
CHAPTERV 

NONLINEAR VIBRATIONS .OF IRREGULAR
SHAPED PLATES RESTING ON NONLINEAR 

ELASTIC FOUNDATION* 

5.1 INTRODUCTION: 

Nonlinear vibrations of elastic plates have great important to the engineering 

and designers, when these easily deformable structures vibrate at large 

amplitude, the classical bending theory becomes inadequate and it is necessary 

to allow moderately large deflections. 

In this paper the free vibrations of irregular-shaped plates under clamped-

edge boundary condition resting on non-linear elastic foundation and subject to 

uni-axial compressive loads normal to all the edges have been investigated by 

the method of complex variables [17, 42,49,101,161- 170, 173]. The essence 

of the 1nethod is to transform the basic governing differential equation [ 1 71] in 

tenns of complex co-ordinates ( z, ~, z = x + iy) and the domain can be 

conformally mapped onto a unit circle. It is to be noted that a one-term 

approximation of the mapping function yields fairly accurate results with less 

computational effort. 

*Presented at the 9'h.International Conference on Vibration Problems( /COVP-2009) 
held at Indian Institute of Technology(IIT),Kharagpur, West Bengal(lndia), 
January 19-22,2009 .. The Paper is published in the £-Proceedings of the Conference, 
Session-X-B. 
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5.2 BASIC GOVERING EQUATION 

One can describe the large amplitude vibrations of a plate resting on non 

line~r elastic foundation by the non-linear differential equation [ 1 71] 

(149) 

where, 

k1 , k 3 = foundation parameters and 

z =resultant transverse load given by 
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5.3 TRANSFORMATION OF EQUATION (149) INTO COMPLEX CO

ORDINATES: 

Let z = X+ iy ( i = n ), then; = X - iy ' so that 

a a aa .a a 
- =-+-='- = z(---=) ax az az 8y az az 

(151) 

Considering Px = P_v = P , equation (149) transform into 
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Let z = f(~) be the analytic function, called the mapping function, which maps 

the shape in the z - plane onto a unit circle into ~ -plane, where 

~ = re;8 ,""¢ = r;je ,r- being the radius of the circle. 

Now, equation (152) takes the form: 
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5.4 BOUNDARY CONDITIONS AND SOLUTION: 

The boundary conditions for clamped immovable edges are 

dW 
W=O=- at r=l 

dr 
(154) 

In conformity of the above boundary condition the deflection function may be 

chosen as [ 49] · .. 

W = (1 - ~ ""¢ Y F(t) (155) 
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where F(t) is some unknown function of time t . 

Let z = acS~ (156) 

be the first term of the mapping function where o is the mapping function co

efficient having different values for different plate shapes given in 

Table-1 and " a " is some characteristic dimension of the plate shape. 

Inserting (155) and (156) into equation (153),and applying Galerkine procedure 

one gets after lot of integrations the following Duffing's cubic equation in the 

form 

I I 

F"(t) + A1 F(t) + B1 F
3 (t) = 0 (157) 

where, 

(158) 
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8 ( 160) X" = r - r r r = ( X X ) 
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The solution of equation (157)) has been derived in [ 172] following the method 

ofNash and Modeer [86] and is expressed in the form 

(161) 
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5.5 MAPPING FUNCTION CO-EFFICIENTS [Ref. 161 ] 

Regular Polygon Values of Coefficients 

8 

Equilateral Triangle 1.353 

Square 1.080 

Pentagon 1.0526 

Hexagon 1.0376 

Heptagon 1.0279 

Octagon 1.0219 

Circle 1 

5.6NUMERICAL RESULTS AND DISCUSSION: 

Numerical Results have been presented graphically (Fig.5.1-Fig.5.11) showing 

variations of non-dimensional frequencies ( ::' J against the compressive load 

parameter P for the cases of (i) Circle, (ii) Square and (iii) Equilateral 

Triangular Plates considering corresponding values of the mapping function 

Coefficients 8 and some dimension "a" of the plate shape and k 1 and k3 

E=21xtOS, h= 0.5, v = .3, p=l 
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Fig.5.1 Shows comparative variations of ( ::·) vs.P for a=IO, 

k1 =500, k3 =50.Here 1,2 and 3 represent circle, square and 
equilateral triangle respectively. 
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Fig.5.2 Shows comparative variations of [ :::) vs.P for a=20, k,=500,k,=50. 

Here 4,5 and 6 represent circle, square and equilateral triangle respectively_ 
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Fig.5.3 Shows comparative variations of [ '::,1·) vs. P for a=l 0, k, =O,k, =50 

Here 7,8 and 9 represent circle, square and equilateral triangle respectively. 

164 



-3000 

-3200 

-3400 

-3600 

-3800 

-4000 

-4200 10 

-4400 

12 

-4600 
0 0.2 0.4 0.6 08 

(

(J)NL I 
OJ~, ) 

Fig.5.4 Shows comparative variations of ( ':;,' J vs. P for a=20, 

k1 =O,k3 =50 

Here 10,11 and 12 represent circle, square and equilateral triangle respectively. 
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Here 13,14 and 15 represent circle, square and equilateral triangle respectively_ 
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Fig.5.6 Shows comparative variations of ( ";,'· J vs.P for a=20, 

kl =500, k, =0 

Here 16,17 and 18 represent circle, square and equilateral triangle respectively. 
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Fig.5.7 Shows comparative variations of ( ':;,'·) vs.P for a=IO, 

k1=0,k3=0 

Here 19,20 and 21 represent circle, equilateral triangle and square respectively. 
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Fig.5.8 Shows comparative variations of ( ::,··) vs. P for a~lO, 
k1=0,k3 =0 

Here 22,23 and 24 represent circle, square and equilateral triangle respectively. 
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Fig.S .9 Shows comparative variations of ( :;,L ) vs. P for circle (a~ I 0) 

Here 25,26,27 and 28 represent circle for k1 = 500 , k3 =50; 

k1 =0, k3 =50 ; k 1 = 500, k3 = 0; k 1 = 0, k3 =0 respectively. 
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Fig.5 .1 0 Shows comparative variations of ( ';;,'· J vs. P for a square (a= 1 0) 

Here 29,30,31 and 32 represent the square for k1 = 500, k3 =50; 

k1 =0 , k3 = 50 ; k1 = 500 , k3 = 0; k1 = 0 , k3 =0 respectively. 
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Fig. 5.11 Shows comparative variations of ( ~'- ) vs. P for an equilateral triangle 

Here 33,34,35 and 36 represent an equilateral triangle for 

k1 = 500 k" =50· k1 =0 k3 =50· k1 = 500 k3 = O· 
'..) ' ' ' ' ' 

k1 = 0 , k3 =0 respectively. 
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5.7 OBSERVATIONS AND DISCUSSIONS: 

i) From the Figures (Fig.5.1-Fig.5.8) general observations are noted that with 
the increase of the load parameter P ; ratios of the nonlinear vs. linear 

frequencies ( ::'-) also increase. 

ii) Keeping the values -of the foundation parameters k1 and k3 fixed, the 
load-bearing capacities are seen to be different when dimensions of the 

plates are changed to attain the same level of frequency-ratios ( ::'·) as 

described below:-

a) From Fig.5.l,it is seen that for a square plate the compressive load 
capacities are enormously greater than those for the cases of a circular and 
an equilateral triangular plates for a = 10, k1 = 500,k3=50. It is further 
noted that after a certain level the results for the case of a triangular plate 
become higher than those for the cases of a circular and a square plate. 

b) From Fig.5.2 it is observed that for the case of a circular plate the load 
parameters are greater than those of a square and an equilateral triangular 
plate when a=20,k1= 500,k3= 50.Similar behavior occurs as in the previous 
case. 

c) From Fig.5.3 it is seen that for a triangular plate the load bearing 
capacities are greater than those for the cases of a square and a circular 
plate when a=10,k1= O,k3= 50. 

d) From Fig.5.4 it is seen that for a square plate the load capacities are 
higher than those of the cases of a circular plate and an equilateral 
triangular plate for a=20,k1=0, k3= 50. 

Here also after a certain stage, results for the case of a circular plate 
become higher than those for the cases of a square and an equilateral 
triangular plate. 

e) From Fig.5.5, it is seen that for a square plate the load capacities are 
higher than those for a circular and an equilateral triangular plates for 
a= 10, k 1= 500, k3=0. 

f) From Fig.5.6, it is seen that for a circular plate load capacities are higher than 
those for the cases of a square and an equilateral triangular plate for a=20, 
k1=500, k3= 0. 
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g) From Fig.5. 7, it is seen that for a equilateral triangular plate load capacities 
are higher than those for the cases of an square and circular plate for a= 1 O,k =0, 
k3=0. 

h)From Fig.5.8, it is seen that for an equilateral triangular plate load capacities 
are higher than those for the cases of a square and a circular plate for 
a=20,k1=0,k3 = 0. 

Since frequencies have been considered from 0 to 1 in all the above cases 
nature of variations of parameters in the Fig.5.3,Fig.5.7 and Fig.5.8 will be the 
same as observed in (a) or (d) above. 

iii) From Fig.5.9,Fig5.10 and Fig.S.ll for each of three cases [ circle, square 
and an equilateral triangle ],it is seen that with the decrease of the foundation 
parameters ( k1 , and k3 ) values of load parameters increase to attain the same 

level of ratios of nonlinear and linear frequencies(:;:'-). 

174 


