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PREFACE 

Considerable interest has been shown in the past for 

solving the non-linear problems of plates of different shapes. It is evident 

that the interest has been ingenerated by the demands placed on the 

designers of the sophisticated structure and space vessels of the present 

day high technology industries. 

It is well known that the deflections ' W of thin plates are 

small in comparison with its thickness. A very satisfactory approximate 

theory of bending of the plate by lateral loads can be developed by making 

the following assumptions. 

1) There is no deformation in the middle plane of the plate 

and this plane remains neutral during bending. 

2) Points initially lying on a normal to the middle plane of the 

plate remain on the normal to the middle surface of the plate after bending 

and 

3) finally the normal stresses in the direction transverse to this 

plate can be disregarded. 

The above assumptions constitute the simplest and most widely 

used classical theory developed by Lagrange [ 1811]. 

In continuation to this linear theory different investigations on the 

bending of the thin plates have been carried out by different investigators 

and the bibliography of these works has been incorporated in a well 

organized manner, in the book of Theory of Plates and Shells by 

Timoshenko. 

The different approaches have been adopted in these works of 

which the method of 'Constant Deflection Contour Lines' by Mazumdar 

J.[1970] is a handy and powerful one. 'Constant Deflection Contour Lines 

i.e. the lines of equal deflections are obtained by intersecting the bent 

plates by planes to the original plane of the plate. Mazumdar J. [1970] 

proposed a method of solving problems of elastic plates and used the 
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concept of 'Constant Deflection Contour Lines' or lines of equal 

deflection. 

In line with the concept of lines of equal deflection the 

important works of different research workers like Mazumdar 

J.[1970,1971,1973,1974] .Hewitt J.S. & Mazumdar J.[1974] Jones R. & 

Mazumdar J. ,Fu-Pen -Chiang [1975], Bucco D., Mazumdar J. and Sved 

G.[1979] may be referred. All these works are based on linear theory of 

thin plates . In a series of papers from 1970 to 1974 Mazumdar J. quite 

elegantly analysed the mentioned problems using the method of 'Constant 

Deflection Contour Lines' . 

l)Bending problems in which the plates are subjected to 

lateral loading only[1970]. 

2) Determination of fundamental frequency of Transverse 

vibration of thick plates of arbitrary shape. As an illustration of the 

method an elliptical plate for both clamped and simply supported edge 

condition is discussed [1971]. 

3(a) Buckling problems in which the plates are subjected to 

edge loading only.] 

(b) Combined loading problems in which the plates are 

subjected to lateral loading and edge loading simultaneously [1971] 

4. Approximate computation of the fundamental frequency of 

membrane of arbitrary shape vibrating harmonically has been investigated. 

As an illustration of the investigation, the calculation of gravest mode of 

an annular elliptic and parabolic membrane has been discussed [1973]. 

Hewitt J.S. and Mazumdar J. [1974] developed a method 

for determining the behaviors of an arbitrary shape plate composed of 

visco elastic material under transverse load which vibrates in normal 

mode. The method is based upon the method of lines of equal deflection 

on the surface of the plate. It was pointed out during investigation that 

visco-elastic plate will vibrate with same normal mode as an elastic plate 

of same shape and with the same boundary condition, and that the time 
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behaviours can be found by using the frequency of free vibration of the 

associated elastic plate. As an illustration of the developed technology the 

unsolved problems of clamped vibrating elliptic plate of Kelvin material 

was found and some numerical results were given. It was observed that the 

technique is applicable to any panel of visco-elastic material of arbitrary 

shape with clamped or simply supported boundary conditions. 

Jones R , Mazumdar J. and Fu Pen Chiang [1975] 

undertook a more general study of the elastic plate problems by the 

method of 'Constant Deflection Contour Lines' through considerations of 

determining the differential equations of lines of equal deflection under 

various boundary and load conditions and show the simultaneously of this 

method for plates of any geometry. 

Bucco D.,Mazumdar J. and sved G. [1979] derived the 

fundamental frequency of plates of arbitrary shape using the method of 

'Constant Deflection Contour Lines'. 

When the deflections are no longer small in comparison 

with the plate thickness, the supplementary stresses in the middle plane of 

the plate must be taken into account in deriving the differential equations 

governing the deflections of plates. Thus non-linear differential equations 

are obtained and the solutions of the problem become much more 

complicated. 

The coupled non-linear differential equations for large 

amplitude axisymmetric deformations were initially derived by Von 

Karman[l 910].These equations in the coupled form were difficult to 

solve, and different numerical methods had been employed by different 

authors for investigations of large deflection of plates. 

The out standing research workers in this field are Chu 

H.N. and Herman G. [1956], Weil N.A. and Newmark N.M.[1956]t Nash 

W.A. and Cooley I.D.[1959], Nowinski J.L. [1963], Nowinski J.L. and 

Ismail LA. [1965], Schmidt R. [1968] , Bauer H.F. [1968] ,Bolton 
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R.[1972] , Banerjee B. and Dutta S. [1981] who employed Von Karman 

equations to analyse the non-linear behaviour of thin plates. 

Chu H.N. and Herman G. quite elegantly analysed the 

influence of large amplitude on free flexural vibrations of rectangular 

elastic plate. The authors' investigations are based on Von Karmann's 

equation which have been solved by numerical method. 

Weil and Newmark investigated the large deflection of 

elliptic plates .The authors solved Von Karman equation and the method 

of solution is laborious. 

Nash and Cooley investigated large deflection problems of 

elliptic plates using the method of perturbation .Nowinski quite elegantly 

analysed the nonlinear vibration of elastic circular plates exhibiting the 

rectilinear orthotropy. In the solution of differential equation for stress 

function the author used a trial function involving fourteen unknown 

constants. 

Nowinski and Ismail treated the non linear dynamic 

behavior of triangular plate by semi inverse method. Schmidt's analysis 

on the large deflection of a clamped circular plate under a concentrated 

load at the center by iterative method is noteworthy. 

Bauer investigated the dynamic response of circular as well 

as rectangular plates due to pulse excitement. The author solved the 

corresponding differential equation for stress functions completely. 

Bolton used error minimizing technique showing practical interest 

in modern design. The other useful workers who treated Von Karman 

equation to analyse non linear behaviors of different elastic plates are 

Herman G. [1955] , Sayed M.A. & Schmidt R. [1977], Satyamoorthy M. 

[1979], Banerjee B. &Dutta S. [1980] and Banarjee B. [1982] etc. 

Berger H.M. [1955] gives us an approximate method for solving 

large deflection of thin plates . The author neglects second second strain 

invariant of the middle surface strains in the expressions corresponding to 

the total potential energy of the system. Following this approximate 
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method many investigators like Nowinski J.L. [1957] , Nash W.A. & 

Modeer J.R. [1959] ,Basuli S. [1961], Sinha S.N. [1963] , Banerjee B. 

[1967] etc. 

It is to be noted that Berger's method is still an intriguising subject. 

Iwinski and Nowinski analysed orthotropic circular and 

rectangular plates using Berger's method to obtain satisfactory results. 

Nash & Modeer investigated non-linear dynamic behaviors of 

elastic plates whereas Basuli employed this Berger's equation for clamped 

circular plates under concentrated load by a quite interesting method. 

From the engineering point of view results of Sinha were very 

interesting for the solution of large deflection of circular and rectangular 

plates based on elastic foundation. 

Banerjee B. discussed the large amplitude free vibration of 

elliptic plates based on Berger's approximation. Following Berger's line 

of thought, Mazumdar J. and Jones R.[1974] quite elegantly analysed the 

large deflections of thin elastic plates of arbitrary shape using concept of 

'Constant Deflection Contour Lines'. The authors also analysed the large 

amplitude transverse vibration of plates by using Berger's method with 

the help of 'Constant Deflection Contour Lines'. In 1982 Banerjee B. 

analysed the problem of large deflection of an elliptic plate under 

concentrated load at the center by using Berger's method and Constant 

Deflection Contour Lines. 

All these investigations have certain limitations, namely 

deflections been obtained for immovable edges only. 

Banerjee B. and Datta S. [1981] introduced a modified strain 

energy expression to investigate the large deflection of different elastic 

plates,for movable as well as immovable edge conditions. The authors 

were able to decouple the differential equations and solved in simplified 

manner. Later Banerjee B. utilized his idea in a series of papers 

[1983,1984,1988,1990,1993,1995] to investigate non-linear dynamic, 
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thermal behaviors of different elastic plates and achieved satisfactory 

results. 

The survey of different literature on the non linear analysis of 

different elastic plates reveals the fact that the concept of 'Constant 

Deflection Contour Lines' is a powerful tool for analyzing the nonlinear 

behaviors of thin elastic plates. All these works are based on Berger's 

approximation which yields satisfactory results only for immovable edge 

condition. 

The aim of present thesis is to offer a novel computerized approach 

for non-linear analysis of plates under different loading using boundary 

value theorem along with simulation technique . The present 

investigation seems to be more advantageous than those obtained from 

other investigations because 

l)single differential equation gives the behaviors of plates of any shape 

just changing 'u'. 

2) computation labor is minimum which is urgently needed to the present 

age. 

3)investigations is valid for movable as well as immovable edge 

conditions. 

4) the software developed gives directly the form of the deflection form. 

The present investigation has been divided into several chapters. 

The first chapter deals with the generalization of the form of deflection 

' W by a computerized approach for the solution in case of an elliptic 

plate under mechanical loading using shooting methodwith the help of 

simulation technique .The analysis is done by BASIC language. This is an 

attempt to choice the form of' W to avoid the method of induction. 

The second chapter gives the solution methodology using 

boundary value theorem of finite difference technique. 
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The third chapter gives the pattern of finite difference equation for 

the partial differential equations from which the program is developed 

using MATLAB. 

In the fourth chapter we deal with analysis of orthotropic laminated 

plates using the program based on Matlab. To test the accuracy of the 

developed program we consider the several interesting problems. 

Berger's approximation method has been employed in the 

investigation. Central Deflections have been obtained for various load 

functions. The corresponding linear problem is due to Timoshenko. 

The fiftth chapter describes nonlinear analysis of polygonal 

sandwich plates under thermal load conditions to have closed solution 

.Results are verified with the developed program. 

Large amplitude free vibration of thick polygonal plates placed on 

Winkler type foundation is also analysed and presented in the sixth 

chapter. 

It is observed that the present results are in excellent agreement 

with those found by other method. 

It is believed that results obtained in the present study showing 

application of Berger's method under special type of edge conditions are 

completely new. 
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ABSTRACT 

Structural members , commonly known as thin plates whose 

one dimension is small in comparison with other two dimensions are used 

in machine parts and the study of bending properties of such members is 

imperative to the structural design engineers. 

The non linear analysis of plates of various shapes under 

different force constraints is growing significant interest to the design 

engineers owing to their use in various structures as well as in the 

aerospace vehicles. This non-linearity is generally studied in the 

classical literature from the principle of numerical techniques, 

finite element methods and the method of inductions. 

The conception of boundary value problems have now changed 

to a revolutionary idea of constant deflection contour lines. 

Following this concept of "Lines of equal deflections" the 

important works of different research workers who have analysed the 

static ,the dynamic or the thermal behaviours of thin plates are due to 

Mazumdar J. [ 1970,1971.1973,1974] .Hewitt J.S. and Mazumdar 

J.[1974], Jones R., Mazumdar J. and Fu-Pen-Chiang [1975], Buceo 

D.,Mazumdar J. and Sved G.[1979]. All these investigations are based on 

the linear theory of thin plates. Prof. Banerjee has proposed a more 

advanced use of this constant deflection contour lines by efficient 

mathematical modelling of the describing differential equation of non-

linearity of plates in a single equation both for movable and immovable 

edge conditions. But though Prof. Banerjee has opened a new line of 

modelling of the differential equation it has followed the existing 

classical method of induction as a solution of the deflection. 

The most important shortcoming which an induction 

method possesses is the selection of the form of the deflection to suit a 

particular boundary value problem. There may be another difficulty 



XIV 

which arises for adopting the method of induction is the form of 

solution, which one had to be selected after a rigorous case study. 

The present investigation deals with the new idea of solving 

such problems by generating the form of deflection with the help of 

computerised non-linear shooting method, very recent concept of 

modelling. 

Hence the aim of the present investigation is two folded. 

1) To generate a satisfactory describing differential equation of 

the case under study. 

2)(a) To generate a suitable form of solution of the deflection 

through computerised simulation. 

(b) To validate the generalised form of deflection with the 

existing known case studies . 

The aim of the present investigation is to offer a noble approach 

for the non-linear analysis of thin elastic plates using the concept of 

constant deflection contour lines. Accuracy of the results obtained from 

the new investigation will be tested by comparing with other known 

results. The present investigation seems more advantageous than those 

obtained from other investigations, because 

i) The results can be obtained from a single differential 

equation both for movable as well as for immovable edge conditions. 

ii) A direct form of solution will be introduced which will 

definitely give us sufficiently accurate results for practical use. 

iii) Computational labour is minimum. 

As an illustration of the method developed some technically 

interesting examples would be examined. 
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Nomenclature' 

The following notations have been used in this thesis: 

w = Deflection normal to the middle plane of the plate. 

u, , v = In plane displacement 

h = Thickness of the plate. 

h = Core thickness for sandwich plate 

E, Ef = Young's modulus 

Eti 
D = Flexural rigidity of the plate = — 

12(1- n ) 

n ,n' = Poisson's ratio =0.3 

a ,aj = Thermal Co-efficient of linear expansion. 

q ~ Load function 

x,y,z - Rectangular Cartesian co-ordinate 

r = Density of the plate material 

t = Face thickness for sandwich plate 

t = Time parameter 

f = Temperature Variable 

Gc = Shear Modulus 

a,b = Semi-major and semi-minor axes of the elliptic 

plate 

a = Side of polygonal plate 

A = Normalised constant of integration. 

N = Laplacian operator 
T" = Temperature on middle face. 
A, = A new parameter defined in [15] 
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DEFLECTION OF THIN ELLIPTICAL PLATES UNDER MECHANICAL 
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Chapter I 

A NOVEL COMPUTERIZED APPROACH FOR THE LARGE 

DEFLECTION OF THIN ELLIPTICAL PLATES UNDER MECHANICAL 

LOADING 

1.1 ABSTRACT 

The non-linear behavior of elliptical plate with movable as well as 

unmovable edge conditions under mechanical loading has been 

investigated in the new light of computerized simulation technique using 

powerful shooting method as mathematical tool. This improved version 

eliminates the method of induction or assumption of the form of "W" i.e., 

the deflection parameter. The present investigation will definitely improve 

the solution methodology and make the solution accurate and general. 

1.2 INTRODUCTION 
Considerable interest has been shown in the past for solving the 

non-linear problems of thin plates of different shapes. It is evident that 

interest has been engenerated by the demands placed on the designers of 

sophisticated structures and space vessels of the present day technology 

industries. In this investigation the governing differential equation have 

been formulated by using the modified strain energy expression of 

Banerjee B. & Datta S.[15] in conjunction with the concept of concept of 

Constant Deflection Contour Lines to analyze the non-linear behavior of 

elliptical plates. 

The present investigation deals with the problem in a new light of 

model building to achieve a new way of establishing the form of W 

deflection in the following aspect. 

1) The governing differential equation will be transformed to a suitable 

algebraic model for direct computerization of the model exploiting 

powerful shooting method as a mathematical tool. 

2 



2) The computerized generation of the form of deflection will give us a 

solid foundation for deflection. The data generated by the 

computerized simulation in conjunction with regression analysis will 

give us the form of deflection. 

3) An almost exact and computerized mathematical model simulation 

along with the solutions have been developed. The results thus 

obtained will be compared with the well-known results available in 

the existing literature. 

1.3. BASIC EQUATION 

Let us consider x,y plane to be the middle plane if a thin elastic plate and 

directing the z- axis perpendicular to that plane, the intersections between 

the deflected surface z = w (x ,y) and plane z = constant, yield contours 

which after projection on to the z = 0 surface are the level curves called 

lines of equal deflection. Denote the family of such curves by u ( x, y) = 

constant. If the boundary c of the plate is subjected to any combination of 

clamping and simple support, then clearly it will belong to the family of 

lines of Equal Deflection and without loss of generality one may consider 

that u = 0 on the boundary. 

Following reference [15] and as carried in Majumdar and Jones [M], one 
can have, DM 3 

d3w p „ , d2w p _ , , dw (f)Rds+—™(f)Fds + — (f)Gds-
Cu Cu 

12A, \ 6A 
J £ ^ ^ + ̂ ( ^ + ^ w ) + ~ { v ^ ^ + W ; ) + 2 ( w ^ + 2wJ + w ^ | } ^ y = 0 ....(1, 

where, h is the thickness of the plate with continuously distributed load q . 

All other symbols have their usual meaning as indicated in [1] and [3]. 

Eh1 

The flexural rigidity D = —7 n -(1.2) 
12(l-v2) 

Where, E is Young's modulus and A is to be determined from 

3 



du. 

dx 

dv 1 
v h — 

dy 2 

dw) (dw 
+ [dxj 

\2 

[dy 
.(1.3) 

Integrating over the whole area of the plate, ui and v are the components 

of the displacement in x and y direction respectively. The value of X is 

obtained from the condition of minimum potential energy. 

FORMULATION OF THE PROBLEM UNDER INVESTIGATION. 

Let us introduce the problem of non-linear behaviors of elliptic plate with 

movable as well as unmovable edge conditions under the influence of 

mechanical loading. From the consideration of symmetry, one may 

assume that the lines of equal deflections from a family of similar and 

similarly situated ellipses starting from the outer boundary as one of these 

lines. Therefore, the equation of lines of equal deflection may be 

conveniently taken to be of the form 

2 2 

u{x,y)=l- — - — 
a b 

(1.4) 

Now, let us introduce a new variable f defined as follows : 

f2=\-u (1.5) 

Following the calculations of the values of R,F,G and ti given in [31] and 

introducing the new variable T into equation [1.1] , the following 

governing differential equation in terms of new variable f is obtained. 

d*w 1 d2w 
• + • 

1 dw dw 6A 

dp f df f2 df 
4ml^--~ 

df W 

(dv^ 

ydfj 
8?,/* = 0 —(1.6) 

where, 2 \2Aalb\val +bl) 
nt = 

h2(3a4+2a2b2+3b4) 

(1.7) 

4i 4 qa b 

2D(3a* +2a2b2 +3b4) 
.(1.8) 

4 



and ^ = 1 ( ^ + 4 ) f/(—)2# -(1.9) 
2 V b2 { df J 

For movable edge , A=0, as the in-plane radial stress vanishes at the 
movable boundary. 

1.5. COMPUTERIZED ANALYSIS 
Almost without exception in engineering analysis situations where models 

are being constructed, the initial differential models set up to represent the 

behavior of a system will not be in any easily recognizable form for 

computation. 

Consequently, it is common practice to repose the model [54]. So the 

describing differential model of equation [1.6] after reformation reduces 

to: 

3,.. 1 j 2 „ . 1 J , . . J , . . £1 (J,.?\ d w \ d w 1 dw . , dw 6X 
. + 4m 

2 dw 

df fdf2 f2 df df h2{dfj 
where, 

— w 
w = — =Dimensionless deflection parameter 

•11.84240/= 0 (1.10) 

qb 
Eh 

4 

Q = - ^ - j - = Non dimensionless load function for elliptic plate where, a=2b 

Since, in any numerical simulation efforts, the breakdown of any 

higher order differential equation into relatively simple set is highly 

significant and the fact that all slopes are simultaneously simulated has 

significant appeal when working engineering systems [53], we introduce 

the following transformation in equation (1.10). 
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dw 

d2w 

X, 

= x, 
df 
d3w dx 2 

df df 
The equation (1.10) after transformation reduces to , 

df f 2 f 
= -—x2 +-L

rxl + 4m2xl +6Ax] +11.84240/ (1.11) 

For the simulation of the model in the closed domain of 'f i.e. 0< f < 1 

we require the boundary conditions specified at both extremes . We adopt 

here the powerful "SHOOTING METHOD" to ascertain the boundary 

conditions. After introduction of the method taking y =0.3, a=2b.,A, =2^2 

for clamped edge and y =0.3, a=2b.,A. = y2 for simply supported edge, 

keeping three values in mind we developed software "GJBVP" following 

shooting method along with the Newton's method. The algorithm of the 

software is given below . 

Step 1 The unspecified initial conditions of the system 
differentiated equations are guessed. 
Step 2 A set of variational equations are developed which indicate the 

sensitivities of the dependent variables with respect to the general initial 

values. 

Step 3 The system variational equations are integrated forward as a set 

simultaneous initial value differential equations. 

Step 4 The guessed initial, conditions are corrected using the variations 

(sensitivities) calculated in step 3. 

Step 5 Step 2 to step 4 is repeated with corrected initial conditions., 

until the specified terminal values are achieved within a small 

convergence criterion of 0.0001. 

6 



The sequence of the software execution is as follows. 

1. TITLE 

2. MAIN PROGRAM 

3. OUTPUT OPTIONS 

4. SUBROUTINES 

5. CONSTRUCTION OF JACOBIAN MATRIX 

6. INVERSION OF JACOBIAN MATRIX 

7. CALCULATION OF CORRECTION VECTOR 

8. CHECK FOR CONVERGENCE 

9. CORRECTION FOR INITIAL CONDITION 

10. NON CONVERGENCE OPTIONS 

11. CALL TO PRINTING AND PLOTTING SUBROUTINE 

12. RETURN OPTIONS. 

Subroutines: 

1. 

2. 

3. 

4. 

5. 

6. 

7. 

8. 

Input Equations 

Matrix Inversion 

Input Integration parameter 

Differential Equations. 

Integration Methods 

Print Table of results 

Plotting options 

Plotting. 

7 



The variational equations which modeled the describing 

differential equation formed as: 

d2w 

df 
= yx ; yi for f = 0 known 

— = y->',y? forf=1 known 
df 

w = y3;y3 forf = 1 known 

4011. G(l) = 8qlf + 6Ayi(2) + jTy(2)-jy(l) 

4012.G(2) = y(l) 

4013. G(3) = y(2) 

4014. G{A) = \Uyl + y(6) + ± y(6) - j v(4) 

4015. G(5) = lSXy2
2+y(7) + jTy(7)-jy(5) 

4016. G(6) = y(4) 

4017. G(7) = y(5) 

4018. G(8) = y(6) 

4019. G(9) = y(7) 

4020. End. 

At the end of the execution of software and scanning we generate a 

data set to take into consideration of parabolic deflection variation for 

different case study. The details of data set as generated is given by Table 

l to7. 

For investigation of the dependence of W, the dependent variable with 

only independent variable 'f is given in Table 8. We set the multiple 

equation and developed the software GJREG.BAS(attached floppy 

diskette). 
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Since we have fitted the generated data set into parabolic data set in the 

parabolic regression. 

The software with this variational equations with different values of q 

generated the following sets of data taking the form of 

w = a + bif
2 +b2f

4 (1.12) 

Table-1 

f 

0.01 
0.109 
0.208 
0.307 
0.406 

0.505 

0.604 
0.703 
0.802 
0.9009999 
0.9999999 

d2w 

df2 

-0.5 
-1.651243 
-2.096696 
-1.823285 
-1.309729 

-0.6212565 

0.2401653 
1.294738 
2.565256 
4.056680 
5.745278 

dw 

~dj 
-1.800021E-2 
-0.4009423 
-0.6018959 
-0.7987203 
-.0.9553849 

-1.0523640 

-1.0727260 
-0.9984506 
-0.8092235 
-0.4831975 
5.131662E-4 

w 

0.7024295 
0.6962507 
0.6471536 
0.5776075 
0.4903630 

0.3904129 

0.2845160 
0.1811297 
0.061008E-2 
2.541494E-2 
1.417194E-4 

Coefficient of 
Regression 

bx =-1.416029 

b2 = 0.7104033 

0 = 0.7064713 
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Table-2 

f 

0.01 

0.109 

0.208 

0.307 

0.406 

0.505 

0.604 

0.703 

0.802 

0.9009999 

0.9999999 

d2w 

df 
-1.0 

-1.874704 

-2.16194 

-1.854696 

-1.328220 

-0.6332866 

0.2318089 

1.266562 

2.560360 

4.052521 

5.741576 

dw 

-2.013032E-2 

-0.3782283 

-0.5903706 

-0.7916392 

-.0.9506872 

-1.0491440 

-1.0704990 

-0.9969334 

-0.8082485 

-0.4826676 

5.555915E-4 

w 

0.7006085 

0.6922241 

0.6446538 

0.5759994 

0.4893241 

0.3897637 

0.2841333 

0.1809306 

9.053332E-2 

2.541206E-2 

1.717489E-4 

Coefficient of 
Regression 

6, =-1.40782 

b2 = 0.7046505 

a = 0.703793 

Table-3 

f 

0.01 

0.109 

0.208 

0.307 

0.406 

0.505 

0.604 

0.703 

0.802 

0.9009999 

0.9999999 

d2w 

df 
-1.50 

-2.097536 

-2.226981 

-1.886001 

-1.346636 

-0.6452526 

0.2235174 

1.282456 

2.555539 

4.048443 

5.737954 

dw 

~dj 
-2.226168E-2 

-0.3555545 

-0.5788533 

-0.7845520 

-.0.9459747 

-1.0459030 

-1.0682440 

-0.9953187 

-0.8072319 

-0.4820881 

5.553863E-4 

w 

0. 6987719 

0.6881816 

0.6421362 

0.5788533 

0.4882715 

0.3890994 

0.2837381 

0.1807220 

9.045082E-2 

2.540799E-2 

2.058744E-4 

Coefficient of 
Regression 

b, =-1.399605 

b2 =0.6989126 

a = 0.7010974 
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Table-4 

f 

0.01 

0.109 

0.208 

0.307 

0.406 

0.505 

0.604 

0.703 

0.802 

0.9009999 

0.9999999 

d2w 

df2 

-2.0 

-2.32031 

-2.292273 

-1.917639 

-1.365438 

-0.6576587 

0.2147199 

1.275772 

2.55008 

4.043696 

5.733672 

dw 

~dj 

-2.439533E-2 

-0.3329479 

-0.567419 

-0.7775773 

-0.9414104 

-1.04285 

-1.066225 

-0.9941193 

-0.806565 

-0.4819234 

5.744398E-4 

w 

0.6970258 
0.684229 

0.6397014 

0.5728208 

0.4872792 

0.3884789 

0.2833656 

0.1805103 

9.033358E-2 

2.533132E-2 

1.23078E-4 

Coefficient 
of 
Regression 

*, =-1.391564 

b2 =0.6931429 

a = 0.6984925 

Table-5 

F 

0.01 

0.109 

0.208 

0.307 

0.406 

0.505 

0.604 

0.703 

0.802 

0.9009999 

0.9999999 

d2w 

df2 

-2.50 

-2.542963 

-2.357268 

-1.948937 

-1.38386 

-0.6696288 

0.2064308 

1.269677 

2.545278 

4.03964 

5.730074 

dw 

w 
-2.652577E-2 

-0.3102597 

-0.5558795 

-0.7744656 

-0.9366736 

-1.039585 

-1.063946 
-0.9925432 

-0.8055225 

-0.481316 

8.045137E-4 

w 

0.6951581 

0.6801555 

0.6371548 

0.5711682 

0.4862024 

0.3877929 

0.282951 
0.1802847 

9.023654E-2 

2.531535E-2 

1.4819821E-4 

Coefficient of 
Regression 

6, =-1.383311 

b2 = 0.6873887 

a = 0.6957661 
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Table-6 

f 

0.01 

0.109 

0.208 

0.307 

0.406 

0.505 

0.604 

0.703 

0.802 

0.9009999 

0.9999999 

d2w 

df2 

-2.75 

-2.654411 

-2.389776 

-1.964574 

-1.393048 

-0.6755815 

0.2023289 

1.266681 

2.542938 

4.037677 

5.72834 

dw 

~dj 
-2.758998E-2 

-0.2988899 

-0.5500882 

-0.7668882 

-0.9342819 

-1.037926 

-1.062777 

-0.9917209 
-0.8049612 

-0.480966 

9.72271E-4 

w 

0.6941994 

0.6780941 

0.6358591 

0.5703216 

0.4856459 

0.3874342 

0.2827307 

0.180162 

9.018188E-2 

2.0253055E-2 

1.637805E-4 

Coefficient of 
Regression 

6, =-1.379153 

b2 = 0.684507 

a = 0.6943789 

Table-7 

f 

0.01 

0.109 
0.208 

0.307 

0.406 

0.505 

0.604 

0.703 

0.802 

0.9009999 
0.9999999 

d2w 

df2 

-3.00 

-2.766237 

-2.422687 

-1.980634 

-1.402689 

-0.682037 

0.1976553 

1.263036 

2.53988 

4.034964 
5.725864 

dw 

~dj 
-2.865578E-
2 

-0.2875638 

-0.5443802 

-0.7634345 

-0.9320571 

-1.036482 

-1.061873 

-0.9912259 

-0.8047954 

-0.4810846 
5.974174E-4 

w 

0.693384 

0.6761756 

0.6347001 

0.5696016 

0.4852015 

0.3871688 

0.28258 

0.1800796 

0.0901317 

2.525738E-2 

9.104609E-5 

Coefficient of 
Regression 

bx =-1.375187 

b2 =0.6185834 

a = 0.6931366 

And so on. 

For clamped edge conditions the boundary conditions and the parametric 

conditions are as follows : 
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CASE-a (Movable edge) 
dw 

(i) w = 0 a t f = l and (ii) — = 0 atf= 1 for far end 
df 

boundary conditions 

df 

(iv) A = 0 i.e. m2 = 0 

(iii) —^- = missing for both far end and near end 

CASE- b (Immovable edge) 

The boundary and parametric conditions for immovale edges are as 

follows : 

(i) w = 0 at f= 1 

dw 
(ii) — = 0 atf= 1 for far end boundary conditions 

df 

d\v 
df 
C* Vv 

(iii) ——£- = missing for both far end and near end 

2r 2 

(iv) ^ = 0.1848^— which in turn gives m2 = 0.3308w0
2 

b 

For solving the describing differential equation using the parametric and 

boundary conditions as prescribed in (ii) , the major problem is the 

omission condition of the second derivative of the deflection , that is 

d2w 

df 
at both the boundaries. 

For sorting out this problem of missing condition of — - , we use 
df 

powerful 'Non-linear shooting method' and found out the nature of 

variation of w with and f. 
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It is interesting to note that the variation of w0 , is very very small 

with the change in initial value of — - , from which we found out the 
df2 

value of ^=-2 .79678 at f = 0. [ 54] 
df 

From the obtained coefficient of regression (Table 1 to 

Table 7) we get the form of 'w' as follows ; 

w = 0.6990194(l - 2.01/2 + 0.9933/4) 

= 0.6990194(1 -f2)2 

Where from we get the final form of 'w' as, 

w = w 0 ( l - / 2 ) 2 ....(1.13) 

Hence executing the software GJBVP.BAS and GJREG.BAS and 

having the form of 'w' we get the following solution of Tables 8 to 10 for 

different load conditions as required for verification. 

14 



Table-8 

f 

0.01 

0.109 

0.208 

0.307 

0.406 

0.505 

0.604 

0.703 

0.802 

0.9009999 

0.9999999 

d2w 

df2 

-1.3648 

-1.303067 

-1.168616 

-0.9614929 

-0.6783265 

-0.318446 

0.120072 

0.6403393 

1.245221 

1.935289 

2.707934 

dw 

~dj 
-1.350885E-2 

-0.1435055 

-0.2663939 

-0.3724663 

-0.4542704 

-1.5042519 

-1.5147338 

-0.477828 

-0.3851534 

-0.2284144 

7.584095E-4 

w 

0.335783 

0.3278335 

0.3074342 

0.2756421 

0.2344875 

0.1867468 

0.1359488 

8.639419E-2 

4.318466E-2 

1.224927E-2 

3.491594E-4 

Total load 

(Q) 

Q = 2 

Table-9 

f 

0.01 

0.109 

0.208 

0.307 

0.406 

0.505 

0.604 

0.703 

0.802 

0.9009999 

0.9999999 

d2w 

df2 

-2.729600 

-2.546085 

-2.246908 

-1.840313 

-1.302696 

-0.6294453 

0.1924598 

1.184478 

2.367220 
3.785864 

5.302291 

dw 

-2.639022E-2 

-0.2701384 

-0.5077319 

-0.7111180 

-0.8677954 

-0.9645983 

-0.9875402 

-0.9208842 

-0.7467034 

-0.4456758 

8.5014141E-4 

w 

0.6447204 

0.6289828 

0.5902259 

0.5295606 

0.4509645 

0.35971 

0.2624066 

1.671280E-2 

8.361485E-2 
2.34643 8E-2 

1.733732E-4 

Total load 

(Q) 

0 = 4 
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Table-10 

f 

0.01 
0.109 
0.208 
0.307 
0.406 

0.505 
0.604 

0.703 
0.802 
0.9009999 
0.9999999 

d2w 

df 
-4.0946 
-3.706624 
-3.199834 
-2.603377 
-1.849476 

-0.9254057 
0.2039742 
1.597926 
3.316539 
5.378963 
7.734737 

dw 

~dj 
-3.840044E-2 
-0.3733125 
-0.7142838 
-1.00278 
-1.224532 

-1.3634 
-1.40103 
-1.314297 
-1.073881 
-0.6461711 
8.625984E-4 

w 

0.8931668 
0.8388871 
0.7534025 
0.642531 

0.5136701 
0.3759046 
0.2403533 
0.12073 
3.389755E-2 
2.769008E-2 

Total load 

(Q) 

Q = 6 

Hence, using the results from the Table 8 to 10 

the final form of w0 with Q will be as: 

w0 + 0.15WQ = 1.26(2 for case (a) and 

w~0+0.\654wl=0370iQ for case (b). 

1.6 Numerical Results and conclusion 

From the above equation we draw the graph as shown in the figure-1 

Results are tabulated also in the following table. 

Figure -1 presents a comparative study of the results obtained for 

dimensionless central deflection,—2- versus dimensionless load 
h 

function, -^—^,for immovable edges by [30],[45]. The present study gives 

us the results using v=0.3,a=2b, X=v2 for simply supported edge. 
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Table -11 presents the results obtained for dimensionless central 
i 4 

deflection —- versus dimensionless load function,-̂ ——, for movable 
h Eh" 

edges by assuming v=0.3,a=2b, X=v2for simply supported edge. This 

form of w0 is in well agreement of the established well known results. 

Table-11 (Elliptic Plate with movable edges') 

Dimensionless 
load function 

lEh4i 

0.0 
2.0 
4.0 
6.0 

8.0 
10.0 
12.0 
14.0 
16.0 

Central Detection I — J 
parameter 
Present Study 

0.0 
1.3485 
1.8331 
2.1604 

2.4163 
2.6311 
2.8117 
2.9702 
3.1330 

Known[49] 

0.0 
1.3510 
1.8380 
2.1675 

2.4250 
2.6405 
2.8270 
2.9930 
3.1430 

Hence we can write the following conclusions 

1) single differential equation gives the behaviors of plates of any shape 

just changing V . 

2) computation labor is minimum which is urgently needed to the present 

age 

3) investigation is valid for movable as well as immovable edge 

conditions. 

4) the program developed gives directly the form of the deflection form 

which is in exact agreement with the established one[49]. 

17 
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Chapter -II 

FINITE DIFFERENCE METHOD 

ABSTRACT 

The biharmonic equation is used to model the deflections arising in two 

dimensional rectangular orthotropic symmetric plates. The plate can be subjected 

to external perpendicular loading resulting deflections under various boundary 

conditions. The edges can be simply supported, clamped or free. In this chapter an 

autonomic procedure is defined which produces the difference equations for 

different problems under investigation. The procedure is illustrated using 

MATLAB, with numerical results for problems with and without analytical 

solutions. 

INTRODUCTION 

Since Lagrange obtained the equation of bending of thin elastic plates: 

d4w d4w d w 

in 1811, a lot of work has been done on the plates. 

The solution of plate problems via the analysis method is limited in that the 

boundary conditions were restricted, e.g., simple supports, etc ([14]) . If these 

conditions are more complex, the analysis becomes increasingly tedious and even 

impossible. In such a case numerical and approximate method are the approaches 

that can be employed. Among the numerical techniques presently available, the 

finite difference method is one of the most general. In applying finite difference 

method, the derivatives in the differential equation under consideration are placed 

by difference quantities at some selected points, referred to as nodes or pivotal 

points, or simply as points of division. The numerical solution is thus obtained 

from differential equation, which are applicable to the actual continuous structure. 

In the last part of this century, with development of composite material, 

many scientists and engineers in mechanical, civil, aircraft and aerospace, and 
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other fields work on the composites. Of composite, orthotropic symmetric 

laminated plates are widely used in engineering. Its bending equation is 

d4w 84w 8 w 
D u ^ + 2(Dl2+2D66)1^- + D22—=q(x,y) - - ( 2 . 2 ) 

ox ox oy oy 

where 

w(x,y) is deflection along the z direction. 

q(x,y) is the intensity of transverse distributed load per unit area acting on the thin 

plate. 

Dn, D12, D66, D22, are the flexural coefficients of orthotropic symmetric 

laminated plates. 

Because of the great success of finite difference method for common material 

plate, noticing the similarity of equations (2.1) and (2.2), we considered 

employing finite difference method to solve the bending problem of orthotropic 

symmetric laminated plates. 

First we built the patterns of the finite difference coefficients of orthotropic 

symmetric laminated plate with simply supported edge condition. Then we 

develop a program (GB1.M) using MATLAB to define an autonomic procedure. 

To check the efficiency of our program based on finite difference method, we 

choose a few problems with and without analytical solution. The results by our 

method is in good agreement with the analytical solution. 

Results tell us that the finite difference patterns of orthotropic symmetric laminate 

plate developed in this chapter is useful to solve equations and display 3D 

pictures of MATLAB language. To use the procedure to automatically genera tic 

the finite difference approximations of orthotropic symmetric laminate plates, 

what a user needs to do is input the number of mesh and the loads, then the output 

is a 3-D picture describing the deflection of plate acted on given load. 
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2.3 THEORY 

For the symmetric laminated thin planes with loading q. 

Fig.-2 
Its bending equation in terms of displacements is(l 3E57J 

d w d w d*w d w d4w 

(2.3) 

where 

w(x,y) is the deflection along the z direction. 

Q(x,y) is the intensity of transverse distributed load peer unit are acting on the 

thin plate.Dn, Di6, D12, D66 , D26, D22 are the flexural rigidity coefficients of the 

laminated plate. 

For specially orthotropic laminates(Di6 = D26 = 0) , the governing differential 
equation becomes 

d w d w d w 
Du^T + 2(Dn+2DJ^—T + D22^- = q(x,y) (2.4) 

ax o xoy oy 

To solve the differential equation numerically by finite differences we generally 

require to replace the derivation of a function by difference of the function at the 

nodes. 
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2.3.1 REPRESENTATION OF DERIVATIVE BY FINITE DIFFERENCE 

Figure 3 represents a function y=f(x). The derivative (or the slope) of the curve at 
point 

Xj.i and Xj+i can be approximated by 

/«,-(£)-limf^-*""*< Ax), IX 
(2.5) 

• x 

Fig..3 

We can also write 

( $ H ^ - 2 * + ^ (2-6» 
In the above expressions we have used central differences because the derivative 

of the function in each case was expressed in terms of the values of the function 

at points located symmetrically with respect to the point considered. 
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The process can be repeated to calculate higher derivatives , in which case the 

values of y at a greater of equally spaced points are required. The finite-difference 

pattern of coefficients is shown in Fig.4. 

<-> 

i-2 i-1 i+1 i+2 

dy] = J _ r 
2A 

Ji Kdx2 

dx* 

i 

2X 
[+1 

= ¥[+l 

-1 

+1 

+2 

+1 

-2 +1 

-2 +1 

+6 -4 +1 

fig-4 

Finite difference expressions can also be obtained by considering forward or 

backward differences, in which the derivatives at any point is expressed in terms 

of the value of the function at points. In ascending or descending order with 

respect to the point under consideration. As the central differences are more 

accurate than either forward or backward difference, they will be used here. 

ERRORS IN FINITE DIFFERENCE EQUATIONS 

It is apparent from the foregoing that the finite-difference approach involves 

errors compared with the continuous function , and it is useful to be aware of the 
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magnitude of error involved. The value of a function y(x) at a point Xj+t can be 

expressed in terms of y(xj) and its derivatives by Taylor s expression 

y(xM) = y{xi)+~y{xi)+ — y{xi)+—y{xi)+... (2.7) 

Similarly, 

y(xi-l) = y{xih-y{xi)+—y{xi)-—y(xi)+... (2.8) 

Subtracting (2.8) from (2.7), we obtain 

y{xi)=^7\y{xm)-y(xi-iJ\—7;y(xi)-77y{xi)-~ 
2A1 3! v " 5! (2.9) 

Comparing ( with the finite-difference expression given in the Fig.4., we can see 

that the error in the finite-difference expression for the first derivative — , 
\dx)i 

A, A ,_ ., .. 
et~~!Ay,~!iyi~ ( } 

If we add (2.7) and (2.8), it can be shown that 

y(x\ =jf(yM -^i +yM)—Q-yi —^y> ~ (2 > n) 

The error in the finite -difference expression for the second derivative 

(*7y\ • * f 
—~- is therefore 

{dx ) . 
222 2A4 

S>—Ty'~iry'-" (2,12) 

Similarly, it can be shown that the error in the third derivative given in Fig.4. is 

* , — - * - » . (2-13) 

and the error in the fourth derivative is 

s4=~y,... (2.14) 

From the above equations it is evident that the first error term is of the order of 

A,2 .The accuracy can be improved by reducing A.. 
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REPRESENTATION OF PARTIAL DERIVATIVES BY FINITE 
DIFFERENCE 

Thin plates subjected to transverse(normal) loading are subjected to 

bending and are therefore referred to as plates in bending. They undergo 

transverse deflections which are small compared with the dimensions of the plate. 

As a result, the stretching of the middle plane of the middle plane is negligible , 

and the in-plane displacement of point on the middle plane is assumed to be zero. 

Thus the displacements of points on the middle plane (or surface)of the plate, say 

x-y plane can be defined by a translation in the z direction and two rotations 

about x and y axes. The plate-bending problem involves the solution of a partial 

differential equation, for which the finite-difference method will be used. 

Figure 5. shows the meshes drawn on a surface representing a function w=f(x,y), 

which can , for example , be the deflected surface of a plate in bending. The 

derivative of 'w' with respect to x or y can be expressed as a difference of the 

values of w at the nodes of the mesh in the ordinary finite differences considered 

in 3-3 . In the following expressions, central differences are used to express 

values at point 7. 

The slope of the surface in the x direction is 

, ox )1 Ax 

w,, 

w, 

(2.15) 

and the curvature in the x direction is 

(' a* ^ 

a*2 
j i 2Xl 

[1-2 1] 
w, 

w1 y 
w, 

(2.16) 
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Similar expression can be written for derivatives with respect to y. 

The Laplcian operator in the x and y variables 

V =—r + 
dx2 dy2 

applied at a general point 7 can be put in the finite-difference form. 

( V 2 4 * T T T [ 1 - 2 !] ' 
22 

w,. 

w7 

w, 
2A„ 

w, 

w, 

wa 

.(2.17) 

The mixed derivatives at point I, the center of the hatched rectangle in Fig5. is 

»2 > 
0' W 
dxdy 

1 

21 
7 y 

^dx)s 

rdw\ ' 
(2.18) 

Whence 
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dxdy^ UAy 

[1 -1 1 -1] 

wA 

w, 12 

w, 

w, 10 

(2.19) 

The coefficients of w at the nodes in Eqs.(2.17) and (2.19) applied at general node 'i' are 

given in Fig6.(a) and (b). The coefficients of w for the derivatives (d2w/dxdy )j are given 

by Fig6.(c). We use central-difference to express the approximations of partial derivates 

Xx and Xy are mesh widths in x and y directions. 

r nodei 

(V2
W),.«1/^ -2(l/A,+l/A,) MX, 

r 

i/A„ 

fig-6(a) 

( d2) 1 
{dxdyj. UxAy 

•[ 

fig-6(b) 
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r 
( # \ 

node im,n 

{dxdy). UxXy 
[ "2 2 ] 

Fig.-6(c) 

The finite difference expressions for the fourth-order derivatives of Eq. (2.1) can be 
written as 

a Z * ^ r ( W m + 2 , „ - 4 W m + 1 , n + 6Wm,n ~ 4 W m - t , „ + Wm,„-2 ) .(2.20) 

- 2 V m,n+2 tn,n+l tn,n m,n—l m,tt~-l / .(2.21) 

r 
(v4w), * (l/A2)[=H- -8 20 -8 +1] 

node im,n 

+2 8 +2 

+1 
4 Ax 

Fig.7. 
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2.3.4 Finite Difference Equation at Interior node of a plate in bending 

Let us restrict our derivative to equally spaced square mesh, Assuming Ax = Ay = X mesh 

width, the finite difference expressions for the fourth order derivatives of equation (2.1). 

' o w ' 
i dx i 
\ / m,n 

= ^ r ( W m + 2 , « - 4 Wm+t,« + 6 W m , « " 4 W m - . , „ + Wn,-2,n ) ( 2 - 2 0 ) 

(d4w^ 1 / \ 
= ^r(w„,„.,.-, -4M> ,, + 6 w „ -4w„„ , + w „ , , I (2.21) 

\fyA jmM 

Similarly the finite difference expression of the mixed fourth derivative (using central-

difference to express the approximations of partial derivates taking Xx and Xy as mesh 

widths in x and y directions shown in fig. 6) can be written as 

( £>4 \ 

a w 
[dx2d/j 

= Jl(4Wm,n ~ 2 K + M + W
ffl-.,„ + Wm,n+1 + *V«-1) + (W*-l.„+1 + Wm+l,n-l + Wm-l,n+l + Wm 

(2.22) 

Therefore, the finite difference representation of (2.1) at pivotal point m,n is 

[OV4W\m>„ = — [20wmn - 8(wm+1 „ + wM_u + wmn+l + wm >(M) + 2(wm+ln+1 + wm_ltt+1 + wm+l „_, + 

W„-M-l ) + W*+2,„ + W„-2,„ + W
ffl,„-2 + *W-2 1 + < ? ( ^ ) 

= q(x,y) (2.23) 

where 0(A2) the error term describing the discrepancy between the exact expression of 

the biharmonic operator (V 2 operating on w) and its finite difference representation. 

So, [co-efficients] {w) = q/D (2.24) 

Employing above difference expressions and boundary conditioned (used to 

eliminate the deflections of fictions points), we can get equations to determine the 
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deflection of plate. Further, we can determine the internal forces and moments, which are 

the foundation of stress analysis. This is tedious. We will not describe more. 

Here, we will give a case to show how to use finite - difference method to find 

the maximum deflection of uniformity loaded square plate with fixed boundary 

conditions. We select the same finite difference mesh (X=a/4). In numbering the mesh 

points the apparent double symmetry of the deflected middle surface is considered. From 

the clamped boundary conditions it follows the fictitious points outside of the plate are 

the same as the corresponding points within the plate. 

TABLE -12 

No. of mesh 

6X6 
8X8 

10X10 
14X14 
18X18 
22X22 
26X26 
30X30 
34X34 
38X38 
42X42 

PRESENT 
.0015344 
.0014244 
.0013697 
.0013198 
.0012986 
.0012877 
.0012814 
.0012774 
.0012748 
.0012729 
.0012715 

% ERROR 
21.78 
13.05 
8.706 
4.746 
3.0635 
2.1984 
1.6984 
1.381 
1.1746 
1.0238 
0.9127 



CHAPTER - III 

FINITE DIFFERENCE COEFFICIENTS 

32 



Chapter - III 

FINITE DIFFERENCE COEFFICIENTS 

3.1 The Difference FYpression nf Differential Equation and Boundary 
Conditions for Composite Pla^c : 

In previousj£iapter we introduced the concepts of finite difference 

and gave a n ^ r ^ p ^ t 0 s n o w m a t t n e g ^ g difference method has high 
acv^oy using small mesh width. Now we begin to apply on linear and 

linear analysis of Sandwich plates under different loading conditions. 

tor this we begin with the Berger's equations[7] where partial derivatives 

model the plate equation with small deflection. 

The governing equation is V4w-a2V2w =— (3.1) 

At first we consider the equation for small deflection V4W = — 

where a =0 i.e. 

84w 8 w d w 

For a node 'i' (Fig. 7), the pattern of the finite difference 

coefficients of 

r _ d4w „ , ^ „ „ , d4w 94w., 

....(3.2) 

can be easily derived as follows in fig. 9 
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D D 

B -B 

D D 

Fig-8 

r 
+2 6 10 

+1 3 • 11 +13 

+4 8 12 

Fig-9 

The coefficients A,B, etc are defined in Table A. For a node T , saying 

7 in Fig. 9, the finite difference equation applied at it is 

{—7}[FD5D£C^C£Z)5Z)£]{>V1W2W3W4W5W6VV7W8W9H'10WU>V12VV13} = qn 

dec 
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This equation can be applied to an interior node of a node, that is 

on or close to the boundary. When applied to an interior node, the 

coefficients are shown in fig. 7. When applied to a node be on or close to 

boundary, the coefficients have to be rewritten to satisfy boundary 

conditions. The boundary condition that we are considering are as follows 

in figure 10. 

(1) Simply Supported Edge 

Forx-O&a, w = 0, Mx~ Dn ~ D a ^ = 0 
ox oy 

Fory=0&a, w = 0, M=Dn—--D„^— = 0 
y n dx4 n dyA 

(2) Clamped Edge 

Forx=0&a, w = 0, — = 0 

Fory=0&a, w = 0, — = 0 

dx 
dw 

~d~y 

(3) Free Edge 

8M„ 
Forx=0&a, — - ^ + Q =0 

dy *' 

dM„ 
Fory=0&a x± + Q =0 

dx y 

Where, Mx, My, M, are the moment resultant. 

Q x, Q are the shear resultant as shown in fig. (10) 
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* * * - * 

Using the finite difference expressions of governing equations and 

boundary conditions we can now derive the patterns of finite difference 

coefficients of sandwich of plates under various boundary conditions with 

large deflections. The governing Berger's equation is 

V4w-a2V2w = 0 

Where = -[(—) + (—Y ] 
12 2 at " dy' 

[h being the thickness of plate] 

3.2 The Patterns of Finite Difference Coefficient 

To form the patterns of the finite difference coefficient of 

Sandwich plates, we add the fictitious nodes and then apply the finite 

difference forms of the boundary conditions to eliminate the deflections of 

fictions nodes. Finally, the patterns of the finite difference coefficients of 

Sandwich plates can be derived and shown in fig. 12, to be simply, we 

only derive the pattern of coefficients to show the procedure. 

36 



D C D 

F B B 

D C E 

J Fig-11 

t5 

+2. 10 

+1 3 7 11 +13 

+4 8 U 

Fig-12 

For the node i (Fig. 12), at the free edge, adding the fictitious nodes 4,8,3,12, we apply 
the equation. 
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[ F D B D E C A C E D B D F ] 

w2 

w3 

w4 

w5 

w8 

w9 

w, 10 

w, 12 

HV 

= ^ .(3.8a) 

F w, +D w2 +B w3 +D vv4 +E vv5 +C w6 + A vv7 +C w8 +E vv9 +D w]0 +B w,, +D w12 +F w, 3 = 

....(3.8b) 
Using boundary conditions, we have, 

[My[ =0,DnWl + D22w2 -2(DU +D22)w3 +D22w4 +Dl2w7 = 0 ...(3.9) 

w4 =—i2--2—— w3 +—^-H>7 

22 

..(3.10) 

[ M j 7 =05JD12w3 +Z)22w6 - 2 ( £ 1 2 + A 2 K + A 2 ^ 8 + A 2 w „ = 0 ...(3.11) 

Then 

w, a D„ A 
= -^-w3+2^w1-^± 

D 22 D 22 z> 
w, 

22 

.(3.11) 

Similarly Equating [My | =0 we have 

A2 -, A2 A2 
w,2 = £-Wi0 + 2 — — w „ 12.W.3 

D n D 
-^22 ^ 2 2 ^ 2 2 
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Now, eliminating w>4, ws, wn we get the following coefficient of 

Co-efficient of w, is F - ^ - = Dn - ^ - = IT 
D D 

Co-efficient of w2 is 3£>3 + 2D66 - DX2 = 2£>3 - 2£>12 = 2 # 

Co-efficient of W3 is 
B + 2(Di2/D22 + D12) + 2(Di2/D22 +D12) 
= - 4D n - 4D3 + 4 D12/D22 + 4D12 

= - 4D3 + 4D12 - 4 Dn + 4Di2/D22 

= 2 [-2(Di-Di2> - 2(Dii-D12/D22)] 

=2K (3.15) 

Co-efficient of W5 is = 2E (3.16) 

Co-efficient of W6 is 

= C - 2D4 - 2D22 +2(Di2+D22) = C-2D4+2D12 

= -4D3-4D22-2D3-4D66+2Di2 

=-4D22-6D3-2(D3-D,2)+2D12 

= - 4D22-8D3+4D12 

= 2{-2(D22+2D3-D12)] =2[0] (3.17) 
Co-efficient of W7 is 

= A - 2Di2/D22 - 4D12/D22 -4D ]2 -4Di2 -4D12 -4D22 

= A-6Di2/D22-8Di2-4D22 
=6Dn+8D3+6D22-6Di2/D22-8Di2-4D22 
=8(D3-D12) + 6(Dn-Di2/D22) +2D22 

=2P (3.18) 

Co-efficient of w10 is = 3D3 +2D66 -D ! 2 = 2H (3.19) 

Co-efficient of w,3 is = F - D,2/D22 =2T (3.20) 

So the equation applied the node 7 is 
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THKEOHKT] 

w, 
w, 

w, 

w, 

w< 
M>„ 

W, 

Wa 

Wo 

w, 10 

w„ 

w, 12 

w, 13 

=(f)v; ,..(3.21) 

So we can derive the patterns of the finite difference coefficients 

of plates for deflections with the boundary conditions of simply supported, 

clamped, free and their combinations. 

For the specific problem of differential equation we develop the 

program. Here we initially develop the program for analysis of Berger 

equation for small deflection(GBl.M). Then we modify the program for 

the coefficients of finite difference equation for large deflection(GB2.M) 

using Matlab. 
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Table A shows the definitions of coefficients for equation (3.6) 

Table A 

A = 6Dii+8D3+6D22 
B = -4(Dn+D3) 
C = -4(D3 +D22) 
D = 2D3 

E = 2D22 

F=D„ 
G = 5Dn+8D3+6D22 

H = 2(2D3 -D12) 
I = -2(Dn+2D3-D1 2) 
J = D n +4(D3-D12) +3(D22-D12/D„) 
K = -2[D3-D12+(D22-D12)/Dn] 
L = -(D22-D12/DI1)/2 
M = 5Dn+8D3+5D22 

0 = -2(D22 +2D3 -D12) 
P = D„+4(D3-D12) +5(D22-D12/Dn)/2 

Q = -2[D3-D12+(D22-D12/D„)/2] 

R = (Du-D12/D22)/2 +2(D3-Di2)+(D22-Di2/Dn)/2 

S = -2(D3-D12)-(D11-D11/D12) 

T = (D„-D12/D22)/2 

U = 2(D3-D12) 

G = 6Dn+8D3+5D22 

K = -2(D3-D12) -2(D„-D12/D22) 

P = 4(D3-D12) +5(Dn-Di2/D22)/2 +D22 

Employing the above equations it is easy to define an automatic 

procedure which produces the difference equations for large deflection of 

plates. Accordingly the program is developed .The procedure is illustrated 

using MATLAB, with numerical results for problems with and without 

exact analytical solutions. In the next chapters various problems with 

small and large deflection analysis are verified by the automatic 

procedure. 
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Problems Under Investigation 



Chapter-IV 

Problems Under Investigation 

From the previous chapter 2 & 3 it is easy to construct the finite 

difference equations to solve the plate equations with different shapes and 

also with different boundary conditions. Let us now consider the following 

problems. 

a) Four edges simply supported square plates. 

b) Square plate simply supported at four corners. 

c) Thick equilateral triangular plate 

4.1 Four edges simply supported square plates 

Let us consider a square, orthotropic laminated plates with four edges 

being simply supported. In fig. 13, we show 6X6 mesh. This problem has 

true solution. We choose it as our first application to compare our finite 

difference result with true solution. 

b=l Ay Ax 

Ay 

O a=nAx 

Figure-13 
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In this case we have the true solution. 

w{x,y)J.m_Y y « b— (411) 

Applying the finite difference equation and the difference 

coefficients (Fig. 6), the following simultaneous equations can be 

obtained. 

{——}{coefficients}{wl w2 w25} = q {1 1 1} ...(4.1.2) 
Ax 

The program for true solution gives the result in fig. 14 and 

program is run with 25 X 25 mesh size. The results are clearly improved 

in fig. 15 with 40 X 40 mesh size. 
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Figure-14 

Figure-15 
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4.2 Non Linear Analysis of Square Plates simply supported at four Corners[4]. 

We consider a square plate of dimensions 'a' x 'a' supported at four 

corners. Thickness of the plate is considered to be 'h'. 

Following Berger's method [7], the differential equation governing the 

non linear behaviors of thin plates is written as. 

V4w-a2V2w = -̂ -
D 

Where, 

(4.2.1) 

a2h2 1 
12 2 

dw 
dx _ 

2 1 
+ — 

2 

dw 
(4.2.1a) 

Now we assume, w = wl+w2 

Where, w, satisfies the equation (4.2.1) subject to the partial edge 

conditions namely [2]. 

dwx 

[QX-

= 0; 

2 

2 dx 

,..(4.2. lb) 

d w d w 
• + • 

2 . .2 
dx1 d2y 

= 0 

2 

Solving equation (4.2.1) with the help of the boundary conditions cited 

above, we can write 

w,= 
lqaA 

64(42 + a laz)D 
1-

4 / 
.(4.2.2) 

Where a2 is given by 

a2K 
12 

1 
2 

dwx 

dx _ 

2 1 
+ — 

2 

dwx 
-l2 

(4.2.2a) 
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Now w2 satisfies the differential equation 

V4 w 2 -« 2 V 2 w2=0 (4.2.3) 

For simply supported edge it is sufficient to solve the following 

equation 

V1 w2-a
l w2=0 (4.2.4) 

Where, a'h1
 = 1 

12 ~ 2 
dw2 

dx 

12 
1 

+ — 
2 

dw2 (4.2.5) 

It is to be noted that continuity conditions ensure same a in equations 

(4.2.2) and (4.2.5). To solve equation (4.2.4), let us assume 

w, = 4> + I Ym(y) cos-
m7DC 

(4.2.6) 
m=2,4,6— 

Each term of which satisfies the conditions given in equation (4.2.1b). 

Putting equation (4.2.6) in the equation (4.2.4), employing the boundary 

conditions. 

dw 

y=l 

dw, dw0 
1 + 2 

dy dy 
= 0 (4.2.6a) 

a 
'=2 

We get, 
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m=2,4,6— 

mny 
a 

mnx w 2 = A 0 £ [AiCosh—2-+A2Cosh(Bamy)]Cosh ..(4.2.7) 

Where, Bam = I ^ / [ m V + a V ] = -
a a 

_ mix a __B 

4 = _ J f l _ r ^ M i _ Co^g
m ] 

D(aay B mn 

V_1W 

4=-
qa\-\) 

Dmn(aa) Sinhan 

V_n2 
4 = 

qa\-\) 
BD(aa)2 Sinhpm 

7 

Finally the equation determining a is given by 

a V qa_ 
Dh 

Cotha„ 
• + 

2 2 sinh-B. 
m n (1 + } 

(aa)4w;z- 4(aa)4B2Sinh2p„ + ^ { 
105 2688 + 64a V B 

} - m;r 

{(J-mK)Sinh{am + Pm) + (B + mn)Sinh(Pm - a . ) } [
 {

 5
 1} 

(aa) SinhamSinhj3l MaaySinh'P, 

{B-mrt)Sinh{am) + Pm -(B + ma)Sinh(Pm -aJ} 
(oca)6 SinhamSinhPm 

(4.2.8) 

which has been obtained through integration over the area of the plate. 

Therefore, w=wx+w2 
(4.2.9) 

is completely determined from (4.2.2) and (4.2.7). 
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4.2.1 Numerical Results 
Numerical results are obtained from (4.2.9) with the help of 

equation (4.2.8). Central deflection (wa/h) Vs. load functions have been 

given in Table-B. The corresponding results from linear theory [51] and 

experimental analysis are also given side by side for comparison. 

Calculations are made with the help of PC(AT). 

Table-B 
Load functions Vs. deflection parameter 

Load Factor Deflection parameter (vv0 / h) 

qa 

Eh4 

000 
1.14 
1.91 
3.05 
3.81 
4.96 
6.10 
6.86 
8.01 
9.15 
9.91 
11.06 
11.82 
12.96 
14.11 
14.87 
16.01 
17.16 
17.92 
19.06 

Linear Analysis 
(Timoshenko) 

0.000 
0.073 
0.122 
0.196 
0.244 
0.318 
0.391 
0.440 
0.513 

u ° - 5 8 7 

0.635 
0.709 
0.758 
0.831 
0.904 
0.953 
1.026 
1.099 
1.149 
1.220 

Non-linear Analysis 
Using 
equation 
(4.2.2 & 
4.2.6) 

0.0000 
0.07326 
0.1230 
0.1930 
0.2420 
0.3105 
0.3760 
0.4179 
0.4790 
0.5367 
0.5735 
0.6269 
0.6608 
0.7096 
0.7566 
0.7862 
0.8294 
0.8710 
0.8977 
0.9360 

Present 
Study 
(Using 
GB2.M) 

0 
0.075 
0.1237 
0.1955 
0.2451 
0.3145 
0.3807 
0.4234 
0.4856 
0.5432 
0.5816 
0.6359 
0.6701 
0.7193 
0.7665 
0.7980 
0.8408 
0.8830 
0.9127 
0.9536 

Experimental 
Analysis 

(Ref. 4) 

000 
0.08 
0.14 
0.19 
0.26 
0.28 
0.39 
0.44 
0.51 
0.60 
0.61 
0.66 
0.68 
0.70 
0.77 
0.83 
0.90 
0.95 
0.99 
1.02 
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4.2.2 Conclusions 

Graphs are drawn for loads functions versus central deflection 

parameters. It is observed that the results obtained by experimental 

method are in excellent agreement with the theoretical values. Uniformly 

distributed loads applied to the thin plate supported only at four corners 

gives the corresponding load deflection diagram believed to new. 

The figure 16 shows the comparative study and established the fact that 

the results are in good agreement with that of other suggested method. 
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-+— Eq.4.2.2 &4.2.6 

Using Finite difference 
• Experimental Analysis 

20 

Dimensionless load(qa4/Eh4) 

Figure-16 
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4.3 Large Deflection Of Thick Equilateral Triangular Plate 

We consider a simply supported thick equilateral triangular 

plate. Under applied loading, using Berger's method , the governing 

differential equation is as follows[7]. 

5(l -v2) Gc V 12 , D 
-(4.3.1) 

where, a
lhl _ 1 
12 ~ 2 

dw^ 1 cHv̂  

etc + 
v ^ y 

= constant 

Coordinates Used. 

TRI-LINEAR COORDINATES (Ref:48) 

....(4.3.2) 

P 

% 

iQ t-JI 
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Let PQR be an equilateral triangular plate with the centroid 'O' as 

origin. The X- axis is perpendicular and Y- axis is parallel to side QR. Let 

M(x,y) be the any point within the triangular plate and px,p2,p3 are 

perpendicular distances from O on PR,PQ and QR respectively. '2a' be 

each side of triangular plate. V be radius of the inscribed circle. Then we 

can write 

px=r + x/2-V3y/2 ; p2=r + x/2 + V3y/2; p3~ r -x ; 

px+p2+p3=S a = k(say) ; 

V2 =d2/dx2+d2/dy2 

= d21 dp2 + d21 dp] + d21 dp] - d21 dpxdp2 - d21 dp28p3 - d
21 dp,dpx 

To solve equation (4.3.1), using tri-linear coordinates(48), we assume 

w 

A 11 

A i l 

00 

Q 

00 

n=\ L 

Sin 
2nnpx 2mtp2 c . 2nnp3 

+ Sin- + Sin -

Sin 
2nnpx 2nnp1 2nnp 

+ Sin + Sin: ...(4.3.3) 

It is clear that the form of 'W satisfies the edge condition under 

simple support. Equation (4.3.2) is evaluated as usually through 

integration over the whole area of the plate. Thus we have, 

a2h2 3W2n27r2 h7 

12 4a' 
...(4.3.4) 
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Substituting equation (4.3.4) in equation (4.3.1) we get the 

following expression giving the equation for deflection parameter 
h) 

for an equilateral triangular plate, 

K E ( h ) 

2 

+ 16;r4 

Gc{a) J 
(K 
U, ) \ 

J 
\6TT4 „E AnUh^ 

-K-
Gc 9 \a) 

-An1 (Wn qa 
h ) Dh4 

• • • • • l * T » < J » f c ? I 

Numerical Results: 

From equation (4.3.5) numerical results have been calculated both 

for thick as well as thin plates for different values of KE/GC and h/a (for 

thick plates) and KE/GC is zero (for thin plates). Results are shown in 

Table-C and Table-D accordingly. Results obtained in closed form are 

now verified by the program developed using finite difference method. 

Load facto 

0.0 

1.0 
2.0 
3.0 
4.0 
5.0 
6.0 
8.0 
10.0 
15.0 
20.0 
25.0 

TABLE - C 

Deflection parameter (Wo/h) 

(a) Thin Plates, (KE/GC = 0.0) 

(a) Thin plate 

0.0 

0.0918212 
0.1563542 
0.2029791 
0.2395297 
0.2698232 
0.2958687 
0.3394648 
0.3755435 
0.4467425 
0.5022134 
0.5484213 

Known 
results 

(ref. 15) 
0.0 

0.1011 
0.1662 
0.2100 
0.2456 
0.2722 
0.3051 
0.3402 
0.3835 
0.4613 
0.5122 
0.5595 

Finite 
Difference 

0.0 

0.095341 
0.160219 
0.205050 
0.240876 
0.270134 
0.300103 
0.339578 
0.383024 
0.461123 
0.522278 
0.56112 
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Figure-17 
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TABLE-D 

Deflection parameter of thick Plates for different values of KE/GC and of h/2a 

Case I. When KE/GC=1.0 

Load parameter 

0.0 
5.0 
6.0 
8.0 
10.0 

15.0 

20.0 

25.0 

30.0 

40.0 

50.0 

For h/2a=0.1 

0.0 
0.2678 

0.2932 

0.3359 

0.3712 

0.4410 

0.4954 

0.5407 

0.5799 

0.6462 

0.7018 

For h/2a=0.2 

0.0 
0.2622 

0.2862 

0.3264 

0.3598 

0.4257 

0.4771 

0.5209 

0.5573 

0.6203 

0.6730 

For h/2a=0.3 

0.0 
0.2544 

0.2765 

0.3135 

0.3442 

0.4050 

0.4527 

0.4924 

0.5270 

0.5855 

0.6345 

For h/2a=0.4 

0.0 
0.2459 

0.2658 

0.2994 

0.3273 

0.3828 

0.4264 

0.4629 

0.4946 

0.5484 

0.5936 

For h/2a=0.5 

0.0 
0.2374 

0.2554 

0.2857 

0.3110 

0.3615 

0.4012 

0.4346 

0.4637 

0.5130 

0.5545 

Case II. When KE/GC=2.0 

Load parameter 

0.0 
5.0 
8.0 
10.0 

15.0 

20.0 

25.0 

30.0 

40.0 

50.0 

For h/2a=0.1 

0.0 
0.2658 

0.3359 

0.3672 

0.4356 

0.4889 

0.5334 

0.5719 

0.6371 

0.6916 

For h/2a=0.2 

0.0 
0.2558 

0.3264 

0.3470 

0.4088 

0.4571 

0.4974 

0.5324 

0.5918 

0.6415 

For h/2a=0.3 

0.0 
0.2438 

0.3135 

0.3232 

0.3775 

0.4202 

0.4559 

0.4869 

0.5396 

0.5839 

For h/2a=0.4 

0.0 
0.2322 

0.2994 

0.3001 

0.3484 

0.3859 

0.4174 

0.4448 

0.4915 

0.5308 

For h/2a=0.5 

0.0 
0.2222 

0.2857 

0.2818 

0.3235 

0.3566 

0.3845 

0.4089 

0.4505 

0.4856 

CaseHI. When KE/GC=3.0 

Load parameter 

0.0 
5.0 
6.0 
8.0 
10.0 

15.0 

20.0 

25.0 

30.0 

40.0 

50.0 

For h/2a=0.1 

0.0 
0.2639 

0.2884 

0.3294 

0.3634 

0.4305 

0.4829 

0.5265 

0.5644 

0.6284 

0.6820 

For h/2a=0.2 

0.0 
0.2505 

0.2716 

0.3069 

0.3364 

0.3947 

0.4405 

0.4787 

0.5120 

0.5683 

0.6155 

For h/2a=0.3 

0.0 
0.2359 

0.2534 

0.2831 

0.3079 

0.3575 

0.3965 

0.4293 

0.4579 

0.5064 

0.5473 

For h/2a=0.4 

0.0 
0.2231 

0.2377 

0.2626 

0.2836 

0.3258 

0.3593 

0.3876 

0.4122 

0.4543 

0.4898 

For h/2a=0.5 
0.0 

0.2128 

0.2251 

0.2462 

0.2641 

0.3004 

0.3295 

0.3541 

0.3757 

0.4126 

0.4438 
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Observation and Conclusion :-

Results of thick plates can not be compared with those of known 

results as the present study seems to be new. For thin plates, where KE/GC 

is equal to zero, results are in very good agreement with those obtained by 

Dutta (15) who studied the large deflection of equilateral triangular plate 

under mechanical loading and placed on elastic foundation of the Winkler 

type. 

It is observed from the table that as the thickness parameter 

increases, deflection decreases for same load . It is noteworthy. 

It is also to be noted that a single differential equation obtained in 

the present study using tri-linear coordinates is able to give us the 

deflection parameter of thin as well as moderately thick plates in closed 

form. 

As the results of different types of plates are verified by the 

computerized program using finite difference method we can justify the 

present method of solution. 
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NON-LINEAR ANALYSIS OF HEATED POLYGONAL 
SANDWICH PLATES. 



CHAPTER-V 

Non Linear Analysis of Heated Polygonal Sandwich Plates [6]. 

ABSTRACT 

This paper represents non linear analysis polygonal sandwich 

plates with simply supported edges following well known Berger Equation 

(7). Conformal mapping technique has been employed. Numerical results 

of different polygons are computed and shown in graphs. Results of the 

square plates are compared with the known results. Results for other 

polygons are believed to be new. 

Introduction 

Determination of thermal stresses in sandwich plates is attractive to the 

design engineers in view of their wide applications in structural design. 

Several authors have investigated different problems of sandwich plates 

among which the works of Wang, Reissner, Eringen and Hoff need special 

mention. Wang[53] presented a general theory of large deflections of 

sandwich plates and shells. 

Reissner [45]presented an exact analysis of finite deflections of 

sandwich plates . Eringen and Hoff individually presented a theory for 

bending and buckling of rectangular sandwich plates under mechanical 

loading only. 

Determination of thermal stresses in sandwich plates is gaining 

momentum day by day because of their importance in space industry. 

Literature in this area is very scanty. Only two papers could be located in 
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this field where Kamiya used Berger type equation in investigate large 

deflections of heated sandwich plates. 

Later Roy, Dutta and Banerjee(43) quite elegantly analyzed the 

same problem following Banerjee's hypothesis (13). All these 

investigations are concerned with plates of rectangular shapes only. It is 

noteworthy that heated sandwich plates of irregular shapes have not 

received much attention. The aim of the present paper is to study the large 

deflection behavior of heated sandwich polygonal plates. 

Berger's equations have been employed in the investigations along 

with the conformal mapping technique numerical results of different 

polygonal 

Sandwich plates are shown in graphs. Results of the square plates 

are compared with the available results. Results of other polygons are 

believed to be completely new. 

5.3. Governing Equation 

Consider a sandwich plate with an isotropic core as well as an 

isotropic upper and lower faces. The faces are assumed to respond to the 

bending and membrane actions of the plate while the core is assumed to 

transfer only shear deformations . Further, the thickness of upper and 

lower faces is sufficiently thin in comparison with core thickness (h » t ) 

to ignore a variation of stress in the thickness direction of the faces. 
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Under thermal loading the governing differential equation w is as 

follows [ 43]. 

2EftA ^w + hGc^w_(1 + uf )afGcV2f_KLAV2w = 0 

1-V2 

With 

--(5.1) 

2 ox 2 oy 

Equation (5.1) can be put in the following convenient form 

V4w-A1
2V2w = A2

2V2/ ••••(5-3) 

Where, 

A,2 = (4GCAI h) l[2EftA /(I - vf) + hGc ] 

\}=(\ + vf)afGc)/[2EftA/(\-vf2) + hGc] 

For simply supported polygonal plates equation (5.3) takes the following simple 
form (51) 

V2w~\2w = ̂ f (5.4) 

By changing equation (5.4) into a complex coordinates ( £,£ ) by the 
transformation 

z = x + iy and z = x — iy 
we get 

d2w ^7ydz dz 
d£d£ d£ dt, 

Whereas equation (5.2) is transformed into 
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Where 

£, = rew and £ = re~w 

Equation (5.5) is solved by applying modified Galerkin's technique. If we 

consider one term of the mapping function 

With 

— = —= = Constant=Li (say) 

Equation (5.5) reduces to 
^ W , J r 2 . . y ^ r t Xljl 

dwi 
=-\2ilw(U) = Kiif(U) 

It is evident that I0(2\Ll^££) is a solution of the equation 

d2w > 2 T - 2 

= -A/Z>=0 (5.6) 
d&t 

Since the general solution of the equation (5.53) is 9 dependent, we can assume 

the solution of equation (5.5) in the following form 

w=w0J0(2\LlJti)S(ti) 

Where, f = fM^ylttMK) 

And S(U) = (e+e){l + ̂  + ^~^}..-.(5.7) 

Here Wo is a constant and 2A,Z, is a root of J0(2\Ll) = 0. 
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This implies that deflection 'w' is zero at the boundary of the unit circle 

and f=0 at the boundary. Substitution of relation (5.7) in (5.5) yields the error 

function 6 (££) Galerkin's technique requires that 

/ / € ( « M « ) * = 0 (5.8) 

After evaluating the integrals in equation (5.8) and keeping in mind the mapping 

Function. 

- 5 

.(5.9) 

[ Li; L2 are given in separate Table 1 having different values for different 

polygons ]. 

We get the following cubic equation 

3 

+ P 
wo 

h 
+Q [/o] 

rpm 
0 . 

= 0 ....(5.10) 

Where P, Q are constants containing the mapping function coefficient Li and L2. 

The values of A from equation (5.6) have been evaluated through integration over 

the whole area of the unit circle. Calculations have been carried out with the help 

of the following flow chart. 
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5.4 Flow chart 

l.ReadEf,t,h,a,Gc ,^,U,U 

2 ,Set No = 0 

rpn 

„ „. , dw dw d2w 
3.Find — , ^ = , 

oz dt apt 
i i 

4.Find J rmJ\ (2\L,r)dr, J rmJm (2A1Z,r)rfr 

5. Find A 

6. Find P & Q 

7. If R > R min Go to step 8, otherwise step 9. 

8. Set No = No. + 1 Go to step 3 

9. Print Wo/hT0
m 

10. Stop 

5.5 Numerical Calculations 

The following data have been assumed for numerical calculations 

a = 0.254 meter h= 1.7135E-2meter 

t = 0.635E-3 meter Ef= 7347.201E + 6kg/m2 

Gc= 4218.4884E3 kg/m2 vf = 0.3 
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The following table E shows the mapping function coefficients for 

different polygons 

TABLE-E 
Shape of the plate 

Circle(_Polygon of infinite 
sides) 

Octagon 
Heptagon 
Hexagon 
Pentagon 
Square 
Triangle 

Mapping 
Function 

Coefficients 
(Li) 
1.0a 

1.022a 
1.029a 
1.038a 
1.053a 
1.08a 
1.135a 

Mapping 
Function 

Coefficients 
(L2) 
0.0 

-0.028a 
-0.036a 
-0.05a 
-0.07a 
-0.11a 
-0.15a 
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Table F . Numerical results of the maximum deflections of the different 

simply supported polygonal sandwich plates with immovable edges. 

TABLE- F 

Shape of the 
Plate(Curve 
no.) 

TRIANGLE 

(1) 

SQUARE 
(2) 

PENTAGON 
(3) 

HEXAGON 
(4) 

HEPTAGON 
(5) 

OCTAGON 
(6) 

CIRCLE 
(7) 

Thermal Load 
(OW T"M 

-5.0 
-8.0 

-10.0 

-5.0 
-8.0 
-10.0 
-5.0 
-8.0 
-10.0 
-5.0 
-8.0 
-10.0 
-5.0 
-8.0 
-10.0 
-5.0 
-8.0 
-10.0 

-5.0 
-8.0 
-10.0 

Central 
Deflection 
Parameter 
LWo^hJ 
0.3872340 
0.5316897 

0.6080588 

0.37642230 
0.5127195 
0.58688046 
0.3654937 
0.5016606 
0.5736317 
0.3619153 
0.4962337 
0.5671843 
0.3609137 
0.4942315 
0.5646010 
0.3591899 
0.4917436 
0.5616988 

0.3558740 
0.4862973 
0.5550618 

Remarks 

Known(43) 

0.37642230 
0.52232230 
0. 60010830 



Observations and Conclusions 

1. Numerical results have been plotted in graphs showing central 

deflection parameter (Wo / h) versus thermal load (fo / Tm ). 

2. The results of the present study for square plate have been 

compared with those of (43) and found to be in good agreement. 

3. The results of the other polygons are believed to be completely 

new. 

4. The figures exhibit an interesting point noteworthy for the 

design engineers. 

It is needless to mention that as number of sides of a regular 

polygon the load-deflection curve will tend to that of a circle. 

Polygons of minimum sides i.e. equilateral triangle have the 

minimum area with side 2a. Polygons of infinite sides i.e. , circle have 

maximum area with radius 'a' . The graph shows that for the same load 

deflection parameter ( wo i h ) is maximum for triangle and minimum for 

circle. The results of other polygons lie between two values. Therefore it 

can be concluded that sandwich plates of maximum area i.e. circle having 

minimum defection i.e. minimum stresses are most acceptable for design. 
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CHAPTER-VI 

LARGE AMPLITUDE FREE VIBRATIONS OF THICK POLYGONAL 

PLATES PLACED ON WINKLER TYPE FOUNDATION C5] 

6.1 ABSTRACT:-

This paper represents an investigation on the non linear dynamic response of 

thick polygonal plates placed on winkler type foundation. Berger's approximation 

[7] along with conformal mapping technique has been employed in the investigation. 

The case of simply supported square plates has been studied in detail and compared 

with the known results. The results of other polygons are believed to be new. 

6.2 INTRODUCTION:-

The study of the non linear dynamic behaviours of moderately thick 

plates is gaining momentum day by day due to its wide application in modern design. 

Several authors worked in this field.Wu and Vinson [55] used Berger type equations to 

study the non linear behaviours of thick rectangular plates whereas Kanaka Raju and 

Venkateswara [56] applied the finite element method to investigate the large amplitude 

vibrations of thick plates. Sathyamoorthy and Chia [47] treated quite elegantly some 

interesting non-linear problems of moderately thick plates. The analytical work so 

far carried out is based mainly on single mode approximations and is often done with 

the help of either Von Karman type non-linear equation or Berger's approximation. 

Recently R.Bhattacharya and B. Banerjee have offered a new hypothesis 

[16,17] to study non linear behaviours of thick plates.The cases of rectangular,circular 

and polygonal thick plates have been studied by the authors in detail. Numerical 

results presented by the authors both for movable and immovable edges are 

attractive for practical purposes. 
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Study of the non-linear response of elastic plates placed on elastic foundation of the 

winkler type is an important chapter for design engineers. Important works in this 

field are due to B.Banerjee & S.Dutta [23] and R.Bhattacharya & B.Banaerjee [16J.A11 

these authors have analysed quite elegantly the non-linear responses of thin as well as 

thick plates placed on elastic foundation of winkler type under different types of 

loading. 

The aim of the present project is to study the non-linear dynamic 

response of thick polygonal plates placed on winkler type foundation. Berger's 

approximation in conjunction with conformal mapping technique has been employed in 

the investigation. The effect of shear deformation of the thick polygonal plates for 

different values of foundation modulus have been studied carefully .Numerical results 

for each polygon have been given in tabular forms. The results of the square plates have 

been compared with known results [7]. The results of other polygons are believed to be 

completely new. 

6.3 ANALYSIS:-

Let us consider large amplitude free vibrations of thick square plates of thickness 

"h" and edge length "2a" . The material is transversely isotropic. The origin of the 

coordinates is located at the center of the plate. The deflections are considered to be of 

the same order of magnitude as the plate thickness. Following Wu and Vinson [55], 

Ariman [52] and Bhattacharya and Banerjee [17],the differential equation for the thick 

plates placed on elastic foundation of the winkler type can be written as 

[(W,)/ w, - ft/*2 /lOJfc ID\2 - v)/(l - v^V2^ / w,)+ (*, /D)}\x(t) 

+ [n/(h2c2
p)-(6/5)(p/Gc)(V

2wl)/wl]r(t) 

+ {x2h2/{lO(l-V2)\E/GC )(V4w,)/iv1-a2(V2w1)/iv1]r3(0 = o} (6.1) 

where 
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r2 (t)a2h2/12 = -[{dwx/dx}2 + {8wx/dy}2] (6.2) 

A solution of equation (6.1) is possible if 

(V4w,)/w, =/l* and (V2w,)/w, = -A2 (6.3) 

This implies (V2 + X\ )(V2 + A2 )w, = 0 (6.4) 

Let w, = w, + w,; 

Then (V2 + ̂ 2)w, = 0 and (V2 + A,2)w, = 0 .. ..(6.5) 

Transforming equation (6.5) into (£, £) coordinates and keeping one term 

of the mapping function with 

5Z/8^ = 5Z/8£ = L1 

where, Z = L £ + L2£5 and Z = L i £ + L 2 £ 5 (6.6) 

it can be written 

{d2 wx / 0£0O + (A,2 / 4)Z,2 w, = 0 (6.7) 

and 

{d2Wx I d&l) + (A,2 / A)I*W; = 0 (6.8) 

This given 

wx = wx + wx = AxJQ(2pr) + AJ^lpr) (6.9) 

where p = LxXxll and ££ = r2 
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For simple support w{ — 0 at r=l and 

S^/S^ =0 at r=l 

This implies the frequency equation, 

J0(2p) I0(2p) 

-p2J0(2p)p2I0(2p) 
=0 ....(6.10) 

This gives J0 (2p)I0 (2p) = 0 i.e., J0 (2p) = 0, i.e., 2p=2.4 ..(6.11) 

It is clear that a complete solution of equation (6.3) can be got if only 

V2w,+A,2w,=0 ....(6.12) 

can be solved. 

Keeping all terms of the mapping function in equation( 6.12) which can be written in 

( £, £) coordinates as 

(d^/StdO + tf/WZ/dQidZ/dQw^O (6-13) 

Clearly the general solution of the equation (6.13) is 9 dependent. Keeping 

in mind the solution given in (6.9) we can assume the solution of equation 

(6.13) in the form 

wx = Br(t)J0(2pr)(e +£2)[l + (£2 +£2) + (£2 +^ ) 2 / 2 ] (6.14) 
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where,B is constant ,x(t) is a time function and Jo(2p)=0 which satisfies that wi=0 at the 

boundary of the circle. Equation (6.10) also satisfies the other condition 

of simple support i.e. {d2wl 10£0£} = 0 at r=l. 

Equation (6.2) now reduces to 

r2(t)(a2h2 /12){(dZ/dO(dZ/dO}2 = 2(dw1/dO(dw,/dO(dZ/dO(dZ/dO 
(6-15) 

Value of a from the equation (6.15) has been evaluated as usually through 

integration over the whole area of the unit circle. 

Substituting equation (6.14) in the equation (6.13), taking all terms of the mapping 

functions by using equation (6.6) and applying Galerkin's technique, we 

have 

JJe(UMU)ds = 0 <6-16) 
s 

where e{^,£) is the error function. 

After evaluating the integrals in (6.16) we get the final solution in the following form 

x*(t) + oc,T(t) + p,T3 (t)= 0 (6.17) 

where x(t) is Jaccobi's elliptic function and oci and Pi are functions of 

mapping coefficients Li and L2 .The equation is a well known Duffing's 

equation and solved as usually with the aid of initial conditions 

T(0)=1 and T(0)=0 in terms of Jacobi's elliptic function. 
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The ratio of non-linear time period T and linear time period T is 

given by T*lT = [(2Klz)ly{\ + {pxlax)(B/h)2}] 

Results of the simply supported square thick plates of side 2a have 

been evaluated and compared with known results7. Results of 

other polygons are calculated and believed to be completely new . 

6.4 NUMERICAL RESULTS 

The numerical results are here presented in the tabular forms for thick square plates 

placed on winkler type foundation and compared with known results. The results of 

other polygons are also presented but can not be compared in absence of any known 

results. 

The ratios of the non-linear time period "F of vibrations (including the effects 

of transverse shear deformation ,rotary inertia and foundation modulus) to the 

corresponding linear period of different polygonal plates (without transverse shear and 

rotary inertia) are 

computed for thickness parameter (h/2a = 1/10 ) and material constants [v =0.3, 

K(E/GC)=2.5 ] at different non-dimensional amplitude parameter [ B / h ] 

Values of the Ratio of the non-linear to 
linear time period Cr*/T) 

[v = 0.3,h/2a=0.1,E/Gc=2.5] 

TABLE - G 
(Equilateral Triangular plate) 

Mapping Coefficient Li=l. 11 a, L2 = -0.15a 
B/h 

0.2 
0.4 
0.6 
0.8 
1.0 

Without 
Elastic 
foundation 
kx a

4/D = 0 
0.9445140 
0.9109790 
0.8622393 
0.8055148 
0.7467428 

With 

10 

0.9447159 
0.9113540 
0.8628311 
0.8036102 
0.7476971 

Elastic 

15 

0.9448165 
0.9115402 
0.8631252 
0.8067054 
0.7481716 

Foundation 

20 

0.9449166 
0.9117256 
0.8634178 
0.8070990 
0.7486441 
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TABLE-H (Square plate) 
t 

Mapping coefficient Li=1.08a, L2= -0.1 la 

0.2 
0.4 
0.6 
0.8 
1.0 

Present 
Study 
.9394 
.9012 
.8469 
.7850 
.7224 

Known 
[17] 
.9772 
.9175 
.8353 
.7564 
.6793 

Present 
Study 
.9396 
.9017 
.8476 
.7860 
.7236 

Known 
[17] 
.9836 
.9391 
.8768 
.8076 J 
.7387 

Present 
Study 
.9397 
.9019 
.8480 
.7865 
.7241 

Known 
[17] 
.9856 
.9461 
.8878 
.8258 
.7608 

Present 
Study 
.9398 
.9022 
.8484 
.7870 
.7247 

Known 
[17] 
.9872 
.9517 
.9003 
.8408 
.7793 

TABLE -1 
(Pentagonal plate) 

Mapping Coefficient Li=1.053a, L2= -0.07a 

B/h 

0.2 
0.4 
0.6 
0.8 
1.0 

Without 
Elastic 
foundation 
A, a4/D = 0 

0.9341319 
0.8910983 
0.8309453 
0.7640954 
0.6979418 

With Elastic foundation 

it, a4/D = 10 

0.9344278 
0.8916820 
0.8318606 
0.7652887 
0.6993235 

Jt, a4/D = 15 

0.9345747 
0.8919713 
0.8323144 
0.7658806 
0.7000095 

Jt, a4/D = 20 

0.9347208 
0.8922589 
0.8327655 
0.7664694 
0.7006922 

TABLE - J 
(Hexagonal plate) 

Mapping Coefficient Li=1.038a, L2 = -0.05a 

B/h 

0.2 
0.4 
0.6 
0.8 
1.0 

Without 
Elastic 
foundation 
*, a4/D = 0 

0.9315129 
0.8858907 
0.8227923 
0.7535152 
0.6857528 

With Elastic foundation 

*, a4/D = 10 

0.9318376 
0.8865405 
0.8238083 
0.7548288 
0.6872602 

kx a
4/D = 15 

0.9319987 
0.8868625 
0.8243117 
0.7554802 
0.6880082 

*, a4/D = 20 

0.9321589 
0.8871823 
0.8248121 
0.7561279 
0.6887525 

76 



TABLE-K 
(Heptagonal plate) 

Mapping Coefficient Li=1.029a, L2 = -0.036a 

B/h 

0.2 
0.4 
0.6 
0.8 
1.0 

Without 
Elastic 
foundation 
kx a

4/D = 0 

0.9297257 
0.8822929 
0.8171753 
0.7462780 
0.6774786 

With 

*, a4/D = 10 
0.9300739 
0.8829966 
0.8182729 
0.7476889 
0.6790877 

Elastic 

*, a4/D = 15 
0.9302465 
0.8833449 
0.8188165 
0.7483882 
0.6798859 

foundation 

*, a4/D = 20 
0.9304181 
0.8836911 
0.8193567 
0.7490834 
0.6806800 

TABLE-L 
(Octagonal plate) 

Mapping Coefficient Li=1.022a,L2= -0.028a 
B/h 

0.2 
0.4 
0.6 
0.8 
1.0 

Without 
Elastic 
foundation 
*, a4/D = 0 

0.9286792 
0.8801695 
0.8138670 
0.7420353 
0.6726518 

With 

kx a
4/D = 10 

0.9290392 
0.8809014 
0.8150067 
0.7434952 
0.6743109 

Elastic 

*, a4/D = 15 
0.9292175 
0.8812636 
0.8155710 
0.7442187 
0.6751336 

foundation 

kx a
4/D = 20 

0.9293950 
0.8816233 
0.8161316 
0.7449379 
0.6759523 

TABLE - M(Circular plate) 
Mapping Coefficient Li=l .000a, L2= -0.0a 

B/h 

0.2 
0.4 
0.6 
0.8 
1.0 

Without 
Elastic 
foundation 
kx a

4/D = 0 

0.9251383 
0.8728979 
0.8025781 
0.7276708 
0.6564389 

With 

it, a4/D = 10 
0.9255464 
0.8737429 
0.8038865 
0.7293267 
0.6582978 

Elastic 

*, a4/D = 15 
0.9257485 
0.8741607 
0.8045337 
0.7301468 
0.6592194 

foundation 

kx a
4/D - 20 

0.9259494 
0.8745754 
0.8051764 
0.7309616 
0.6601357 
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6.5 OBSERVATIONS AND CONCLUSIONS 

1) It has been observed from the present study that 
a)for same foundation modulus k âVD and E/Gc, T IT decreases 

as B/h increases. 
b) The results of the present study are in very good agreement with 

the results presented in P7] for square plates placed on winkler type foundation. 
c)The results of other polygons are believed to be new. 

2) Polygons of minimum sides i.e. equilateral triangle have the 
minimum area with side 2a and polygons of infinite sides i.e. circle 
have the maximum area. The results for minimum area i.e. triangle have 
maximum ratio. So Equilateral triangular plates having maximum ratio are 
most acceptable for design. 
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CHAPTER VII 

CONCLUSION AND FUTURE SCOPE OF WORK 

Finally we may conclude the following. 

The present investigation deals with the problem in a new light of model 

building to achieve a new way of establishing the form of W deflection in 

the following aspect. 

1) Single differential equation gives the behaviors of plates of any shape 

just changing 'u\ 

2) Computation labor is minimum which is urgently needed to the present 

age. 

3) The investigation is valid for movable as well as immovable edge 

conditions. 

4) The present program developed gives directly the form of the deflection 

form which is in exact agreement with that known results as shown in 

figures. 

An almost exact and computerized mathematical model simulation 

along with the solutions is developed. The results thus obtained have been 

compared with the well-known results available in the existing literature. 

So the program developed in chapter 1 gives sufficiently accurate results 

though it requires further verification for the solution of all sorts of 

differential equation specially the case studies in Chapter 5 and Chapter 6. 

A novel computerized method is suggested in Chapter 2 and 

Chapter 3. The program in Matlab has been developed in chapter 2 and 3 

.The present software verifies several interesting problems of which 

results are believed to be new . Some of the results are verified and some 

new problems are still to be verified. 

The suggested automatic method tests several types of plate 

problems in chapter 4 and is justified. 



The solution of the partial differential equation of the orthotropic 

symmetric laminated plates of great importance in engineering 

application, based on the finite difference with known boundary 

conditions gives directly the deflected shape and its maximum central 

deflection. 

With the pattern and MATLAB, we can get very precise numerical 

solution automatically. It is especially suited to calculate the various 

boundary conditions problem without analysis solution. 

Further, with the calculated deflection, it is possible to calculate 

interior forces and vibration 

It may also be pointed out that the program developed for the 

assumption of deflection form along with the technique for solution using 

Finite difference need to be developed in a single generalized program for 

the solution of plate equation in future. 
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