as it helps : (1) to explain 

the observed large entropy of the cosmic background radiation and (ii) to avoid the initial 
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singular state existing in the standard model [72]. In recent years irreversible processes 

have become the subject of study once again in connection with a late accelerating universe 

[73], which will be taken up in the thesis. 

It is also important to look for cosmological models where Einstein's cosmological 

constant A, Newton's gravitational constant G, etc may vary with time. The recent 

type Ia supernovae (SNe) observations [74] and anisotropy measurement of the cosmic 

microwave background radiation (CMBR) including analysis from the WMAP experiment 

[75] that made it clear a cosmological constant A is essential in addition to the GR theory. 

However, a fundamental problem in modern cosmology is that the present observed value 

of the cosmological constant (A) is 10-120 orders of magnitude smaller than the value 

predicted by quantum field theories [76]. A possible explanation for this huge discrepancy 

is based on the idea that vacuum energy density is not constant, but decays as the universe 

expands [77, 78]. The spacetime is considered to be strongly curved at the Planck time. 

As a result one may expect an initial huge value of A (vacuum energy density) of the order 

of 1;2 , where lp = VG is the Planck length. But, as the universe expands, the observed 

cosmological constant. should decay, thereby leading to a small value of A observed 

at present [79]. If vacuum energy density decays with the expansion of the universe, 

one should expect cosmological time variations of masses too. The variation of masses 

is equivalent to variation of the gravitational constant G. The idea of a time varying 

Newton's gravitational coupling constant G(t) was first introduced by Dirac on the basis 

of Large Numbers hypothesis: very large (or small) dimensionless universal constants 

cannot occur in the basic laws of physics. Dirac claims that a coincidence between the 

value of Large Number arising in dimensionless combinations of physical and cosmological 

constants may appear naturally if one of the constants involved is time varying that was 

significant over cosmological time scales [80]. The Brans-Dicke theory of gravitation [81], 

among others [77], supports a variation of G in the EH action. The effect of A(t) and 

G(t) in the a higher derivative theory to construct a viable cosmological model will also 

be taken up here. 
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1.2 Aim of the Work 

The objective of the proposed research work is to study some specific issues relevant 

for the cosmological model building in higher derivative theories of gravity. Such theories 

may be obtained from a gravitational action with a polynomial function in Ricci scalar 

(R) given by the Lagrangian L = L.;>.;Ri, where Einstein action corresponds to the case 

i = 1 only, and i :;::: 2 corresponds to higher derivative theory of gravity. The Einstein 

gravitational action including a Gauss-Bonnet (GB) term is also important for exploring 

the universe as the GB term has rich structure. Cosmological models with imperfect 

fluid and time varying G and A are active fields of research in recent times because of 

the observational facts that the universe is accelerating and the cosmological parameters 

are important to understand the dynamics of the early and late universe. We intend to 

explore cosmological models in the framework of such theories, taking into account the 

recent predictions from cosmological observations. 
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1.3 Summary of the Work 

• In Chapter 1, a review of the cosmological models in the Einstein gravity, Brane-
' 

World including higher derivative gravity and with imperfect fluids are presented. The 

aims and objective of the thesis are also presented in this chapter. 

• In Chapter 2, cosmological models in modified theories of gravity considering a 

Lagrangian density L = f(R) which is a polynomial function of scalar curvature (R) 

in the Einstein-Hilbert action in vacuum are presented. The field equation obtained 

from the modified action corresponding to a Robertson-Walker metric is highly non-linear 

and not simple enough to obtain analytic solution. Consequently we adopt a numerical 

technique to study the evolution of the universe. In this method the dynamical equation 

in cosmology obtained from the modified theory of gravity is converted into an equation 

of deceleration parameter(q) and Hubble parameter (H), which is then taken up to study 

the different phase of evolution of the universe. A number of evolutionary phases of the 

universe including the present accelerating phase are found to exist in the higher derivative 

theories of gravity. The cosmological solutions obtained here are new and interesting. We 

study modified theory of gravity as a toy model to explore the past, the present and 

predict the future evolution. It is found that all the models taken up here can reproduce 

the current accelerating phase of expansion of the universe. The duration of the present 

accelerating phase is found to depend on the coupling constants of the gravitational action. 

The physical importance of the coupling parameters those considered in the action are 

also discussed. 

• In Chapter 3, cosmological models in higher derivative theories of gravity in the 

presence of imperfect fluid and a time varying cosmological constant (A) is presented. 

Both power-law and exponential expansion of the universe are considered separately in the 

frame work of imperfect fluid described by Eckart, subsequent theory known as truncated 

and full Causal theories proposed by Israel and Stewart. The physical and geometrical 

features of the cosmologies in the presence of a time varying A is presented. The interesting 

feature of the models is that these cosmologies admit a late accelerating universe in some 
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specific cases. The evolution of the temperature of the universe in the framework of the 

full causal theory is also determined. 

• In Chapter 4, an isotropic universe described by Robertson Walker metric is con

~idered which is filled with a bulk viscous fluid in a higher derivative theory of gravity 

including a variable gravitational and cosmological constant. Cosmological models with 

power-law and exponential expansions are presented here which are obtained in the pres

ence of imperfect fluid described by full Israel Stewart theory. A class of new and inter

esting cosmological solutions relevant for model building including present accelerating 

phase are noted. In the case of power law, it is found that gravitational constant in

creases with time for a positive cosmological constant whereas it decreases for a negative 

cosmological constant. The evolution of temperature of a viscous universe is also deter

mined, which supports the present CMBR observations from WMAP. We present some 

new cosmological solutions where the universe begins from singularity free state in flat 

model. 

• In Chapter 5, cosmological solutions in a flat Roberstson-Walker metric are presented 

in the framework of a higher derivative theory of gravity, including a R2 terms to the 

Einstein-Hilbert action with variable gravitational and cosmological constants. Both the 

radiation dominated and matter dominated phase of evolution of the universe are studied. 

Some new and interesting cosmological solutions are obtained, which may be important 

in describing late universe. In the presence of R2 term in Einstein Hilbert action some 

new and interesting cosmological solutions are noted. 

• In Chapter 6, an exact cosmological solutions in the Randall- Sundrum type II 

(RS) brane-world model with or without Gauss-Bonnet (GB) terms, in the presence of 

a bulk viscous cosmological fluid is taken up. Cosmological models with power law and 

exponential evolution of the early universe is explored here in the presence of imperfect 

fluid described by truncated and full Causal theories proposed by Israel and Stewart. The 

effect of viscosity increases the rate of expansion of the universe during GB regime. The 

stability of the equilibrium points of the dynamical system associated with the evolution 

of the viscous fluid in the RS Brane in the presence of GB term is also studied. 

• In Chapter 7, concluding remarks and future work is presented. 
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CHAPTER 2 

Accelerating Universe in Modified Theories of 
Gravity 

2.1 Introduction 

During the last couple of years, there is a modest progress in our undrn;tancling of 

the observed universe because of the ad vent of uew cosmological precision tests. capable 

of providing physics at very large redshifts. The luminosity curve of type' Ia supernovae 

[74], the large scale structure [75] and the anisotropy of the cosmic microwaw background 

radiation [82] favor a spatially flat universe. The recent decade is witnessing a paradigm 

shift in cosmology from speculative to experimental science due to a large number of 

observational inputs and its analysis. It has been recently predicted that thC' present 

universe is passing through a phase of the cosmic acceleration. From COBE, it is also 

believed that the universe might have emerged from an inftationary phase in the past. A 

large number of cosmological models were proposed in Einstein ·s gravity including scalar 

field admissible from standard In ode! of Part ide Physics ,,.i th au early i uflat ionar\' sr<'nario 

in the last three decades which work well. However, the recent prediction that the present 

universe is passing through an accelerated phase of expansion is interesting and a proper 

cause is yet to be understood. It. is thought that the cause of the present acc<'leration of 

the universe might be due to dark energy in the universe. However, thC' concC'pt of clark 

energy in the Einstein's graYity with norlllal matter or fields permitted from standard 

model of particle physics cannot be implemented. Consequently it is a challenging job in 

the theoretical physics to frame a satisfactory theory to determine cosmological evolution 

which could address the origin of clark energy fairly well. It is known from the' cosmological 

observations that the dark energy content of the universe is about 70% to that of the 

total energy budget of the umYerse. As meutioued earlier the usual fields available iu 
1 7 l)f:C. 201Z 
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the standard model of the Particle Physics are not enough to account for the huge dark 

energy reservoir in the universe. A modification to the Einstein's field equation either in 

the gravitational or in the matter sector, perhaps is essential to accommodate the present 

cosmological observations. The issue of dark energy in the universe has been taken up in a 

gravitational theory and identified with a suitable cosmological constant [83, 84]. However, 

the vacuum energy density in such a theory remains constant in course of cosmic evolution 

and it is also true that there are known contributions into vacuum energy which are several 

orders of magnitude greater than the allowed cosmological values. These observations led 

us to look for an alternative model or a new physics [85]- [87]. It has been proposed recently 

that gravity itself, if properly modified, could account for the recent cosmic acceleration 

[88, 89]. The standard Einstein's gravity may be modified at low curvature by including 

the terms those are important precisely at low curvature. The simplest possibility is 

to consider a ~-term in the Einstein's-Hilbert action (it may originate from M-theory) 

[90]. Carroll et al. [87] also considered such a theory to derive cosmological models 

for accommodating a late accelerating phase of the universe. Although a theory with 

~-term added to the Einstein's gravity accounts satisfactorily the present acceleration 

of the universe, it is realized that such an inclusion in the Einstein's theory leads to 

instabilities [91]. Subsequently, it has been shown that further addition of an R2
- term 

[92] or ln(R) term [93] to the Einstein's gravitational action lead to an acceptable modified 

theory of gravity which may pass satisfactorily solar system tests, and free from instability 

problem. It is known that a modified gravity with a positive power of the curvature ~calar 

(namely, R2-term) [5], [93]-[95] in the Einstein-Hilbert action admits early inflation. The 

modified gravity with negative powers of the curvature in the Einstein-Hilbert action 

is recently becoming popular as it might effectively behave as a dark mwrgy candidate. 

Consequently the theory might satisfactorily describe the recent cosmic acceleration [88]

[90]. So it is reasonable to explore a theory which could accommodate an inflationary 

scenario of the early universe including an accelerating phase of expansion at late time 

followed by a matter dominated phase. As a result, modified theory of gravity which 

contains both positive and negative powers of the curvature scalar (R) namely, f(R) = 

R + o.Rm + f.n where a and f3 represent coupling constants with arbitrary constants, 
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m and n are considered for exploring a satisfactory cosmological model. It is known 

that the term Rm dominates and it permits power law inflation if 1 < m :::; 2, in the 

large curvature limit. It may be mentioned here that an inflationary scenario driven 

by vacuum trace anomaly which corresponds to m = 2 and fJ = 0 was first obtained 

by Starobinsky [5] for describing early inflation. Recently, in the low curvature limit, a 

number of f(R) models have been proposed in order to accommodate universe with late 

acceleration using a modified gravity namely, f(R) = R- in with n > 0 [87, 90]. In 

the metric approach, it has been shown that the model is not suitable because it does 

not permit a matter dominated era [96]. Recently, it is known that modified gravity 

namely, f(R) = R +aRm is also not cosmologically viable because it does not permit 

a consistent scenario accommodating a matter dominated era at late time. In the above 

theory it is found that instead of matter dominated era, one ends up with a radiation 

era (a(t) ~ ,fi). On the other hand, Rm -model permits matter dominated universe 

(a(t) ~ t213) but it fails to connect to a late accelerating phase. In Ref. [96], it was shown 

that the models of the types where lagrangian density, f(R) = R- in with n > 0 and 

f(R) = a~ with m i' 1 are not viable for a realistic cosmological scenario as they do 

not permit matter epoch even if it accommodate a late accelerating phase [97]. Recently, 

modified gravity with power law in R, i.e., f(R) -gravity is examined and found that 

a large class of models including Rm-model does not permit matter dominated universe 

also. Capozziello et al. [98] criticized the claim made in Ref. [96]. Tsujikawa [99] derived 

observational signature of f(R) dark energy models that satisfy cosmological and local 

gravity constraints fairly well. The modified f(R)-gravity is found to be consistent with 

realistic cosmology in some cases [100]. However, no definite physical criteria is known so 

far which could select a particular kind of theory capable of matching the data at all scales. 

However, modified gravity namely, f(R) ~ eR; or log R may be useful to build a viable 

cosmological model as they permit a matter dominated phase before an accelerating phase 

of expansion. In this ehapter cosmological solutions are obtained in a modified theory of 

gravity described by the non-linear terms in R in the Einstein-Hibert action. Different 

phases of expansion of the universe from early era to the present accelerating phase are 

explored, including prediction of the future evolution in the framework of higher derivative 
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gravity. The corresponding field equation obtained from the above gravitational action is 

a fourth order differential equation of the scale factor (a(t)) of the universe obtained in 

the modified theory of gravity. As the field equation is highly non-linear and not simple 

enough to obtain an analytic solution we adopt here a numerical technique to solve it. 

The approach here is similar to that adopted earlier in Ref. [101] which was recently 

employed in Ref. [102]. In this approach the field equations are first expressed in terms 

of two functions namely, deceleration parameter (q) and Hubble parameter (H) and its 

derivatives, respectively, which are then solved numerically. 

The chapter is organized as follows: in sec. 2.2, the relevant field equations in the modified 

theory of gravity are obtained, in sec. 2.3, the field equation is converted in terms of q 

and H and cosmological evolutions are predicted in different models depending upon the 

coupling parameters of the action adopting numerical technique. Finally in sec. 2.4, the 

results are summarized. 

2.2 The Field Equations in Modified Gravity 

Let us consider a gravitational action with non-linear terms in the scalar curvature 

(R), which is given by 

(2.1) 

where 81rG = c = 1, g is the determinant of the four dimensional metric and R is the 

scalar curvature. Here f(R) is a function of R and its higher power and Lm represents 

the matter lagrangian. Variation of the action (2.1) with respect to the metric yields 

(2.2) 

where T(:t represents the contribution from matter fields scaled by a factor of f'tR) and 

T~v denotes the contribution that originates from the curvature to the effective stress 

energy tensor. The energy momentum tensor ~~v is given by 
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where () represents the derivative with respect to the Ricci scalar (R). The role of the 

geometry alone in driving cosmological evolution is considered here, so we set Lm = 0 

which leads to T/:[, = 0. This will be used in the subsequent sections. 

We consider an isotropic universe given by Robertson-Walker space-time 

(2.4) 

where a(t) is the scale-factor of the universe, the curvature constant k = + 1, 0, -1 

corresponds to closed, flat and open universe respectively. The scalar curvature is given 

by 

(2.5) 

where H = (~) is the Hubble parameter. For simplicity we consider here a flat Robertson

Walker spacetime and set k = 0. Using the metric (2.4) in the field eqs. (2.2) (see also 

Ref. [101]) we obtain the following equation : 

a2 
1 [ 1 , a . , J 

3 a2 = J'(R) 2,(f(R)- RJ (R))- 3-;_Rf (R) , (2.6) 

(2.7) 

where an overdot indicates derivative with respect to the cosmic time t. The Ricci scalar 

(R) involves second order time derivative of the scale factor (a(t)). As the eq. (2.7) 

contains R terms, consequently it is a system of fourth order differential equations of scale 

factor (a(t)). In the next sections we consider theories of gravity described by f(R) of the 

forms: (I) f(R) = R+aR2 - ~,(II) f(R) = R+b ln(R) and (III) J(R) = R+m el-nRJ 

to explore cosmic evolution. In the above, J.l , a , b , m and n are constants and J.l has a 

dimension of R~ [65] i.e. that of (time)-1, a has a dimension of R-1 i.e. (time)2 . 

2.3 Cosmological Solutions in Modified Gravities 

Using eqs. (2.6) and (2. 7) we obtain 

if= 2~, [(HR-k)/'-R2
/"], (2.8) 

where H = (~) is the Hubble parameter. As both R and H are functions of a(t) and 

its derivatives, eq. (2.8) is highly non-linear and a differential equation of fourth order 
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in scale factor (a(t)) results. The field eq. (2.8) is highly non-linear and it is not simple 

to determine solution of the scale-factor of the universe in terms of known functions. A 

numerical technique is adopted here to explore viable cosmological solutions. A class of 

cosmological models based on different parameters of the modified gravitational action 

are permitted which will be discussed in the next section. Considering three different 

forms of f(R) in the next sections to study cosmological evolution of the early, late and 

future evolution of the universe. 

2.3.1 Case I f(R) = R + aR2
- ~ 

In this case we consider modified gravitational action where f(R) is given by 
4 

f(R) = R + aR2 
- ~. 

The corresponding field eq. (2.8) now can be expressed as 

. 1 [ 11
4 (k HR R2

) . .. ] H= - ----3- +a(HR-R) . 
1 + 2aR + ~ R2 R R R2 

(2.9) 

(2.10) 

The above equation is highly non-linear; however, it is possible to obtain asymptotic 

solutions corresponding to different epoch which accommodates 

(i) an exponential expansion a(t) ~ eH.t is permitted when q = -1 in the early era, 

(ii) an accelerating universe with a(t) ~ t2 at a later epoch admitting q = -~. 

The variation of q with the exponent D related to the evolution of the scale factor (a(t) ~ 

tD) is plotted in fig. (2.1). In fig. (2.2) a variation of Hubble parameter (H) with time 

for different Dis plotted. The deceleration parameter (q) is defined as 

iia H 
q = - a2 = - H2 - 1. (2.11) 

Since,' q is a function of H and its derivative, we can re-write the eq. (2.10) in terms of 

a second order differential equation in q and H to begin with. Since q contains terms 

with ii, it is possible to replace terms with fourth order derivative of the scale factor in 

eq. (2.10) by ij[H]. The functions q and H are, however, not independent. The time 

derivatives in the above equations may now be replaced by the derivatives with respect 

to H using eq. (2.11). The following non-linear differential equation is obtained 

q" +u(q,H)q'2 +v(q,H)q' +w(q,H) = 0 
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Figure 2.1: shows the plot of q vs D, where the dashing line is for exponential expansion. 
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Figure 2.2: shows plot of H vs t for different value of D. 
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with 

u(q, H)= 
(2q + 4)114 + 216a( q - 1 )4 H 6 

(q2 - 1)[114 - 216a(q- 1)3 H6]' 

v(q, H) = (4q + 7)114 + 216a(8q + 5)(q- 1)3 H 6 

(q + 1)H[114 - 216a(q- 1)3H6] 

w( H) = (q- 1)[3114 (2q + 1) + 1296a(q + 1)(q- 1)3 H 6
- 36(q- 1)2 H 4

] 

q, (q + 1)H2 [114 - 216a(q- 1)3 HBJ ' 

where the prime indicates a differentiation with respect to H and the functions u, v and w 

depend on the parameters a and 114
• The above equation, although highly nonlinear, is a 

second order differential equation in q. Here both q and H are time dependent and cannot 

be solved exactly to obtain a known functional form. In this case the field equation are 

solved numerically following the approach adopted in Ref. [101, 102]. As -k is a measure 

of the age of the universe and His a monotonically decreasing function of the cosmic time, 

eq. (2.12) may be used to study qualitatively the evolution of the universe in terms of q. 

Since eq. (2.12) is a second order differential equation, to solve it numerically two initial 

values (here, q[H] and q'[H]), for a given value of Hare assumed. Here, Ho represent the 

present value of H, is considered unity and pick up sets of values of q and q' for H = 1 

(i.e. the present values) from the observationally consistent region [84, 103]. Variation of 

q with H is plotted for different configuration of the system. As the inverse of H gives an 

estimate for the cosmic age, future evolution is understood from the region H < 1 and 

the past from H > 1 in the ( q-H) phase plane. Since the present universe is accelerating, 

we use a negative q at the present epoch, H = H0 = 1 and the universe is consider to 

enter into this q negative phase (i,e, acceleration) of expansion, only in the recent past. 

The model may be useful to predict satisfactory the future course of the evolution of the 

universe. From the graphical plot of q vs H, the following points are noted: 

(i) The variation of q with H is shown in fig. (2.3) for a given value of a, 11, q[1] and 

q'[1] . In the fig. (2.3), H is plotted along the horizontal axis which implies that the 

time increases from right to left along the horizontal H axis. The upper half of the axis 

represents decelerating phase as q > 0 and the lower half represents the accelerating 

phase as q < 0 of the universe. It is evident that the universe entered into the present 

accelerating phase in the recent past, and the rate of acceleration will increase further 
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Figure 2.3: shows the plot q vs H for J.L4 = 12 and a = 2 . Here we choose the initial 
conditions as q[1] = -0.5, q'[1] = 1.655. 

to attains a maximum, thereafter it decreases. We note a diminishing tendency of the 

cosmic acceleration leading to an epoch when the universe expands without acceleration 

(which is transient and occurs at H = 0.375) followed by another phase of expansion. In 

this case, there exists another phase of expansion leading to accelerating universe once 

again. The universe transits from deceleration to acceleration phase at H = 1.36. We 

note that, in this case, the universe remains in the accelerating phase once it transits from 

decelerating phase. 

(ii) the variation of q with His shown in fig. (2.4) for different initial values of q'[1]. It is 

evident that the universe entered into the accelerating phase in the recent past followed 

by another phase of deceleration. The duration for which the universe transits from the 

present accelerating phase depends on the initial values of q'[1] and the duration increases 

with increasing initial values of q'[1]. We note the following: (a) for q'[1] = 1 the universe 

transits from deceleration to acceleration at H = 1.43 and acceleration to deceleration at 

H = 0.587; (b) as initial values of q' is increased, the critical point shifts toward the left, 

i.e. it occurs at a later epoch. 

(iii) In fig. (2.5) q Vs. His plotted for different values of a. The figure shows dependence 

of the evolution of the universe on the coupling parameter (a). It is evident that there 

might be another sign change of q in the near future. It is also evident that the universe 
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Figure 2.4: shows the plot of q vs H for different value of initial conditions q'[1] with 
q[1] = -0.5, p4 = 12 and a= 2. 

transits from decelerated phase to accelerated phase only in the recent past. The universe 

may transit once again to a decelerating phase followed by another accelerating phase 

if a > 0.815 otherwise it will be always in the accelerating phase. However, the rate 

of acceleration depends on the coupling constant a. It is evident that as the values of 

a is increased the corresponding duration of the present accelerating phase diminishes, 

however, the late decelerating phase in future enhances. The universe in the remote future 

once again might enter into an accelerating phase as there will be one more sign flip in q. 

The plot for q vs H with a = 0.815 is interesting as it decides whether the universe will 

transit to another phase of acceleration or not. 

(iv) The variation of _q with H for different values of coupling constant p 4 is shown 

in fig. (2.6). It is evident that if the inverse Ricci scalar term in the action is absent, 

then it permits a universe which transits from a decelerating phase to an accelerating 

phase in the recent past (H = 1.4), allowing a further sign flip in q leading to a smooth 

transition from an accelerating to decelerating phase only. However, for p4 # 0, an 

interesting evolutionary behaviour of the universe with three sign flips of q leading to 

a universe accommodating a transition from accelerating to decelerating phase followed 

by another phase transition from decelerating to accelerating phase and subsequently 

in future transition from deceleration to acceleration phase may result. However, the 
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Figure 2.5: shows the plot of q vs H for different value of a (a represents a) with p4 = 12, 
q[1] = -0.5, q'[1] = 1.2. 

rate of acceleration changes with Jl.· As p4 increases, the period for the transition from 

deceleration to another acceleration phase in recent future i~ found to decrease and finally 

it vanishes at p4 = 26.46. 

Special Case : As a special case, we set a = 0 and the Lagrangian polynomial becomes 

i.e., f(R) = R- ~- Equation (2.12) now take~ the form of a ~econd order differential 

equation given by 

11 2q + 4 12 
q - 2 1 q q -

(4q+7) ,_3(q-1)(2q+1) 36(q-1)3H 2 _
0 (q + 1)H q (q + 1)H2 + p4(q + 1) - . 

(2.13) 

It may be mention here that similar case was considered by Das et al. [101]. Comparing 

the equation obtained by Das et al. at eq. (12) in Ref. [101] that with eq. (2.13) we 

note that some of the terms are missing as a result it leads to an incomplete conclusion. 

In this case q vs H curve is plotted in fig. (2. 7) consequently a number of new phases of 

expansion is permitted differing significantly. The universe in the past may have started 

from a constant decelerating phase which then transits to an accelerating phase, thereafter 

once again because of sign flip in q, the universe may transit to a decelerating phase. 

For p4 = 0.01, it is evident that the universe follows a constant decelerating phase and 

thereafter one sign flip in q is found. As p4 is increased the corresponding duration of the 

present accelerating phase is found to increase. For a small value of p, the accelerating 

phase is found to be diminish. However, there exists another epoch where q = 1 is attained 
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Figure 2.6: shows the plot of q vs H for different value of J1. (m represents Jl.) with a= 2, 
q[1] = -0.5 and q'[1] = 1.2. 

before and after the present phase of acceleration. In all the cases the universe will end 

up with an accelerating phase having q = -0.5. As J1.4 increases, the time at which the 

universe enters for a transition from deceleration to acceleration phase advances and that 

from acceleration to deceleration found to occur at a later time. In this case the universe 

once again transits from deceleration to acceleration and this will occur at an earlier epoch 

as J1.4 is increased. 

2.3.2 Case I I f(R) = R + b ln(R) 

In this case we consider higher derivative theory much discussed in recent times which 

has the form namely, f(R) = R + b ln(R), to look for a physically relevant cosmological 

model. The field eq. (2.8) i~ then transformed into a second order differential equation in 

q, which is given by 

11 Q + 3 t2 3 1 2( Q - 1? [6 1 ] 
q - q2 - 1 q - (q + l)H q + (q + 1) b- H 2 = O. (2.14) 

The above equation is highly nonlinear, consequently we adopt a numerical technique to 

study the evolution of the universe as was done in Case I. Here we look for the evolution 

for different values of the coupling parameter bin the action. The curves in fig. (2.8) are 

plotted for different coupling constants b which are new and interesting from cosmological 
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Figure 2.7: shows the plot of q vs H for different value of J.L4 (m represents J.L). Here we 
choose the initial conditions as q[l] = -0.5, q'[l] = 1.2. 

point of view. We note that the universe transits from decelerating phase to an acceler

ating phase in the recent past which thereafter might enter into decelerating phase once 

again in future. For b < 0 the duration for accelerating phase is found to shorten than 

that for b > 0. However, for b positive the duration of the accelerating phase is found to 

lengthen if b is smaller. In the case of a negative b, the universe is found to land up at 

a maximum possible acceleration at the present epoch, thereafter the rate of acceleration 

diminishes . Consequently the universe may transit to decelerating phase once again. For 

b > 0, it is evident from the plot that the rate of expansion of the universe will attain a 

maximum in near future. 

2.3.3 Case I I I f(R) = R + m el-nRI 

In this case we consider gravitational action given by f(R) = R + m el-nRI [104]. 

Consequently, using eq. (2.8), we obtain the following second order differential equation 

in deceleration parameter and Hubble parameter: 

, 1- 6n(q + 1)H2 
12 8q + 5- 24n(q2

- 1)H2 
1 

q- q+1 q + (q+1)H q+ 

2(q- 1)(3q + 4) - 24n( - 1)2- 1 [enR- n m] = 0. 
(q + 1)H2 q 3n2m(q + l)H4 

(2.15) 
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Figure 2.8: shows the plot of q vs H for different value of b with q[l]=-0.5, q'[l]=l. 

The eq. (2.15) is highly non-linear, we adopt numerical technique to solve it as was done 

in earlier sections. We study qualitatively the evolution of the universe as follows: 

(i) The variation of q with H for different values of n, a parameter in j(R), is plotted in 

the fig. (2.9). It is evident that the epoch of transition of the universe from a decelerating 

to an accelerating phase depends on n. As n decreases, the time at which universe transits 

from decelerating to accelerating phase advances near to the present epoch. It is found 

that the duration of the present accelerating phase decreases with a decrease in n. When 

n is increased duration between two consecutive deceleration phases is found to increase. 

(ii) The variation of q with H for different values of m, a parameter in j(R), is plotted 

in fig. (2.10). It is evident from the plot that the universe at the present epoch entered 

from a decelerating to accelerating phase and subsequently the universe may switch over 

to decelerating phase once again in future. The smaller values of m leads to a shorter 

duration for the present accelerating phase. 

From (q- H) curve as drawn in fig. (2.4), we obtain sufficient data set from the 

numerical plot using MATHEMATICA [105]. Those numerical values may be used to 

find an analytic mathematical structure for q and H which can be determined using a 

polynomial function given by q = E~a;Hi. Using the polynomial relation we determine the 

mathematical function for q(H) corresponding to fig. (2.4) with initial value q'[l] = 1.2. 

The corresponding approximate analytic function may be expressed as 
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Figure 2.9: shows the plot of q vs H for different value of n with q[l]=-0.5, q'[l]=l and 
m=4. 
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Figure 2.10: shows the plot of q vs H for different value of m with q[l]=-0.5, q'[l]=l and 
n = 0.1. 
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Figure 2.11: shows the dashed curve from the polynomial expression and the solid curve 
from fig. (2.4) with q'[l] = 1.2. 

q[H] = 45.06381 - 515.24544H + 2478.58763H2 
- 6555.42602H3 + 10556.26293H4 

-10835.40545H5 + 7153.27419H6
- 2949.71637H7 + 693.08477H8 -70.97952H9. (2.16) 

Thus an approximation solution for q is shown in eq. (2.16). We compare the curves 

obtained numerically with that corresponding to the curve fitted to an analytic function 

given in eq. (2.16). The two curves are shown in fig. (2.11) which is found exactly 

superimposed. This comparison holds good only when H is reasonably close to one. Thus 

in this section an outline is given to determine the approximate relation between q and 

H, which may be employed for determining solution for q for other curves also. 

2.4 Discussion 

In this chapter cosmological solutions are obtained in higher derivative theories of 

gravity without a cosmological constant. Three types of polynomial in scalar curvature 

(R) are taken up as toy models to study evolution of the universe. A number of phases of 

expansion in higher derivative theories of gravity without matter are obtained which are 

new and interesting for cosmological model building. As the field equations obtained from 

the gravitational action are highly non-linear it is not simple to obtain analytic solution 

in a closed form. Therefore a technique is adopted to solve numerically to understand 
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the present and future evolution of the universe here. For this purpose the relevant field 

equations corresponding to each modified gravitational theory taken up here are rewrit

ten in terms of two parameters namely, (i) Hubble parameter (H) and (ii) deceleration 

parameter (q) and its derivatives. The corresponding field equation in q is a second order 

differential equation which can be solved for initial conditions on q' and q. The variation of 

q and H are plotted for different values of the coupling constants of the higher derivative 

gravitational actions namely, (I) a, J.l; (II) b; and (III) m and n, which are taken up in Sec. 

2.3.1, 2.3.2 and 2.3.3 respectively to investigate present and future evolution of the uni

verse. It is found that all the modified theories of gravity permit a cosmological scenario 

accommodating the present accelerating phase which is followed by a decelerating phase. 

The decelerating phase is important for matter creation in the universe as we know matter 

dominated / radiation dominated universe corresponds to a decelerating phase. The plot 

of q vs H shows that the universe might once again transit from the accelerating phase 

to another decelerating phase. The duration of the present accelerating phase is found 

to depend on coupling parameters in the gravitational action. In figs. (2.4)-(2.10), it is 

evident that the present accelerating phase of the universe might end and subsequently it 

will transit to a decelerating phase in future. In figs. (2.5)-(2.7) a number of evolutionary 

phases are noted with remarkable features. The plot shows that the universe transits from 

the present accelerating phase to a decelerating phase and then the decelerating phase end 

up leading to a change in evolution admitting another accelerating phase which finally 

ends up at q = -1/2. It is evident in f(R) = R + aR2
- ~, theory for different a, Jt 

values. In figs. (2.3), (2.5) and (2.6), it is evident that the present rate of acceleration 

of the universe decreases, which finally reach attains vanishing value, where the universe 

grows linearly with time as a(t) ~ t for a suffieient period. Thereafter the universe once 

again may transit to an accelerating phase will an increasing rate of expansion. 
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CHAPTER 3 

Viscous Cosmologies with Variable i\ in Higher 
Derivative Gravity 

3.1 Introduction 

The observed supernovae light curve data to Wilkinson Microwave Anisotropy Probe 

(WMAP) data (75] indicate that the present universe is passing through an accelerating 

phase. It is also known that the universe might have emerged to the present state from an 

inflationary phase in the past. It is known that inflation in the early universe is permitted 

with a cosmological constant. To accommodate the present accelerating phase of the 

universe one needs either to modify the Einstein's general theory of relativity (GR) or 

to include a time varying cosmological constant. It is also known that an accelerating 

universe may be obtained assuming exotic kind of fields in the gravitational theory. Such 

fields are not the normal fields available in the standard model of particle physics. To 

understand perhaps a new physics may permit exotic field which yet to come up. One of 

the attempts to modify GR is based on adding curvature squared terms in the Einstein

Hilbert action, which is known as generalized theory of gravity. Considerable work have 

been reported in the last decades in the framework of generalized theory of gravity which 

permits inflation to obtain early universe. Starobinsky (5] shown that higher order theories 

of gravity admits inflation, which was proposed before the seminal work of Guth. However, 

the efficacy of the theory is known only after the work of Guth [1], where a temperature 

dependent phase transition mechanism was used to realized inflation. Inflationary scenario 

of the early universe is attractive as it can solve some of the outstanding problems not 

understood both in particle physics and cosmology (93],(106]. It may be mentioned here 

that higher order theories of gravity have a number of good features. It is also known that 

with suitable counter terms viz., C 1wpJC1wp/;, R2
, and cosmological constant (A) added 
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to the Einstein action, one gets a perturbation theory which is well behaved, formally 

renormalizable and asymptotically free [107]. 

In the literature [108] cosmological models with perfect fluid as a source of matter in 

the context of higher derivative theories are considered. It is also known that a higher 

derivative theory without matter admitting inflation / de Sitter solution is unstable [109, 

110]. Although matter distribution in the observed universe is satisfactorily described by 

perfect fluid, a number of processes might have oeeurred in the early universe leading 

to viscosity. In the early universe, viscosity may arise due to many processes, e.g. the 

decoupling of neutrinos during the radiation era, the decoupling of matter from radiation 

during the recombination era, creation of superstrings during the quantum era, particle 

collisions involving gravitons, cosmological quantum particle creation, as well as during 

the formation of galaxies [18]. Therefore, it is important to consider dissipative processes 

and to study the role of these processes in the evolution of the universe. The effect of 

dissipative process in the matter distribution corresponds to deviation from perfect fluid 

distribution which is known as imperfect fluid. Cosmological models with imperfect fluid 

in the frame work of higher derivative theories of gravity are also studied [111] to explore 

early inflation. To accommodate the present cosmic acceleration a number of literature 

[112] appeared considering a modification to the Einstein-Hilbert action including a theory 

with a variable cosmological constant (A). The cosmological constant term A. which was 

originally introduced by Einstein to obtain a static model of the universe, once again 

has been considered by physicists in order to explain the observed universe motivated by 

recent observational predictions. The cosmological constant problem provoked a great 

interest in a variable A as it may be used to resolve many outstanding problems in a 

natural way. Recent applications of the apparent magnitude-redshift test, based on type 

Ia supernovae [113], strongly favours a significant and positive A term. Further, the age 

issue, structure formation, baryon excess is clusters, high redshift supernovae, and the 

cosmic microwave background are also in favor of a positive cosmological constant. 

It is known that a dynamical cosmological constant in a gravitational theory permits an 

accelerating universe. A number of ansatze have been proposed for a dynamical A, which 

decays with time [114]. Berman and Som [115] pointed out that the relation A~ r 2 seems 
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to play a major role in cosmology. To obtain a small value for the cosmological constant 

at the present epoch, a variable A coupled with Hubble parameter as A = m H 2 + n if, 

where m and n are dimensionless constant, have also been considered in recent times. 

Cosmological models with viscosity in addition to a dynamical cosmological constant 

have been studied in GR [116]. In this chapter a higher order theory of gravity is taken 

up including a time varying cosmological parameter and viscosity, to explore the evolution 

of the universe. The objective of the work is to explore the effects of hi~lwr order terms in 

the evolution of the universe. We consider Eckart, truncated and full causal theories for 

describing the imperfect fluid to obtain cosmological solutions. Eckart theory [66] is the 

first theory in viscosity which is considered to describe viscous cosmology. But it is found 

that the theory suffers from serious shortcoming, viz., causality and stability [117]. It is 

now known that the problems may be resolved by including higher order deviation terms 

in the transport equation [118]. Israel and Stewart [67], and Pavon [68] developed a fully 

relativistic formulation of the theory taking into account second order deviation terms in 

the theory, which is termed extended irreversible thermodynamics (in short, EIT). Using 

the transport equation obtained from EfT, cosmological solutions have been obtained in 

Einstein gravity [19]. It may be pointed out here that the actual behavior of the various 

thermodynamic parameters in the theory is not fully realized as the number of unknowns 

is more than the number of field equations. A source of viscosity at the present time 

which gives rise to the observed acceleration could be the presence of dark matter [119] 

or a cosmic antifriction force giving rise to an effective negative pressure [120]. 

The chapter is organized as: in Sec. 3.2, the relevant field equations in the higher 

derivative theory is set up ; in Sec. 3.3, cosmological solutions are obtained with im

perfect fluid described by Eckart, truncated Israel-Stewart (TIS) and full Israel-Stewart 

(FIS), respectively. Finally, in Sec. 3.4, a summary of the result is given. 
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3.2 The Field Equations in Higher Derivative Gravity 

Let us consider a gravitational action which is given by 

(3.1) 

where f(R) is a polynomial function of scalar curvature (R) and its higher power including 

a cosmological constant, g is the determinant of the four dimensional metric and Lm 

represents the matter Lagrangian, choosing a unit with 81rG = c = 1. 

Variation of the action (3.1) with respect to g"v yields 

JR(R) R,v- ~ J(R) gi'V + JRR(R) ("'V,'VvR- g,v\11'\lvRgp.v)+ 

fRRR(R) ('V ,R'VvR- 'Vu R'V uR g,w) =- T,v (3.2) 

where 'V" is covariant differential operator, !R(R) represents the derivative of f(R) with 

respect to R and T,v is the energy momentum tensor for matter determined by matter 

Lagrangian Lm . In a flat Robertson-Walker metric given by eq. (2.4) the eq. (3.2) and 

its trace can be written as 

R!R(R)- 2/(R) + 3/RR(R) ( R + 3~R) + 3/RRR(R)R + T = 0, (3.3) 

1 a . 
fR(R) Roo+ 2J(R)- 3fRR(R)aR +Too= 0. (3.4) 

Now we consider a higher derivative theory of gravity described by f ( R) = R +aR2
- 2A ( t). 

Using eq. (2.5) in eqs. (3.3) and (3.4), we get 

H 2 - 6a [2Hii- iJ2 + 6HH2] = ~ + A(t) 
3 3 ' 

(3.5) 

the conservation equation is given by 

/J+3(p+p)H=-A, (3.6) 

where p is the energy density and p is the pressure of the perfect fluid. It may be pointed 

out here that eqs. (3.5) and (3.6) are the set of equations used to study cosmological 

models with a perfect fluid using a time varying A. Now the effect of vi~cosity, is to 

37 



be included for which the perfect fluid pressure in eq. (3.6) is replaced by an effective 

pressure PeJJ, which is given by 

PeJJ =p+IT, (3.7) 

where IT is the bulk viscous stress. In EfT, the transport equation for IT is given by 

IT+TIT=-3(H--TIT 3H+~----• E [ 7 ( T] 
2 T ( T 

(3.8) 

where ( is the coefficient of bulk viscosity, T is the relaxation coefficient for transient bulk 

viscous effects and T is the absolute temperature of the universe. The parameter E takes 

the value 0 or 1, the former represents the truncated Israel-Stewart causal theory and the 

latter represents full causal theory. One recovers the non-causal Eckart theory for T = 0. 

Incorporating viscosity the conservation eq. (3.6) can be written as : 

p+3(p+p+IT)H =-A. (3.9) 

For a constant A and IT = 0, eq. (3.9) leads to a continuity equation that corresponds to a 

perfect fluid. The above equation shows that, in order to satisfy the energy conservation, 

a decaying vacuum term and viscosity necessarily lead to matter production. We consider 

an equation of state for the isotropic fluid, which is given by 

p = ('y-1)p (3.10) 

where 7 (1 ~ 7 ~ 2) is a constant. Equation (3.9) is employed to determine the bulk 

viscous stress. 

3.3 Cosmological Solutions in the presence of Viscosity 

The system of eqs. (3.5) and (3.8)-(3.10) is employed to obtain cosmological solutions. 

The system of equations is not closed as it has seven unknowns p, 7, T, (, A, a(t), T 

to be determined from the equations. We assume the following widely accepted ad hoc 

relations: 

( = {'Jp•, T = {'Jps-1 (3.11) 

where ( ?: 0, T ?: 0 , (3 ?: 0 and s ?: 0. We assume further a dynamical cosmological 

constant given by A = mH2 + nil where m and n are dimensionless constants to solve 
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the equations. We determine time variation of A in the next sections, admitting a viable 

cosmological scenario. 

3.3.1 Eckart theory (r = 0) 

In this case, the transport eq. (3.8) reduces to 

II= -3 (H. (3.12) 

We now use eq. (3.12) to obtain cosmological solutions from eqs. (3.5), (3.9) and (3.10). 

For simplicity we first consider power-law expansion. 

1. Power-law model: We choose a power-law expansion of the universe, 

(3.13) 

where a0 and D are constants which are to be determined from the field equations. The 

energy density is given by 

t-2 + t-4 P = P01 Po2 (3.14) 

where p 01 = ((3- m)D+n)D and po2 = 54aD2(2D -1). The coefficient of bulk viscosity 

is determined from eq. (3.12), which is 

where (01 = l(n'Y- 2 + D/'(3- m)) and Co2= 6a(2D- 1)(3/'D- 4). 

We note the following: 

(i) D = ~, the bulk viscous coefficient and the cosmological constant become 

,.. = (31'- 4- AoJ') 
~ 6t , 

(3.15) 

(3.16) 

where ,\0 = m-:;2n. A viscous universe evolves as a(t) ~ Vi when 1 :'0 ')' :'0 2 with 

-1 :'0 (m- 2n) :'0 1. However, a universe with both radiation and viscosity admits the 

solution for m < 2n. 

(ii) D = 3~, the bulk viscous coefficient and the cosmological constant are 

,.. = ~ [2 3Ao')'
2

] 
~ 3t + 4 , (3.17) 
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where >. = 4
(
4m-a,n) . In this case the following point are noted : 0 9-)·2 

• for stiff fluid 1 = 2, m ::; an;a yielding a(t) ~ t 213 , 

• for radiation 1 = ~' m ::; n + ~ yielding a(t) ~ t admitting expansion faster than the 

usual expansion in GR, 

• for matter dominated epoch 1 = 1 and in the presence of viscosity, the scale factor of the 

universe evolves as a(t) ~ ti with m ::; 6~3n which admits an accelerating universe. The 

latter solution obtained in the case of a matter dominated universe is new, and interesting 

as it accommodates present accelerating phase of the universe. 

(iii) D = :;:=-~· the bulk viscous coefficient and the cosmological constant evolve as 

( = 6a(m- 2n + 1)(4m- 3n- 6) 
(3- m)2 t3 ' 

A= (2- n)(2m- 3n) 
(3- m)2t2 

(3.18) 

n-2 
during matter domination stage. The scale factor of the universe evolves as a(t) ~ tm-a, 

which admits an accelerating universe if m-n < 1, with a positive a. It may be mentioned 

here that cosmological solution with positive cosmological constant may be obtained for 

n > 2. 

(iv) The forms of A in eqs. (3.16)-(3.18) are compatible with the Landau-Lifshitz theory 

of non equilibrium fluctuations and hence with cosmic observations [68]. In addition, as 

pointed out in the introduction, such a variation is required to solve the cosmological 

constant problem. 

2. Exponential model : The field eqs (3.5), (3.9), (3.10) and (3.12) now admit an 

exponential solution where Hubble parameter satisfies a first order differential equation 

given by 

iJ = _1_H- ~H2. 
v'fu 2 

(3.19) 

On integrating eq. (3.19), which is given by 
2 

a(t)± = [at± a2 eCf.al' (3.20) 

The solution has a number of good features. It may be employed to construct an emergent 

universe scenario from a static state. Near t ~ 0 the universe is matter dominated, which 

thereafter leads to an accelerated phase. It has no singularity for a+ and the universe 

originated from a static state in the past. 
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3.3.2 Truncated Israel-Stewart theory (€ = 0) 

In this case, the transport eq. (3.8} becomes 

IT+ riT = -3(H. (3.21} 

1. Power- law model: We consider a power law model given by eq. (3.13}, i.e., 

a = a0 tD. In this case the energy density and bulk viscous stress become 

(3.22} 

where Pt = 3-~+2n and Ilt = 4-3o-+~(m-2n) with D = ~- We note that the cosmological 

constant takes the form A= 'f~, where .X0 = (m- 2n}. Using the eqs. (3.11} and (3.22} 

in the eq. (3.21}, one obtains 

(3.23} 

h A _ 4-(3-.\oh A _ (3-.\o}(s-t) (4"1(3-.\o)-7-3.\o) I" w ere t - 4 , 2- 4 8 '· 

We note the following: 

(i) If s ol ~ both At and A2 are zero. A2 = 0 leads to /3 = 0, no viscosity and At = 0 

yields, 1 = 3!:.0
, with 1 :2': Ao :2': -1 since 2 :2': 1 > 1. We note that value of the constant 

(.Xo) may pick up 1, 0, -1, for stiff fluid (I= 2}, radiation (I = V and matter (I= 1} 

dominated era respectively. 

(ii} If s =~we get At+ A2 = 0 which yields /3 = <~:;.~~0-~~q~. We note the following 

bounds on Ao that determines the cosmological constant: 

(a) stiff fluid, one requires ii ::; .X0 ::; 3 (b) radiation, one requires ~; ::; .X0 ::; 3. (c) 

matter, one requires ¥ ::; Ao ::; 3. However, in the absence of cosmological constant we 

get /3 = ~~~'-;4) i.e. the power-law solutions are physically relevant for ~ < 1 ::; 2. 

However for D i' ~, it is not simple to find analytic solutions. So, we adopt a numerical 

technique to study cosmological dynamics. For simplicity, we choose s = 1. The decelera

tion parameter q is given by q = - J:, -1 which is used to derive the following differential 

equation from the field equation : 

, 4q' q" q'
3 

[14(q + 1}H- Ct] , [22(q + 1}H- Ct] ,2 
q+q+1+(q+1)2+ (q+1}H2 q+ (q+1)2H2 q 
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[
58(q+ 1)2H2 -8c1 (q+ 1)H -15(q+ 1)H2 +c2] , 

+ (q+1)2H4 q 

[
6(4q- 1) _ 6c1 2cz(q + 1)2 H + c4(q + 1) + c3 (q + 1)2 H2 + c5 ] _ 

H3 H4 + (q+ 1)3H6 -0, (3.24) 

where the co-efficients are 

Ct = (3H + ~ + 3'"(H), 

c = (9-vH2 _ _1._ + 2!1:. + 3H _ 3H(3/3H--,)) 
2 I 6o12o{J f3' 

c3 = (~ + 3(3132~--,) + 18'"(H), 

c = (-1- +-,(3-m) H + (....!!... + 9H2)3/3H-1·) 4 6o/3 6o 12o {3 ' 

_ (3/3H--,)(3-m) 
Cs - 12o.B ' 

a prime represents the derivative with respect to the Hubble parameter H. Numerical 

solutions may be obtained choosing three initial conditions for q, q' and q" for a given 

H as it is a differential equation of third order. We choose units so that H0 , the present 

value of H, is unity and picks up the set of values for q, q' and q" for H = 1 (i.e., the 

present value) from observationally consistent region [103] and study variation of q with 

H by plotting them numerically [101, 105]. As the inverse of H has the dimension of 

time, it gives an estimation for the cosmic age, future is given by H < 1 and the past 

by H > 1. One obtains desired feature of a negative q which describes an accelerating 

universe at H = 1 and found that it attains the negative phase only in the recent past. 

Furthermore, in the near future, q may pass through another sign flip in the opposite 

direction, forcing to enter into a decelerated phase in the future once again. In the next 

section some special cases are considered to understand cosmological evolution. 

Special Cases : 

(i) Case I: For different values of q"[1], the variation of q versus H with one set of other 

conditions is shown in fig. (3.1). The plot shows how the nature of the curve depends on 

the initial conditions and that there will be a phase change of q, in the near future leading 

to a decelerated phase. For a high value of q" [1], the deceleration attained in the past 

was higher and the accelerating phase is shorter. For q" [1] = 1.3, we get three phases of 

sign flips. In the past it happened twice and in future there may be another sign change 

for q. The first cosmic acceleration may be interpreted as the early inflation followed 

by a deceleration phase where radiation or matter dominated universe results and at the 
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Figure 3.1: shows the plot of q vs H for different values of q" (1), we choose the initial 
conditions q' (1) = qt(1) = 1, q(1) = -0.5, f3 = 1, n = -2 , m = 2, 'Y = 1 and o: = ~-

present moment, we obtain acceleration once again. This picture of the evolution of the 

universe is very interesting and now supported by experiment. 

(ii) Case II : The variation of q with H for different value of"/, i.e. the equation of state, 

is shown in fig. ( 3. 2). The plot shows that the deceleration in the past was higher for 

larger value of 'Y (i.e., EOS parameter). 

(iii) Case III : The variation of q with H for different values of the coupling constant o: 

is shown in fig. (3.3). The fig. (3.3) shows that the rate of deceleration in the past was 

higher for larger values of o:. 

(iv) Case IV :The variation of q with H for different values of f3 is shown in_ fig. (3.4). 

The plot shows that if f3 is taken small, say f3 = 0.1 the duration of present accelerating 

phase is found to increase and transition from deceleration to acceleration is quick with 

a possibility of an early inflation in the infinite past epoch. 

(v) Case V : The variation of q with respect to H for different. values of n is shown in 

fig. (3.5). In this case, we choose m = 2 and consider n satisfying the bound ( -16.95 < 

n < 5.75) an interesting aspect is noted ; i.e., where more than one change of sign of q is 

found to exist. However for a large value of n, say (n > 5.75) one obtains early inflation 

followed by a decelerating phase, thereafter an accelerating phase once again, and then 

a decelerating phase in future. However, for smaller values of n (~ -16.95), as we go to 
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Figure 3.2: shows the plot of q vs H for different values of 1 with q" (1) = 10, q' (1) = 1, 
q(1) = -0.5, (3 = 1, n = -2, m = 2 and a= i· 
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Figure 3.3: shows the plot of q vs H for different values of a with q" (1) = 10, q' (1) = 1, 
q(1) = -0.5, (3 = 1, n = -2, m = 2 and 1 = 1. 
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Figure 3.4: shows the plot of q vs H for different values of {J, we choose the initial 
conditions q" (1) = 10, q' (1) = 1, q(1) = -0.5, a= ~, n = -2, m = 2 and 7 = 1. 

the future, the accelerating phase chahges to a decelerating phase, followed by another 

accelerating phase. The period of the accelerating phase is found to depend on n, i.e., on 

the cosmological constant (A), which is shown in fig. (3.5) . It is noted that a small value 

of n results an increase in deceleration. 

(vi) Case VI : The variation of q with H for different values of m is shown in fig. (3.6). 

1.25 
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H 

Figure 3.5: shows the plot of q vs H for different values of n, we choose the initial 
conditions q" (1) = 10, q' (1) = 1, q(1) = -0.5, fJ = 1, m = 2, 7 = 1 and a=~-

In this case evolutionary behaviour of the universe is found to have same characteristics 

45 



as that noted in the case V. 

(vii) Case VII : In the absence of a cosmological constant the variation of q with H for 
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Figure 3.6: shows the plot of q vs H for a different values of m, we choose the initial 
conditions q" (1) = 10, q' (1) = 1, q(1) = -0.5, /3 = 1, n = -2, 1 = 1 and a= fi. 

different values of 1 is plotted in fig. (3.7). It is evident that once the equation of state 

is known, the result is not very much dependent on A. 

The above ( q- H) figures have been drawn using MATHEMATICA, the plot provides a 
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Figure 3.7: shows the plot of q vs H for a different values of 1, we choose the initial 
conditions q" (1) = 10, q' (1) = 1, q(1) = -0.5, /3 = 1, n = 0, m = 0 and a=~-

46 



sufficient data set. These numerical values may be used to determine a closed analytical 

mathematical forms for q and H by assuming a polynomial function for q as q = Efia;Hi. 

A functional form to explore q(H) may be determined corresponding to fig. (3.1) with 

q" (1) = 10. In· this case the corresponding analytical function can be expressed as 

q = -1.059H6 + 8.344H5
- 20.163H4 + 6.373H3 + 40.1H2

- 53.183H + 19.057. 

In fig. (3.8), a plot of q vs H is shown for both numerical and analytical expression ob-

1.5,.--------r-------------~ 

1 

tJ' 0.5 

Figure 3.8: shows dashed curve due to polynomial expression and the solid curve due to 
from fig. (3.1) with q" (1) = 10. 

tained above. The comparison between the numerical and analytical expression is shown 

in fig. (3.8). This comparison holds well only when H is reasonably close to 1. 

2. Exponential model: In this case, we do not get exponential solution of the form 

(3.20). However, the field equation admits a de Sitter solution (H = H0 ) with energy 

density 
81a 4 ( 3 2 n 

p = -
2 

H0 - m- -n)H0 - ~C::H0 . 
2 v6a 

(3.25) 

The bulk viscous stress is given by 

~C:: 3 ( 1 4 3n 2 n{ II= -9v oo:H0 + 81a 1--)H0 + (m- --)IH0 + r;;-:-Ho. 
2 2 v6a 

(3.26) 
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From eq. (3.21) for s = ~, the bulk viscous constant 
_ 9V60H~-81o(l-~)Hg-(m- 3;hHo+~ _ _ . . . 

f3 - 3(!'.!!!H•-(m-1n)H'-~Ho) . For m - n - 0, 1.e., Without a cosmologJCa! 
20 20oa 

constant and 1 = 2, we get (3 = 2/33
3. From eq. (3.19) we get, a ~ eHot where H0 = k.. 3v6n 

For sufficient inflation to solve the cosmological problems, one must have H0t > 65. It is 

not possible to predict temperature in this case. However, in the next section we describe 

a FIS theory where temperature of the universe can be determined. 

3.3.3 Full Israel-Stewart theory (E = 1) 

In the full causal theory the transport eq. (3.8) becomes, 

(3.27) 

1. Power-law model: In this case we consider a power law expansion of the universe 

given by a(t) = a0tD with D = ~- The energy density and the bulk viscous stress are 

given by 

t-2 p =pl , (3.28) 

where p1 = 3-";,+2n and II1 = 4-a-,t~(m-2n). The cosmological constant under this condi

tion become A= ~,where ,\0 = (m- 2n). Using eqs. (3.11), (3.27) and (3.28) we obtain 

a differential equation for temperature, 

T _ ,.,., t2s-2 ,.,., t-1 
--~o -~ol 

T 
(3.29) 

where T0 = jp;-• and T01 = (~ - ~: ), which may be integrated easily. For s = ~, eq. 

(3.29) yields, T ~ tTo-T01 • The solution admits a decreasing mode of temperature when 

,.,., · £ f J f R · fy" 1 J" •t f3 2(4-3o'±-y(m-2n)))v'3 mt2n T01 > ~ 0 , 1.e. or a range o va ues o fJ sat1s mg a ower 1m1 > (-14_31t(Bt-y)(m-2n)) . 

In the above we note the following: 

(a) ,\0 ::; 1 for stiff fluid 1 = 2; (b) ,\0 ::; 0 for radiation 1 = 1; (c) Ao ::; -1 for matter 

1 = 1. In all the cases a small dynamical cosmological constant is required to obtain 

viable cosmological scenario. However in the absence of a cosmological constant (A), i.e., 

m = n = 0 or m = 2n, a decreasing mode of temperature is admitted for f3 > 2~!~~4). 
A physically realistic solution, i.e., a positive coefficient of bulk viscosity, is obtained for 

~ ::; 1 ::; 2. 
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If s of ~. on integrating eq. (3.29) we get the evolution of temperature at that epoch, 

which follows a power law and exponential behaviour given by T = T02 t-To, e(2;~,tC2•-'l). 

It is evident that the temperature decreases for s :s; !· We note the following: 

(a) ..\o S: 1 for stiff fluid 1 = 2; (b) ..\o S: 0 for radiation 1 = ~; (c) ..\0 :s; -1 for matter 

1 = 1 with decreasing mode of temperature. However in the absence of a cosmological 

constant a decreasing mode of temperature is obtained for s :s; ! in the regime ~ :s; 1 :s; 2. 

It is not simple to find analytic solution for F IS theory with D of ~. We adopt a 

numerical technique to study FIS theory with a= 0. Let us considers= 1, and assume . 

a power law of the temperature: T = Topr, where T0 is a dimensionless constant and 

r = 7~1 • With the helps of eqs. (3.11) and (3.27) we get the following: 

, [2(q+1) c3 (q+1)2H 2 -c4(q+1)+cs] 
0 q+ + = 

H (c2 - c1(q + l))(q + 1)H2 ' 

where the coefficients are 

c1 = !n,B1r1 (r - ,B), 

c2 = !Pifl(nl(/3 + r) + 27r!), 

c3 = ~(3n7r 1 +27l"JPI(.B+r) +41Pin) -n(3nH +1rJ), 

c4 = P~p1 (37ri- 3nl- 2pn({3 + r) + 41PI) + PI(6nfl + 7l"J- n1), 

Cs = ~Pf(3f3tH- 6H + 21), 

a prime represents the time derivatives by the derivative with respect to H. 

Special Cases : 

(3.30) 

(i) Case I: The variation of q with H for the different values of n with m = 3 is shown 

in the fig. (3.9). It is evident that, for a larger value of n, the present accelerating state 

begins at a later epoch compared to a smaller value of n. However, the early deceleration 

rate is large for large n with a shorter period of accelerating phase compared to smaller 

n. 

(ii) Case II: The variation of q with H for different values !3 is shown in fig. (3.10). It is 

evident that, for a large value of {3, the present accelerating state might have occurred at 

any early epoch and the period of acceleration is found to enhance compared to a smaller 

value of {3. However, the early deceleration rate is found to be large for small {3. 

(iii) Case III: The variation of q with H for a different values of 1 is shown in fig. (3.11). 
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Figure 3.9: shows the plot of q vs H for a different values of n with q(l) = -.5, (J = 2, 
'Y = 1, and m = 3. 

1.5 

1 ~ 
~ 

~ 

beta=2,..... 
; 

0' 0.5 ; 
; 

; 
; 

0 
; 

/ 
I / --0.5 '/ --~ --0 2 4 6 8 10 12 14 

H 

Figure 3.10: shows the plot of q vs H for a different values of (J with q(l) = -0.5, 'Y = 2, 
n = -2, and m = 3. 
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( 

The plot shows that with the higher value of 'Y the duration of the present accelerating 

phase become shorter. 

2. Exponential model: The field equations (3.5) and (3.9) lead to a differential 
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Figure 3.11: shows the piot of q vs H for a different values of 'Y with q(1) = -0.5, (3 = 2, 
n = -2, and m = 3. 

equation for Hubble parameter which is given by 

if= -
1
-H- ~H2 

y'6cY 2 
(3.31) 

as was obtained in eq. (3.19). The corresponding energy density is given by p = 8~" H 4
-

(m- ~n)H2 
- )Bc;nH. 

We note the following: (i) for A= k H, one obtains a lower bound on -Hubble parameter 

H > ( 81~) 
113 

(ii) for A= mH2
, it becomes H > (i::;:,) 112 

for a realistic solution. 

The viscous stress becomes 

II= -9vf6aH3 + 81a ( 1- ~) H4 + ( m-
3
;) 7H

2 + ;iaH. (3.32) 

The bulk viscous coefficient is given by 

3 ("~ ) 18aH2 
'Y 7l"f ( = 27aH - - 1 + - -(2m- 3n)H- --. 

2 y'6cY 6 3 y'6cY 

Eq.(3.27) yields a differential equation determining the temperature of the universe, which 

is given by 
i' p 6H p 1-s 2 2tr 
- =3H- -+- +p -+-. 
T p II (JII 
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In the absence of cosmological constant with s = ~ and 'Y = 2, one obtains f3 = 2 j'3 and 

the temperature of the universe evolves as 

T 6 (-6-t) T = T0(a- e v'iio • (3.34) 

The scale factor is obtained from eq. (3.31), which yields 

(3.35) 

In this case, we note that the solution represents a universe which begins with a finite 

size in the past and grows exponentially thereafter. The increasing temperature mode 

obtained here in the FIS theory is relevant for describing fluid of the later case. It is now 

possible to determine the evolution of temperature in an emergent universe scenario. 

3.4 Discussion 

In this chapter both the power law and exponential expansion of the universe are 

considered separately in higher derivative theories of gravity with a temporal variation 

of cosmological constant and an imperfect fluid to explore cosmological models. In the 

Eckart theory we note a viscous universe which is evolving as a(t) ~ ../i, during the radia

tion dominated epoch admitting A ranging from negative to positive values. Considering 

isotropic matter in the theory with a positive A, we obtain an interesting solution which 

admits an accelerating universe where the scale factor of the universe evolves as a(t) ~ d 
which is a new solution. A viscous universe described by truncated and full Israel-Stewart 

theories are considered as Eckart theory is not suitable for describing causal fluid distri

bution of the universe. For obtaining a power law solution, it is found that the relevant 

field equations are highly nonlinear which however is solved numerically. We adopt here a 

technique similar to that used in Ref. [101]. The relevant equations are rewritten in terms 

of the Hubble parameter (H) and the deceleration parameter (q) and its derivatives. We 

plot q against H for different parameters that are used in the higher derivative action, 

namely a, (3, A and the equation of state parameter 'Y· In all the theories it is found that 

the present acceleration phase of expansion of the universe is followed by a decelerating 

phase in the past. The period of the present acceleration depends on the parameters that 
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( 

are plotted in fig (3.1)-(3.11) which are discussed. It is found that there exist phases 

with a number of accelerating and decelerating phases which are important to build a 

cosmological scenario of the universe. In the latter case the present universe emerged 

from an early accelerating phase followed by a deceleration, thereafter the present ac

celeration phase. The early acceleration is vacuum dominated and the present phase is 

matter dominated. In the plot for q vs H we note that one can predict that there may be 

another decelerating phase followed by rapid acceleration in the future. It is noted that 

early deceleration rate was higher for smaller values of a or /3. For simplicity in the FIS 

theory a power law solution is obtained with a = 0 using numerical analysis. In the FIS 

theory decreasing mode of temperature is taken up to study the evolution of the universe. 
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c CHAPTER 4 

Viscous Cosmologies with Variable G and A in R2 

Gravity 

4.1 Introduction 

Cosmological models considering perf~ct fluid as a source of matter in the framework 

of higher derivative gravity have been studied in the literature [108] to obtain viable 

cosmological scenario of the early universe. When particle number is conserved in the 

perfect fluid, the continuity equation is ~7 + '17· (nu) = 0 i.e., n~~ = 0 where n is particle 

number density. However in the case of the particle production, one get n~ = n + 3Hn = 

vn, where v is the rate of particle production. The entropy is conserved for a perfect 

fluid in equilibrium S~ = 0. Perfect fluid in equilibrium generates zero entropy and it 

does not admit frictional heat flow, because the dynamics is reversible and does not admit 

dissipative process. However in cosmology and in astrophysics a deviation from perfect 

fluid assumption is necessary to accommodate observational evidences. It is important to 

consider effect of viscosity in the early universe. 

To describe a relativistic theory of viscosity, Eckart [66]made the first attempt. How-

ever, the theories of dissipation in Eekart. formulation suffers from serious shorteoming, 

viz., causality and stability [117] regardless of the choice of equation of state. The problem 

arises due to first order nature of the theory, since it considers only first order deviation 

from equilibrium. It has been shown that the problems of relativistic imperfect fluid may 

be resolved by including higher order deviation terms in the transport equation [118]. 

Israel and Stewart [67], and Pavon [68] developed a fully relativistic formulation of the 

theory taking into account second order deviation terms in the theory, which is termed 

as "transient" or "extended" irreversible thermodynamics (in short, EIT). The crucial 
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difference between the standard Eckart and the extended Israel-Stewart transport equa

tions is that the latter is a differential evolution equations, while the former is a algebraic 

relations. Extended irreversible thermodynamics takes its name from the fact that the 

set needed to describe non-equilibrium states is extended to include the dissipative vari

ables. The price paid for the improvements that EfT brings is that new thermodynamic 

coefficients (e.g., T, (, >., 11) are introduced. The problem of causality of Eckart theory 

(T = 0) have been removed in EfT by taking a finite value of relaxation time (T > 0). The 

extended theory is also known as causal thermodynamics, second-order thermodynamics 

and transient thermodynamics. The FIS theory leads to a TIS theory with reduced bulk 

viscosity at equilibrium (i.e., III« pi). The amount of reduction depends on the size of 

T relative to H. If TH « 1, the reduction is insignificant, i.e., the result of TIS and FIS 

theory may be comparable. But if T H is close to 1, the reduction could be significant 

i.e. in this case the result of TIS and FIS theory differs dramatically. One expects the 

coincidence to be better close to the equilibrium case. 

In the case of irreversible process, the form of the energy momentum tensor becomes 

where q is an energy flux , u is the four-velocity and n:;j is the anisotropic stress. In 

irreversible thermodynamics, the entropy is no longer conserved, but grows, according to 

the second law of thermodynamics (i.e., S~ ;::: 0). The entropy generated in a dissipative 

process that begins at t0 and ends at to + .6.t is given by 

The observed universe has large entropy ~ 1088 . Inflationary cosmology predicts that 

nearly all of this entropy may be generated during reheating process at the end of the 

inflation i.e., all other dissipative processes in the cosmological evolution of the universe 

make a tiny contribution to entropy production by comparison. If one assumes that the 

universe is exactly isotropic and homogeneous i.e., an FRW universe- then the symmetries 

show that only scalar dissipation is possible i.e., qa = 0 = 7raf3· Bulk viscosity arises 

typically in mixtures either of different species or of the species but with different energies. 
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The solutions of the full causal theory are well behaved at all the times. Therefore, the 

best currently available theory for analyzing dissipative processes in the universe is the full 

Israel-Stewart theory (FIS). Using the transport equation obtained from EIT, in addition 

to dynamical equation obtained from either Einstein gravity (116] or modified gravity [121] 

cosmological solutions are generally obtained. The motivation is to explore cosmological 

solutions in the modified theory of gravity with variable G and A in the presence of 

imperfect fluid described by FIS theory. It is interesting to explore the behaviour of G 

and A in this case. 

The characteristics temperature of the evolving universe will also be determined in 

the presence of viscosity. However, it may be pointed out here that a number of literature 

(122] determine the evolution of temperature in the presence of viscosity starting from 

Gibbs equation, which will be also taken up here. 

The chapter is organized as: in sec 4.2, the gravitational action and the relevant field 

equations in the higher derivative theory of gravity is presented. In sec. 4.3, cosmological 

solutions are presented. In sec. 4.4, distance modulus curves are presented to compare 

theoretical results with observation. Finally, in sec. 4.5, a summary of the result is 

discussed. 

4.2 Gravitational Action and Dynamical Equations 

Let us consider a gravitational action with higher order term in the scalar curvature 

(R) containing a variable gravitational constant (G(t)), which is 

(4.1) 

where j(R) is a function of R and its higher power including a variable cosmological 

constant A ( t), g is the determinant of the four dimensional metric and Lm represents the 

matter Lagrangian. 

Variation of the action (4.1) with respect to 9pv yields 

fn(R) R1w- ~ f(R) 91w + fnn(R) ("\lp'lvR- 91w'V~'\l"gl'")+ 

fnnn(R) (\1 pR\1 vR- \lu R\1 uR 9pv) = -81rG(t) Tpv (4.2) 
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where \7" is the covariant differential operator, !R(R) represents the derivative of j(R) 

with respect to R and Tpv is the effective energy momentum tensor for matter determined 

by Lm. For a flat Robertson-Walker metric the trace and (0,0) components of eq. (4.2) 

are given by 

R!R(R)- 2/(R) + 3fRR(R) ( R + 3~.k) + 3fRRR(R)R + 811'G(t) T = 0, (4.3) 

1 a . 
fR(R) Roo+ ?,f(R)- 3/RR(R)~R + 811'G(t) Too = 0. (4.4) 

We now consider a higher order gravity, namely, f(R) = R + aR2 - 2A(t). The field 

equation becomes 

H 2 - 6a [2H if- H2 + 6H H 2] = S71'G(t)p + A(t) 
3 3 ' 

(4.5) 

and the conservation equation is given by 

(4.6) 

where p and pare the energy density and pressure of the perfect fluid respectively. Equa

tions (4.5) and (4.6) are the key equations to study cosmological models with a perfect 

fluid in the presence of time varying G and A. To include, the effect of viscosity in the 

above, the perfect fluid pressure in eq. ( 4.6) is replaced by an effective pressure PeJJ, which 

is given by PeJJ = p +II, where p is isotropic pressure and II is the bulk viscous stress. In 

EIT, the bulk viscous stress II satisfies the transport equation 

II+ Til= -3(H- -TIT 3H +-----. € [ 7 ( T] 
2 T ( T 

(4.7) 

where ( is the coefficient of bulk viscosity, T is the relaxation coefficient for transient 

bulk viscous effects and T is the absolute temperature of the universe. The parameter E 

takes the value 0 or 1. Here E = 0 represents truncated Israel-Stewart theory and E = 1 

represents full Israel-Stewart (FIS) causal theory. One recovers the non-causal Eckart 

theory forT= 0. The conservation eq. ( 4.6) including viscous fluid is given by : 

p + 3(p + p + II)H = - ( ~P + s:C) . 
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For a constant G, A and II = 0, eq. ( 4.8) reduces to the usual continuity equation 

for a barotropic fluid. It is evident from eq. ( 4.8) that in order to satisfy the energy 

conservation, a decaying vacuum term, time varying gravitational constant and viscosity 

necessarily lead to matter production. We consider an equation of state for the isotropic 

fluid pressure given by 

p = (r -1)p (4.9) 

where 1 (1 ::::; 1 ::::; 2) is a constant. The deceleration parameter ( q) is related to H as 

q =! (~) -1. (4.10) 

The deceleration parameter is negative for accelerating phase and positive for decelerating 

phase of the universe. The temperature of the universe is defined by the Gibbs equation 

which is given by 

(4.11) 

where S is the entropy of the universe. The temperature of the universe in EIT frame 

work is obtained through Gibbs integrability condition which is given by 

fJT fJT fJp 
n fJn + (p+p) fJp = T fJp' (4.12) 

Suppose the pressure and temperature are barotropic. For perfect fluid case, the form of 

Tis considered as T ~ p~, where 1 is the EOS parameter. The temperature is also 

determined from Gibbs integrability condition given by 

T = _3H [(fJp) +II (EJT) J . 
T {)p n T fJp n 

( 4.13) 

It is not simple to find out temperature variation in FIS theory. To determine the tem

perature of a viscous universe in this case one may use the eq. (4.7), in addition to eq. 

(4.13), the Gibbs integrability condition. Both the equations are considered to determine 

the appropriate behaviour of temperature permitted by the theory. investigate different 

cosmologies permitted here. 

4.3 Cosmological Solutions 

The system of Eqs. (4.5), (4.7)-(4.9) is employed to determine cosmological solutions. 

The system of equations is not closed as it has eight unknowns (p, 1, r, (, G A, a(t), T) 
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to be determined from four equations. We assume the following widely accepted adhoc 

relations 

( = fJp•, T = fJps-1 ( 4.14) 

where ( ~ 0, T ~ 0, fJ ~ 0 and s ~ 0. Using a known function of A in terms of the Hubble 

parameter (H), (namely, A= 3mH2 where m is dimensionless constant) the cosmological 

solutions are explored. 

4.3.1 Power-law model 

In this case we consider a power law expansion of the universe given by 

a(t) = aotD ( 4.15) 

where ao and D are constants which are to be determined from the field equation. The 

accelerating mode of expansion ( q < 0) of the universe is obtained for D > 1. In the 

absence of particle creation ( i.e., n~ = 0 ) eq. ( 4.8) may be decoupled as follows: 

p+ 3[pH + 3IIH = 0, ( 4.16) 

81!' a p + A = o. (4.17) 

Using eqs. (4.5), (4.15) and (4.17), we obtain Newton's gravitational constant which 

vanes as 

( 4.18) 

where we replaced p2 = 18
a
1
c:_;;,-1

> and Go= canst. The initial value of G(t) is determined 

in terms of coupling parameter (a), which however vanishes when D = ~· In this case the 

gravitational parameter G(t) increases with time for A > 0 and it decreases for A < 0. 

It is also noted that the theory admits a constant G when A vanishes. The evolution of 

energy density is obtained from eq. ( 4.17), which is 

(4.19) 

where Po= 3(1- m)D2 (with 81l'Go = 1). For a physically realistic solution ( i.e., p > 0) 

the upper boundary on cosmological constant is A < 3fi2 (i.e., m < 1). Form= ~ the 
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variation of energy density is determined by R 2 term only. In this case the energy density 

decreases as (p ~ t-4
), whereas it is independent of a. The bulk viscous stress obtained 

from eq. (4.16) is given by 

( 4.20) 

where IT0 = D(3-yD(1 - m) - 2) and IT2 = 18aD(2D - 1)(3-yD - 4). For physically 

realistic solution bulk viscous stress is essentially negative, which demands ITo > 0 i.e., 

D > 
37

(1
2 

m). We note that the bulk viscous stress decreases as liT I ~ r ,!m for the 

following two cases: 

(i) a= 0 and D =J ~ or (ii) a =J 0 and D = ~· 

It is evident that form < 1, bulk viscous stress (IITIJ is found to decrease with time. The 

advantage of the FIS theory is that the behaviour of temperature can be predicted. Using 

eq. (4.14) in FIS theory (E = 1), the transport eq. (4.7) reduces to a differential equation 

given by 

t = 3H- ~ + 6Hp + Pl-s~ + 2r':r 
T p IT (3 IT. ( 4.21) 

Using eqs. (4.19) and (4.20) in eq. (4.21) we get temperature of the universe. On 

integrating we obtain 
IT2 3 

T ,., a I '!.e!!.dt 2 I P'-•dt = .10 --e n etJ , 
p 

(4.22) 

where T0 is a arbitrary constant. The above expression for the temperature of the universe 

satisfies the Gibbs integrability condition (4.13). We note the following: 

(i) For s = ~. m = ~ and a = 0, we note power law decrease of the temperature, which 

is T = T0 r"', where a 1 = 
6i'J'

0
D + 4- 3D-¥. The decreasing mode of temperature 

is ensured for a 1 ~ 0. Putting the expression of temperature (T) in the presence of 

viscosity in Gibbs condition ( 4.13) one obtains, a 1 = 4
("Y

7
-l). Here the negative value of 

bulk viscous stress (IT) demands 3/D > 4. However, In the absence of viscosity, the 

variation of temperature can be obtained from eq. (4.13) which yields T = T0t-aD("Y-l). 

It is evident from fig. ( 4.1) that a universe filled with viscous fluid is more hotter than 

that of universe without viscosity. It is also evident from fig. ( 4.1) that the temperature 

of the universe is higher for lower a values of 1' at a given instant of time. 
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Figure 4.1: shows the plot of J;, vs t for a different value of 1 with D = ~· Here the solid 
line represent the variation in the absence of viscosity while the dashing line represent 
that in the presence of viscosity. 

(ii) For s = ~, m = ~, a ol 0 and D i' 3~, the temperature of the universe evolves 
! ! 

(3 D 4 6p0 p2 D +~) (2 3p0 D + 3p0 p2 D) 6 1 
as T = T0t - - n, PP, [II0t2 + II2] - no n, [t2 + p2r -PP, • At a later stage of 

evolution of the universe (t >> II2 and t >> p2), a power law variation of temperature 

is also permitted. Using Gibbs integrability condition the temperature of the universe is 
-12(-y-1) 

obtained which is T = T0t ' . Here the condition D > ~, ensure the negative value 

of bulk viscous stress. 

(iii) For s = m;;-I, the temperature of the universe in GR (a= 0) may be evaluated using 

eqs. (4.13) and eq. (4.7). The temperature evolves as 

~) 

T=Tot~, ( 4.23) 

which is decaying if 1 > 1, m < 1 or 1 < 1, m > 1. Here the negative value of bulk viscous 

stress (II) is obtain for II0 > 0 ( i. e., D > 3-y(I
4 

m) ). The condition D > 3-y(I
4 

m) also 

implies that in an expanding universe the temperature decrease less rapidly in the presence 

of viscosity compared to that with out viscosity. The plot ofT vs t in fig. (4.2) shows 

that at a given time, a universe with higher temperature corresponds to a Jesser value of 

the cosmological constant. The scenario a universe with late acceleration. To estimate 

the temperature at the present epoch, consider T0 = 1 x 1010K at t = 1 second [123] 

i.e., during the cosmological epoch of decoupling of neutrinos from the cosmic plasma. 
' 
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Figure 4.2: shows the plot of :J. vs t for a different value of m with D = ~ and 1 = l 

Assuming the present age of the universe ~ 13 billion year ~ 4.1 x 1017 second, 1 = ~ 

(radiation) and cosmological constant A = 3 x 0.079 x H 2(i.e., m = 0.079), the present 

temperature is estimated to beT~ 2. 74K, which is in fair agreement with observed value 

T ~ 2. 72K from CMBR. 

4.3.2 Exponential models 

The set of eqs. (4.5), (4.7), (4.16)-(4.17) admit cosmological solution without singu

larity. Two such cases are discussed in the next section. 

Case I : Consider Hubble parameter satisfying a differential equation 

. 3 2 
H= qH- ?,H, ( 4.24) 

which is permitted by the field equations with 'fJ = .Jiifi. The solution is interesting for 

a > 0 and m < 1, or a < 0 and m > 1. In this c~e an ever expanding universe with 

no singularity result such a solution admits emergent universe scenario [124]. In this case 

the corresponding variation of gravitational constant and energy density are determined 

using eqs. (4.5) and (4.17), which are given by 

G = Go exp[bH-2
], 
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( 4.26) 

where Po = 8~'" (with 8nGo = 1) and b = i;: and G0 = canst. It is evident that the 

model admits a constant G when A = 0. The bulk viscous stress is obtained from eq. 

( 4.16), which yields 

(4.27) 

We note that without a cosmological constant (A = 0), one obtains a realistic solution 

when Hubble parameter satisfies an upper bound H < 3ciE'Y). The temperature evolution 

of the universe in full causal theory is obtained from eq. ( 4.21), which yields 

T = To ef(H) eg(H) II2 
p(H- ~)-2 

(4.28) 

where we denote f(H) = J 6fiH dt and g(H) = ~ J p1-•dt. The expression for temperature 

given in eq. ( 4.28) is found to satisfy the Gibbs integrability condition. We note the 

following: 

(i) For s = ~, j3 = 2'{i, in the absence of cosmological constant and for stiff fluid the 

temperature of the universe evolves as T = T0H 2(H- ~)-2 • However, H « ~, the 

temperature evolves as T ~ H 2 • 

On integrating eq. (4.24) the scale factor of the universe is obtained, which is given 

by 
2 

a(t)± = (a1 ± a2 e~1] 3 . ( 4.29) 

The solution (a+) is important for building emergent universe scenario [124]. It has no 

singularity and the universe originated from a static state in the infinite asymptotic past 

(t--+ -oo). In this case, we note that the solution (a(t) = a(t)+) represents a universe 

which begins with a finite size in the past and grows exponentially. However, initially at 

t ~ 0, the universe is matter dominated which subsequently emerges to an accelerated 

phase of expansion. We note that the temperature of the universe decreases in this case. 

The decreasing mode of temperature obtained in the FIS theory may be relevant for the 

subsequent evolution. 

Case II : The dynamical equation admits de Sitter solution with H = ~. The scale factor 
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of the universe evolves as a(t) = a0/:l'', for a sufficient inflation to solve cosmological 

problems, de Sitter phase should exit after an epoch C::.t > 1i;. We note the de Sitter 

phase with demands 

G =canst., p =canst., A= canst., (=canst., T =canst. ( 4.30) 

for m =f 1. In this case that bulk viscosity also remains constant throughout the inflation

ary phase. The temperature of the universe in this case is found to be a constant similar 

to that obtained by Beesham in Ref [116] with (3 = b~~~. 

We also note that for H = ~71 and m = 1, one ends up with A =canst., G =canst., 

p = 0, ( = 0, T = 0 and T = 0, which does not permit a physically relevant solution. 

4.4 Distance Modulus Curves 

We now probe late universe with exponential and power law expansion taking into 

account observational results. The distance modulus relation is J-L = 5log dL + 25, where 

the luminosity distance is dL = rt(1+z) a(to), z represents the redshift parameter, where 

1 + z = :!:~J. We determine r 1 from 

r1 to 

J dr jdt 
v'1- kr2 = a(t)' 

( 4.31) 
0 ,, 

() ~ At the late time, the scale factor becomes a t ~ a2e 3 • For exponential expansion of a 

flat universe, the distance modulus relation is given by 

z(1 + z) 
J-L(z) = 5log( Ho ) + 25, (4.32) 

where H0 = ~· For power law expansion (a(t) ~ tD) with k = 0, the distance modulus 

relation is given by 

( ( 
D)-/; (1 + z) n-1 ) 

J-L(z) = 5log Ho D _ 
1 

((1 + z)" - 1) + 25. ( 4.33) 

The observed values of J-L(z) at different z parameters [125] given in table (4.1) are em-

played to draw the curves corresponding to the exponential and power law expansion of 

the universe discussed above. The plots are shown in figs. ( 4.3) and ( 4.4) which matches 

with observations perfectly well. 
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Figure 4.3: shows the plots of J.1. vs z for supernova data (dashing line) and for the 
exponential expansion (solid line) with 17 = 0.00038. 
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' 

Figure 4.4: shows the plot of J.1. vs z for supernova data (dashing line) and for the power 
law expansion (solid line) with H0 = 10-5 and D = ~-
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z supernova 11- Exponential p Power law It 
0.038 36.67 35.961 36.543 
0.014 33.73 33.742 34.343 
0.026 35.62 35.112 35.703 
0.036 36.39 35.839 36.423 
0.040 36.38 36.077 36.657 
0.050 37.08 36.582 37.154 
0.063 37.67 37.110 37.673 
0.079 37.94 37.634 38.184 
0.088 38.07 37.887 38.43 
0.101 38.73 38.212 38.745 
0.160 39.08 39.324 39.814 
0.240 40.68 40.349 40.783 
0.300 41.01 40.936 41.329 
0.380 42.02 41.579 41.921 
0.430 42.33 41.925 42.235 
0.490 42.58 42.298 42.572 
0.526 42.56 42.504 42.757 
0.581 42.63 42.797 43.018 
0.657 43.27 43.165 43.345 
0.740 43.35 43.530 43.665 
0.778 43.81 43.686 43.801 
0.828 43.61 43.881 43.971 
0.886 42.91 44.096 44.158 
0.949 43.99 44.316 44.348 
0.970 44.13 44.388 44.490 
1.056 44.25 44.665 44.646 
1.190 44.19 45.061 44.983 
1.755 45.53 46.403 46.104 

Table 4.1: shows the variation of distance modulus (11-) for Supernova explosion [125], 
power law model and exponential model for different value of redshift parameter (z). 
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4.5 Discussion 

In this chapter both power Jaw and exponential behaviour of the universe are studied 

in the presence of viscosity separately in a higher derivative theory of gravity considering a 

varying cosmological and a gravitational constant. We note that for a power law evolution 

of the universe, one obtains an increasing mode of gravitational constant with a positive 

A but a decreasing mode of gravitational conHtant results for a negative A, which is a 

new result. We note a physically realistic (p0 > 0) solution for A < 3H2 . For A = ~H2 

the variation of energy density (p ~ r 4 ) is determined by R 2 term only. However, the 

energy density does not depend on the coupling parameter a in the gravitational action. 

We determine the characteristics temperature of a viscous universe from eq. ( 4. 7), which 

also follows from Gibbs integrability condition eq. (4.13). Fig. (4.1) shows the variation 

of temperature for different values of "Y in the presence and in the absence of viscosity 

permitting an accelerating universe (q > 0). It is evident that the higher value of "Y 

leads to a universe with lesser temperature. The evolution of temperature of a viscous 

universe is found to be more than that in a universe without viscosity. Fig. ( 4.2) shows 

the variation of temperature for different values of A (determined by m). It is evident 

from fig. ( 4.2) that the rate of decrease of temperature is higher for larger values of m 

in the presence of viscosity. Here we obtain an interesting solution leads to the present 

temperature of the universe T ~ 2.74K, which is in fair agreement with observed value 

T ~ 2. 72K, for a radiation dominated accelerating universe, in the presence of both 

time varying cosmological (A > 0) and gravitational constant (G) in GR. Cosmological 

solutions are obtained which originates from singularity free state. One of the solution 

corresponds to emergent universe [124] which is interesting. A de Sitter solution with 

A =f 3H2 is also obtained here. The figs. ( 4.3)-( 4.4) show the plot of distance modulus 

(J-t) V s. red shift parameter ( z). The figures indicate that power-law and exponential 

model support the present observational data perfectly well. 
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CHAPTER 5 

Cosmological Models with Variable Gravitational 
and Cosmological Constants in R2 Gravity 

5.1 Introduction 

In the last couple of decades there has been a growing interest to study cosmological 

models in the presence of a variable cosmological constant [126] including a time varying 

gravitational constant [127]. The interest stems from the observational analysis of type 

Ia supernova with redshift parameter Z ::; 1 [74]. Supernovae study provides evidence 

that we may be living in a low mass density universe of the order of !1 ~ 0.3 [128]. 

However, the inflationary universe model, which is an essential ingredient in modern 

cosmology, predicts a density parameter of !1 ~ 1. Consequently it comes out that a major 

part of the matter content in the universe remains unobserved, which is known as dark 

matter. Recent observations from type Ia supernovae predicts that the present universe 

is accelerating. To accommodate such a universe cosmological models are proposed with 

an assumption that there exists a small positive cosmological constant (A) even at the 

present epoch called ACDM model. In modern Cosmology, it is also believed that our 

universe might have originated from a phase of rapid expansion or inflation in the past. 

Such a rapid expansion or inflation may be obtained if one considers an Einstein-Hilbmt 

action with a cosmological constant. To accommodate and to interpret the above facts, 

several physical models with variable cosmological and gravitational constants have been 

proposed in recent times. The effect of extra dimensions in the evolution of a homogeneous 

isotropic universe and the first quantitative study on the space and/ or time dependence 

of the structure and Newton's constants were considered by Forgacs and Horvath [129]. 

It was shown that the time and space variation of fundamental constants is a natural 

consequence of Kaluza-Klein theories. Bertolami [130] studied a cosmological model with 
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a time dependent cosmological term. Later, Ozer and Taha [131] and others [132] obtained 

models of the universe, that are found free from cosmological problems, by considering 

a varying cosmological constant in the case of a closed universe. Recently, a volume of 

literature [133]-[140] have appeared which addressed various cosmological issues, namely 

the age problem, observational constraints on A, structure formation, and gravitational 

lensing. Ratra and Peebles [79] studied the dark energy content of the universe making 

use of a varying cosmological constant permitted from a sr.alar field theory. Dolgov [109] 

analyzed the cosmological evolution of a free massless vector or tensor (not gauge) field 

minimally coupled to gravity and found that cosmological constant exactly cancels out. 

Sahni and Starobinsky [134] discussed the observational and theoretical aspects of a small 

positive cosmological constant term which may be relevant at the present epoch. The 

origin of such a small A has been discussed in the framework of field theoretic techniques. 

Such a model is allowed with a dynamical A term obtained from a scalar field [135]. 

Padmanabhan [136] also discussed several aspects of the cosmological constant both from 

cosmological and field theoretic perspectives in order to explain the cosmological constant 

problem in the framework of the string theory. Vishwakarma [137] explored different 

models to estimate the density parameter and/or deceleration parameter for a variable 

A and numerically analyzed the observational data in cosmology. It is found that the 

models with dynamical cosmological term (A) is in agreement with observations. Birkel 

and Sarkar [138] studied the nucleosynthesis and obtained a bound on a time varying A. 

In the last few years, a number of literature in cosmology with variable cosmological 

and gravitational constants with a perfect fluid as a source in isotropic [139] as well 

as in anisotropic models [140] of the universe in the frame work of Einstein gravity has 

been considered. In this chapter isotropic cosmological model in a higher derivative theory 

(which is also known as a 'generalized theory') with variable cosmological and gravitational 

constants is considered to obtain cosmological solutions that are relevant to accommodate 

the recent observational evidences. A number of literature have appeared in the last few 

decades on the generalized theory of gravity with additional terms in R2
, R,,.p8R~'vP8 , 

CJJvp8C~'vP8 in the Lagrangian also. However, in four dimensions, only the R 2 term is 

important and the combinations of terms e.g. Gauss-Bonnet comb~1.:tions (RabcdRabcd-
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4RabRab + R 2
) occurs as Euler number in the Einstein action. Thus GB term does not 

contribute in the dynamical evolution of the universe. The generalized theory of gravity 

has a number of useful features. It is a renormalizable, asymptotically free theory [107]. 

However, the unitarity problem of the theory is not settled [141]. 

The chapter is organized as follows. In sec. 5.2, the gravitational action and field 

equations are presented. Cosmological solutions are given in sec. 5.3, and finally in sec. 

5.4 a brief discussion is given. 

5.2 Gravitational Action and Field Equations 

Let us consider a gravitational action with higher order terms in the scalar curvature 

(R) including a time varying cosmological constant (A(t)) and gravitational constant 

(G(t)) which is given by 

J [j(R) - 2A ] 4 
f =- l61rG(t) + Lm H d X, (5.1) 

where f(R) is a function of scalar curvature (R) and its higher power and Lm represents 

the matter lagrangian. 

Variation of action (5.1) with respect to g1w yields 

(5.2) 

where \71, is the covariant differential operator, and a prime represents the derivative with 

respect to R, TJ<v is the energy momentum tensor for matter fields determined by Lm . 

We consider here an isotropic universe given by Robertson-Walker space-time in eq. 

(2.4). The trace and (0,0) components of eq.(5.2) are given by 

Rj'(R)- 2 (f(R)- 2A) + 3/"(R) ( R + 3~R) + 3/"'(R)R + 81rG T = 0, (5.3) 

1 a. 
f'(R)~o +- (f(R)- 2A)- 3/"(R)-R + 81rG Too= 0, 

2 a 
(5.4) 

where the dot represents the derivative with respect to comoving time (t). 

Here a polynomial in R upto second order is considered which is f(R) = R + cxR2 in the 
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above. Using the eq. (2.5) for the scalar curvature (R) in eqs. (5.3) and (5.4), which yield 

H2 + !5._ - 6a [2H fi- fl2 - 2kH2 + 6H H2 + k2] = 87rG(t)p + A(t) 
~ ~ ~ 3 3' 

(5.5) 

-+3(p+p)H=- -p+-dp (6 A ) 
dt G 81rG ' 

(5.6) 

where p and p represent the cosmic fluid energy density and the pressure respectively. 

The equation of state is given by 

p = (l-1)p (5.7) 

where 1 is a constant (1 ::; 1 ::; 2) and 1 = 1 corresponds to matter, 1 = ~ represents 

radiation respectively. The deceleration parameter ( q) is related to H as 

q= :t (~) -1. 

Thus q < 0 represents acceleration, q > 0 represents deceleration of the universe. 

5.3 Cosmological Solutions 

The dynamical eqs. (5.5)-(5.7) are considered to obtain cosmological solutions. For 

simplicity we consider a flat universe (k = 0). It may be pointed out here that a flat 

universe is supported by recent cosmological predictions. Now, the set of equations contain 

six unknowns: to solve them, it is necessary to consider time variation of two of them a 

priori for a given equation of state. 

Let us consider power law behavior of .the universe which is given by 

a(t) = ao tD (5.8) 

where a0 and D are constants to be determined from the field equations. For two different 

phases of the universe namely, (i) the radiation dominated and (ii) the matter dominated, 

the cosmological solutions are discussed in the next section. 

5.3.1 Radiation Dominated Universe (p = ~p) 

Radiation dominated phase of the universe corresponds to 1 = 1 i.e. p = ~p and in 

the absence of particle creati.on eq. (5.6) leads to two different decouplecl equations which 
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are given by 
dp 
dt +4Hp=O, 

A(t) + 81rpG(t) = o. 

(5.9) 

(5.10) 

On integration eq. (5.9) yields a relation between the energy density and the scale factor 

of the universe, which is 
Po 

P = a4, (5.11) 

where p0 is a constant of integration. For a power law expansion given by eq. (5.8), 

time variation of cosmological and gravitational constants [128] are determined using eqs. 

(5.5), (5.10) and (5.11), which are as follows : 

A()= 3D(2D _ 1) 54aD(D- 1)(2D- 1) 
t 2t2 + t4 , (5.12) 

G(t) _ 3a~ [_..E.__+ 36aD(2D- 1)] 
- 167rpo t2-4D t4-4D ' (5.13) 

where a is the coupling parameter of R 2- term in the gravitational action. The deceleration 

parameter becomes: q = 1
[;,

0
, which is positive for D < 1 and negative for D > 1. 

For simplicity we consider the following cosmological solutions : 

(i) For D = ~ , the scale factor of the universe grows as a(t) ~ Vi,. In this case one 

obtains 

A=O ; q > 0, 

3a4 

G = --0
- = canst. 

327rpo 

Thus it is evident that the presence of higher derivative terms, does not modify the 

behaviour of the early universe evolution in a radiation dominated universe when A = 0 

and G = canst. It has a particle horizon. The cosmological evolution in this case is similar 

to that obtained for a radiation dominated era in the Einstein gravity. 

(ii) For D = 1, the scale factor of the universe grows as a(t) ~ t. In this case we get 

3 
A(t) = 2t2, q = 0, 

3a4 

G(t) = -
16 

° (t2 + 36a). 
7r Po 
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It is evident that A(t) decreases with time where as G(t) grows. To begin with, at the 

early epoch, G shows constant behaviour determined by the coupling constant (a), initial 

size and matter density. For a < 0, the solution is physically relevant for the epoch 

t ?: 6y'jal. In this case the universe has no particle horizon. 

In the presence of particle creation during radiation dominated era the field equation 

permits some cosmological solutions which are presented here. In a radiation dominated 

era eq. (5.6) takes the form: 

dp + 4pH = - ( G P + _i_) 
dt G 81rG . (5.14) 

The field eqs. (5.5) and (5.14), determine the evolution of the energy density and the 

cosmological constant, which are given by 

_ 3D [.£ 36a(2D- 1)] 
P - 167rG t 2 + t 4 ' 

A= 3D(ZD _ 1) 54aD(2D -1)(D- 1). 
2t2 + t4 

Special cases : 

(i) When D = !, we get 
3 1 

A = O, P = 327rG t2 • 

(5.15) 

(5.16) 

Here, the solution is similar to that one obtains during usual radiation dominated universe. 

The solution is also similar to that obtained with a f 0 in the absence of a cosmological 

constant. Thus R2 terms does not effect the dynamics during radiation dominated era. 

(ii) When D = 1, we get 

3 
A= 2t2' 

3 [ 1 36a] 
P = 161rG t 2 + t4 . 

In this case the cosmological constant is decreasing with time but it is independent of 

the higher derivative term. The energy density is determined by the coupling parameter 

a. For a < 0, physically relevant solutions are obtained for t ?: 6y'jal. In the above 

cosmological solutions are permitted for a constant gravitational parameter. 
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5.3.2 Matter Dominated Universe (p = 0) 

A matter dominated universe, is characterized by equation of state p = 0 i.e. 1 = 1. 

In the absence of paiticle creation and 1 = 1, eq. (5.6) can be written as two decoupled 

equations: 

On integration eq. (5.17) yields 

dp 
dt +3Hp= 0, 

A(t) + 81rpG(t) = o. 

Po 
P=a· a 

(5.17) 

(5.18) 

(5.19) 

where p0 is an integration constant. Now variation of cosmological constant and gravita

tional constant are obtained as follows from the field eqs.(5.5), (5.18) and (5.19), which 

yield : 
A(t) = D (3D_ 2) 18aD(2D- 1)(3D- 4) 

t2 + t4 , (5.20) 

G(t) = aS [__!!_ + 36aD(2D- 1)] . 
47r Po t2-3D t4-3D 

(5.21) 

The following cosmological solutions are noted: 

(i) ForD=~, the scale factor of the universe grows as a(t) ~ ,fi, we get the variation of 

the cosmological constant 
1 

A(t) = -- q > 0 
4t2 ' 

and the corresponding variation of Newton's gravitational constant is given by 

a a 
G(t) = 0

0
. 

81rpo t 

Thus cosmological solutions are obtained here in the presence of a negative cosmologi

cal constant. The gravitational constant remains positive to begin with which however 

decreases with time. Thus a comparatively smaller rate of expansion in the matter dom

inated regime is obtained. 

(ii) ForD= ~.the scale factor of the universe grows as a(t) ~ d, we get 

8a 
A(t) = -tl' q > 0, 

G(t) = a3 [~ + 8a] . 
47rp0 3 t 2 
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Thus in the matter dominated era, the field equation permits cosmological solution with 

(i) A < 0 if a > 0 or (ii) A > 0 if a < 0. It is interesting to note that Newton's gravita

tional constant G attains a constant value at a later epoch, i.e. at t --? oo. This cosmology 

has a particle horizon. The solution is new and interesting in model building for describing 

a late universe. The cosmological constant becomes small depending upon time and the 

coupling parameter at a late epoch. Here, one recovers the matter dominated solution of 

Einstein gravity for a = 0 ( as A = 0 and G = G0 ). Similar solution in higher derivative 

gravity is permitted for A < 0 with a varying G as discussed above. 

(iii) ForD = ~, the scale factor of the universe evolves as a(t) ~ d, which is a rapid power 

law expansion accommodating present accelerating phase. In this epoch, one obtains 

8 
A(t) = 3t2, q < 0, 

G(t) = 4;~0 [soa + ~t2]. 
Thus, in a matter dominated era, an accelerating universe is permitted in the higher or

der gravity for a decaying cosmological constant with an increasing gravitational constant 

G(t) for a > 0. This is a new and interesting cosmological solution relevant for a viable 

cosmological scenario. It admits a late accelerating universe which is supported by cos

mological observation. For a < 0, at t--? 0, one gets solution with G(t) negative which 

later attains positive values fort> /[60Qi, and thereafter G(t) grows. The solution does 

not admit a particle horizon. 

However in the presence of particle creation and the matter domination era, eq. (5.6) 

becomes 

dp (6 A ) 
dt + SH P = - G P + 81rG . (5.22) 

In the case of power law expansion of the universe, the energy density and the cosmological 

constant are obtained from eq. (5.5) and (5.22) which are given by 

_ _!l_ [.!. 36a(2D- 1)] 
P - 47fG t2 + t4 ' (5.23) 

A
_ D( D _ ) 18aD(2D -1)(3D- 4) 
-t23 2+ t4 . (5.24) 
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Special cases : 

(i) For D = ~' the scale factor of the universe grows as a(t) ~ .,fi, the cosmological 

parameter and the energy density varies as, 

1 
A=--

4t2' 
1 

P = 81rGt2 • 

(ii) ForD=~' the scale factor of the universe evolves as a(t) ~ d, we get 

8a 1 [ 1 12a] 
A= -tl, P = 61rG t 2 + t4 . 

Thus, the usual matter dominated solution is recovered with A < 0, in the framework of 

the higher derivative gravity. 

(iii) For D = ~' the scale factor of the universe evolves as a(t) 
4 

~ t:;, which is a rapid 

power law expansion. In this epoch, the cosmological constant and the energy density 

evolves as 

1 [ 1 60a] 
P = S1rG t 2 + t4 . 

ForD= ~ and D = ~'.the cosmological constant is independent of the higher derivative 

term. Moreover, a positive cosmological constant is required for D = ~ and a negative 

cosmological constant is required forD=~· However, in the former case, energy density 

depends on the coupling parameter associated with the higher derivative term. In the 

former case, it has no particle horizon. It is .interesting to note that in the case of D = ~, 

both the cosmological constant and energy density are determined by a. It may be 

pointed out here that the gravitational constant G is required to be a constant in this 

cases. The solution obtained here describes a universe which is accelerating even in the 

matter dominated phase, this is supported by present cosmological observations. 

5.4 Discussion 

In this chapter, isotropic cosmological models with varying G and A m R 2 theory 

is studied. Both the radiation dominated and matter dominated phase of evolution of 

the universe with varying G and A are taken up to obtain cosmological solutions. In 

this case some new cosmological solutions in the presence of matter dominated era are 

obtained which are not admissible in Einstein gravity. These solutions are relevant for 
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accommodating a late accelerating universe. As the field equation is highly non-linear 

some special cases are taken up here to compare the cosmological solutions in the absence 

of higher derivative terms. It is found that a A and G varying parameters admits new 

solution where G is increasing similar to that found by Abdel Rahaman [127] and Arbab 

[142] in an Einstein gravity. The cosmological constant A, however, found to decrease 

with time here. In the frame work of an R2 theory, we note an interesting solution in the 

matter dominated regime. The gravitational constant G decreases initially and ultimately 

attains a constant at a later stage of evolution of the universe. The universe evolves as 

a ~ d, which is similar to that which one obtains in an Einstein gravity during matter 

domination. In this case a realistic variation of the parameter G is obtained where to 

begin with G is large in the early universe, which, However, at the present epoch, attains 

a constant. The above cosmological solutions are permitted either with (i) A > 0 if 

a < 0 or (ii) with A < 0 if a > 0. In the matter dominated era a new solution exists in 

R2 theory which admits an accelerating universe (supported by supernova observation), 

with a decaying cosmological constant and a constant G. It may be pointed out here 

that an inflationary solution (a(t) ~ eHot) is also permitted in R2 theory if one considers 

a non-zero A even with p = p = 0. A power law inflation is also admitted in the 

matter dominated universe (MDU) or in the radiation dominated universe (RDU) with 

varying A and G in the presence of particle creation. In MDU, a power law expansion 

of the universe is permissible if one allows G to increase at a later stage. However, when 

A -+ 0, the solution is no longer valid and the usual matter dominated universe solution 

may be recovered with a constant G. In the presence of particle creation a number of 

interesting solutions are obtained which accommodates the present accelerating phase 

accommodating other observable features of the universe. 
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CHAPTER 6 

Brane-World Cosmology with Viscosity and 
Gauss-Bonnet term 

6.1 Introduction 

In the recent years, there has been considerable interest in the possibility that our ob

servable four dimensional (4D) universe may be viewed as a brane hypersurface embedded 

in a higher dimensional bulk space [27]-[29], [143]. According to the brane world scenario 

the standard model fields are confined on a hypersurface (called brane) embedded in a 

higher dimensional space (called bulk). Only gravity and other exotic matter such as 

the dilaton can propagate in the bulk. The simplest phenomenological models describ

ing such a scenario are the five dimensional Randall-Sundrum (RS)[144, 145] type brane 

world cosmologies. These models are motivated by ideas from string/ M theory. The ob

servable universe is a four-dimensional brane surface embedded in a five-dimensional anti 

de Sitter (AdS5) bulk spacetime , i.e. a spacetime with a negative cosmological constant. 

In Randall-Sundrum type II scenario (RS II) spatially isotropic and homogeneous brane 

propagates in a five dimensional Schwarzschild-anti-de Sitter space [145]. Although the 

fifth dimension is infinite, the curvature of the higher dimensional space acts to confine 

the graviton near the brane at low energies, so that general relativity is recovered. At 

high energies in the early universe, graviton localization fails and the Friedmann equation 

is modified i.e. extra-dimensional gravity dominating at high energies. This property can 

also be understood within the context of the AdS/ conformal field theory (CFT) corre

spondence [146] that the RS model is equivalent to four dimensional gravity coupled to a 

conformal field theory [147]. Using RS brane model some of the outstanding problems of 

particle physics get resolved, i.e.(i) the hierarchy problem [148], i.e. the large discrepancy 
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between the Plank scale at 1019 GeV and the electroweak scale at 100 GeV, can be ad

dressed, (ii) cosmological constant problem of standard cosmology may be addressed [149], 

(iii) at the early universe inflationary scenario may be addressed [143]. The brane-world 

may offers a right approach to our understanding of the evolution of the universe. 

The Randall-Sundrum braneworld cosmology is based on the five dimensional Einstein

Hilbert action. At high energies, it is expected that this action needs quantum corrections. 

One approach to develop the brane-world scenario in a more string theoretic setting is to 

include higher order curvature invariants in the bulk action [150]. In general, resulting 

equations of motion of such terms contain more than second derivatives of metric and the 

theory is plagued by ghosts. However there exists a combination of quadratic terms, called 

Gauss-Bonnet (GB) term, whose equation of motion has no more than second derivatives 

of the metric and the theory is free from ghosts [151]. Another important property of GB 

term is that the Lagrangian is a pure divergence in four or less dimensions. Specifically, 

the Gauss-Bonnet (GB) term arises as the leading order for quantum correction in the 

heterotic string effective action [58, 152]. It has been shown that localization of the 

graviton zero mode on the brane is possible when such a term is included in the bulk action 

[153]. In higher dimensions (D> 4) Gauss-Bonnet terms ( GB = RabcdR:'bcd_4RabR'b+R2 

where Rabcd is the covariant form of Riemann Christoffel tensor, Rab is the Ricci tensor 

and R is the Ricci scalar ) plays a crucial role which appears as a low energy limit of string 

theory. It may be mentioned here that in the case of inflation drivlm by an inflaton field, 

presence of the Gauss-Bonnet term allows the spectral index of the scalar perturbation 

spectrum to take values in the range between 0.944 and 0.989 [154], thereby bringing the 

scenario in closer agreement with the most recent observations. 

Several investigation considering perfect fluid as a source of matter on brane cosmolog

ical models have been studied in the literature [155] in order to obtain viable cosmological 

scenario of the early universe. In the early universe it is also known that a number of 

processes [18] ( as mention earlier chapters) might have occurred leading to a deviation 

from perfect fluid assumption e.g. viscosity which is to be taken into account seriously. 

However, real fluids behave irreversibly, and some processes in cosmology and astrophysics 

cannot be understood except a dissipative processes. Further, the inclusion of dissipative 

79 



terms in the energy-momentum tensor of the cosmological fluid seems to be best moti

vated generalization of the matter sector of the gravitational field equations on brane. 

It has been predicted from observations that a non negligible dissipative bulk stress on 

cosmological scales at the late universe phase might be important. The possible source of 

such viscosity may be due to (i) gaseous matter in the framework of relativistic gravity 

which may give rise to internal self-interaction leading to a negative cosmic bulk pressure 

[119], (ii) deviation of the non relativistic particle in the substratum from dust. For a non

relativistic substratum cosmic anti-friction may generate a negative fluid bulk pressure 

which has been noted [120] in the frame work of Einstein gravity. 

Using the transport equations obtained from EfT, several works in Einstein gravity 

[19] and in the higher derivative gravity theory have been reported [121 J. The motivation 

of the chapter is to explore cosmological solutions in the RS brane-world model with or 

without GB term in the presence with imperfect fluid described by EfT. We also study the 

stability of the equilibrium points of the dynamical system associated with the evolution 

of the viscous cosmological fluid in the RS scenario with or without a Gauss-Bonnet term. 

The chapter is organized as follows. In sec. 6.2, the gravitational action and the relevant 

field equations in brane world gravity are given. Cosmological solutions are presented 

in sec. 6.3. In sec. 6.4, stability analysis is presented. Finally, in sec. 6.5, results are 

summarized. 

6.2 Field Equations in Brane-World Gravity 

For a 5D bulk with Einstein-Gauss-Bonnet gravity, containing a 4D brane, the gravi

tational action is 

where xa = (x~', z), with z the extra-dimensional coordinate, gab = gab - nanb is the 

induced metric, with n" is the unit normal to the brane, a (> 0) is the brane tension, 

the Gauss-Bonnet coupling a has dimensions 1 2 and A5 ( < 0) is the bulk cosmological 

constant. The fundamental energy scale of gravity is the 5D scale M5 , where kg = ~· 
5 
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The Planck Scale M4 ~ 1016 Te V is an effective scale, describing gravity on the brane at 

low energies, and typically M4 >> Ms. The Gauss-Bonnet (GB) term may be thought 

of as the lowest-order stringy correction to the 5D Einstein-Hilbert action, with coupling 

constant a> 0: In this case aiR2
1 << IRI, so that 

a<< 12 (6.2) 

where l is the bulk curvature scale, I R 1~ z-2 . The RS type models are recovered for 

a = 0. Paul and Sami [156] studied the tachyonic inflation in brane world cosmology 

with Gauss-Bonnet term in the bulk. An exact solution of slow roll equations in case 

of exponential potential is obtained and it was attempted to implement the proposal of 

Lidsey and Nunes [157] for the tachyon condensate rolling on the Gauss-Bonnet brane. 

They found that due to peculiar nature of tachyon field dynamics, the proposal of the 

Lidsey and Nunes does not seem to work in a natural way. A number of observational 

estimates using action (6.1) was taken up in the literature [158]. 

Imposing Z2 symmetry across a Friedmann brane in an anti de Sitter bulk, the modified 

Friedmann equation on the (spatially flat) brane is [159] 

(6.3) 

where H is the Hubble rate, Jt (= z-1) is the energy scale associated with l. When 

p = 0 = H in the eq. (6.3) we recover the expression for the critical brane tension which 

achieves zero cosmological constant on the brane, 

(6.4) 

The above equation may be rewritten in the useful form [157] 

H2 
= 4~ [ (1 - 4aJL

2
) cosh c: -1)] , (6.5) 

[
2(1 - 4aJL2)3] 1/2 

k~(p+u)= a sinhx (6.6) 

where x is a dimensionless measure of the energy density. By eqs. (6.5) and (6.6) there 

is a characteristic GB energy scale, 

(6.7) 
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such that the GB high energy regime ( sinhx » 1) corresponds to p » m~. Since the 

GB term is a correction to the RS action, we must have m~ greater than the RS energy 

scale u. Expanding eq.(6.5) in x, one obtains two regimes for the dynamical history of 

the brane universe during the early period of evolution which are given below : 

• In the GB regime, 

p >> m4 * H2 ~ [ k~ p]2/3 
a 16a (6.8) 

which gives, p = PoH3, where Po=~-
• 

• In the RS regime, 
p 

m~ >> p >> u = m! =? H 2 ~ _i_p2 (6.9) 
6u 

which gives p = poH, with Po = ( ~ r/2
. The conservation equation for the matter is 

p = -3H(p + p), (6.10) 

where p and p are the energy density and pressure of the perfect fluid respectively. To 

include the effects of viscosity, the perfect fluid pressure should be replaced by an effective 

pressure Peff, which is given by 

Peff = P +II, (6.11) 

where p is the perfect fluid contribution and II is the bulk viscous stress. The causal 

evolution equation for the bulk viscous pressure II is given [160] by the equation 

· c € ( i ~ T) . 
TIT+ II= -3.,H- 2TII 3H +-:;:- ~- T . (6.12) 

where ~ is the coefficient of bulk viscosity, T is the relaxation coefficient for transient bulk 

viscous effect and T is the temperature of the universe. The parameter € takes the value 

0 or 1, the former represents the truncated Israel-Stewart theory (TIS) and the latter 

represents the full causal theory (FIS). One recovers the non causal Eckart theory for 

r = 0. We consider an equation of state for the perfect fluid pressure p and the energy 

density of the usual form 

p =(I- 1)p (6.13) 

where 7 (1 :::; 7 :::; 2) is a constant. The conservation eq. (6.10) including viscous fluid 

now can be written as : 

p = -3H('yp +II). (6.14) 
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An important observational quantity deceleration parameter ( q) is related to H as 

q= :t (~) -1. ' (6.15) 

The positive sign of q corresponds to deceleration whereas the negative sign indicates 

acceleration of the universe. 

6.3 Cosmological Solutions 

The set of eqs. (6.8), (6.9), (6.12)-(6.14) will be used to obtain cosmological solutions. 

As the number of equations are more than the number of unknowns we use some ad hoc 

relations for the viscosity parameters. We assume the following simple phenomenological 

relation for the bulk viscosity coefficient and relaxation time respectively: 

c 
~ = 'f/p', T = ~ = 'f/Ps-1 

p 
(6.16) 

where s 2': 0, 17 2': 0 are constants. In GB region ~ = ~0H3• , T = H3~:-'> where 

~o = 'f/Po and T0 = ~ are constant. In RS region ~ = ~oH• and T = H~;•>. In the next 

section we explore cosmologies solution in TIS and FIS theory respectively. 

6.3.1 Truncated Israel-Stewart (TIS) Theory (e = 0) : 

In the TIS theory the transport eq. (6.12) reduces to 

TIT+ II= -3~H. (6.17) 

I. In the GB Regime: 

1. Power-law model : We choose a power-law expansion for the universe given by 

(6.18) 

where a0 and D are constants which are to be determined from the field equations. The 

energy density and bulk viscous stress are obtained from eqs. (6.8) and (6.14), which is 

given by are given by 

t-3 P =Po , (6.19) 
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D3 ( k2 )1/3 ( 2/3) 2 
where Po= c 3 , C = Tifa and IIo = 'YPo- P~ = g3 ('YD -1). Using transport eq. 

(6.17) one obtains 

(6.20) 

where Ar = g~(1-"(D) and A2 = 3ryg~: (D- 1J +'Y)· We note the following: 

(a) Ar = 0 demands D = ~· i.e., the power law inflation may be obtained here for 'Y < 1; 

(b) when A2 = 0, it leads to either 71 = 0, i.e., no viscosity or 'Y = r-;;'. Thus the 
I 

universe in this case evolves as a ~ tor. If we set matter in the presence of viscosity then 

the universe during this period evolves as a~ t. If we set s = ~. it leads to A1 + A2 = 0 

which yields viscosity term: 7/ = Jc( ~~"i+1). 
2. Exponential model : In this case de Sitter solution is obtained with energy density 

and bulk viscous stress are given by 

H3 
p = 03 =canst., (6.21) 

The the coefficient of bulk viscosity is 

(6.22) 

'th _ 7c3C•-1l H2-3s 
WI 77- 3 0 For s = ~. we find 17 = i!J. The scale factor of the universe 

evolves as 

a(t) = ao exp(H0t) (6.23) 

For sufficient inflation to solve the cosmological problems, one requires H0t > 65. 

II. In the RS brane regime : 

1. Power-law model : In this case we consider a power-law expansion of the universe 

given by eq. (6.18). The energy density and bulk viscous stress are given by 

(6.24) 

h - D C' - (~) 112 
d II - D 1 Fr t t w ere Pr - C' , - 6" an 1 - 'Y C' - 3c,. om ranspor eq. (6.17) we obtain 

(6.25) 
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where A~ = 3~, (1 - 31 D) and A~ = 11 g,: (3D - 3b + 1). We note the following : 

(a) when A~ = 0 one gets D = 3~, i.e., the power Jaw inflation may be obtained here 

forD > 1 i.e., 1 < l; (b) when A~ = 0, it leads to either 1) = 0, i.e., no viscosity or 

1 = 0~(j~g2 • which is a new result. Thus the universe in this case evolves as a ~ t:!:r. If 

we set matter in the presence of viscosity one gets D = j%, where C' can be chosen to 

take D > 1 i.e., the power Jaw inflation may be obtained on brane. For s = 0, we get 

cosmological solutions when viscosity and matter coexist, and it leads to A; + A~ = 0 

h' h · Jd _ D(3-yD-l) 
W IC y1e S 1) - (gD2+3-yD l)C'. 

2. Exponential model : In this case, one obtain de Sitter solution when energy density 

and bulk viscous stress become 

I II= --Ho C' . (6.26) 

The coefficient of bulk viscosity is determined as ~ = 3b, . However, one obtain 1) = 

-yc~-' H0' and for s = 0, we find 11 = itJ;. The evolution of scale factor of the universe is 

given by eq. (6.23). 

6.3.2 Full Israel-Stewart (FIS) Theory (E = 1) 

In the full causal theory eq. (6.12) becomes 

· · 1 [ 7 ~ T] Til+ II= -3~H- -Til 3H +----- . 
2 T ~ T 

(6.27) 

I. In the GB regime: 

1. Power-law model : In this case we consider power-law expansion of the universe 

given by eq. (6.18). The energy density and bulk viscous stress are given by 

(6.28) 

where p0 = g! and II0 = g: (!D -1). Using eq. (6.27) and (6.28) we obtain a differential 

equation which determines the temperature of the universe, 

T = B1t3s-3 - B2rl 
T 

(6.29) 

where B1 = 2T0D3(l-s) = ~(~) 3<•-I) and B2 = (3 + "Y~~~ -3D). For s = ~, eq. (6.29) 

yields T ~ t 81 - 82 . The solutions admits a decreasing mode of temperature when B2 > B1 
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. < f I f t" fy" ' I I" "t 2D -yD-! If ...t. 2 t.e., 10r a range o va ues o 11 sa ts mg a ower tmt 11 > c 6D2+(3 3D)(-yD I), s r 3 eq. 

(6.29) yields the evolution of the temperature which is given by T = T0r82 e'~~2t''-2 . It 

is evident that the temperature decreases when s < ~-

2. Exponential model : In this case de Sitter solution is obtained with constant energy 

density and the bulk viscous stress as given in eq. (6.21). For constant values of p and 11 

the evolution of temperature is obtained from eq. (6.27), which yields T = T01 e"'t, where 

a 1 = H0 (3- ~ + 2T0Ho2
-

38
). The decreasing mode of temperature is obtained for a 1 < 0. 

For ai = 0 the temperature of the universe remain constant. For s = ~ and To = 6;~1 

the value of temperature becomes T = canst. The scale factor of the universe evolves as 

a(t) = a0 exp(Hot) 

For sufficient inflation to solve the cosmological problems, one requires H 0t > 65. 

II. In the RS brane regime : 

(6.30) 

1. Power-law model : We consider power-law expansion of the universe given by eq. 

(6.18). The energy density and bulk viscous stress are given by 

t -I p =PI ' (6.31) 

where PI = g and 11I = 3~, (3')'D-1). Using eqs. (6.27) and (6.31) we obtain a differential 

equation for the temperature of the universe, 

T = B;t•-t- B~ri 
T 

(6.32) 

where B( = ~~s-I and B~ = (1 +I~~~- 3D). For s = 0 eq. (6.32) yields T ~ tBf-B~. 

The solutions admits a decreasing mode of temperature when B~ > B( i.e., for a range of 

values of '1/ satisfying a lower limit 11 > ~ ISD'+<;-;Dfci 3,n). If s # 0 eq. (6.32) yield the 
B' 

evolution of the temperature which is given by T = T0r8~e'T'', 

2. Exponential model : In this case de Sitter solution is obtained with constant energy 

density and the bulk viscous stress as given in eq. ( 6.26). For constant values of p and 11 

the evolution of temperature is obtained from eq. (6.27), which yields T = T02e"2
', where 

a 2 = H0(3- ~ + 2ToH-•). The decreasing mode of temperature is obtained for Cl2 < 0. 

For s = 0 and a 2 = 0 i.e., T = canst. the value of To becomes To = 6~'· The evolution 

of scale factor of the universe is shown in eq. (6.30). 
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6.4 Stability Analysis of the Equilibrium Points 

6.4.1 RS brane regime with GB terms 

The general evolution equation of t.he bulk viscous cosmological fluid on the brane 

in GB regime can be obtained using eqs. (6.8), (6.12), (6.14), (6.16). The dynamical 

equation is a second order non-linear differential equation of the form 

ii +R(H,H) = 0 (6.33) 

where R(H, X)= (1- :~t(r + 1)) fJ: + (3'YH + r0H-3(•-I) + 3~H (1 -1(r + 1))) H+ 

Tol'H-3•+5 +3H3(¥ -1). Here E = 0 for TIS theory, E = 1 for FIS theory and we consider 

barotropic behaviour of temperature (T ~ pr, where r = 1';1
). In order to study the 

stability of the equilibrium points of the evolution equation of the viscous cosmological 

fluid on the brane with GB term, we shall rewrite eq. (6.33) in the form of an autonomous 

dynamical system, by introducing a new variable X= H. We get 

[)H 
P(H,X) = 8t =X, 

ax ( 3€ ) x 2 

Q(H,X) = 8t =- 1- 2(r+ 1) H-

(6.34) 

(3/H +roH-3(s-!) + 
3~H (1-1(1 +r)) X- To/H-3"+5

- ~H3 (l'E- 2). (6.35) 

The critical points are P0 (0, 0) and P0 (h0 , 0). The critical points correspond to a Minkowskian 

space time (a(t) = canst.) and to a de Sitter inflationary phase, with a(t) = exp(h0t). 

The Point Po(ho, 0) will be stable if p = I!Q1~x) = - I!R(~:=X) < 0 and q1 = - I!Q11J;X) = 

I!R(~z=x) > 0. The stability of critieal point for different type of fluid eharacterized by 

l' for TIS and FIS theory is given in table (6.1). 

According to the standard theory for this type of differentia) equation [161] the equi

librium state (H = 0, X= 0) is stable if it satisfies the following conditions 

HR(H, 0) = To/H5
-

38 + 3H3 (~E -1) > 0; Hi 0, 

[)R~i X) = ( 1- 32c (r + 1)) 2: + ( 3/H + roH3-3s + ~E (1- l'(r + 1))H) 

= H ( -(1- ~€ (r + 1))2(q + 1) + (31 + ToH2
-

38 + ~E (1 -1(r + 1))) 2 0; 
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7 TIS FIS 
2 ho > (=?)':;'::' , s < ~ ho > (=fll)':;':',s < ~ 
~ ho > (7) 31:2 , s < .!Jl ho>(=fl'-) 3•- 2 ,s<~ 
1 ho > ( =fl!) ,:;'::, , s ::; i ho > ( =fl!) ,:;'::, , s < ~ 

Table 6.1: shows the variation of the stability condition of critical point in RS Brane 
regime without GB terms for different value of 7· 

aR11J;Xl = - (1- ~'(r + 1)) ~~ + (37 + To(3- 3s)H2
- 35 + ~'(1- 7(r + 1))) X+ 

{To(5- 3s)H4
-

35 + 9(y- 1)H2 =X (37 + T0(3- 3s)H2
-

3
' + ~(1- 7(r + 1)))

( (1- ~(r + 1))(q + 1) ff, + {To(5- 3s)H2
-

35 
(q!l) + 9(y - 1) (q!l)) X> 0. 

The stability criteria of the critical points are also noted in terms of the deceleration 

parameter. For a large value of time, i.e., H --+ 0, the term H-(3•-2) dominates for 

(s > ~) in the expression of aR~~x) and BR~~X) making it obviously non-negative. For 

the small value of time, i.e., H--+ oo, the term H-(3•-2) --+ 0 for (s > ~),the possibility of 

getting stable critical point for different fluid medium is determined in terms of q, which 

are given in table (6.2). 

7 TIS FIS 
2 -1 < q < 2 -¥ <q < f 
~ -1<q::;1 -1 < q::; 4.35 
1 -1 < q < ~ -1 < q < 5.4 

Table 6.2: shows the variation of stability condition of critical point in terms of q in RS 
Brane model with GB terms for different value of I· 

6.4.2 RS brane regime without GB terms 

The general evolution equation of the bulk viscous cosmological fluid on the brane 

in GB regime can be obtained using eqs. (6.9), (6.12), (6.14), (6.16). The dynamical 
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equation is a second order non-linear differential equation of the form 

if+ R(H, H) = o (6.36) 

where R(H, ii) =- (1 + (r + lH) iJ: + H (31 + roN-• + ~'(1- (r + l)'Y)) if 
+3')'r0H3-• + 9C~- 1)H3• Here E = 0 for TIS theory, E = 1 for FIS theory and we 

consider barotropic behaviour of temperature (T ~ pr, where r = 1~ 1 
). In order to study 

the stability of the equilibrium points of the evolution equation of the viscous cosmological 

fluid on the brane, we shall rewrite eq. (6.36) in the form of an autonomous dynamical 

system, by introducing a new variable X= H, we get 

BH 
P(H, X) = at =X, (6.37) 

Q(H, X) = (1 + (r + 1)D -;-
H ( 3')' + roH-s + ~€ (1- (r + 1)1)) X- 3')'roH3-s- 9(~€ - 1)H3. (6.38) 

The critical points are Po(O, 0) and Po(ho, 0). They corresponds to a Minkowskian space 

time (a(t) = const.) and to a de Sitter inflationary phase, with a(t) = exp(h0t). The 

Point Po ( ho, 0) will be stable if p = aQ1EJcx) = oR(H,H=X) < O d _ 8Q(H,X) _ 
ax an Q1 - aH -

oR(~z=x) > 0. We note that the critical point for different equation of state are stable 

for the following cases as given in table (6.3). 

')' TIS FIS 
2 ho > (=£0-)i , s:::; .1f ho > (=fl)*,s < 3 

~ ho>(=f')~,s<~ ho > (=f!)i , s < .1f 
1 ho > (=fl)·•, s:::; 6 ho >' ( =p) • , s :::; ~ 

Table 6.3: shows variation of the stability condition of critical point in RS Brane regime 
without GB terms for different value of 1. 

According to the standard theory for this type of differential equation [161] the equi

librium state (H = 0, X= 0) is stable, when 

H R(H, 0) = 3')'roH3-s + 9H3 ( ~E - 1) > 0; H f' 0, 
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oR(H, X) ( E) 2X ( 3E ) ax =- 1. + (r + 1)2 H + H 31 +row·+ 2(1- (r + 1)1') 

= H ((1 + (r + 1)~)2(q + 1) + 31 + r0H-s + ~E(1- (r + 1)1')) 2': 0 

aRb~x) = (1 + (r + 1H) ~~ + (31 + ro(1- s)w• + ~(1- (r + 1)1')) X+ 

31ro(3- s)H2
-s + 27(y- 1)H2 =X (31 + r0(1- s)H-• + ~(1- 1(r + 1))) + 

((1 + ~(r + 1))(q + 1) ff2 - 3Fo(3- s)W• (q~I) - 27(y- 1) (q~r)) X > 0. 

The stability of the critical point can also be determined in terms of the deceleration 

parameter. For large time limit, H-+ 0, the term H-• dominates (s > 0) in the expression 

of /JR~~X) and iJR~~x) making it obviously non-negative. For the small time limit, H -+ oo 

the term H-•-+ 0 for (s > 0), the condition of the stability of the critical point in terms 

of q is given in table (6.4). 

I TIS FIS 
2 -1 < q < 8 -lf < q:.,:: ~ 
~ -1 < q < 6.56 -1 < q < 2.45 
1 -1<q:.,;5.9 -1<q<3.15 

Table 6.4: shows the variation of stability condition of critical point in terms of q in RS 
Brane model without GB terms for different value of I· 

The special case 1 = 2 in FIS theory is studied in Ref [162], a condition on q are 

obtained which satisfy the lower limit -J3 :.,:: q for a stable critical point for RS model. In 

our case (FIS theory), we found that stable critical points are permitted for 1 = 2 with 

(-JJ :.,;q< ¥l· 

6.5 Discussion 

In this chapter both power law and exponential solutions are studied in the Randall

Sundrum type II (RS) brane-world scenario in the GB regime with viscous fluid. The 

truncated and Full Israel-Stewart theory are employed here to describe the viscous fluid. 

It is found that the effect of viscosity in general is to increase the rate of expansion of 
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the universe. We do not get a viscous universe with power law behaviour; (a) in the 

GB- regime for s = ~ and D = ~, (b) in the RS regime for s = 0 and D =. 3\ in 

TIS theory. In TIS theory for 1 = 1 we note a(t) ~ t in GB but a(t) ~ t113 without 

GB. Thus the rate of expansion is more in the presence of GB term than that when 

GB-term is absent in RS-brane. The coefficient of viscosity 'f/ is determined in terms of 

I· The evolution of characteristic temperature of the viscous universe is determined in 

FIS theory. Exponential de Sitter solution (H = H0 ) is explored in FIS theory both in 

the GB regime and in the RS regime. In this chapter we also study the stability of the 

equilibrium points of the dynamical system associated with the evolution of the viscous 

cosmologieal fluid both in the RS regime and in the GB regime. The stability condition 

of critical point in the GB and in the RS regime are given in tables (6.1)-(6.4). The tables 

shows the upper limit of deceleration parameter ( q) for stability of critical point which 

decreases with higher values of 1 in FIS theory, but in TIS that decreases for lower values 

of 1 both in GB and RS regime. For a stable critical point in the GB regime the value 

of (q) lies between - 1] > q > ¥ for stiff fluid in FIS theory, that for RS brane regime 

the value of (q) lies between - 1i > q > ~- In the GB regime the equilibrium point is 
1 

stable if h0 > (-'f) 3"-
2 for s :::; ~ and in the RS regime the equilibrium point is stable if 

1 

ho > ( -';'-)" for s :::; 3 for stiff fluid. 
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CHAPTER 7 

Concluding Remarks and Future Work 

In this thesis cosmological models are studied in higher derivative theories of gravity 

and presented different aspects of the models. Recent predictions from the observed 

supernovae light curve data, Wilkinson Microwave Anisotropy Probe (WMAP) data [75], 

etc indicate that the present universe is accelerating. It is also known that the universe 

might have emerged to the present state from an inflationary phase in the past. General 

relativity, in spite of being the most successful gravitational theory in the last hundred 

years, has left some of these problems without satisfactory explanation. 

Recent cosmological and astronomical observations led us to believe that the Einstein 

field equation is not enough. Some of the cosmological issues are addressed incorporat

ing either modification of the matter sector including exotic field, namely chaplygin gas, 

tachyon, etc or modification of the gravitational sector of the Einstein field equation, con

sidering a Lagrangian which is a polynomial function of R. One of the major mechanism 

to obtain inflation is to consider a higher derivative theory of gravity e.g., R2 - term 

including quadratic terms in the curvature tensors to the standard Einstein-Hilbert (in 

short, EH) action. The possibility of having inflation without any inflaton field was first 

predicted by Starobinsky [5], who found that the addition of R2 term to the EH action 

admits a de Sitter solution. 

In addition we consider gravitational theories with variable A and G, and viscosity 

in order to obtain suitable model of the universe. We consider the following models: (i) 

higher derivative theory without matter (ii) higher derivative theory with a time varying 

cosmological constant A in the presence of viscosity (iii) higher derivative theory of gravity 

with a cosmological constant A and gravitational constant both varying with time in the 
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presence of viscosity (iv) higher derivative theory of gravity with time varying A(t) and 

G(t) (without viscosity) (v) bulk viscosity in the brane-world with GB-terms. 

In this thesis early inflation, late acceleration and intermediate standard cosmological 

evolution of the universe in cosmological time scale has been explored. Inflation became 

established as a standard model of the early universe as the outcome of the research 

in cosmology last 30 years and it is now considered to be one of the most important 

developments in our cosmological understanding. Soon after the seminal paper by Guth, 

taken to mark the birth of the inflation paradigm, several versions of inflation were came 

up, considering its profound importance in cosmological model building. It is interesting 

to note that a large number of eosmologieal observf,Ltions support the idea of inflation and 

the suitability of the inflation is not ruled out. On the scale > 100 Mpc our universe 

is homogeneous and isotropic and it is described by Robertson-Walker metric. The field 

equation is then written in terms of scale factors of the universe. The dynamical field 

equation obtained corresponding to the gravitational action considered here is highly non

linear, so it is not simple to determine analytic solution. We adopt numerical technique 

to determine the evolution of the universe. A number of phases of expansion of the 

universe are obtained where the evolution is studied in ( q- H) plane. We also determine 

approximate q as a function of H. 

One of the attempt to incorporate an accelerating universe without higher derivative 

terms is to consider dark energy. However, the nature and its origin are not yet known 

in the standard model of particle physics. This demands a new physics with theoretical 

and experimental research work or a modification to the existing theories. 

In this thesis specific cosmological issues related to obtain a viable cosmological mod

els are presented. In chapter 2, cosmological solution are obtained in higher derivative 

theories of gravity without matter as a toy model. The role of the geometry alone in 

driving cosmological evolution is considered. As the field equation is highly non-linear a 

numerical technique is adopted to understand the evolution of the universe. A number 

phases of expansion of the universe are obtained here when the evolution is studied in 

(q- H) plane. The present accelerating phase of the universe, early inflationary phase 

and prediction of the future possible evolution of the universe are analyzed. 

93 



In chapter 3, cosmological evolution of the universe in higher derivative theory of 

gravity with a time varying cosmological constant A(t) in the presence of viscous fluid is 

studied. A viscous universe described by Eckart, truncated and full Israel-Stewart theo

ries are taken up considering both power-law and exponential expansion of the universe. 

We note that present accelerating phase of expansion of the universe is followed by a 

decelerating phase in the past. It is found that there exists phases with a number of 

accelerating and decelerating phases which are important to build a cosmological scenario 

of the universe. 

In chapter 4, evolution of the universe in higher derivative theory of gravity with a 

time varying cosmological A(t) and gravitational constant G have studied in the presence 

of imperfect fluid describe by FIS theory. We determine temperature evolution in this case 

which also follows from Gibbs integrability condition. It is found that the temperature 

of a viscous universe is more than the universe without viscosity at a given instant. The 

present temperature of the universe in the model is T ~ 2.74K which is in fair agreement 

with observed value T ~ 2.72K from CMBR. 

In chapter 5, R2 theory is considered with varying gravitational constant (G), which 

is found to decrease initially and subsequently attains a constant value at a later stage. 

In the matter dominated universe (MDU) case the scale factor of the universe evolves 

as a ~ d, which is similar to that of an Einstein gravity during MDU. In this case a 

realistic variation of the parameter G is obtained where G is large initially in the early 

universe, which, subsequently attains a constant value. The above cosmological solutions 

are permitted either with (i) A > 0 if a < 0 or (ii) with A < 0 if a > 0. In the 

MDU, a new cosmological solution is found in R2 theory which admits an accelerating 

universe (supported by supernova observation), with a decaying cosmological constant 

and a constant G. Since G couples geometry to matter, in an expanding universe, we 

hopefully expect G = G(t). A variation of G with time has a considerable effect on the 

evolution of the solar system and on the other galaxy. G(t) variation originates from the 

decaying of vacuum energy density. One expects a constant value of G at the scales of 

solar system and galaxies, since at these scales the matter density and the curvature (and 
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most probably the vacuum density) are nearly constant. A physical realistic case with 

varying G is noted. 

Finally in chapter 6, brane-world solution in the presence of viscosity is studied. The 

effect of extra-dimensions with viscous fluid increases the rate of expansion of the universe. 

It is well known that the inflationary scenario in the Randall-Sundrurn type II (RS) 

brane-world cosmology model is influenced due to Gauss Bonnet terms. The effect of 

bulk viscosity both in the GB regime and in the RS regime are explored here and a 

satisfactory explanation of the late universe is obtained. The outcome from this analysis 

may help in the future to study the properties of matter for a cosmological model building 

of the early as well as late universe. 

To conclude, the results included in this thesis have shown that higher derivative 

theory of gravity remains compelling candidate to describe cosmological evolution of the 

universe. Both the validity and viability of theses theories have still to be subjected to 

many theoretical and experimental tests. Perhaps in future experiments may reveal some 

of its predictions. The outcome from the result obtained in chapter 2 may be useful 

to study cosmological evolution of the universe in the modified theory of gravity in the 

presence of matter. In almost all the higher derivative theories of gravity considered in 

the thesis accommodates the present accelerating phase of the universe. 
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