
Chapter 5 

Pseudo nearly compact fuzzy sets 

and ps-ro continuous functions 

5.1 Introduction 

By accepting the necessary condition obtained in Theorem( 3.4.10) 

(i) in Chapter 3, for a fuzzy set to be starplus nearly compact as a 

basic definition of a compact-like covering property, we introduce the 

notion of pseudo near compactness. The pseudo near compactness 

has been studied via fuzzy nets, fuzzy filterbase and properties of 

ps-ro closed fuzzy sets. 

We have further introduced two operators, called by us fuzzy ps

closure and fuzzy ps-interior. In section (5.3), we have formed a new 

type of fuzzy continuous-like function, named by us, pseudo fuzzy 

ro-continuous function. This we have studied with the aid of the 
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preceding two operators. Apart from these operators, we have also 

studied them through other concepts like fuzzy points, ps-ro closed 

fuzzy sets and so on. Besides, we are able to show that this type of 

functions preserve pseudo near compactness of a jts. 

5.2 ps-closure and ps-interior operators 

Definition 5.2.1 The union of all ps-ro open fuzzy sets, each con

tained in a fuzzy set A on a fts X is called fuzzy ps-interior of A 

and is denoted by ps-int(A). So, ps-int(A) = v{B : B < A, B is 

ps-ro open fuzzy set on X} 

Definition 5.2.2 The intersection of all ps-ro closed fuzzy sets on a 

jts X, each containing a fuzzy set A on X is called fuzzy ps-closure 

of A and is denoted by ps-cl(A). So, ps-cl(A) = 1\{B: A< B, B is 

ps-ro closed fuzzy set on X} 

Some properties of ps-cl and ps-int operators are furnished below. 

Since the proofs are straightforward, we only state the properties 

without proof. 

Theorem 5.2.1 For any fuzzy set A on a jts (X,-r), the following 

hold: 

(i) ps-cl(A) is the smallest ps-ro closed fuzzy set containing A. 
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(ii) ps-cl(A) < ps-cl(B) if A < B. 

(iii) ps-cl(A) =A iff A is ps-ro closed. 

(iv) ps-cl(ps-cl(A)) = ps-cl(A). 

(v) ps-cl(A VB) = ps-cl(A) V ps-cl(B) 

Theorem 5.2.2 For any fuzzy set A on a fts (X, r), the following 

hold: 

(i) ps-int(A) is the largest ps-ro open fuzzy set contained in A. 

(ii) ps-int(A) < ps-int(B) if A< B. 

(iii) ps-int(A) =A iff A is ps-ro open. 

(iv) ps-int(ps-int(A)) = ps-int(A). 

(v) ps-int(A 1\ B) = ps-int(A) 1\ ps-int(B) 

Definition 5.2.3 In a fts (X, r), a fuzzy set A is said to be a 

(i) ps-ro nbd. of a fuzzy point x .. , if there is a ps-ro open fuzzy set 

B such that Xa E B < A. In addition, if A is ps-ro open fuzzy set, 

the ps-ro nbd. is called ps-ro open nbd. 

(ii) ps-ro quasi neighborhood or simply ps-ro q-nbd. of a fuzzy point 

Xa, if there is a ps-ro open fuzzy set B such that XaqB < A. In 

addition, if A is ps-ro open, the ps-ro q-nbd. is called ps-ro open 

q-nbd .. 

Definition 5.2.4 A fuzzy point Xa where 0 < a < 1 is called fuzzy 

ps-cluster point of a fuzzy set A if for every ps-ro open q-nbd. U of 
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Xa, UqA. 

Theorem 5.2.3 In a fts (X, r), for any fuzzy set A, ps-cl(A) is the 

union of all fuzzy ps-cluster points of A. 

Proof. Let B = ps-cl(A). Let Xa be any fuzzy point such that 

Xa < B and if possible let there be ps-ro open q-nbd. U of Xa such 

that U !JA. Then there exist a ps-ro open fuzzy set V on X such 

that XaqV < U. Consequently, V jqA. So that A < 1 - V. As 

1- Vis ps-ro closed fuzzy set, B < 1- V. As Xa f-:1- V, we have 

Xa > B, a contradiction. Conversely, suppose Xa ~B. Then there 

exists a ps-ro closed fuzzy set F containing A such that Xa > F. So, 

Xaq(1 - F) and A !J(1 - F). Further, (1 - F) is ps-ro open fuzzy 

set, so that Xa is not ps-cluster point of A. 

Theorem 5.2.4 ForafuzzysetAinaftsX,ps-int(1-A) = 1-ps

cl(A). 

Proof. ps-int(1- A)= V{B: B < (1- A), B is ps-ro open on X} 

So, 1 - ps-int(1 - A) 

= 1- v{B: A< (1- B), (1- B) is ps-ro closed on X} 

= A{(1- B): A< (1- B), (1- B) is ps-ro closed on X} 

= ps-cl(A). Hence, ps-int(1- A) = 1- ps-cl(A). 

Remar.k 5.2.1 It may be observed that a fuzzy set A on a jts 

(X, r) is ps-ro open iff A is ps-ro nbd. of each of the fuzzy points 
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contained in A. 

We conclude this section with some definitions that we require in 

the next section. 

Definition 5.2.5 Let { Sn : n E D} be a fuzzy net on a fts X. i.e., 

for each member n of a directed set (D, <), Sn be a fuzzy set on X. 

A fuzzy point X 01 on X is said to be a fuzzy ps-cluster point of the 

fuzzy net if for every n E D and every ps-ro open q-nbd. V of x01 , 

there exists mE D, with n < m such that SmqV 

Definition 5.2.6 Let X 01 be a fuzzy point on a fts X. A fuzzy 

net {Sn: n E (D, >)}on X is said tops-converge to x01 , written as 

Sn .!'! X 01 if for each ps-ro open q-nbd. W of X 01 , there exists m E D 

such that SnqW for all n > m ,(n E D). 

Definition 5.2.7 A collection B of fuzzy sets on a fts (X,r) is 

said to form a fuzzy filter base in X if for every finite subcollection 

{B1, B2, ... , Bn} of B, /\7=, B; #- 0. If in addition, the members of B 

are ps-ro open (closed) fuzzy sets then B is called a ps-ro open fuzzy 
c 

(respectively, ps-ro closed fuzzy) filter base in X. If every member 

of a fuzzy filterbase Bon X is contained in some fuzzy set A in X, 

then B is called a fuzzy filterbase in A. 
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Definition 5.2.8 A fuzzy filterbase Bon a jts (X, r) is said to have 

a fuzzy ps-cluster point in a fuzzy set A if there exist a fuzzy point 

x, in A such that x, < 1\{ps-cl(U) : U E B}. 

Definition 5.2.9 Let x, be a fuzzy point on a jts X. A fuzzy 

fi.lterbase B is said 

(i) tops-adhere at x, written as Xo: < ps-ad.B if for each ps-ro open 

q-nbd. U of Xo: and each B E B, BqU. 

(ii) to ps-converge to xo:, written as .B ~ Xo: if for each ps-ro open 

q-nbd. U of Xm there coresponds some B E B such that B < U. 

5.3 Pseudo near compactness 

Definition 5.3.1 Let A be a fuzzy set on a jts X. A collection U 

of fuzzy sets on X is called a cover of A if sup{ U : U E U} > A. If 

in addition, the members of U are ps-ro open fuzzy sets on X, then 

U is called a ps-ro open cover of A. In particular, if A = lx, we get 

the definition of ps-ro open cover of the jts X. A fuzzy cover U of 

a fuzzy set A in a jts is said to have a finite ps-ro open subcover UJ 

if U0 is a finite subcollection of U such that V{U: U E Uo} > A. 

Definition 5.3.2 A fuzzy set A on a fts (X, r) is called fuzzy pseudo 

nearly compact set if every covering of A by ps-ro open fuzzy sets 
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has a finite subcover. Clearly, for A = X, the fts (X, r) becomes 

fuzzy pseudo nearly compact fts. 

Remark 5.3.1 It is easy to observe, as pseudo regular open fuzzy 

sets form a base for ps-ro open fuzzy topology, replacing ps-ro open 

cover by pseudo regular open cover, we may obtain pseudo near com

pactness. 

Theorem 5.3.1 A fts (X, r) is fuzzy pseudo nearly compact iff ev

ery {Ba : a E A} of ps-ro closed fuzzy sets on X with /\aEABa = 0, 

there exist a finite subset Ao of A such that /\aEAoB" = 0. 

Proof. Let {Ua : a E A} be a ps-ro open cover of X. Now, 

/\aEA(1- Ua) = (1- vaEAUa) = 0. As {1- Ua: a E A} is a collection 

of ps-ro closed fuzzy sets on X, by given condition, there exist a 

finite subset Ao of A such that /\aEAo (1- Ua) = 0 =? 1- v aEAo Ua = 0. 

i.e., 1 = V aEAo Ua. So, X is fuzzy pseudo nearly compact. 

Conversely, Let {Ba: a E A} be a family of ps-ro closed fuzzy sets 

on X with /\aEABa = 0. Then 1 = 1-/\aEABa =? 1 = vaEh(1- Ba)· 

By given condition there exist a finite subset Ao of A such that 

1 = v aEAo (1 - Ba) =? 1 = (1 - /\aEhoBa)· Hence, /\aEhoBa < 

(AaEAoB"') 1\ (1 - /\aEAoB"') = 0. Consequently, /\aEAoBa = 0. 

Pseudo near compactness of a fts can be characterized in terms 
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of cluster points of fuzzy net, as seen in the following result. 

Theorem 5.3.2 A jts X if fuzzy pseudo nearly compact iff every 

fuzzy net on X has a fuzzy ps-cluster point. 

Proof. Let {Ua : o: E D} be a fuzzy net in a fuzzy pseudo nearly 

compact fts X. For each o: E D, let Fa = ps-cl[V{U/3 : (3 E 

D, o: < (3}]. Then :F = {Fa : o: E D} is a family of ps-ro closed 

fuzzy sets with the property that for every finite subset Do of D, 

/\{Fa: o: E Do}=/= 0. By Theorem ( 5.3.1), /\{Fa: o: ED}=/= 0. Let 

X>-. E /\{Fa : o: E D}. Then for any ps-ro open q-nbd. A of X>-. and 

any o: E D, Aq V {U13 : o: < (J}.Thus there exist a (3 E D with o: < (3 

such that AqU13. This shows that X>-. is a fuzzy ps-cluster point of the 

fuzzy net {Ua: o: ED}. 

Conversely, Let :F be a collection of ps-ro closed fuzzy sets on X 

satisfying the hypothesis. Let :F* denote the family of all finite in

tersection of members of :F directed by the relation " -< "(say) such 

that for F1, F2 E :F*, F2 -< F1 iff F1 < F2• Let us consider the fuzzy 

net U = { F : F E ( :F*, -<)} of fuzzy sets on X. By hypothesis, there 

exist a fuzzy point X>-. which is a fuzzy ps-cluster point of U. we shall 

show that X>-. E A :F. In fact, let F E :F be arbitrary and A be any 

ps-ro open q-nbd. of X)... Since F E :F* and X>-. is a fuzzy ps-cluster 

point of U there exist G (say) in :F* such that G -< F (i.e., G < F) 
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and GqA. Hence, FqA. Thus x.\ E ps-clF = F. Hence, 1\ :F =/= 0. 

By Theorem ( 5.3.1) X is fuzzy pseudo nearly compact fts. 

Theorem 5.3.3 For a fuzzy set A on a fts, the following are equiv

alent: 

(a) Every fuzzy net in A hasps-cluster point in A. 

(b) Every fuzzy net in A has a ps-convergent fuzzy subnet. 

(c) Every fuzzy filterbase in A ps-adheres at some fuzzy point in A. 

Proof. (a)=? (b): Let {Sn: n E (D, >)}be a fuzzy net in A having 

ps-cluster point at Xo: < A. Let Qxa = {A : A is ps-ro open q-nbd. 

of Xa}- For any B E Qxa' there can be chosen some n E D such 

that SnqB. Let E denote the set of all ordered pairs (n, B) with 

the property that n E D, B E Qxa and SnqB. Then (E, >-) is a 

directed set where ( m, C) >- ( n, B) iff m > n in D and C < B. Then 

T : (E >-) ---> (X, T) given by T(n, B) = Sn, is a fuzzy subnet of 

{Sn : n E (D, >)}. Let V be any ps-ro open q-nbd. of Xo:- Then 

there exists nED such that (n, V) E E and hence SnqV. Now, for 

any (m, U) >- (n, V), T(m, U) = SmqU < V =? T(m, U)qV. Hence, 

ps 
T ...... Xo:-

(b) =? (a) If a fuzzy net { Sn : n E (D, >)} in A does not have any 

ps-cluster point, then there is a ps-ro open q-nbd. U of Xo: and n E D 

such that Sn !JU, V m > n. Then clearly no fuzzy subnet of the fuzzy 
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net can ps-converge to Xa. 

(c) =? (a) Let {Sn : n E (D, >)} be a fuzzy net in A. Consider the 

fuzzy filter base :F = {Tn: nED} in A, generated by the fuzzy net, 

where Tn = {Sm: mE (D,>) and m > n}. By (c), there exist a 

fuzzy point a, < A 1\ (ps-ad:F). Then for each ps-ro open q-nbd. U 

of aa and each FE :F, UqF, i.e., UqTn, V nED. Hence, the given 

fuzzy net has ps-cluster point at a,. 

(a)=? (c) Let :F ={Fa: a E A} be a fuzzy filterbase in A. For each 

a E A, choose a fuzzy point xFa < Fa, and construct the fuzzy net 

S = {xFa : Fa E :F} in A with (:F, )-)-) as domain, where for two 

members Fa" Ff3 E :F, Fa )-)- F/3 iff Fa < F/3. By (a), the fuzzy_ net 

has a ps-cluster point say Xt < A, where 0 < t < 1. Then for any 

ps-ro open q-nbd. U of Xt and any Fa E :F, there exists F/3 E :F such 

that Ff3 )-)- Fa and XFpqU. Then Ff3qU and hence FaqU. Thus :F 

adheres at Xt-

Using Theorem ( 5.3.3) along with what we have proved in The

orem ( 5.3.1) and ( 5.3.2) we obtain the following characterizations 

of a fuzzy pseudo nearly compact fts. 

Theorem 5.3.4 In a fts (X, r), the following are equivalent: 

(a) X is fuzzy pseudo nearly compact. 

(b) Every fuzzy net on X has ps-cluster point at some fuzzy point in 
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X. 

(c) Every fuzzy net on X has a ps-convergent fuzzy subnet. 

(d) Every fuzzy filterbase on X ps-adheres at some fuzzy point in X. 

(e) For every { Ba : a E A} of ps-ro closed fuzzy sets on X with 

/\~EAB" = 0, there exist a finite subset Ao of A such that /\~EAoBa = 0. 

Theorem 5.3.5 If a fts is fuzzy pseudo nearly compact, then ev

ery fuzzy filterbase on X with atmost one ps-adherent point is ps

convergent. 

Proof. Let :F be a fuzzy filterbase with atmost one ps-adherent 

point in a fuzzy pseudo nearly compact fts X. Then by Theorem 

( 5.3.4), :F has at least one ps-adherent point. Let Xa be the unique 

ps-adherent point of F. If :F do not ps-converge to Xa, then there 

is some ps-ro open q-nbd. U of Xa such that for each F E :F with 

F < U, F 1\ (1- U) =I 0. Then Q = {F 1\ (1- U) : F E F} is a 

fuzzy filterbase on X and hence has a ps-adherent point Yt(say) in 

X. Now, U !JG, for all G E Q, so that Xa =I Yt· Again, for each ps-ro 

open q-nbd. V of Yt and each FE F, V q(F 1\ (1- U)) =:- V qF =:- Yt 

is a ps-adherent point of :F, where Xa =I Yt· This shows that Yt is 

another ps-adherent point of :F, which is not the case. 

In what follows, we observe how fuzzy pseudo near compactness 

of a fuzzy set on a jts be characterized. 
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Theorem 5.3.6 For a fuzzy set A on a fts (X, T), the following are 

equivalent: 

(a) A is fuzzy pseudo nearly compact. 

(b) For every family :F of ps-ro closed fuzzy sets on X with 1\ { F : 

F E F} 1\ A = 0, there exist a finite subcollection :Fa of B such that 

/\:Fa ,4A. 

(c) If B is a ps-ro closed fuzzy filterbase on X such that each finite 

intersection of members of B is q-coincident with A, then (/\B) /\A # 

0. 

Proof. (a) => (b): Let A be a fuzzy pseudo nearly compact set 

on a fts (X, T) and :F be a family of ps-ro closed fuzzy sets on X 

such that 1\{F : F E :F} 1\ A = 0. Then for all x E supp(A), 

inf{F : F E :F} = 0, so that the collection {(1- F) : F E :F} 

is a cover of A by ps-ro open fuzzy sets. Hence, there is a finite 

subcollection :Fa of :F such that A < V{(1 -F) : F E :F}. Then 

1\{F : F E Fa} < 1 - A and hence 1\ :Fa ,4A. 

(b)=> (c): Straightforward and hence omitted. 

(c)=> (a): If A is not fuzzy pseudo nearly compact in X, there exist 

a ps-ro open fuzzy cover U of A having no finite subcover of A. So, 

for every finite subcollection Ua of U, there exist x E supp(A) such 

that A(x) > sup{U(x) : U E U}. i.e., inf{(1 - U(x)) : U E U} > 
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1-A(x) > 0. Thus {(1-U) : U E U} = B(say) is a fuzzy ps-ro closed 

fuzzy filterbase on X having no finite subcollection B0 such that 

1\{B: BE Ba} ,4A. In fact otherwise A< 1-/\{(1-U): U E U0} = 

V{U: U E Uo} for some finite subcollection U0 of U, contradicting 

our hypothesis. Using (c), we then have /\{(1-U): U E U}/\A =/= 0 

and hence there is x E supp(A) such that inf{(1- U(x)) : U E U} > 

0 i.e., sup{U(x) : U E U} < 1, which contradicts the fact that U is a 

cover of A. 

Theorem 5.3. 7 A fuzzy set A in a fuzzy pseudo nearly compact 

space X is fuzzy pseudo nearly compact if every fuzzy filterbase in 

A has a fuzzy ps-cluster point in A. 

Proof. Let every fuzzy filterbase in a fuzzy set A in a fuzzy pseudo 

nearly compact space X has a fuzzy ps-cluster point in A. If A is 

not fuzzy pseudo nearly compact set on X, then there exists a ps-ro 

fuzzy open cover U of A such that for every finite subcollection Uo of 

U, A> V{U: U E U0}. Corresponding to each U E Uo, we define a 

fuzzy set Bu as follows : 

min{1- U(x), A(x), IA(x)- U(x)!}, for x E supp(A) 

0, otherwise. 

Again, for every finite subfamily { Bu,, Bu,, ... , Bu"} of B = { Bu 

U E U}, we have sup{U;(x): 1 < i < n} < A(x) < 1, for some x E 

93 



supp(A) so that min{A(x)- U1(x), A(x)- U2(x), ... , A(x)- Un(x)} > 

0. Hence, /\~= 1 Bu, i= 0 and consequently B = { Bu : U E U} is a fuzzy 

filterbase in A. Now, for each fuzzy point Xa in A, there exists U E U 

such that XaqU. Since Bu /JU, B has no fuzzy ps-cluster point in A, 

which is a contradiction. 

The converse of this theorem may not hold in generaL Imposing 

some conditions on the filterbase, we get the converse as follows. 

Theorem 5.3.8 Let A be a fuzzy pseudo nearly compact set on X 

and B a family of ps-ro open fuzzy sets contained in A such that 

every finite intersection of members of B is q-coincident with at least 

one member of B. Then B has a fuzzy ps-cluster point in A. 

Proof. If B has no fuzzy ps-cluster point in A, then proceeding as in 

the proof of Theorem( 5.3.7) we construct a ps-ro open fuzzy cover U 

of A such that each v,n of U corresponds to a B'(; E B with vxn /JB'(;. 

Thus there exist finite subfamily {Vx~1 , Vx~2 , ••• , Vx~·} of U such that 

A< v:=
1 
v:,•. Then (/\:=

1 
v:,•) !JA with B <A, for all BE B. This 

contradicts the definition of B. 

One more characterization of fuzzy pseudo nearly compact set 

follows next. 

Theorem 5.3.9 A fuzzy set on a fts (X, r) is fuzzy pseudo nearly 

compact iff whenever :F is a fuzzy filterbase with the property that 
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for any finite subcollection :Fo = {FI. F2 , ... , Fn} of :F and for any 

ps-ro open fuzzy set U with A < U, (/\ :F0 )qU holds, then :F has a 

fuzzy ps-cluster point in A. 

Proof. Let A be a fuzzy pseudo nearly compact set on a fts (X, 7) 

and :F a fuzzy filterbase on X having no fuzzy ps-cluster point 

in A. For each x E supp(A), there exists a positive integer mx 

such that ~ < A(x). For any positive integer n > mx, as x1. < 
x n 

A(x), X1. is not a fuzzy ps-cluster point of :F. Hence, there is a 
n 

ps-ro open q-nbd. vxn of X.!. and B'); E :F such that vxn jqB');. As 
n 

Vxn(x) + ~ > 1, we have sup{V,n(x) : n > mx} = 1. Hence, the 

collection U = {Vxn: x E supp(A),n > mx > Alx)}, forms a ps

ro open fuzzy cover of A such that for each v,n E U, there exist 

B'); E :F with v,n /lB');. Since A is pseudo nearly compact fuzzy set 

on X, there exist a finite subcollection Vx~1 , Vx';:', ... , Vx~· of U, such 

that A< V~=1 V,'; = V(say). Then Vis a ps-ro open fuzzy set such 

that A< V and V /J(/\~=1 B');;). 

Conversely, let :F be ps-ro closed fuzzy filterbase on X such that 

1\ { F : F E :F} 1\ A = 0. As for ps-ro closed fuzzy set F E :F we 

have F = ps-cl(F), it follows that :F has no fuzzy ps-cluster point in 

A. By hypothesis, there is a fuzzy ps-ro open set U with A < U and 

there exists { F1 , F2 , ... , Fn} of :F such that (/\~=1 F;) IJU and hence 
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(A:, Fi) f7A. Hence, by Theorem ( 5.3.6), A is fuzzy pseudo nearly 
• 

compact set on X. 

Theorem 5.3.10 In a fuzzy pseudo nearly compact space X every 

ps-ro closed fuzzy set is fuzzy pseudo nearly compact. 

Proof. For any filterbase Bin A, there exists a fuzzy point Xa on X, 

such that Xa is a fuzzy ps-cluster point of B. Then for any F E B we 

have Xa < ps-cl(F) < ps-cl(A) =A. Hence, B has a fuzzy ps-cluster 

point in A and consequently, A is fuzzy pseudo nearly compact set 

on X. 

We conclude this section with a few results on fuzzy pseudo near 

compactness which are analogous to its topological counter part, near 

compactness. 

Theorem 5.3.11 In· a fuzzy pseudo nearly compact space X, the 

complement of every pseudo regular open fuzzy set is fuzzy pseudo 

nearly compact. 

Proof. Let A be a pseudo regular open fuzzy set on a fuzzy pseudo 

nearly compact space X. Hence, A is ps-ro open fuzzy set and 1 -A 

is ps-ro closed fuzzy set. By Theorem ( 5.3.10), 1- A is fuzzy pseudo 

nearly compact in X. 

Theorem 5.3.12 In a fts X, the finite union of fuzzy pseudo nearly 
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compact sets is also so. 

Proof. Straightforward and hence omitted. 

5.4 Pseudo fuzzy ro-continuous functions 

Definition 5.4.1 A function f from a fts X to a fts Y is pseudo 

fuzzy ro-continuous ( ps-ro continuous, for short) if f- 1(U) is ps-ro 

open fuzzy set on X, for each pseudo regular open fuzzy set U on Y. 

Definition 5.4.2 [87] A function f from a topological space X to 

another topological space Y is called strong irresolute if f-1(U) is 

regular open in X for each regular open set U in Y. 

The following Example shows that pseudo fuzzy o-continuity does 

not imply ps-ro continuity. 

Example 5.4.1 Let X = { x, y, z} and the topology generated by 

{0, 1, p, v, 17}, where p(x) = 0.4, p(y) = 0.4, p(z) = 0.5, v(x) = 0.4, 

v(y) = 0.6, v(z) = 0.4 and 17(x) = 0.5, 1J(Y) = 0.5, 1J(z) = 0.6. It 

is easy to see that (X,T) is a fts. Let f: (X,T) --> (X,T) be a 

function defined as f(x) = x, f(y) = f(z) = y. It can be checked 

that f is indeed a 0-continuous function from (X,i0 (T)) to itself for 

each a E J1. Hence, f is pseudo fuzzy o-continuous. As worked out 

in Example ( 3.2.4), vis a nontrivial pseudo regular open fuzzy set. 
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Also, the fuzzy set K given by K(x) = 0.4, K(y) = 0.6, K(z) = 0.6 

is pseudo 8-open, without being ps-ro open. But, as f- 1(v) = K, f 

can not be ps-ro continuous. It is easy to see that f is pseudo fuzzy 

8-continuous. 

Theorem 5.4.1 A function f: (X,i.,(T)) -+ (Y,i.,(o-)) is strong 

irresolute for each a E Ir, where (X,T),(Y,o-) are fts, then f: 

(X, T)-+ (Y, o-) is ps-ro continuous. 

Proof. Let p, be any pseudo regular open fuzzy set on (Y, o-). p," 

is regular open in (Y, ia(o-)). By the strong irresolute-ness off : 

(X, ia(T))-+ (Y, ia(o-)), f-1(p,") = (f-1 (p,))" is regular open in (X, i.,(T)). 

Hence, f-1(p,) is pseudo regular open and hence, ps-ro open fuzzy 

set on (X, T), proving f to be ps-ro continuous. 

We cite here, some characterizations of ps-ro continuity in terms 

of complements of pseudo regular open fuzzy sets, ps-cl and ps-int 

operators and of fuzzy points. 

Theorem 5.4.2 A function f: (X, T) -+ (Y, o-) is ps-ro continuous 

iff f-1(p,) is ps-ro closed fuzzy set on a fts (X, T), where 1 - p, is 

pseudo regular open fuzzy set on a fts (Y, o-). 

Proof. Let f : (X, T) -+ (Y, o-) be ps-ro continuous and p, be such 

that 1- p, is pseudo regular open fuzzy set on (Y, o-). As f : (X, T) -+ 

(Y,o-) is pseudo fuzzy ro-continuous, f- 1(1- p,) is ps-ro open fuzzy 
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set on X. Now, 

(1- f-1(1- tL))(x) 

= 1- r 1(1- tL)(x) 

= 1- (1- tL)(f(x)) 

= tLf(x) 

= f- 1(tL)(x). Hence, f-1 (tL) is ps-ro closed fuzzy set on (X, T). 

Conversely, Let tL be any pseudo regular open fuzzy set and so f-1(1-

tL) is ps-ro closed. Then 1- f- 1(1- tL) is ps-ro open fuzzy set on 

(Y, ia ( u)), V a E h. Hence, f is ps-ro continuous. 

Theorem 5.4.3 Let (X, T) and (Y, u) be two fts. For a function 

f : X --> Y, the following are equivalent: 

(a)f is ps-ro continuous. 

(b) Inverse image of each ps-ro open fu_zzy sets on Y under f is ps-ro 

open on X. 

(c) For each fuzzy poin~ X a on X and each ps-ro open nbd. V of 

f(xa), there exists a ps-ro open fuzzy set U on X, such that Xa < U 

and f(U) < V. 

(d)For each ps-ro closed fuzzy set F on Y, f-1(F) is ps-ro closed on 

X. 

(e) For each fuzzy point X a on X, the inverse image under f of every 

ps-ro nbd. of f(xa) on Y is a ps-ro nbd. of x, on X. 
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(f)For all fuzzy set A on X, f(ps-d(A)) < ps-d(f(A)). 

(g)For all fuzzy set BonY, ps-cl(f-1(B)) < r 1(ps-d(B)). 

(h)For all fuzzy set BonY, r 1(ps-int(B)) < ps-int(f-1(B)). 

Proof. (a)=? (b) Let f be ps-ro continuous, and JL be any ps-ro open 

fuzzy set on Y. Then JL = V JL;, where JLi is pseudo regular open fuzzy 

set on Y, for each i. Now, r 1 (JL) = r 1(V,JL;) = vJ-1(JL;). Since f 

is ps-ro continuous, f- 1(JL;) is ps-ro open fuzzy set and consequently, 

f- 1(JL) is ps-ro open on X. 

(b) =? (c) Let V be any ps-ro open nbd. of f(xa) on Y. Then there 

is a ps-ro open fuzzy set Vi on Y such that f(xa) <Vi < V. By (b) 

f-1 (lt]_) is ps-ro open fuzzy set on X. Again, Xa < f-1(VI) < r 1(V). 

So, f- 1(V) is aps-ro nbd. of Xa, such that f(f- 1(V)) < V, as desired. 

(c) =? (b) Let V be any ps-ro open fuzzy set on Y and Xa < f- 1(V). 

Then f(xa) < V and so by (c), there exists ps-ro open fuzzy set U 

on X such that Xa < u and f(U) < v. Hence, Xa < u < r 1(V). 

i.e., f- 1(V) is a ps-ro nbd. of each of the fuzzy points contained in 

it. Thus f-1(V) is ps-ro open fuzzy set on X. 

(b) <=> (d) Obvious. 

(b) =? (e) Suppose, W is a ps-ro open nbd. of f(xa)- Then there 

exists a ps-ro open fuzzy set U on Y such that J(xa) < U < W. 

Then Xa < f- 1(U) < r 1(W). By (b), f- 1(U) is ps-ro open fuzzy 
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set on X and hence the result is obtained. 

(e) => (b) Let v be any ps-ro open fuzzy set on Y. If Xa < r 1(V) 

then f(xa) < V and so f- 1(V) is a ps-ro nbd. of Xa. 

(d) => (f) ps-cl(f(A)) being a ps-ro closed fuzzy set on Y, f-1(ps

cl(j(A))) is ps-ro closed fuzzy set on X. Again, 

!(A) < ps-cl(f(A)) 

=>A< j-1(ps-d(f(A))). 

As ps-d(A) is the smallest ps-ro closed fuzzy set on X containing A, 

ps-d(A) < f- 1(ps-d(j(A))). Hence, 

j(ps-d(A)) < ff-1(ps-cl(f(A))) < ps-cl(f(A)). 

(f) => (d) For any ps-ro closed fuzzy set B on Y, 

f(ps-cl(f-1(B))) 

< ps-cl(f(f-1(B))) 

< ps-cl(B) = B. 

Hence, ps-d(j-1(B)) < r 1(B) < ps-cl(f-1(B)). 

Thus, J-1(B) is ps-ro closed fuzzy set on X. 

(f) => (g) For any fuzzy set BonY, 

f(ps-cl(f- 1(B))) 

< ps-cl(f(f-1(B))) 

< ps-cl(B). 

Hence, ps-cl(j-1(B)) < f- 1(ps-cl(B)). 
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(g) => (f) Let B = f(A) for some fuzzy set A on X. Then 

ps-cl(f-1(B)) < r 1(ps-cl(B)) 

=> ps-cl(A) < ps-d(f-1(B)) < J-1(ps-d(j(A))). 

So, f(ps-cl(A)) < ps-cl(j(A)). 

(b) => (h) For any fuzzy set B on Y, r 1(ps-int(B)) is ps-ro open 

fuzzy set on X. Also, f- 1(ps-int(B)) < j-1(B). 

So, f- 1(ps-int(B)) < ps-int(f-1(B)). 

(h)=> (b) Let B be any ps-ro open fuzzy set on Y. So, ps-int(B) = 

B. Now, f- 1(ps-int(B)) < ps-int(j-1(B)) 

=> j-1(B) < ps-int(f-1(B)) < j-1(B). 

Hence, f- 1(B) is ps-ro open fuzzy set on X. 

We observe next that in terms of ps-ro open q-nbds. of fuzzy points 

also ps-ro continuity can be characterized. 

Theorem 5.4.4 Let (X, T) and (Y, u) be two jts. A function f : 

X ~ Y is f is ps-ro continuous iff for every fuzzy point Xa on X 

and every ps-ro open fuzzy set Von Y with f(xa)qV there exists a 

ps-ro open fuzzy set U on X with XaqU and f(U) < V. 

Proof. Let f be ps-ro continuous and Xa a fuzzy point on X, V a 

ps-ro open fuzzy set V on Y with f(xa)qV. So, 

V(f(x)) +a> 1 

=> j- 1(V)(x) +a> 1 
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=? (f-1(V))(x) +a> 1 

=? Xaq(f-1(V)). 

Now, f f-1(V) < Vis always true. Choosing U = f-1(V) we have, 

f(U) < V with XaqU. 

Conversely, let the condition hold. Let V be any ps-ro open fuzzy 

set on Y. To prove f- 1(V) is ps-ro open fuzzy set on X, we shall 

prove 1-r 1(V) is ps-ro closed fuzzy set on X. Let Xa be any fuzzy 

point on X such that Xa > 1x- f-1(V). So, 

(1- r 1(V))(x) <a 

=? f- 1(V)(x) +a> 1 

=? V(f(x)) +a > 1 

=? f(xa)qV. 

By given condition, there exists a ps-ro open fuzzy set on U such 

that xaqU and f(U) < V. Now, 

U(t) + (1- j-1(V))(t) 

= U(t) + 1- V(f(t)) 

< V(f(t)) + 1- V(f(t)) = 1, V t. 

Hence, u ,4(1- r 1(V)). Consequently, Xa is not a ps-cluster point 

of 1- f-1(V). This proves 1- f- 1(V) is a ps-ro closed fuzzy set on 

X 

Lemma 5.4.1 [5] Let Z, X, Y be jts and h : Z ->X and h : 
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Z --> Y be two functions. Let f : Z --> X x Y be defined by 

f(z) = (h(z), h(z)) for z E Z, where X x Y is provided with the 

product fuzzy topology. Then if B, U1 U2 are fuzzy sets on Z, X, 

y respectively such that f(B) < ul X U2, then !I(B) < ul and 

h(B) < U2. 

Theorem 5.4.5 Let X, Y, Z be fts. For any functions !I : Z--> X 

and h : Z --> Y, a function f : Z --> X x Y is defined as f(x) = 

(h(x), h(x)) for x E Z, where X x Y is endowded with the product 

fuzzy topology. If f is ps-ro continuous then !I <tnd h are both ps-ro 

continuous. 

Proof. Let U1 be a ps-ro q-nbd. of JI(xa) on X, for any fuzzy point 

Xa on Z. Then ul X ly is a ps-ro q-nbd. of f(xa) = (!I(xa), h(xa)) 

on X x Y. By ps-ro continuity of f, there exists ps-ro q-nbd. V 

of Xa on Z such that f(V) < U1 x ly. Then f(V)(t) < (U1 x 

ly)(t) = Ut(t) 1\ ly(t) = U1(t), V t E Z. So, fi(V) < U1. Hence, fi 

is ps-ro continuous. Similarly, it can be shown that h is also ps-ro 

continuous. 

Lemma 5.4.2 [3] Let X, Y be fts and g : X --> X x Y be the 

graph of the function f : X --> Y. Then if A, B are fuzzy sets on X 

andY respectively, g-1(A x B) =A 1\ f- 1(B). 

Theorem 5.4.6 Let f : X --> Y be a function from a fts X to 
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another fts Y and g : X ---+ X x Y be the graph of the function f. 

Then f is ps-ro continuous if g is so. 

Proof. Let g be ps-ro continuous and B be ps-ro open fuzzy set on 

Y. By Lemma ( 5.4.2), r 1 (B) = lx 1\ J-1(B) = g-1 (1x x B). Now, 

as lx x B is ps-ro open fuzzy set on X x Y,J-1(B) becomes ps-ro 

open fuzzy set on X. Hence, f is ps-ro continuous. 

Finally, we show that pseudo near compactness is preserved by 

ps-ro continuous function. 

Theorem 5.4. 7 In a fts X, the ps-ro continuous image of fuzzy 

pseudo nearly compact set is also so. 

Proof. Suppose, A is fuzzy pseudo nearly compact set on X and 

f : X ---+ Y is a ps-ro continuous function from a fts X into another 

fts Y. Let B = f(A) and {Ua : a E A} be a ps-ro open cover 

of B in Y. By ps-ro continuity of J, each r 1(Ua) is ps-ro open 

fuzzy set on X with V f- 1(Ua) = f-1(V Ua) > f- 1(B) > A. As 

A is fuzzy pseudo nearly compact, there is a finite subset A0 of A 

such that V(f-1(Ua) : a E Ao) > A. Consequently, B = f(A) < 

f(V f- 1(Ua) : a E Ao) < V(ff-1(Ua) : a E Ao) < V(Ua : 0: E Ao), 

as desired. 
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