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-: PREFACE :-

Structural members (commonly known as thin plates), 

whose one dimension is small in comparison with the other two 

dimensions, are frequently used in various machine parts and 

hence the scope of study of bending properties of such members 

is sufficiently broad. Within elastic limit, various plate pro­

blems have been dealt with by niimerous eminent scientists and 

research workers. All these probl«tis may be classified as 

(i) Static Problems, 

(li) Dynamic Problems, and 

(ill) Thermal Problems, 

Any elastic behaviour (whether 'Static* or *Dynamic* or 'Ther­

mal*) of plates is influenced by the following factors -

(1) Material properties defined by Young's Modulus *E* 

and poisson's Ratio ' t̂  '. Both of *E'and ' V may be constant or 

variable, 

(il) Geometry of th« plate. Geometry of the plate may 

be simple such as Triangular, Rectangular, Circular, Elliptic 

etc, or may be complicated like cylindrical. Parabolic /Poly­

gonal or Skewed one, 

(ill) Thickness of the plate *h* which may be constant 

or varying as well, 

(iv) Types of loading such as Transverse (or Lateral) 

Loading, In-plane Loading, Concentrated Loading, Edge Loading 
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Combined Loading e t c . 

and 

(v) Nature of support i . e . edge conditions of the p l a t e 

such, as'Simply-Supported' or'Clamped' having'Movable' or 'Immo­

vable* s t a t e s . 

Whenever the def lec t ions 'W* of a t h in p la te are small 

in comparison with i t s thickness 'h ' , a very approximate but s a t i s ­

factory theory of bending of the p la te by l a t e r a l loads can be 

developed by making the following assumptions-

( i ) there i s no deformation in the middle plane of the 

p la te and hence th is plane remains 'Neutral* during bending, 

( i i ) points of the p l a t e lying i n i t i a l l y on a nortnal-to-

the-middle plane of the p l a t e remain on the normal-to-the-middle 

surface of the p la te a f t e r bending, 

( i i i ) the s t resses normal-to-the-middle plane of the 

p l a t e , a r i s i n g from the applied loading,can be disregarded. 

These assumptions cons t i t u t e the simplest and widely used 

"Classical Small Deflection Theory" or "Linear Tneory", developed 

by Joseph Louis I^grange in 1811. According to th i s theory a l l the 

s t r e s s components can be expressed by the def lect ion 'W* of the 

p l a t e , which i s a function of the two co-ordinates in the plane 

of the p l a t e . This function has to sa t i s fy a l i nea r p a r t i a l d i f f e ­

r e n t i a l equation which together with the boundary condi t ions , com­

p le t e ly defines *Vl*, Thus the solut ion of t h i s equation gives a l l 

the necessary information for ca lcula t ing s t r e s se s a t any point 

of the p l a t e . 
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Following the above-mentioned l i n e a r theory ,d i f ferent 

works on the bending of th in p la te s have been carr ied out by 

numerous research workers and the Bibliography of these works 

has been n ice ly Incorporated in the book^ "Theory of Plates and 

Shel l s" by S, Tlmoshenko and S. Wolnowski-Krleger (1962). 

In most of the cases , bending of a p l a t e i s accompa­

nied by s t r a i n in the middle plane, but , carefu l ca lcu la t ions 

show that the corresponding s t r e s se s in the middle plane are 

negl igible i f the deflect ions of the p l a t e are small in compa­

rison with i t s thickness . If the deflect ions are not small in 

comparison with the p l a t e - th i ckness , these supplementary s t r e s s e s 

in the middle plane of the p l a t e must be taken into account in 

deriving the governing d i f f e r e n t i a l equations of the p l a t e . The 

d i f f e r en t i a l equations so obtained become non-l inear In charac­

t e r and t h e i r solut ions are much more complicated. 

With the advent of modern technology and systems exposed 

to oppressive operation condi t ions , the l i n e a r hypothesis could 

no longer be re ta ined . Whenever Forces, Deformations, Ve loc i t i e s , 

Temperatures and other fac tors become excess ive , non-l inear e f fe ­

c t s come in to play and t h e i r influences can no longer be ignored. 

This s i t ua t i on occurs a l so in the p a r t i c u l a r f ie ld of applied 

mechanics involving p la tes and shallow s h e l l s . These elements, 

when used in modem s t r u c t u r e s , such as 'High-Speed Aeroplanes ' , 

•Missi les ' and 'Space-Vehicles », are often subject to large t r a n s ­

verse def lec t ions and reveal a c l ea r ly non- l inear response. 
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Whenever the plate-thickness is considerably high,the 

prevalent theories for thin plates fail to explain the bending 

and vibration characteristics of plates. In actual technological 

and engineering design,plate — components become moderately 

thick,and considerable plate— thickness invites the study of 

complicated effects like'Transverse Shear Deformation*and * Rota­

tory Inertia*on large amplitude vibration. Naturally some "Thick-

plate Theories" have been developed. These theories consider the 

problar̂  of plates as a three-dimensional problem of elasticity. 

Increase in dimension of plates greatly complicates their elas­

tic behaviours. The stress analysis becomes more involved in 

such problems, and till now,very few particular cases are com­

pletely solved. 

METHODS OF ATTACK OF THE NON-LINEAR PROBLEMS OF THIN PLATES: 

So far there has been a wide application of the three 

types of differential equations for the non-linear analyses of 

thin plates as well as thick plates. They are -

(i) Von-Ka'rma'n*s Equations, 

( i i ) Berger's Equations^ and 

( i i i ) Banerjee's Equations. 

( i ) The f i r s t formulation of the theory of p l a t e s with 

a s t re tching of tne middle plane and moderately large def lect ions 

was developed by Gehring (186 0) and was improved upon by G, Kirch-

hoff (1883). The poten t ia l energy per un i t area of the p l a t e s 
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was written as a sum of a quadratic function of the quantities 

defining the Extension of the middle plane and a quadratic func­

tion of the quantities defining Bending. The equations of motion 

with finite displacements were deduced by the Principle of Vir­

tual Work. The stress function satisfying the in-plane force 

equilibrium equations was introduced by A. Foppl (1907). The 

currently popular form of the two governing equations, in the 

rectangular cartesian co-ordinates, was given by T. Von-Ka'rma'n 

(1910). The equations of Von-Ka'rma'n are in the coupled form 

and involve Transverse Deflection and the Membrane Stress Func­

tion as unknown functions. These are difficult to solve. Several 

numerical methods have been employed by different investigators 

for solutions of Von-Karma'n's equations. 

Interesting works on Von-Karman's Equations 

Among the authors who initially treated the non-linear 

analysis of plates,the works of S. Timoshenko (1937) and S. way 

(1934, 1938) need special mention. Since then many authors in­

vestigated the different plate problems using Von-Ka'rma'n's Equa­

tions. Useful vorks in this field are due to S. Levy (1942), 

S. Levy and S. Greenman (1942), W.Z. Chien (1947)^ Chi-Teh Wang 

(1948), H.N. Chu and G. Herrmann (1955,1956), N.A. Weil and 

N.M. Newmark (1956), S.J. Medwadowski (1958), W.A. Nash (1959), 

W.A. Nash and I.D. Cooley (1959), N. Yamaki (1964), J.L. Nowinski 

(1962,1963,1964), A.M. Alwan (1964), J.L. Nowinskl and I.A. Ismail 

(1965), G.Z. Harris and E.H. Mansfield (1967), J.B. Kennedy and 

Simon Ng. (1967), Robert Schmidt (1968), H.F. Bauer (1968), 



V I I 

J.M. Whitney and A.W. Le i s sa (1969 ) , M, Sathyamoorthy and K.A.v. 

Pandala i (1972) Richard Bolton (1972), J . L . Nowinski and 

H. Ohnabe (1973) , K. Kanakaraju and C.R.V.Rao (1976), M.A. 

Sayed and R. Schmidt (1977) , B.M. Karmakar (1978,1979) , 

M. sathyamoorthy (1978,1979) , M, Sathyamoorthy and C.Y. Chia 

(1979, 1980) , B. Banerjee and S. Dutta (1980) , J .N . Reddy and 

W.C. Chao (1981) , J . N . Reddy and C.L. Huang (1981) , B. Banerjee 

(1982,1983,1984) , S.K. Chaudhuri (1982, 1984) , S. Das (1984) , 

K» Kanakaraju and C.R.V. Rao (1986) , P .C. Dumir( l988) ,G.L. 

Ostiguy and H. Nguyen (1988) , Yen Kai-vuan, Zheng Xiao-J ing 

and Zhou You-he (1989), M. Gor j i (1989), H. Kobayashi and 

K. Sonoda , (1989) , K.M. Liew and K.Y. Lam (1990) , J.W. Zhang 

(1991), B. Singh and S. Chakravorty (1991) , H. Kobayashi and 

K. Sonoda (1991) , U.S. Gupta, R. Lai and S.K. J a i n (1991) , 

M. Ganapathi , T.K. varadan and B.S. Sarma (1991) , G.B. Chai 

(1991), and D . J . Gorman (1991) , 

A l l t h e s e workers so lved the coupled form of Von-Karman's 

equa t ions by d i f f e r e n t numer ica l methods which a re e l e g a n t b u t 

l a b o r i o u s . 

( i i ) H.M. Berger (1955) of fered an approximate method 

f o r n o n - l i n e a r ana lyses of t h i n e l a s t i c p l a t e s by n e g l e c t i n g 

t h e second s t r a i n i n v a r i a n t i n the exp re s s ion fo r the t o t a l 

p o t e n t i a l ene rgy of the sys tem. He i n v e s t i g a t e d the l a r g e d e f l e c ­

t i o n s of c i r c u l a r and r e c t a n g u l a r p l a t e s bo th fo r clamped immo­

vable and s imply-suppor ted immovable e d g e s . Although no p h y s i c a l 
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j u s t i f i c a t i o n of h i s assumption was given i n the paper , t he 

r e s u l t s o b t a i n e d i n both the cases a re in very good agreement 

wi th o t h e r known r e s u l t s . The s p e c i a l i t y of Berge r ' s e q u a t i o n s 

i s t h a t the equa t ions have been decoupled so t h a t the s o l u t i o n s 

of the d i f f e r e n t i a l equa t ions have been s i m p l i f i e d and o b t a i n e d 

i n the c lo sed form. Ac tua l l y Berge r ' s e q u a t i o n s a re l i n e a r i n 

c h a r a c t e r . The e s s e n t i a l n o n - l i n e a r i t y depends on the coup l ing 

parameter ' o c ' , These s p e c i a l i t i e s have made Berger ' s e q u a t i o n s 

very popu la r and many use fu l works on p l a t e s of immovable edges 

have been done fol lowing B e r g e r ' s e q u a t i o n s . 

Useful works on B e r g e r ' s Equations 

The comprehensive works on Be rge r ' s equa t ions which 

need s p e c i a l mention a re due t o T. Iwinski and J . L. Nowinskl 

(1957), K.li.WilllAms (1958) , W.A. Nash and J . R . Modeer (1959, 

1960), S. Basu l i (1961), J . E . Hasser t and J . L . NOwinski (1962) , 

T. wah (1963) , S.N. Sinha (1963) , J . L . Nowinskl and I .A . I smai l 

(1965), M.C. Pal (1967), B. Banerjee (1967,1968-1969), Cheng-Ih 

Wu and J . R . Vinson (1968,1969) , M.C. Pal (1969-1970,1973) , 

M, Sathyamoorthy and K.A.v. Pandala i (1970,197 3 , 1974), 

J , Mazumdar and R. Jones (1974) , P. Biswas (1975) , S. Dutta 

(1975,1976), M.M. Banerjee (1976) , N. Kamiya (1976), B.M. Kar-

makar (1977) , J . Mazumdar and R. Jones (1977) , M. Sathyamoorthy 

(1977, 1978), N. Kamiya (1978) , B. Banerjee and S. Dutta (1979) , 

B. Banerjee (1982) , S. Das (1984) and T. Das (1986) . 

I t i s to be noted t h a t Berger ' s e q u a t i o n s are meaningful 
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only for immovable edge condit ions of the p l a t e s t r u c t u r e . I t 

leads to meaningless r e su l t s for movable edge condi t ions . This 

has been pointed out by J . L . Nowinski and H. Ohnabe (1972), in 

an excel lent research work. 

( i i i ) In 1981, B. Banerjee and S. Dutta offered a modified 

s t r a i n energy expression to inves t iga te non- l inear problems on 

th in e l a s t i c p l a t e s . A se t of decoupled d i f f e r e n t i a l equations 

are obtained under th i s modified s t r a in energy expression. The 

authors have tes ted the accuracy of t h e i r equations by solving 

different non- l inear p la t e problems. They have obtained s u f f i c i ­

ent ly accurate resu l t s both for movable and immovable edge condi­

t i o n s . The equivalent hypothesis of Banerjee's equation i s tha t 
2 

the radia l s t re tch ing of the p l a t e i s proport ional to(dW/dr) . 

This i s reasonable because under any type of loading and under 

any boundary condition the ext ra s t r a in imposed by bending i s 
2 

represented by the term (dW/dr) . I t i s believed tha t Banerjee's 

equations are more welcome from the p r a c t i c a l point of view be­

cause unlike Von-KarmaVi's equat ions, they are uncoupled and un­

l ike Berger's equations they give reasonable resu l t s both for mo­

vable and immovable edge condit ions of the p l a t e s . 

Important works on Banerjee's Equations 

So f a r , many important works have been carr ied out on 

Banerjee's equat ions , B. Banerjee and S. Dutta (1981), B. Banerjee 

(1984), G. Sinheray and 3. Banerjee (1985,1986), R. Shattacharjee 
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B. Banerjee (1991), have u t i l i s e d Banerjee's equations in d i f f e ­

rent non- l inear p la te problems and have achieved sa t i s f ac to ry 

resu l t s in t h e i r respective ca ses . 

Prom the survey of l i t e r a t u r e on non-l inear e l a s t i c 

p la te problems i t i s observed tha t most of the i nves t iga t ions , 

except a few, are confined to p la tes of simple geometry. In 

contras t to non-l inear analyses of e l a s t i c p l a t e s of other geo­

metries l i ke t r i angu la r , rec tangular , c i r c u l a r and e l l i p t i c , 

skew p la t e s have not received as much a t t e n t i o n . This may be 

due to t h e i r r e l a t i ve ly d i f f i c u l t mathematical models. 

For the rapid advancement of Science and technology 

today, e l a s t i c p la tes of d i f fe ren t shapes and s izes are required 

to use in various instiruments and appl iances . Par t i cu la r ly 

skew p la tes (or oblique panels) find wide appl ica t ion in the 

Aircraf t Industry and Spaceship Technology. Hence the study of 

the non-l inear behaviours of skew pla tes i s of paramount impor­

tance now-a-days. The most a t t r a c t i v e work in th i s f i e ld i s due 

to J .L . Nowinski (1964), who qui te e legant ly analysed the large 

amplitude o s c i l l a t i o n s of oblique panels with an i n i t i a l curva­

ture u t l i s i n g Von-Ka'rma'n's f i e l d equations. The following pa r ­

t i c u l a r cases are discussed in de ta i l in t h i s paper: 

( i ) Buckling of an oblique p la t e under uniaxial compre­

ssive load, 

( i l ) Free l inear v ibra t ions of a square p l a t e . 
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( i i l ) Large def lec t ions of a uniformly loaded square 

p l a t e , 

( iv) Snap-through phenomena of a curved oblique p l a t e 

under uniform transverse load 

and 

(v) Free non-linear Vibrations. 

Also a numerical example concerning a rhombic plate is discussed 

in more detail. The author's observations are very important from 

the practical point of view. 

Other interesting works on non-linear vibration pro­

blems of skew plates are due to M. Sathyamoorthy and K.A.v. 

pandalai (1972,1973,1974). The authors have worked out nicely 

the investigations on non-linear flexural vibrations of simply-

supported and clamped skew plates of isotropic/ orthotropic as 

well as anisotropic materials. They have used Berger's uncoupled 

defferential equations in some cases and Von-Ka'rma'n's coupled 

differential equations in other cases. In each case they have 

got satisfactory results. 

In analysing the large amplitude vibrations of clamped 

isotropic skew plates including Shear and Rotatory Inertia 

Effects M. Sathyamoorthy (1977,1978) has employed Berger's appro­

ximation as well as Von-Ka'rma'n-type equations to obtain satis­

factory results for thick plate problems. 

In 1980, using Von-Ka'rman's equations along with the 

aid of Hamilton's Principle, M. Sathyamoorthy and C.Y. Chia 

studied the large amplitude vibrations of anisotropic thick 
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skew plates. They found excellent agreement between their results 

and those available from open literature. 

In contrast to works on non-linear vibration problems 

of skew plates, the literature on non-linear deflection problems 

of skew plates is scanty. J.B. Kennedy and Simon Ng. (1965,1967) 

have analysed small and large deflection problems of clamped 

skewed plates under uniform pressure by the method based on 

the small parameter perturbation technique. The results are im­

proved by successive approximations to the three displacement 

components of a point on the middle plane of the plate. Both 

numerical and graphical results are presented. Comparisons are 

made with existing results for skewed plates with small deflec­

tions as well as with results for rectangular plates with small 

and large deflection behaviours. Good agreement has been shown 

in these cases. The authors have also obtained some experimental 

results for clamped skewed plates governed by the small deflec­

tion theory. But they could not compare their large deflection 

results for clamped skew plates (immovable edges only) directly 

neither with any existing theoretical results nor with any expe­

rimental results. However their observations are noteworthy from 

practical point of view, 

R. S. Srinivasan and S.V. Ramachandran (1975) have 

analysed quite elegantly the large deflections of skew plates 

of variable thickness by using the Newton-Raphson Procedure. 

This is probably the first attempt of its kind. 
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It is interesting to note that most of the above inves­

tigations are carried out on skew plates of clamped edges only 

and the cases of simply-supported edge conditions have not recei­

ved proper attention. It is noteworthy that an interesting work 

on a simply-supported skew plate could be located where D.J. 

Gorman (1991) quite elegantly carried out accurate analytical 

type solution for the free vibrations of simply-supported para­

llelogram plates. 

Again, as far as it is known, no work has been apparently 

devoted to the investigations of non-linear behaviours of heated 

elastic skew plates having various applications in modem design, 

especially in Air-craft Industry, Spaceship Technology and Astro-

nautical Engineering. Also no attempt on the non-linear behaviours 

of skewed sandwich plates has been reported in the literature as 

yet. 

It is seen that in solving various elastic problems, 

different methods have been employed. Based on the geometry of the 

elastic structure and the nature of the problem concerning it 

(e.g. static, dynamic or thermally induced) one metlxtd has got 

beauty and advantage over the other. M>st of the earlier workers 

have utilised either Von-Ka'rm^n's classical equations or Berger's 

differential equations in their investigations on skew plates. 

But as already mentioned Von-Karma'n's classical equations are in 

the coupled form and the transformations of these coupled equa­

tions in oblique co-ordinates involve much mathematical complexity. 

So this entails difficulty in solution as well. On the other hand 
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Berger's differential equations, although decoupled^ are questio­

nable mainly because it fails miseravly for movable edge condi­

tions. 

The object of modern research work is to find solutions 

of natural problems in such a way that the method employed and 

the level of presentation are lucid, computational labour is mini­

mum and tne results predicted are sufficiently accurate for the 

practical purpose. 

The purpose of the present thesis is to present a simpli­

fied approach to the non-linear analyses of isotropic elastic 

rhombic plates (skew plates having aspect ratio 1) under different 

types of loadings and edge conditions. Banerjee's well-known hypo­

thesis has been utilised in these investigations, A set of uncou­

pled differential equations has been obtained in oblique co-ordi­

nates and solved by the Galerkin's Error Minimising Technique. 

Accuracy of the method has been tested in some static cases by 

comparison with experimental results and with other known results 

from the open literature. It has been observed that the results 

of the present study are in very good agreement with those obtainec 

in open literature. The main advantages of the present study are 

that 

(i) unlike the Von-Ka'rma'n's differential equations, the 

present differential equations are in the uncoupled form and thus 

easy to solve, 

(ii) unlike Berger's uncoupled differential equations, 

the present uncoupled differential equations give results both for 
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iitunovable as well as movable edge conditions with sufficient 

amount of accuracy, 

and 

(iii) from the same cubic equation, results both for 

immovable as well as movable edge conditions can be obtained 

with minimum computational labour, offering an additional ad­

vantage . 

The present thesis has been divided into five chapters. 

In the first chapter (containing two papers), the non-linear 

static behaviours of thin isotropic elastic plates of uniform 

thickness, have been studied. The first paper of this chapter 

deals v/ith large deflections of rhombic plates with simply-suppo­

rted edge conditions. Non-linear static behaviours of rhombic 

plates have been analysed following Banerjee's hypothesis. Calcu­

lations have been done for different skew angles. To test the 

accuracy of the theoretical results thus obtained, experiments 

are carried out on copper-made and steel-made plates. The theore­

tical results are found to be in excellent agreement with those 

obtained from the experimental data. 

The second paper in the first chapter,is devoted to the 

investigations of the non-linear static behaviours of clamped thin 

rhombic plates under uniform lateral pressure. Numerical results 

for different skew angles are presented. Here also accuracy of 

Banerjee's hypothesis has been tested by comparison with the ex­

perimental results and with other theoretical results. 

The second chapter of the thesis contains only one paper 
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on large deflection analyses of rhombic plates of vabiable thick­

ness. In this paper both the non-linear static and dynamic beha­

viours of simply-supported rhombic plates of linearly varying 

thickness have been presented following Banerjee's hypothesis, 

various numerical results showing the combined effects of skew 

angle and thickness variation parameter on the deflections and 

vibrations of the rhombic plates are given. Proper comparison 

has also been done. 

The third chapter of the thesis contains one paper devo­

ted to non-linear analysis of heated rhombic plates. This paper 

seems to predict some new information on thermal behaviours of 

rhombic plates. For 0 -skew angle/ the results obtained in the 

present study have been compared with the other results found in 

open literature. It is believed that the results obtained for 

other skew angles are completely new. 

The fourth chapter also contains one paper on non-linear 

static and dynamic behaviours of the freely supix)rted skewed 

sandwich plates. Banerjee's hypothesis has been employed in these 

investigations. Numerical results have been obtained for diffe — 

rent skew angles. For 0 - skew angle, results obtained are com­

pared with other known results. Here also the results for other 

skew angles are believed to be new. 

The last chapter of the thesis concerns with the non­

linear analysis of moderately thick plates. This chapter also 

contains one paper. In this paper, the large amplitude free fle-

xural vibrations of clamped as well as simply-supported isotropic 
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e l a s t i c rhombic p la te s are invest igated shovring the effects of 

Shear Deformation and Rotatory I n e r t i a , various numerical r e s u l t s 

have been presented in tabular forms and in few cases they are 

compared with ex i s t ing r e s u l t s . 

From the numerical r e s u l t s obtained in the present study 

for di f ferent rhombic p la tes with dif ferent edge conditions and 

under Stat ic^ Dynamic and Thermal loadings^ i t i s observed t h a t 

the present study yields su f f i c i en t ly accurate r e su l t s from the 

p r ac t i c a l point of view. Also for uncoupled form of d i f f e r e n t i a l 

equations Banerjee's equations transformed in oblique co -o rd i ­

nates are simple and yield r e s u l t s both for immovable as well as 

movable edge conditions with minimum computational labour. Thus 

the present p ro jec t seems to be more acceptable for p r a c t i c a l 

purposes. 
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NOTATIONS 

(x^y^z) Rectangular Cartesian Co-ordinates/ 

(x^y. ) Oblique Co-ordinates on the xy-plane, 

e Skev.' ^ngle^ 

W Deflection normal-to-the-middle-plane of the plate, 

W Maximum Central Deflection, 

u,v Inplane Displacements, 

h Thickness of the plate , 

p Thickness-variation Parameter, 

Q Load planetion, 

q Intensity of a Continuously Distributed liDad, 

E Modulus of Elasticity in Tension and Compression, 

G Modulus of Elasticity in Shear, 

Ŷ  Poisson's Ratio, 
3 2 

D F l e x u r a l R i g i d i t y of t h e P l a t e = Eh / 1 2 ( l - t ^ ) , 

C Speed of wave P r o p a g a t i o n a l o n g t h e S u r f a c e of t h e P l a t e , 

ec. C o - e f f i c i e n t of L i n e a r Expans ion , 

f D e n s i t y of the P l a t e M a t e r i a l , 

•t Time P a r a m e t e r , 

T L i n e a r P e r i o d of V i b r a t i o n of t h e P l a t e , 

T* N o n - l i n e a r P e r i o d of V i b r a t i o n of t h e P l a t e , 

CO vibration Frequency of the Plate, 
oo In i t i a l Amplitude of vibration of the Plate, 

p Non-dimensional Amplitude, 
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CHAPTER I 

NON-LINEAR STATIC ANALYSES OP THIN 

RHOMBIC PLATES 



PAPER I 

LARGE DEFLECTIONS OF RHOMBIC PLATES-

A NEW APPROACH* 

ABSTRACT 

In t h i s paper n o n - l i n e a r s t a t i c behaviour of Simply-

Supported rhombic p l a t e s has been ana lysed fol lowing Baner-

J e c ' s hypo thes i s* A s e t of uncoupled d i f f e r e n t i a l e q u a t i o n s 

i s ob ta ined i n ob l ique c o - o r d i n a t e s and so lved by app ly ing 

the Ga le rk in t e ch inque . The case of a Simply-Supported rhom­

bic p l a t e i s d i scussed i n d e t a i l , c a l c u l a t i o n s have been ca r -

r i ed ou t f o r d i f f e r e n t skew a n g l e s . To t e s t t h e accuracy of 

the t h e o r e t i c a l r e s u l t s so o b t a i n e d , exper iments a r e c a r r i e d 

out on copper and s t e e l rhombic p l a t e s . The t h e o r e t i c a l r e ­

s u l t s a r e found to be i n e x c e l l e n t agreement wi th those obta-

ined from the exper imenta l d a t a . 

ANALYS IS 

Let us cons ide r a rhombic p l a t e of an e l a s t i c / i s o ­

t r o p i c m a t e r i a l / having uniform t h i c k n e s s ' h ' . Let the s i z e 

* Publ ished in I n t . J . N o n - l i n e a r Mech., Vol-27/No.6/ 

pp. 1007-1014, 1992. 



of each s ide of t he skew p l a t e be'a 'which i s su f f i c ien t ly 

large compared to 'h ' . The o r ig in of the rectangular Car te­

sian co-ordinate (x,y) i s located a t one of the corners of 

the skew p l a t e (vide F i g . l ) . The p la te i s considered t o be 

Sixnply-Supported along i t s edges and loaded uniformly a l l 

over. 

Following Banerjee's hypothesis , the d i f f e ren ­

t i a l equat ions , referred to the system of rectangular Car te ­

sian co-ordinates governing the def lec t ions of the p la t e are 

( 1 ) 

where 

^--^Trnf^AWh'^^^'-^ e>v . (2) 
i s a constant depending on the surface and edge conditions of 

the p l a t e , and V ^ -is the Laplacian opera to r . 

For a skew p l a t e , l e t us adopt a system of oblique 

co-ordinates (Xj,yj,e) as shown in Fig .1 ,6 being the skew angle, 

Clearly, x = x̂  Cose,and y = y, + ^i Sine (3) 

are the co-ordinate transformation equa t ions . Hence the p a r ­

t i a l d i f f e r e n t i a l operators become 



FIG. I. PLAN FORM OF SKEW PLATE. 



^ = s . ' e ( ^ ^ , - sine ^ ) ; 

and v ^ H S e t ' i 6 [ ^ - ^ s i v > e ( ^ ^ , + 5 ^ ^ ) 

+ 2(1+2 sm^e) ̂ 5 ^ ^ + ^ ] . (4) 

Using these opera tors , transforming the d i f f e r e n t i a l equations 

(1) and (2) in oblique co-ordina tes , we a r r i v e a t the follow­

ing se t of transformed d i f f e r e n t i a l equations : 

=: .2̂  
D . (5) 

Now to solve the problem, l e t us assume 

W = w^Sin ^ Sin 2 ^ (7) 

w^ being the maximum cen t r a l def lec t ion . Clearly W s a t i s f i e s 

the following Simply-Supported edge condi t ions 



"W = 0 at Xi - ± a and at ^^ zz ± a ; 

| ^ : : i O at ^^-±6i and | ^ - 0 at l^^-±d . 

For the value of A, l e t us Integrate equation (6) 

over the whole area of t h e p l a t e . Then we have 

-zsm9(||X|a)]+^(||7}cosedx.d^, . 
After Integration, we get 

For movable edge conditions the value of A will be zero . 

Here, It Is to be noted that, since the normal displacements 

are our primary Interest, the in-plane displacements in equ­

ation (2) have been eliminated through integration by choo­

sing suitable expressions for them, compatible with their 

boundary conditions. 

Now, applying Galerkin's method of approximation to 

the transformed differential equation (5) and keeping in mind 

the value of A from equation (8), we get the following cubic 

equation determining R ( = W / h). 

+-i>̂ (5 + sinH)} ̂ ^ = ̂  ( ^ ) coŝ e 
t9a) 

for the sake of comparison we adopt , now,the well-known 



equation of Berger~* , where e- has been neglected . The 

corresponding cubic equation determining the centra l def­

l e c t i o n parameter ( for immovable edges only) takes the f o l i o , 

wing form (af ter applying Galerkin's technique) t 

(i-hStT^^e)^-M.5^^i:^,(^)cos^e , (9b) 

NUMERICAL CALCULATIONS 

12 2 
For a steel plate we have E « 2 X 10 dyne/cm. 

and i^ =0.3, for which equation (9a) becomes 

(l+Slyi^6)P +-|-[;(i.3-i-0.7Siyî B)2+0.09(5i-Sin̂ G)]p' 

-22.66X10-^^(^^)C0^4e 

(lOa) 

.12 , y 2 12 ' 
whereas for a copper plate we have E = 1,25 X 10 dyne/cm^ 
and 1̂  =0.333, so that equation (9a) becomes 

1 + SlTl^e)^ -^f-CO-^S^ + 0.6 67 6171̂ 6)̂ 0.11 (5+Sin̂ e)]̂ ' 

= 35.46XlO-'\^)eoS^0 

(10b) 

Also, for a steel plate equation (9b) becomes 

(10c) 
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and for a copper plate it becomes 

(i + Si-n̂ G)i5 + 1.5 p^ 

- 35.46 X10-^^(^)CoS^e . îo<̂) 

METHOD OP EXPERIMENT 

A sketch Of the apparatus used for the experimental 

purpose is shown in Fig.2. Two skew boxes with upper side open 

are constructed, each of whose four side walla are made of steel 

Each vertical wall of one box is 16 cm. and of the other is 

14 cm. The upper side of each wall is made sharp (knife edge)« 

care being taken to see that all the knife edges lie on the 

same horizontal plane. The walls of the box with sides 16 cm. 

long are welded in such a manner that the two opposite angles 

are each 75° and the other two opposite angles are each 105 • 

Two opposite angles of the second box with sides 14 cm. long 

are each 6 0° and the other two opposite angles are each 120 • 

Two holes aire drilled on two opposite sides of each box and 

fitted with short metal pipes, one of which acts as an air 

inlet and the other as an air outlet* 

For the experiment with the first skew box, the 

centre of the box is first found and then a plumb-line is set 

as an indicator along the vertical line on which the centre 

of the box lies. For the free movable boundary conditions one 

Test plate (which is approximately mirror surfaced) is symme-



PLUMB LINE 

DETAIL PLAN OF K"'IFE EDGE 
ARRA,.GEMENT. 

--

SKEW BOX 
SHOWN SEPARATELY 

~ CATHETO 
--~METER 

VACUUM 
METER 

FIG. 2. THE EXPERIMENTAL ARRANGEMENT. 

.•. 

t<,.IFE EDGE 
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trlcally placed on the knife edges of the box and a pointer 

Is fixed on the upper surf<̂ ce of the Test plate with some adhe­

sive along the plumb-line* The outlet pipe Is then joined to 

an exhaust pump by rubber tubing and the Inlet pipe Is joined 

to a standard vacuum meter and an air pressure regulator (as 

shown In the sketch). Along the contact line beneath the Test 

plate some thick grease Is used to make the box perfectly 

airtight, (Grease does not apply any appreciable tension on 

the plate)* When the exhaust pump operates, the box becomes 

evacuated, thereby causing the depression of the Test plate 

by the excess outside air pressure, which Is uniform all over 

the effective skew part of the Test plate. The central deflec­

tion of the Test plate Is easily measured with the help of a 

precision cathetometer set at a distance of approximately 

1.5m. from the pointer. 

To make the free boundaries of a skew plate immova­

ble, four pieces of steel collars are taken whose lengths 

are equal to the length of outer boundary line of the skew 

plate. The collars are kept outside the box In contact with 

the lower surface of the plate and with the side walls of 

the box and then the collars are tightly clamped with the 

Test plate using nuts and bolts in sufficient number well 

outside the boundary of skew section. 

Tables 1 and 2 present a comparative view of the 

various theoretical and experimental values of the central 

deflection parameter ^ ( =̂  w^ / h) for different values of 
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4 
the load function Q {« q« /Eh), for the case of steel plate 

and copper plate respectively. 



Corapar i son t a b l e s (showing t h e o r e t i c a l vs e x p e r i m e n t a l r e s u l t s a s w e l l a s showing 

c h a n g e s f o r i nmovab le edge c o n d i t i o n s from m o v a b l e e d g e c o n d i t i o n s ) . 

TABLE 1 

( P o r S t e e l P l a t e ) 

a = 16cm. , when 6 = 15 ; a = 1 4 c m . , when 6 = 30 ; h = 0 .134 3cm. 

Q 

qa 

Eh 

111 

2 2 3 

335, 

446 , 

558, 

i 

. 7 2 

, 4 4 

. 16 

8 8 

6 

fi 
1 

I Movable Edges 

F •'• ' - — 

, From 
e a n e r j e e 

h y p o ­
t h e s i s 

„ , , . . J 

0 , 3 7 1 6 

0 . 7 0 3 8 

0 , 9 8 5 9 2 

1.22484 

1 .4303 

From J 
E x p e r i - ', 
ment * 

1 
I 

0 . 3 8 7 2 

0 . 7 3 7 2 

1 .0201 

1.2882 

1 .5115 

= "o^ 

P e r c e n ­
t a g e of 
e r r o r 

4 - 0 

4 . 5 

3 . 3 

4 . 9 

5 . 4 

% 

% 

% 

% 

% 

r 

- r 

i 

/h , when 

r 

From 
B e r g e r 
Method 

0 .3285 

0 .5378 

0 .6843 

0 .7982 

0 .8924 

e 

r 
r 
1 

1 

1 

1 

F 

( 
* 
i t 

= 1 5 ° 

Unmovable Edges 

From 
E a n e r j e e 

h y p o ­
t h e s i s 

0 . 3 4 5 4 

0 . 5 9 1 4 

0 . 7 7 0 3 

0 . 9 1 0 7 

1 .027 

From ; 
E x p e r i - \ 
ment ' 

: 

0 . 3 6 4 8 5 

0 . 6 3 2 9 
0 . 8 4 1 4 

0 . 9 9 0 3 

1.1244 

P e r c e n t a g e 

Prom 
B e r g e r 
Method 

9 .96 

15 

18.67 

19 .40 

2 0 . 6 0 

Con td . 

% 

% 

% 

% 

% 

of e r r o r 

1 From 
! Bane r j ee 
; h y p o t h e s i s 

5 .33 

6 .56 
8 .45 

8 

8.66 

% 

% 

% 

% 

% 

N3 



TABLE 1 (Continued) 

"DFT 

6 5 . 

3 31 

1 9 6 , 

2 6 2 

32 7 . 

5 

•-\ 

5 

Movable Edges 

From 
e a n e r j e e 

h y p o ­
t h e s i s 

C .12208 
0 . 2 4 2 7 

0 . 3 5 04 

0 . 4 7 4 2 

0 . 5 8 3 5 

From ; 
Elxpe r i - i 
ment | 

1 

0 . 1 3 4 

0 .25316 

0 .37975 

0 .4989 

0 .61802 

P e r c e n ­
t a g e of 
e r r o r 

8 

4 . 

5 

- 1 

5 . 

. 9 0 

. 1 3 

. 1 0 

,00 

59 

^ = 

% 

% 

% 

% 

% 

w^/h . 

From 
B e r g e r 
Method 

0 .1202 

0 . 2 3 0 1 

0 . 3 2 5 4 

0 .40782 

0 . 4 7 9 5 

when e = 3 0 ° 

Immovable Edges 

1 

' From ; 
1 E a n e r j e e i 

h y p o - ; 
', t h e s i s ( 

0 . 1 2 0 9 

0 .2 346 

0 . 3 3 6 9 

0 .4276 

0 . 5 0 8 1 

From Expe _ 
r i m e n t 

0 , 

0 , 

0 . 

0 , 

0 . 

12658 

25316 

36485 

4616 5 

55845 

( 
1 

r c e n t a g e 

1 - • 

' From 
; B e r g e r 
; Method 

5 

9 

10 

11 

14 

.00 % 

.11 % 

.80 % 

.65 % 

.20 % 

of e r r o r 

From 
Baner jee 
h y p o t h e s i s 

4 .49 

7 .33 

7.66 

7 .40 

9.00 

% 

% 

% 

% 

% 

Average percentage of error by utilising Banerjee's hypothesis is only 

around 6% for skew angles 6 = 15°, and 6 = 30° whereas by utilising 

Berger method it is around 17% for e = 15° and 10% for e = 30 

U) 



a = 16cm. , when 9 = 1 
-O 

TABLE 2 

t F o r Copper P l a t e ) . 

a = 14cm. , when 9 = 3 0 ° ; h = C.0789cm. 

^ =̂  W^/h/ when e = 15° 

Q = 

Dh 

; Movable Edges 
1 

From ; From 
s a n e r j e e I E x p e r i -

; h y p o - I ment , 
[ t h e s i s J ; 

: i 1 

P e r c e n ­
t a g e of 
e r r o r 

. . „ 

From 
B e r g e r 
Method 

Immovable Edges 

' From 
B a n e r j e e 
h y p o ­
t h e s i s 

— .,., . . . _. 

From 
E x p e r i ­
ment 

' P e r c e n t a g e 

' From , 
B e r g e r ', 
Method ! 

• . . „ , . . . ' -

of e r r o r 

From 
B a n e r j e e 
h y p o t h e s i s 

1 4 6 7 . 5 3 
2 9 3 5 . 0 6 

4402c59 

5 8 7 0 . 1 2 

7 3 3 7 . 6 5 

2 . 3 7 2 7 

3 . 2 5 0 6 

3 . 8 4 3 7 

4 . 3 0 7 

4 . 6 9 3 5 

2 . 4 2 0 8 

3 .308 

3.9924 

4 .4867 

4 . 9 0 4 9 4 

2 % 

1.70 % 

3.72 % 

4 % 

4 . 3 0 % 

1 .36820 

1 .79580 

2 . 0 8 9 1 

2 . 3 2 0 0 3 

2 . 5 1 3 8 

1.57802 

2 . 0 8 7 5 3 

2 .43578 

2 .7095 

2 . 9 3 8 9 3 

1 .675 

2 . 2 3067 

2 . 6 1 0 9 

2 . 9 0 2 4 1 

3 . 1 5 5 9 

1 8 . 2 2 

1 9 . 5 0 

1 9 . 9 8 

2 0 . 0 7 

2 0 . 3 5 

% 

0 

% 

% 

% 

5 . 6 8 

6 . 4 0 

6 . 7 0 

6 . 6 5 

6 . 9 0 

% 

% 

% 

% 

% 

Contd 



TABLE 2 ( C o n t i n u e d ) 

Dh 

8 6 0 . 2 

172C.4 

258C.6 

34-iC.8 

4301 

; .From 
, B a n e r j e e 

h y p o -
1 t h e s i s 

1 

1.2602 

1 .9429 

2 . 4 0 6 4 

2 . 7 6 5 

3 .0616 

Movable 

^ = w ^ / h . 

Edges 

' From 
, E x p e r i -
I ment , 

1.2801 

2 .0279 

2 .5095 

2 .9404 

3.2319 

P e r c e n ­
t a g e of 
e r r o r 

1 .55 % 

4 . 2 0 % 

4 . 1 0 % 

6 . 0 0 % 

5 . 3 0 % 

when e 

From 
B e r g e r 
Method 

0 . 8 5 5 3 

1 .1901 

1.4156 

1 .5913 

1.7376 

= 30° 

Immovable Edges 
1 

; From 
i B a n e r j e e 
' h y p o -
' t h e s i s 

1 _ . 

0 . 9 2 8 3 

1 .3095 

1.56 57 

1 .7649 

1.9307 

1 

From ; 
E x p e r i - ; 
ment [ 

i 

\ 
I 

0.9886 

1.40684 

1.6857 

1.90114 

2 .09125 

P e r c e n t a g e 

From ; 
B e r g e r I 
Method 1 

1 

1 3 . 5 0 % 

1 5 . 5 0 % 

1 6 . 0 0 % 

1 6 . 3 0 % 

1 6 . 9 1 % 

of e r r o r 

From 
B a n e r j e e 
h y p o t h e s i s 

6 . 1 0 % 

6 . 9 2 % 

7 . 1 2 % 

7 . 1 7 % 

7 . 7 0 % 

N.3. 

A verage percentage of e r r o r by u t i l i s i n g Banerjee 's hypothesis i s only around 5 % for 
skew angles 9 = 15°and 9 = 30° whereas by u t i l i s i n g Berger method i t i s around 20 % for 
9 = 15° and around 15 % for 8 = 30° . 
Errors are ca lcula ted considering experimental r e s u l t s as s t andard ( sac r i f i c ing 
instrumental and personal e r ro r s ) . 

1/1 
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OBSERVATIONS 

I t i s observed from the two t a b l e s t h a t the r e s u l t s 

of the p r e s e n t s tudy are i n e x c e l l e n t agreement w i t h t h o s e 

o b t a i n e d from the e x p e r i m e n t a l a n a l y s i s o I t i s we l l -known t h a t 

114 B e r g e r ' s method f a i l s m i s e r a b l y under movable edge c o n d i ­

t i o n s . The r e s u l t s f o r s i m p l y - s u p p o r t e d immovable e d g e s , o b ­

t a i n e d by Berger ' s method (as shown i n t h e Tables 1 and 2} 

show t h a t t h i s method i s no t even a c c e p t a b l e from the p r a c ­

t i c a l p o i n t of v i e w . I t i s worth n o t i n g t h a t B e r g e r ' s method 

always g i v e s l e s s d e f l e c t i o n s f o r a g i v e n l o a d . The e r r o r s of 

Berger ' s method (as shown i n Tables 1 and 2) are c e r t a i n l y 

q u e s t i o n a b l e from the v iew p o i n t of s a f e t y d e s i g n . 

I t i s observed t h a t d e f l e c t i o n s f o r movable e d g e s are 

always g r e a t e r than t h o s e f o r immovable e d g e s . This i s q u i t e 

e x p e c t e d from the p r a c t i c a l p o i n t o f v i e w , because movable 

edge c o n d i t i o n s g i v e s t r e s s - f r e e boundary and, h e n c e , t h e r e 

are l a r g e energy changes i n the boundary. 

Here the r e s u l t s f o r skew a n g l e s Q = 1 5 and 30 on ly 

have been c o n s i d e r e d , b e c a u s e , f o r g r e a t e r v a l u e s of the skew 

a n g l e s the e f f e c t of n o n - l i n e a r i t y does not p l a y important r o l e 

i n d e s i g n , and the s tudy of l i n e a r a n a l y s i s s e r v e s the p r a c ­

t i c a l p u r p o s e . 
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PAPER I I 

NON-LINEAR BEHAVIOURS OF CLAMPED RHOMBIC 

PLATES-

A NEW APPROACH 

ABSTRACT 

In t h i s paper n o n - l i n e a r s t a t i c behaviours of c lam­

ped (a long a l l e d g e s ) t h i n rhombic p l a t e s under uniform normal 

p r e s s u r e have been a n a l y s e d f o l l o w i n g B a n e r j e e ' s h y p o t h e s i s * 

Numerical r e s u l t s f o r d i f f e r e n t skew a n g l e s are p r e s e n t e d * Com­

p a r i s o n s (both n u m e r i c a l l y and g r a p h i c a l l y ) are made w i t h a v a i ­

l a b l e e x i s t i n g r e s u l t s f o r skewed p l a t e s . Tlie e f f e c t s of skew 

ang le on l a r g e d e f l e c t i o n s are c a r e f u l l y i n v e s t i g a t e d * To t e s t 

the accuracy of the t h e o r e t i c a l r e s u l t s , s o o b t a i n e d , e x p e r i ­

ments have a l s o been c a r r i e d out on copper-made and stcel*4nade 

p l a t e s . Both the c a s e s of movable and immovable edge c o n d i t i o n s 

have been d e l t w i t h . I t i s observed t h a t the p r e s e n t t h e o r e ­

t i c a l r e s u l t s are t o the c l o s e p r o x i m i t y of the r e s u l t s ob ta ined 

from the exper imenta l a n a l y s i s * 

ANALYSIS 

Let us consider a rhombic plate as shown in Fig.3. It 

is of an isotropic, elastic material, whose uniform thickness 



IS 

FIG.S* PLAN FORM OF SKEW PLATE AND CO-OROmATE SYSTEM 
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i s ' h ' . Also l e t the s i d e s of the rhombic p late be each of'2a', 

s u f f i c i e n t l y great compared to'h'. The o r i g i n of the rec tan­

gular car te s ian co-ordinates (x ,y) Is located at the geome­

t r i c centre of the skewed p l a t e . The p l a t e ia considered to 

be clamped along i t s four edges and loaded uniformly a l l over . 

Following Banerjee's hypothes i s , the d i f f e r e n t i a l 

equat ions , referred to the system of rectangular c a r t e s i a n 

co-ordinates are transformed in oblique co-ordinates as in 

paper I . 

Now to so lve the d i f f e r e n t i a l equations (5) and (6) 

in paper I , we assume 

w =T^^cos2-5| icos2fg . 

<11) 

W being the maximum central deflection. Clearly the deflec­

tion function w satisfies all the boundary conditions for a 

skew plate clamped along its four edges, viz. 

W = o at x^ = ± a and at y = ± a. 

^ ^ = oat xj =±a and 1 ^ = o at y^ =±a. 

To determine the value of A, we are to in tegra te 

equation (6) , as usual ^over the whole area of the skew p l a t e , 

llius we have 



A - ^ V^^i (i -V1/ 4- 21an^e 

20 

After In tegra t ion we get 

(12) 

NOW applying Galerkin 's method of approximation to 

the transformed d i f f e r e n t i a l equation (5) and keeping in mind 

the value of A from (12) we get the following cubic equation 

determining the def lec t ion parameter j3 = w /h 

(13) 
4 

where Q = qa /Dh is the load function. 

NUMERICAL CALCULATIONS 

12 2 
For a copper plate we have, E « 1.25 X 10 dyne /cm. 

and i^ » 0.333, so that for such a plate, the equation (13) 

becomes 

(2+Stride) P +\i^(l-333 +2̂ aTi'̂ e)̂ COŜ 0 

(14) 

12 2 whereas for a steel plate we have E = 2 X 10 dyne/cm. and 

1/ = 0.3, so that for such a plate, the equation (13) becomes 
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( I S ) 

METHOD OF EXPERIMENT 

The s k e t c h of t h e a p p a r a t u s u s e d f o r t h e e x p e r i m e n t a l 

p u r p o s e i s shown i n F i g . 4 . Three skew b o x e s w i t h u p p e r s i d e 

open a r e c o n s t r u c t e d e a c h of whose f o u r s i d e - w a l l s a r e made 

of s t e e l of 6mm. t h i c k n e s s . Each v e r t i c a l w a l l of two boxes 

i s 16cm, l o n g and of t h e o t h e r i s 14cm, l o n g . The u p p e r s i d e 

of e a c h w a l l i s made s h a r p ( k n i f e e d g e ) , c a r e b e i n g t a k e n so 

t h a t a l l t h e k n i f e - e d g e s l i e on t h e same h o r i z o n t a l p l a n e . 

The w a l l s of t h e boxes w i t h s i d e s 16cm, long a r e a r c - w e l d e d 

i n such a manner t h a t t h e two o p p o s i t e a n g l e s a r e e a c h 75 and 

o t h e r two o p p o s i t e a n g l e s a r e each 105 . The two o p p o s i t e 

a n g l e s of t h e 3rd box w i t h s i d e s 14cm. l o n g a r e each 60 and 

t h e o t h e r two o p p o s i t e a n g l e s a r e e a c h 120 . Two h o l e s a r e 

d r i l l e d on two o p p o s i t e s i d e - w a l l s of e a c h box and t h e n f i t t e d 

w i t h s h o r t m e t a l p i p e s , one of which a c t s a s an a i r i n l e t and 

t h e o t h e r a s an a i r o u t l e t . 

For t h e e x p e r i m e n t w i t h one skew b o x , t h e c e n t r e o t 

t h e box i s f i r s t found and t h e n a p l u m b - l i n e i s s e t a s i n d i ­

c a t o r a l o n g t h e same v e r t i c a l l i n e on which t h e c e n t r e of t h e 

box l i e s . F o r t h e c lamped movable b o u n d a r y c o n d i t i o n s t h e expe­

r i m e n t a l p l a t e (which i s a p p r o x i m a t e l y m i r r o r s u r f a c e d ) i s 
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symmetrically placed on the knife-edged s ide of the box and 

a po in te r (made of very th in p l a s t i c rod) i s fixed on the upp­

e r surface of the experimental p l a t e with some adhesive,along 

the plumb-line. The contact l ines of the p la te with the knife-

edges are unifoiinly arc-welded from o u t s i d e . The o u t l e t pipe 

of the box i s connected to a vacuum pump and the i n l e t pipe 

i s connected to a standard vacuum meter and an a i r i n l e t regu­

l a to r (using a T-section as shown in the ske tch) . When the 

vacuum pump operates , the box i s evacuated, thereby causing 

the depression of the experimental p l a t e by the excess out ­

side a i r pressure , which i s uniform a l l over the e f fec t ive skew 

par t of the p la te and the pressure i s noted from the pressure 

gauge. The cent ra l def lec t ion of the p l a t e i s e a s i l y measured 

with the help of a precesion cathetometer s e t a t a dis tance 

of approximately 1.5 metres from the po in t e r . 

To make the boundaries of the skew p la te 'clamped 

immovable•, the elongated portions of the p la te beyond the 

knife-edge of the box are cut and then the whole boundary of 

the experimental p l a t e i s are-welded with the supporting knife 

edges covering the fu l l thickness (h) of the experimental p la te 

a t i t s boundary* The experimental procedure i s now, as usual . 

The following tables and graphs show a comparative 

study of the cent ra l def lect ion parameter ^ Vs. load func­

t ion Q obtained by the theore t i ca l and experimental methods. 

For movable edge condi t ions A = 0,as u sua l . 



TABLE 1 

Showing c o m p a r i s o n of r e s u l t s o b t a i n e d f rom d i f f e r e n t t h e o r i e s and e x p e r i m e n t 

f o r c o p p e r - m a d e s k e w - p l a t e (i^- C , 3 3 3 , E = 1 .25 X 10 dyne /cm , e = 1 5 ° , 

a = 8cm. , and h = O.C789cin.) 

v a l u e 

of 

Q 

Movable Edges 

Uniform p r e s s u i r e 
a p p l i e d i n t h e 
E x p t . d n c h of Hg) 

lva lue of "Wo V a l u e o f yS 
Ifrom t h e E x p t . i by t h e E x p t . 

(cirO ; 

V a l u e of fi by I P e r c e n t a g e of 
B a n e r j e e ' s I e r r o r w . r . t o 
h y p o t h e s i s I E x p t . 

20 

50 

6 1 . C 8 

100 

1 2 2 . 1 6 

150 

1 8 3 . 2 4 

200 

2 4 4 . 3 2 

250 

300 

3 0 5 . 4 

6 " 

8 ' 

l O " 

0.073 

-

0.121 

0,158 

-

0.182 

0,92522 

-

1,5336 

2,00253 

-

2.30672 

0.92284 

-

1.5202 

1.93987 

-

2.26643 

0.257 % 

-

0.874 % 

3.13 % 

-

1.75 % 

0 .205 2 . 5 9 8 2 3 2 . 5 3 6 6 2 . 3 7 2 % 

Contd . 
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T^BLE 1 ( C o n t i n u e d ) 

Value 

of 

C 

Immovable Edges 

20 

5C 

6 1 . 0 8 

1 00 

1 2 2 . 1 6 

1 50 

1 83.24 

2 00 

2 44.32 

2 "rO 

3 00 

3 05.4 

f 

: Un i fo rm 
p r e s s u i r e 

: a p p l i e d 
! i n t h e 
, E x p t . 
; ( i n c h of 
1 

: v a l u e of "pg;, V a l u e of yB 
; from t h e by t h e 
; E x p t . ( c m . ) | E x p t . 
( 
1 

H g ) ; 
> 1 
• 1 
t 1 

v a l u e of fi 
from 
B a n e r j e e ' s 
h y p o t h e s i s 

-7 
; v a l u e of 
! from 

/9 

, Kennedy and 
: Simon "̂ s 

c u r v e 

, ( R e f . 8 5 ) 
1 

P e r c e n t a g e 
of e r r o r 
by B a n e r - , 
j e e ' s hyp>o-
t h e s i s w . r . 
t o E x p t . 

J 

P e r c e n t a g e 
of e r r o r by 
Kennedy and 
S i m o n ' s 
t h e o r y w . r . 
t o Exp t . 

4" 

6" 

8" 

10" 

0.068 

0.105 

0.131 

0.151 

0 . 1 5 8 

0 . 8 6 1 8 5 

1 .3308 

1 .65033 

1.91382 

2 . 1 2 9 2 8 

0 . 3 3 2 1 

0 .7254 

0 . 8 4 0 2 5 

1.161 

1.3054 

1.4616 

1.622 

1.6946 

1.866 95 

1 .8873 

2 . 0 5 3 

2 . 0 6 9 6 

0 . 2 8 

0 .62 

0 . 7 1 

0 . 9 7 5 

1.11 

1.25 

1.4 

1.47 5 

1.63 

1.55 

1.8 

1.815 

2 . 5 % 

1.91 % 

2 . 4 3 % 

2 .45 % 

2 . 8 % 

17 .62 % 

16.6 % 

15 .68 % 

1 4 . 8 3 % 

14 .76 % 
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TABLE 2 
Showing c o m p a r i s o n of r e s u l t s o b t a i n e d from d i f f e r e n t t h e o r i e s and 

12 experiment f o r copper-made skew p l a t e ( V = 0 . 3 3 3 , E = 1 .25 X 10 
dyne /cm. , G = 3 0 ° , a = 7cm. , and h = 0 . 0 7 8 9 c m . ) 

v a l u e 

o f 
Q 

20 

50 

5 3 . 7 

100 
1 0 7 . 4 

150 

1 6 1 . 1 

200 

2 1 4 . 8 

250 

2 6 8 . 5 

300 

r 

1 
I 

f 

r Uniform p r e s s u r e 
\ a p p l i e d i n the 
; E x p t . ( i n c h of Hg) 
• 

„ . 1 , , „ , 

3" 

— 

6 -
— 

9" 

— 

12" 

— 

1 5 -

— 

Movable 
p - • 1 

v a l u e of "Wo 
from t h e Expt. 

(cm.) 

0 . 0 4 2 

— 

0 . 0 7 8 
— 

0 . 1 0 7 

— 

0 . 1 2 9 

— 

0 . 1 4 8 

— 

Edges 
" ' • 

v a l u e of yS 
,by t h e Expt . 

0 . 5 3 2 3 2 

— 

0 . 9 8 8 5 9 
— 

1 .35615 
— 

1.6 3498 

— 

1 .8758 

— 

v a l u e o f fi 
from B a n e r j e e * s 
h y p o t h e s i s 

0 . 5 2 6 4 2 

— 

0 . 9 5 6 7 
— 

1 . 2 9 4 3 5 
— 

1 .5676 
— 

1 .797 

— 

Percentage o f 
e r r o r w . r . t o 

, E x p t . 

1 .11 % 

— 

3 . 2 2 % 
— 

4 . 5 5 % 
— 

4 . 1 2 % 
— 

4 . 2 % 
— 

OD 
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TABLE 2 ( cont inued) 

value 
of 
D 

Divnovable Edges 

Uniform 
pressure 
appl ied 
In the 
Expt. 

( inch of Hg) 

value of Ŵ  
frooi the 
Expt.(cm,) 

value of y5 I value of p 
by the \ from 
Expt. ' s a n e r j e e ' s 

' hypothes i s 

value of fi 
from 
Kennedy and 
Simon's 
curve 

(Ref.85) 

Percentage 
o t error 
by Baner-
j e e ' s hypo­
t h e s i s w .r . 
to Expt. 

Percentage 
of e rror 
by Kennedy 
and Simon's 
theory w . r . 
to Expt, 

2 0 

50 

5 3 . 7 

1 0 0 

1 0 7 . 4 

1 5 0 

1 6 1 . 1 

2 00 

2 1 4 . 8 

2 5 0 

2 6 8 . 5 

3 0 0 

-

-

3 " 

-

6 " 

-

9 « 

-

1 2 " 

-

1 5 " 

-

-

-

0.C4 

-

0.C7 

-

0 .09 

-

0.106 

-

0 .12 

-

-

-

0 . 5 0 6 97 

-

0 . 6 8 7 2 

-

1 .14068 
«• 

1.34 347 

-

1 . 5 2 0 9 

-

0 . 2 0 1 9 

0 . 4 7 2 8 2 

0 . 5 0 2 8 

0 . 8 1 1 7 

0 . 8 6 1 1 

1 . 0 7 3 3 

1 .12156 

1 .274 

1.326 1 

1 .4404 

1 . 4 9 5 7 3 

1 .5837 

0 . 2 2 

0 . 4 5 

0 . 4 7 5 

0 . 7 8 

0 . 8 3 

1 .03 

1 .08 

1 .225 

1 .275 

1 .39 

1 .445 

1 .525 

-

-

0 . 8 2 2 % 

-

2 . 9 4 % 

-

1.676 % 

-

1.29 % 

-

1.65 % 

— 

-

-

6 . 3 % 

-

6 . 4 5 % 

-

5 .32 % 

-

5 .1 % 

-

5 % 

— 

o 
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TABLE 3 

Showing comparison of r e s u l t s o b t a i n e d from the p r e s e n t n o n - l i n e a r 

t h e o r y and exper iment f o r s t ee l -made skew p l a t e ( !?• = 0 . 3 , E = 2 X 10 
dyne/cm. e = 15° , a = 8cm, and h = G.I343cm.) 

12 

v a l u e 
of 
Q 

Movable Edges 

Uniform normal 
pressuz-e app l i ed 
In the Expt , 

( i nch of Hg) 

v a l u e of Wo 
from the 
Exp t . ( cm. ) 

Value of P 
by the Expt, 

v a l u e of fi from 
B a n e r j e e ' s 
h y p o t h e s i s 

Percentage of 
e r r o r w . r . t o 
t h e Expt. 

9 .31 
18 .62 
2 7 . 9 3 
37.24 
46 ,55 

4" 

8" 

12-

16" 

20" 

0.023 

0.044 

0.06 5 

0.084 

0.104 

0.17126 

0.32762 

0.48399 

0.625465 

0.7744 

0.16019 

C.3172 

0.46827 

0.61182 

0.747 

6.46 % 

3.18 % 

3.248 % 

2.182 % 

3.54 % 

Contd 
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n G - 9 : GRAPHS SHOWING OIVIATIONS OF CENTHAL DEFLECTIONS OF A CLAMPED RHOMBIC STEEL PLATE WHOSE [ M l 
m KEPT MOVABLE, ( 1 ? = 0 3 ) . 



TABLE 3 ( C o n t i n u e d ) 

v a l u e 
o f 
Q 

9 . 3 1 

1 8 . 6 2 

2 7 . 9 3 

3 7 . 2 4 

4 6 . 5 5 

1 

" u n i f o r m n o r m a l 
p r e s s u r e a p p l i e d 
i n t h e E x p t . 

( i n c h of Hg) 

4 " 

8 " 

1 2 " 

1 6 " 

2 0 " 

immovable Edges 

v a l u e of Wo 
f rom t h e 
E x p t . ( c m . ) 

0 . 0 2 2 

0 . 0 4 3 

0 . 0 6 3 

0 . 0 8 

0 . 0 9 6 

. v a l u e o f )8 
; by t h e E x p t . 

0 . 1 6 381 

0 . 3 2 0 1 8 

0 . 4 6 9 1 

0 . 5 9 5 6 8 

0 . 7 1 4 8 2 

! v a l u e o f /8 
.' from B a n e r j e e ' s 
,' h y p o t h e s i s 
1 
1 
1 
1 , , . 

0 . 1 5 9 4 4 

0 . 3 1 1 7 6 

0 . 4 5 2 4 8 

0 . 5 8 0 2 4 

0 . 5 9 5 6 2 

P e r c e n t a g e 
of e r r o r 
w. r . t o t h e 

! E x p t . 
1 
1 

2 . 6 7 % 

2 . 6 3 % 

3 .54 3 % 

2 . 5 92 % 

2 .686 % 

N.B : - All the e r ro r s are calcula ted consider ing our experimental 
r e s u l t s as s t andard , s a c r i f i c i n g instrumental ( i f any) and 

personal e r r o r s 
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TABLE 

Showing t h e v a r i a t i o n of r e s u l t s o b t a i n e d 

by t h e p r e s e n t t h e o r y due t o change of 

edge c o n d i t i o n s f o r s t e e l - m a d e skew p l a t e 

( i ^ = 0 . 3 , E = 2 X lO-^^dyne/cm^ 6 = 30°) 

—* ! 

v a l u e of 

Q 

20 

60 

100 

160 

200 

260 

300 

Movable edges 

Value of y8 
from Banerjee 
h y p o t h s i s . 

0.2039 

0.5879 

0.9207 

1.3334 

1.5515 

1.83692 

2.0024 

— 1 

', Dranovable 
! Edges 

'1 

; va lue of p 
•s ; from Baner-

I j e e ' s hypo-
! t h e s i s 

0.20221 

0.5568 

0.8312 

1.14 

1.3031 

1.5078 

1.6254 

Difference of ^ 
due t o change of 
Edge c o n d i t i o n s 

0.001b9 

0.0311 

0.0895 

0.1934 

0.2484 

0.32912 

0.377 
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OBSERVATIONS 

Prom the numerical tables and graphs we f ind that the 

present non-l inear theory g ives b e t t e r r e s u l t s than kennedy 

and Simon's non-l inear approach . Because almost in a l l 

the cases our percentage of error with respect to the expe­

rimental r e s u l t s remain within 5 percent,whereas, the errors 

in the r e s u l t s according to Kiennedy and Simon's theory vary 

from the lowest 5 percent to the h ighes t 17.62 percent with 

respect to the experimental resu l t s* I t appears that deviat ions 

in the r e s u l t s of Kennedy and Simon's theory are due to a p p l i ­

cat ion of perturbation technique which embraces more approxi­

mation. Moreover the perturbation technique requires much 

computational labour. I t i s i n t e r e s t i n g t o note that Kennedy 

and Simon did not compare the ir large de f l ec t ion r e s u l t s for 

skewed p l a t e s with other re su l t s a v a i l a b l e in open l i t e r a t u r e s 

or with any experimental resu l t s* They only compared t h e i r 

r e s u l t s for a rectangular / square p l a t e where 0 = 0 ° . 

I t i s observed, from the present r e s u l t s , that the 

maximum centra l d e f l e c t i o n of a rhombic p la te decreases with 

the Increase In skew a n g l e . This may be due to the Increased 

r i g i d i t y of the obtuse corners of the p l a t e with the i n c r e ­

ase in skew angles . Thus we may conclude that the e f f e c t of 

the non- l inear terms on the de f l ec t ion diminishes with the 

increase in skew angle and hence the larg« d e f l e c t i o n curves 

tend to become Increas ingly l inear for large skew a n g l e s . 
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It is also observed that, the deflections for movable 

edges are always greater than those for the immovable edges 

(Ref. table 4 )• This is quite expected from the practical 

point of view, because movable edge conditions give stre88*> 

free boundary and hence there is large energy changes in the 

boundary• 

NOTE : 

Like simply-supported skew p l a t e here a l s o r e s u l t s 

for skew angles Q = 15*^and 0 = 30*̂  have only been considered, 

because, for greater va lues of the skew angle the in f luence 

of n o n - l i n e a r i t y does not play much of s i g n i f i c a n t ro le in 

design and the study of l inear ana lys i s serves the p r a c t i c a l 

purpose• 



CHAPTER II 

LARGE DEFLECTION ANALYSES OP SKEW PLATES OF VERIABLE 

THICKNESS 



PAPER I 

NON-LINEAR ANALYSIS OF RHOMBIC PLATES OF VARIABLE 

THICKNESS 

ABSTRACT 

This paper deals with the non- l inear s t a t i c and 

dynamic behaviours of a simply-supported rhombic p l a t e (skew 

p la te of aspect ra t io 1) of l inear ly varying t h i c k n e s s . Baner-

Jee ' s hypothesis has been followed to form a s e t of decoupled 

d i f f e r e n t i a l equations and then the Galerkin's procedure has 

been u t i l i s e d to s o l v e the equat ions . Various numerical re su l t s 

for a rhombic p la te of i s o t r o p i c m a t e r i a l , under both s t a t i c 

and dynamic loadings have been computed and compared with the 

other r e s u l t s known from l i t e r a t u r e . I t i s seen that the pre­

sent approach offers suff ic ient ly accurate results for both 

movable and immovable edge conditions. 

GOVERNING EQUATIONS 

Let us consider a rhombic plate of e la s t i c isotropic 

material having thickness varying l inear ly , the central thick­

ness being'h' and thickness-variation parameter being'pi Let 

the s ize of each side of the plate be'2a'which i s suff ic ient ly 

large compared to'h' . The plate i s considered to be simply-
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supported along I t s edges and I t s faces respond to the bending 

and membrane a c t i o n s . 

We now p o s i t a rectangular car te s ian co-ordinate s y s ­

tem (x«y ,Z/ ) a t the centre of the p l a t e , (x ,y} being In the 

middle plane and z the thickness d i r e c t i o n p o s i t i v e downwards. 

Also l e t us s e t an obl ique co-ordinate system ( x . , y , , Q ) a t 

the same o r i g i n , ( x . , y - ) being p a r a l l e l to the s i d e s of the 

p l a t e , and 6 the skew angle of the p l a t e (Vide F ig .3 i n paperII 

Chapter I ) . Obviously 

X »= X. cos 0 and y = y, + ^i s i n ^ 

are the co-ordinate transfozmation equat ions . 

NOW following Banerjee's hypothes i s , the d i f f e r e n t i a l 

equations in rectangular cartes ian co-ordinate system govern­

ing the de f l ec t ions and vibrat ions of p l a t e s of l i n e a r l y vary­

ing thickness w i l l be 

(1) 

for non- l inear s t a t i c de f l ec t ions under uniform loading,where 

A. i s a constant given by 

( 2 ) 
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and 

^kmm)]+2{m(m -^w^mr 
for non-linear free e l a s t i c vibrations, where A. i s a time -

dependent constant given by 

i2K 2 ^=MC#7+<^7}+l^+^^ 
( 4 ) 

In bo th the equa t ions (1) and (3) 

^ Eh-̂  
L = ± , D = y -

The t h i c k n e s s v a r i a t i o n i s ejcpressed by 

h = h^Cl + p x / a ) ^ 

where p ^ l . 

ANALYSIS 

(A) Non- l inear s t a t i c behaviours of skew p l a t e s of 

v a r i a b l e t h i c k n e s s -

We c o n s i d e r , h e r e , the bending of s imply-suppor ted 
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rhombic p l a t e of var iab le thickness with constrained in-plane 

displacements a t the boundaries. We now transform equation (1) 

and (2) in oblique co-ordinates by the transformation opera t ­

ors as given in Paper I , Chapter I . 

We choose , as usual^the def lec t ion function W in the 

following form for simply-supported edge conditions 

W = w Cos 20LL Cos 2L22 
° ^a ^a (5) 

Now integrating the transformed equation (2) over the entire 

area of the plate we get 

Ai 

^^^ W « « ^ > ^ a . V 4 W ^ W»%^ 7 ^ ^ 

(6) 

Again introducing (5) and (6) in the transformed form of equa­

t ion (1) and then applying the Galerkin ' s procedure, we arr ive 

a t the following cubic equation determining the non-dimen­

sional cen t r a l def lec t ion jS >= *'o'^o °^ ^̂ ® simply-supported 

rhombic p l a t e of var iable thickness 

V / / ^ ^ y e U - Pcose) "̂  JT̂ 'oc . (7) 
4 

where Q = qa /Dh is the load function parameter, q being the 

load per unit area of the plate . 
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NUMERICAL RESULTS 

Table 1 shows different numerical results of the cen­

tral deflections of a rhombic plate of variable thickness hav­

ing i^ = 0.3, load parameters are taken the same as in Paper I, 

Chapter I. It is to be noted that the results for thickness 

variation parameter p = 0 (i«e. for a plate of constant thick­

ness J, agree exactly with those in Paper I, Chapter I, both for 

movable and icnnovable edge conditions^ which have been experi­

mentally verified by the author. The results for other values 

of p are new. (Note - For movable edge conditions A^ =0), 



TABLE 1 

S t a t i c D e f l e c t i o n s 

of Rhombic P l a t e s . 
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w A 
o o 

Skew ;Load 
Angle ; p a r a -

© Imeter 

Iqa/Dh 

Immovable Edge 

p = 0 . 1 : p C.2 p = 0 . 3 

Movable Edge 

0 .1 p = 0 . 2 / ^ p = 0 . 3 

15^ 

3 0 ° 

111 .72 
335.16 

5 5 8 . 6 0 

111 .72 

335.16 

5 5 8 . 6 0 

0 .34 34 

0.7682 

1.0255 

0 .2009 

0.5094 

0 .7301 

0 .3374 

0 .7618 

1.0204 

0 .1974 

0 . 5 0 8 3 

0 . 7 2 3 9 

0 .3277 

0 .7513 

1.0121 

0.1916 

0 .4991 

0 .7153 

0 .3675 

0 ,9775 

1.4210 

0 .2061 

0 .5840 

0 .92 50 

0 . 3 5 9 5 

0 . 8 9 3 5 

1.4040 

0 .2022 

0 .5824 

0 . 9 1 2 0 

0 .3472 

0 .9370 

1.376 5 

0 ,1958 

0 .5663 

0 .8900 
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(B) Non»linear dynamic behaviours of skew p l a t e s 

of var iab le thickness -

Let us now consider free v ibrat ions of var iab le th i ck ­

ness rhombic p l a t e s . Neglecting in-plane i n e r t i a , transforming 

equation (4) in obl ique co -ord inates , choosing 

W = W P(t)Oos § ^ cos ^^ 
o za 2a (8) 

for fundamental mode of vibration and then integrating the tra­

nsformed equation over the whole domain of the plate we get 

A2- 6hoPcose^I|pE^(i+'P+-ztanWlog,^ +pcose 
•VCOBQ) 

(9) 

Here W is the initial amplitude of vibration and F(t) is some 

unspecified function of time. It is to be noted that,we are 

interested In the normal displacement w only and so the In-

plane displacements u and v are eliminated here also by consi­

dering suitable expressions for them compatible with the boun­

dary conditions of the plate. 

NOW transforming equation (3) in oblique co-ordinates, 

inserting (8) and (9) in the transformed equation and then 

applying the Galerkin's procedure we get the following diffe­

rential equation for time function 

UO) 
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where ^ = *'o'^^o' ^^* non-diraensional amplitude and 

a = (U i^ / f a^ )^ t 

some t ime func t ion . 
3 The equation (10) i s in the form F + AP + BP = O, the 

f a m i l i a r Buffing's Equation. With the i n i t i a l condi t ions 

P(0) = 1 and F(0) = 0 , the s o l u t i o n of equation (10) I s the 

well-known e l l i p t i c Integral F( t ) = ^i^^^** t , k ) . Then the 

r a t i o of the non- l inear frequency oo* to the l i n e a r frequency co 

i s g iven by 

CO 

where 

and 

-^2Ci+^i-ztd-n^e)^.pcose/io^^%±|^ 

NUMERICAL RESULTS 

Numerical results of the ratio 6o* /o) are shown in 

Tables 2 and 3. Table 2 shows the results for a square plate 

( 0 = 0 ) compared with those obtainable from ref .174 / after 

converting the shell equations into plate equations. It is seen 

that the results agree perfectly. Table 3 shows the results for 

rhombic plates with skew angles ̂  = 15*̂ , 22.5° and 30° and thick-

ness variation parameters p » 0,0,1, 0.2 and 0,3, These results 
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are new to the author's sincere be l i e f . Here the results for 

skew angles higher than 30 are not considered^ because for 

greater values of Q , the effect of non-liearity does not play 

important role in design. (Note > For novable edge conditions 

A2 = o ) . 



TABLE 2 

Showing E)ynamic C h a r a c t e r i s t i c s of Squa re 

P l a t e s e = 0° 

C0*/60 

Edge 
c o n d i ­
t i o n \ ^ o 

0 

P r e s e n t 
Method 

S i n h a -
B a n e r j e e 
Method 

p = 0 . 1 

P r e s e n t 
Method 

S i n h a -
Bane r j ee 
Method 

p = 0 . 2 

P r e s e n t 
Method 

S i n h a -
B a n e r j e e 
Method 

p = 0 . 3 

P r e s e n t 
Method 

S i n h a -
B a n e r j e e 
Method 

<D 

> -D 
O W 

e 

C.25 

0 . 5 0 

0 . 7 5 

1 .00 

1.02477 

1.09573 

1.20474 

1.34257 

1 .02477 

1 . 0 9 5 7 3 

1 .20474 

1 .34257 

1 .02450 

1 .09473 

1 .20270 

1 .33932 

1.02447 

1.09520 

1.2025 

1.33890 

1.02 374 

1 .09187 

1 .19683 

1 .32992 

1 .02350 

1 . 0 9 0 9 9 

1 .19600 

1 .32700 

1 .02253 

1.08734 

1.18451 

1 .31500 

1 .0220 

1 .0853 

1 .18330 

1.3082 

X) (-n 
(X) 'C 
> W 

i 

0 . 2 5 

0 . 5 0 

0 . 7 5 

1 .00 

1.00526 

1.02088 

1.04640 

1.08110 

1 .00526 

1 .02088 

1 .04640 

1 .08110 

1 .00522 

1.02C71 

1 .04600 

1 .08040 

1.00526 

1.02088 

1.04640 

1.08110 

1 .00509 

1 .02022 

1 .04495 

1 .07860 

1 .00514 

1 .02040 

1 .04530 

1 .07930 

1 .00490 

1.01946 

1.04327 

1.07572 

1 .00493 

1.C1950 

1 .04340 

1 .07600 

O 
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Showing Dynamic C h a r a c t e r i s t i c s of Rhombic P l a t e s ^ G = 1' 
e = 22 .5 ' and e = 30 

Skew 
A n g l e 

e 

t r-O 
15 

o-> r-O 
2 2 . 5 

-v^O 
30 

w / h -
o o 

1 

0 . 2 5 

0 . 5 0 

0 . 7 5 

1 . 0 0 

0 . 2 5 

0 . 5 0 

0 . 7 5 

1 . 0 0 

0 . 2 5 

0 . 5 0 

0 . 7 5 

1 . 0 0 

p = 0 

1 . 0 2 4 6 3 

1 . 0 9 5 2 0 

1 . 2 0 3 6 6 

1 . 3 4 0 8 4 

1 . 0 2 4 5 4 

1 . 0 9 4 8 6 

1 . 2 0 2 9 7 

1 . 3 3 9 7 4 

1 . 0 2 4 5 2 

1 . 0 9 4 8 1 

1 . 2 0 2 8 6 

1 . 3 3 9 5 7 

Inmiovable 

; p = Ool 

1 . 0 2 4 3 8 

1 . 0 9 4 2 5 

1 . 2 0 1 7 2 

1 . 3 3 7 7 4 

1 . 0 2 4 3 0 

1 . 0 9 3 8 8 

1 . 2 0 1 1 5 

1 . 3 3 6 8 4 

1 . 0 2 4 3 1 

1 . 0 9 4 0 1 

1 . 2 0 1 2 0 

1 . 3 3 6 9 5 

E d g e 

' 

; p = 0 . 2 

1 . 0 2 365 

1 . 0 9 1 5 2 

1 . 1 9 6 1 2 

1 . 3 2 8 8 0 

1 .02 362 

1 . 0 9 1 4 2 

1 . 1 9 5 9 1 

1 . 3 2 8 4 7 

1 . 0 2 3 7 0 

1 . 0 9 7 0 0 

1 . 1 9 6 5 0 

1 . 3 2 9 4 0 

G)*/<a 

p = 0 . 3 

1 . 0 2 2 5 0 

1 . 0 8 7 2 1 

1 . 1 8 7 2 4 

1 . 3 1 4 6 2 

1 . 0 2 2 5 4 

1 . 0 8 7 3 7 

1 . 1 8 7 5 8 

1 . 3 1 5 1 1 

1 . 0 2 2 7 2 

1 . 0 8 8 0 2 

1 . 1 9 1 8 9 

1 . 3 1 7 2 6 

t 

p = 0 

1 . 0 0 5 0 0 

1 . 0 1 9 8 4 

1 . 0 4 4 1 0 

1 . 0 7 7 1 6 

1 . 0 0 4 7 2 

1 . 0 1 8 7 6 

1 . 0 4 1 7 4 

1 . 0 7 3 0 8 

1 . 0 0 4 4 2 

1 . 0 1 7 5 6 

1 . 0 3 9 1 0 

1 . 0 6 8 5 3 

N_.. ,, 

1 

MDvable 

; p = 0 . 1 ; 

1 . 0 0 4 9 6 

1 . 0 1 9 6 8 

1 . 0 4 377 

1 . 0 7 6 58 

1 . 0 0 4 6 

1 . 0 1 8 6 3 

1 . 0 4 1 4 4 

1 . 0 7 2 5 6 

1 . 0 0 4 39 

1 . 0 1 7 4 5 

1 . 0 3 8 8 5 

1 . 0 6 8 1 0 

Edge 

p = 0 . 2 

1 . 0 0 4 8 4 

1 . 0 1 9 2 4 

1 . 0 4 2 7 9 

1 . 0 7 4 8 9 

1 . 0 0 4 3 9 

1 . 0 1 8 2 3 

1 . 0 4 0 5 7 

1 . 0 7 1 0 6 

1 . 0 0 4 3 0 

1 . 0 1 7 1 1 

1 . 0 3 8 1 0 

1 . 0 6 6 8 0 

; p = 0 . 3 

1 . 0 0 4 6 7 

1 . 0 1 8 5 4 

1 . 0 4 1 2 5 

1 .07224 

1 . 0 0 4 3 3 

1 . 0 1 7 6 0 

1 . 0 3 9 2 0 

1 . 0 6 8 6 8 

1 . 0 0 4 1 7 

1 . 0 1 6 5 8 

1 .03692 

1 . 0 6 4 7 6 

U1 
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OBSERVATIONS 

For static behaviour of a rhombic plate of varying 

thickness, it Is observed that 

(1) with the increase of skew angle,central deflection 

decredases for the same loading whether the edge conditions 

of the plate are movable or Inmovable, 

(11) for any assumed skew angle,the central deflection 

is greater for movable edge conditions than that for immo­

vable edge conditions, the load reamlning same in both the 

cases« 

(ill) increasing thickness parameter decreases the cen­

tral delfection. 

All the above observations are quite expected from 

practical point of view. 

As regards dynamic behaviour of a variable thickness 

rhombic plate, the following observations are made: 

(I) The frequency ratio decreases with Increasing thick­

ness variation parameter irrespective of the edge conditions. 

(II) The frequency ratio Increases with the non-dimen­

sional amplitude. 

(Ill) The frequency ratio gradually decreases with the 

Increase of p, the edge conditions being movable or Immovable. 

This is an expected result, because the thickness is minimum 
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at the centre and maximum at the edge of the tapered plate, 

(iv) The frequency ratio decreases with the increase 

of skew angle for lower values of p. For comparatively higher 

values of p, the vibration character tends to change in the 

case of immovable edge conditions. But for movable edge con­

ditions the vibration character does not show such irregula­

rity. This situation demands further investigation. 



CHAPTER III 

PAPER 

NON>LINEAR ANALYSIS OF HEATED RHOMBIC 

PLATES 
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PAPER I 

NON-LINEAR ANALYSIS OF HEATED RHOMBIC 

PLATES * 

ABSTRACT 

This paper concerns a new approach to the i n v e s t i g a ­

t i o n of non-l inear behaviours of heated rhombic p l a t e s . A 

s e t of d i f f e r e n t i a l equations in obl ique co-ordinates have 

been derived in t h i s inves t iga t ion* Numerical r e s u l t s sho­

wing centra l d e f l e c t i o n parameters versus thermal load fun­

c t i o n s have been computed for d i f f e r e n t skew angles 0 . For 

0 = 0 ° the r e s u l t s obtained in the present study are in excel­

l e n t agreement with the known r e s u l t s . I t i s be l i eved that 

the r e s u l t s obtained for other d i f f e r e n t skew angles are 

completely new. 

ANALYSIS 

Let us cons ider a rhombic p l a t e of skew angle'^'whose 

uniform thickness i s *̂ h* and edge- length ^2at The mater ia l of 

the p l a t e i s considered i so trop ic having mass d e n s i t y ' p * . 

Young's Modulus ^E'and Poissn's Ratio'i^'. The o r i g i n of the 

co-ordinates i s located at the geometric centre of the p late 

* Published in the In t . J. Sol ids and Structures , 1993. 
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(vide Fig .3 In Paper II# Chapter I ) . The d e f l e c t i o n s are 

consldeired to be of the same order of magnitude of the p l a t e 

th ickness , the edge- length being s u f f i c i e n t l y large compared 

to the t h i c k n e s s . 

NOW the uncoupled s e t of d i f f e r e n t i a l equations In 

rectangular Cartesian co -ord ina te s , governing the thermal 

behaviours of e l a s t i c p l a t e s (vide Ref• i67 ) are given by 

V'^VI •^(1^ ̂ ^^) -^\j^^{(Mr<Mn 

where 

It is to be noted that in the derivation of the above 

equations (1) and (2) in rectangular Cartesian co-ordinates, 

the expression 

In the total P.E. of the elastic plate (Ref.167 ) has been 

replaced by 

As a consequence the partial differential equations gover­

ning the deflection of the plate have become uncoupled and 
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the two decoupled d i f f e r en t i a l equations (1) and (2) have 

been obtained. 

In the present problem, the temperature i s assumed 

to vary l inea r ly with respect to the thickness d i r ec t ion z* 

We a l so note that (Ref.167) 

T(x,y,2) = T^Cx.y) + 2 t ( x,y) 

in which 

where 

T^= T(x ,y ,+§ ) and T2= T ( X , Y , - j). 

Clearly ^ i s the temperature in the middle plane and f var ies 

along the thickness of the p la t e and hence f / "t » 

The plan of the skew co-ordinates (x-^y. , Q ) is shown 

in Pig.3 in the Paper I I , Chapter I . 

We now transform the equation (2) in oblique co-ord i -

n t e s . For Simply-Supported p l a t e s the boundary condit ions are 

w = 0 at x^=±a and a t y. = ± a • 

^ = 0 at x^=±a and | ^ = O a t yj = ± a . 

Then l e t us choose the deflection function for the Simply-Supp­

or ted p l a t e as 

w = w Cos ^l^coE 7̂ Y< 

(3) 

which clearly satisfies the above-mentioned boundary condi­

tions . 
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Now putt ing (3) in the transformed form of equation 

(2) In oblique co-ordinates and then Integrating i t over the 

e n t i r e surface of the plate^ we obta in the value of A In the 

fo l lowing form 

(4) 

(As normal displacement W Is our primary i n t e r e s t , the i n -

plane displacements u ,v have been e l iminated through I n t e ­

gra t ion by the choice of appropriate functions for such d i s ­

placements) . Again transforming the equation (1) In oblique 

c o - o r d i n a t e s , introducing (3) and (4) in the transformed 

equation and then applying the Galerkin's error mlniniising 

technique we get the fol lowing equation determining central 

d e f l e c t i o n parameter W / h depending on thermal load func­

t i o n q 'aVsh^ 

(5) 

where 

s = 2(a /h)2c i +i;')cx^'ro 

^""^ q ' = q-Da^(l + 1 ; - ) V 2 T . 
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The equa t i on (5) i s a p p l i c a b l e for the Imraovable edge 

e o n d i t i o n s of the Simply-Supported skew p l a t e . For the mova­

b l e edge c o n d i t i o n s we have A = O, so t h a t t he e q u a t i o n (5) 

t a k e s the fonn 

( 6 ) 

NUMERICAL RESULTS 

Numerical r e s u l t s a re p r e s e n t e d here i n t a b u l a r 

forms (Tables 1 and 2) fo r 3 = 0, 0 . 1 , 9 = O° ,15° ,30° 

and q 'aVfih^ = 2 , 4 , 8 , 1 0 . 



TABLE - 1 

S = 0, I . e . -f = 0 

n • - - — • ' — ' • • - ' • ' ' ' • 

, . i Yf 

Q A I °/^ ^Y P r e s e n t Method 

Eh* ; e = 0^ 
1 

1 Movable Immovable 
( Edge Edge 

e = i5° 

Movable Immovable 
Edge Edge 

e . 30° 

Movable inmovable 
Edge Edge 

1 Bll 

W / h by B e r g e r ' s 

(Rcf .134 ) 1 -
e m QO 1 e = 15 

Immovable j Bmiovable 
Edge 1 Edge 

Method * 

G = 30° 

immovable 
Edge 

1 .30156 0 . 9 1 4 3 5 1 .08167 0 . 8 2 0 6 9 0 . 6 2 6 9 0 .53604 0 . S 0 1 3 0 . 7 9 9 7 2 0 . 5 3 6 7 1 

2 . 1 9 0 9 1 .3131 1 .85443 1 .20857 1 .14734 0 .84631 1 .29017 1 . 1 6 8 8 8 0 . 6 4 8 

8 3.23354 

10 3 . 7 3 4 9 8 

1 .78866 2 . 8 5 8 1 1 .67119 1 . 8 9 6 7 5 1 .22355 1 .75406 1 . 6 0 9 0 2 1 .2266 

1 .9613 3 .2243 1 .83866 2 . 1 7 9 7 7 1.3597 1 .92254 1 . 7 6 8 4 7 1 .36324 

* B e r g e r ' s method has been a p p l i e d t o the p r e s e n t problem by n e g l e c t i n g e j , the s e c o n d s t r a i n 

I n v a r i a n t , I n t h e e x p r e s s i o n f o r t o t a l P . E . o f t h e p l a t e . 

o 



TABLE - 2 

S = 0 . 1 , I . e . ^9<? 0 

rr';*4 
q 'a 
Eh^ 

W / h by P r e s e n t Method 

e = 0° 

Movable Iroroovable 
Edge Edge 

e 

Movable 
Edge 

1 

- 15° 

Immovable 
Edge 

e = 

Movable 
Edge 

30° 

Dwnovable 
Edge 

W^/h by B e r g e r ' s Method * 

( Ref .134 ) 
e = 0 

Immovable 
Edge 

1 ' 

' o f o e « 15° 1 e « 30° 

Immovable | immovable 
Edge • Edge 

• 

1 .32786 0 . 9 4 9 8 5 1.10168 0 . 8 3 8 9 9 0 . 6 3 5 9 7 0 .55925 0 . 9 4 0 5 8 0 . 8 3 5 1 5 0 . 5 6 1 0 9 

2.22082 1.34324 1.87831 1 .20992 1 .1604 0 . 8 6 9 0 1 1 .32336 1 .19954 0 . 8 7 1 8 5 

8 3 , 3 5 1 0 6 1 .81316 2 .S8067 1 .65221 1 .9111 1 .24302 1 . 7 8 1 1 .63412 1 .24706 

10 3 . 7 6 1 1 8 1 .98415 3 .24585 1 .81269 2 . 1 9 3 8 5 1 .37799 1 .94764 1 .79188 1 .38247 

* e^ - 0 according to Berger's method. 

o> 
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OBSERVATIONS 

Prora the numerical a n a l y s i s of the under taken problem 

the fo l lowing o b s e r v a t i o n s a re made j 

( i ) The n a t u r e of the c e n t r a l d e f l e c t i o n of a skew p l a t e 

under thermal load ing i s the same a s t h a t of the p l a t e under 

mechanical l o a d i n g , i . e * the c e n t r a l d e f l e c t i o n i n c r e a s e s con­

t i n u o u s l y with t h e i n c r e a s e of load ing for any edge c o n d i ­

t i o n s of the skew p l a t e , whether movable o r immovable. 

( i i ) Cen t r a l d e f l e c t i o n f o r movable edge c o n d i t i o n s of 

t h e skew p l a t e i s always g r e a t e r than t h a t fo r immovable edge 

c o n d i t i o n s of the p l a t e , for t h e same loading in the two cases , 

( i l l ) I r r e s p e c t i v e of the edge c o n d i t i o n s , t h e c e n t r a l 

d e f l e c t i o n decreases wi th the i n c r e a s e of the skew a n g l e . 

( i v ) The r e s u l t s fo r immovable edge c o n d i t i o n s of the 

skew p l a t e ob ta ined by the p r e s e n t method, agree we l l wi th 

the r e s u l t s ob ta ined by Berger ' s method. I t i s to be noted 

t h a t Be rge r ' s method I s a p u r e l y approximate method based 

on the neg l ec t of ^j* But p r e s e n t s t u d y i s based on Baner-

j e e ' s hypothes i s which sugges ts a modified s t r a i n - e n e r g y 

e x p r e s s i o n , and thus t h i s model embraces l e s s approximat ion 

(Re£,i62 ) than t h a t of Berger. Again Berger ' s method i s 

meaningful only o r immovable edge c o n d i t i o n s of the p l a t e s . 

and 

(v) The d e f l e c t i o n s i n c r e a s e w i t h ^o* 



CHAPTER IV 

LARGE DEFLECTION ANALYSES OF SKEWED 

SANDWICH PLATES 
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PAPER I 

NON-LINEAR ANALYSES OF 

SKEWED SANDWICH PLATES* 

ABSTRACT 

Invest igat ions on f i n i t e deformation of sandwich p l a t e s 

are gaining Importance day by day due to I t s wide appl ica t ions 

in modern design* CXitstandlng research workers who car r ied out 

i n t e r e s t i ng inves t iga t ions in t h i s f i e ld are E.Reissner^ A.M. 

Alwan and J.L.Mowlnskl and H.Ohnabe 19/67,122 ^ N.Kamlya^^^ 

has offered a new se t of governing equations by using Berger 's 

approximation to study the non- l inear s t a t i c behaviours of sand­

wich p la tes* The author has analysed in d e t a i l the case of r e c ­

tangular sandwich p l a t e s . The accuracy of t h i s method deF>ends 

on a correc t ion fac tor F (b / a ) , 

In t h i s paper an attempt has been made to analyse the 

non-l inear behaviours of Simply—Supported skewed sandwich p l a t e s 

having an i s o t r o p i c core within i so t ropic upper and lower faces 

and under both s t a t i c and dynamic loadings. For the sake of sim­

p l i c i t y , skewed p la te in the form of rhombus has been considered. 

Following the modified s t r a i n energy expression proposed by 
162 B.Banerjee , a new se t of decoupled d i f f e r e n t i a l equations 

for sandwich p la tes^ In rec tangular ca r t e s ian co-ordinate system 

* Published in MECCANICA, I n t . J . I t a l i an Association of 

Theoretical and Applied Mechanics, 1993. 
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has been derived (Ref. l96 ) • Then t h i s s e t of d i f f e r e n t i a l 

equations has been transformed In o'bllque co-ordinates to 

s u i t them for skewed p l a t e s and solved by the Galerkln's t ech­

nique. Numerical re su l t s for rhombic sandwich p la t e s under 

mechanical as wel l as dynamical loadings are presented and 

the r e s u l t s of the s p e c i a l case,where the skew angle 6 - 0°, 

are compared with the other known r e s u l t s * The r e s u l t s f o r 

other skew angles are be l i eved to be completely new* 

GOVERNING EQUATIONS 

Let us consider a rhombic sandwich p l a t e of s i d e s ' a ' « 

having an i s o t r o p i c core as we l l as i s o t r o p i c upper and lower-

faces of Ident i ca l th ickness^t ' (vide F i g . l ) * The faces r e s * 

pond to the bending and membrane act ions of the p l a t e ; the 

core i s assumed to transfer only shear deformations* Moreover 

compared with the core th ickness 'h i the face t h i c k n e s s ' t l i s 

supposed t o be thin ehough to ignore a var ia t ion of s t r e s s 

in the th ickness d i rec t ion of the faces* 

NOW l e t \is s e t a rectangular c a r t e s i a n co-ordinate 

system ( x , y , z ) ; x ,y being i n the middle plane of the core 

and 2 the thickness d i r e c t i o n , p o s i t i v e downwards. Also l e t 

us s e t an oblique co-ordinate system ( x - , y . , e ) a t the same 

or ig in (one of the corners of the skew p l a t e ) , x - ,y - being 

p a r a l l e l to the s ides of the p l a t e , and 6 , the skew angle 

of the p l a t e (vide F i g . l in Paper I , Chapter 1 ) . 
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Fig- l : ELEMENT OF SKEWED (RHOMBIC) 

SANDTMICH PLATE . 
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Wow following the Banerjee's hypothesis,the di f feren­

t i a l equations In rectangular cartesian co-ordinate system 

governing the deflections and vibrations of sandwich p l a t e s , 

(Ref,196 ) are 

(1) 

where, ^ =q/(5'for non-linear s tat ic def lect ions , 

^_Cfit^-^^2h) ^ W £oj- non-linear e la s t i c vibrations. 

and 

ir=KC-#)"+H-^7}+l^+^ 
(2a) 

* constant^ for non-linear s ta t i c def lect ions , 

= Cf(t) for non—linear e l a s t i c vibrations, C being a constant 

depending on 6. (2b) 

In the above equations 

W Is the transverse deflection function, 

q, the lateral load distribution function, 

E, the VDung's Modulus of e l a s t i c i t y of the material 

of the upper and lower faces , 

Q', the shear Modulus of the core material, 

IP ^ the Polsson's Ratio of the Face material. 
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P P are the surface densi ty and core dens i ty r e s -
•'4. t •'9-

p e c t l v e l y , and f ( t ) , P ( t ) are the funct ions of time such that 

f ( t> » F ^ ( t ) . 

I t I s to be noted that the s tra in-energy express ion 

In Ref.196 / has been modified by using Banerjee*s hypo­

thes is^ which s t a t e s that the s tretching of the p la te Is p r o ­

port ional to 

[.iw<mn 
As a consequence of t h i s assumption, a s e t of uncoupled dlffe< 

ren t la l equations has been obtained as g iven above* 

ANALYSIS 

(A) Non-linear s t a t i c behaviours of Simply-Supported 

skewed sandwich p l a t e s — 

To f ind the normal displacement W, the In-plane d i s ­

placements u«and V of the upper and lower faces of the sand­

wich p l a t e are el iminated here , for obvious reasons* NOw with 

the help of the co-ordinate transformation equations 

X = Xj Cose and y * y, + x- sinG 

we transform the equations (1) and {2a) In oblique c o - o r d i n a t e s , 

as usual* 
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Let us choose W = Ŵ  Sin ^ ^ ^ Sin ^ i ^ (3a) 
o <a. ct 

S \ ibs t i tut ing(3a) in the transformed form of equation (2a) 

in oblique co-ordinates and integrat ing over the whole area 

of the plate we get 

(3b) 

Again choosing q = q„ Sin-^^^ Sin-^^^ (3c) 

we introduce (3a), (3b) and (3c) in the transformed form of 

equation (1) with ]K = q/G'. Now applying Galerkin procedure, 

we arrive at the following cubic equation determining W / the 

central deflection of a Simply-Supported rhombic sandwich plate 

-̂  A (5- ̂  11 ̂ dT̂ ê 4- 6̂ caTî e)}] ( ^ f - ^ [^^1^^^^^ (l 

-V2lan^e 

NUMERICAL RESULTS 

Table 1 shows different numerical results of the central 

deflections of a (0.254m. X 0.254m.) rhombic plate having 

tj = 6.35 X lO^^m, h = 1.7135 X 10""̂ n. 
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TABLE 1 

Showing W / h Vs 6 . 

= 16 .2 X lO^psm, G' = 9 . 3 X lO^psm, i? 0.3^ qaVEh^ = 10 

' ' 1 

va lue 
of e 

0° 

15° 

30° 

45° 

60° 

1 ' • ' 

va lue 

IMMOVABLE EDGE j 
• 

c a l c u l a t e d 
va lue 

1 .4988 

1 .3644 

1 .0328 

0 . 6 6 5 1 

0 , 3 4 5 0 

J 1 

; o t h e r known; 

:ii96rtmi 1 

1 .53 1.30 

MB « te 

-

-

^ mm 

Of W^/h 

MOVABLE 
• • ~ ' r 

c a l c u l a t e d ; 
v a l u e ! 

2 . 3 2 2 3 

2 . 1 5 6 3 

1 .6 360 

1 . 0 4 1 4 

0 . 5 0 5 1 

EDGE 

O t h e r known 
^value 
[ 1 9 6 ] 

2 . 5 8 8 

-

-

-

-

Note - For movable edge c o n d i t i o n s of the Simply^Supported 

plate fj = 0 . 
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(B) Non-linear dynamic iaehaviours of Simply-Supported 

skewed sandwich plates -

Let us now consider free vibrations of skewed sand­

wich plates. In this case also,we eliminate in-plane inertia. 

Then transforming equation (2b) in oblique co-ordinates, choo­

sing W = w^ Sin J ^ Sin^^^ P(t) (5a) 

for fundamental mode of vibration and then integrating the 

transformed equation over the whole domain of the plate we 

get 

iT - " s ^ ( i + ^ + zta-n.'̂ G)p\\) 
(5b) 

NOW transforming equation (1) with ^^-^ ^̂'̂'̂'*' ft^) "b^W 

in oblique co-ordinates, inserting (5a) and (5b) in the trans­

formed equation and then applying the Galerkin's procedure, 

we get the following equation for the time function. 

•V Z-t an^e)^+A (5-\-ll tan'^e 4-6-tan^e) | + i ^ ^ ^ ^ | ( l + l ^ 

-+2^aT?e) (l-^-^ + 4 tan^ G) H-A (5+17 tan^e+U^an^ e)l]]F^ 
= 0 . (6) 

The above equa t ion can be put i n the form 

F + AF + BF"̂  = 0, 

the f a m i l i a r Duff ing 's EJquation. 
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With the initial conditions F(0) » 1 and P(0),= 0, 

the solution of equation (6) is the well-known elliptic inte-

gral F(t) = C {(^i^,t^k)» The ratio of the non-linear frequ-

ency cO\ to the linear f requency CD̂ is given by 

col 

+ ztaTi'̂ e)(i-f A>+4tan^e)-hA(5-^man^e+u^a-n^e)! 

h ( 7 ) 
where h, « t . + 4f ,-> -. ff , , . j /->* n—;—?r 1 1 2 , COĵ  5S-/A and COjj^ » V A T B 

NUMERICAL RESULTS 

Numerical r e s u l t s of t h e r a t i o 6), /co.are shown i n 
^ 1 

Table 2. For calculations, the same data which are used in 

the study of static behaviours of sandwich plates, are used 

here also. 
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TABLE 2 

va lue 
of 
e 

0° 

15° 

30° 

45° 

60° 

0° 

15° 

30° 

45° 

60° 

Valv 
o f 
«o' 

0 

1 

—r-

l e ', 

^ 2 h . ^ 

J 

,5 

.0 

IMMOVABLE 

C a l c u l a t e d 
v a l u e 

1.15028 

1.16621 

1.22803 

1.36 556 

1.70764 

1.51413 

1.56211 

1.74133 

2 .11166 

2 .9435 

va lue o f 

EDGE 

O t h e r known 
value 

[196] [149] 

1.12 1 .14 

-

-

-

-

1.42 1.48 

-

-

-

- -

co*/c»)i 

MOVABLE EDGE 

. C a l c u l a t e d 
va lue 

1.03342 

1.03365 

1 .04313 

1 .06261 

1 .11940 

1 .12774 

1.12860 

1.16 300 

1.23150 

1 .41850 

O t h e r known 
v a l u e 

11961 

1 .024 

-

-

«• 

-

1.094 

-

-

-

-

Note - For movable edge condit ions of the Simply-Supported p la te 

l"* = 0, as usua l . 
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OBSERVATIONS 

From the calculated results* the following observa­

tions are made : 

(I) The results of both static and dynamic behaviours 

of a sandwich plate having skew angle e « 0° and aspect ratio 1 

are in excellent agreement with those obtained by Dutta* S. 

and Banerjee* B. ̂  

(II) It Is seen that the central deflection gradually 

decreases with the Increase in skew angle for both movable 

as well as immovable edge conditions. 

(ill) For any assumed skew angle the central deflec­

tion is greater for movable edge conditions than that for 

imnovable edge conditions. This is quite expected from the 

practical point of view. 

(iv) In the dynamic case* the frequency ratio <2«ii/ci>̂  

increases continuously with the skew angle 8* for both 

movable as well as immovable edge conditions of a skewed 

plate* the ratio for immovable edge conditions being always 

greater than that for movable edge conditions. 

Greater deflections* obtained in the present study 

in comparison to the deflections obtained from the other 

theories in open literature* Indicate acceptibility of the 

present method for practical purposes. 

The great advantage of the present method lies in the 

fact that the accuracy of this method does not depend on any 

140 correction factor and thus holds good for sandwich plates 

of different geometry. 



CHAPTER V 

LARGE AMPLITUDE FREE VIBRATIONS OF SKEW P L A T E S INCLUDING 

TRANSVERSE SHEAR DEFORMATION AND ROTATORY INERTIA -

A NEW APPROACH 
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PAPER I 

LARGE AMPLITUDE FREE VIBRATIONS OF SKEW PLATES INCLUDING 

TRANSVERSE SHEAR DEFORMATION AND ROTATORY INERTIA -

A NEW APPROACH* 

ABSTRACT 

In the present paper< an attempt has been made to 

study the large amplitude flexural vibrations of clamped and 

Simply-Supported homogeneous, transversely isotropic elastic 

rhombic plates Including the effects of transverse shear de-

foxmation and rotatory inertia. EJnploylng Banerjee's hypo­

thesis 162,179^ ^ j^^^ g^^ Q£ decoupled differential equa­

tions have been formed in oblique co-ordinates and the final 

equation for the time function has been obtained for a rhom­

bic plate by the use of well-known Galerkin technique. Compu­

tations are, however, restricted to the fundamental mode of 

flexural vibrations, which are usually considered sufficient 

for practical and engineering purposes. The governing equa­

tions derived here, agree witn those given in reference 179 / 

wnen the skew angle tends to zero. A good number of numerical 

results for clamped and Simply-Supported rhombic plates hav­

ing immovable as well as movable edge conditions are care­

fully computed. Some results for clamped rhombic plates are 

* Accepted for publication in the Journal of Sound an«) Vibration. 

To be appeared in the issue of November 1994. 
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compared w i t h those a v a i l a b l e i n the r e f e r e n c e s 146 ^nd 151 

To the a u t h o r ' s op in ion t h e agreement i s good* The r e s u l t s 

for Simply-Supported rhombic p l a t e s cou ld no t be compared 

due t o t h e absence of s i m i l a r r e s u l t s i n open l i t e r a t u r e . 

I t has been found t h a t t h e in f luences of skew a n g l e , t r a n ­

sverse s h e a r deformation and r o t a t o r y i n e r t i a on the l a r g e 

ampli tude v i b r a t i o n s of e l a s t i c p l a t e s a r e so dominant as 

not t o be s e t a s i d e dur ing ana lyses of t h e i r n o n - l i n e a r v i b r a ­

t i o n c h a r a c t e r s , 

ANALYSIS 

Let us cons ide r a rhombic p l a t e of skew angle 6 whose 

uniform t n i c k n e s s i s h and edge- l eng th 2« . The m a t e r i a l of t h e 

p l a t e i s homogeneous, t r a n s v e r s e l y i s o t r o p i c having mass den ­

s i t y p Young's Modulus E and P o i s s o n ' s Ra t io ^ • The o r i g i n 

of the c o - o r d i n a t e s i s l o c a t e d a t t h e geometr ic c e n t r e of the 

p l a t e (v ide F i g , 3 , Paper I I , Chapter I I ) . The d e f l e c t i o n s a r e 

cons idered t o be of the same o rde r of magnitude of the p l a t e 

t h i c k n e s s . 

We now cons ider t h e uncoupled s e t of d i f f e r e n t i a l equa-

t l o n s proposed by R.Bhat tacharJee and B.Banerjee . These 

equa t ions i n r e c t a n g u l a r c a r t e s i a n c o - o r d i n a t e s governing the 

v i b r a t i o n s of an e l a s t i c p l a t e take the fo l lowing forms 
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\2 

where 

oc being the coupling parameter of the system, 

r 2 ~]4 
and C = E / ( l - i / )p p tne speea or wave propagation along 

the surface of the p la te* 

We are hereby in t e r e s t ed ia the fundamental mode of 

t ransverse v ibra t ions of e l a s t i c p l a t e s on ly , for obvious 

reasons• 

With the help of the co-ordinate transformation 

equat ions, x = x- Cose , y = y^ + x^ Sin©, the equa­

t ions (1) and (2) are transformed in oblique co-ord ina tes . 

The transformed equations are respect ively 

+ 5 ^ 2 ^ <|->«^^ e ( - ^ - 2 Sin e ,^^+^)| i6c^6 ( ^ 
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+2(sec^eC-g^-2Sir,e^^^+Si^^e|^X|a-s^i^e|^^ 

(3) 

and 

(4) 

Now choosing the deflection function for the fun­

damental mode of vibrations as 

" =|-^o T(t) (l + cos f|i) (1 + cos ̂ ) (5) 

for a claroped rhombic plate« and as 

** ' ̂ 3ot(t) Cos ̂ t ^ cos ? ^ (6) 

for a Simply-Supported rhombic plate« and then Integrating 

the transformed equation (4) over the whole area of the pla­

tes / we respectively get 

oĉ  ~ tzJ^x (l+1>'+Ztan^e) 3 2 a 2 T c ? V ^ V T A T a r i o ; ^ (7) 
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for the clamped rhombic plate, and 

for the Simply-Supported rhombic plate. 

Here it is to be noted that for transverse vibration 

the normal displacement W(x,,y,,t) is our primary interest 

and hence the in-plane displacements u,v in equation (4) have 

been eliminated through integration by choosing suitable ex­

pressions for them in the forms 

u = ^^.(:yi)Sln^g2a^^(t)and V = Jh,(^i)COS^S^ A t ) 

Also it is to be noted that the deflection function in the 

form (5) satisfies the boundary conditions 

W = 0 along x^ «± a and y. = ± a ; 

^ ^ r=L ^ H . ss 0 along x^ = ±a and y^ = ±a 

for a skew plate clamped along all the four edges and the 

deflection function in the form (6) satisfies the boundary 

conditions 

W = 0 along x^ =±a and y^ =±a ; 

for a Simply-Supported skew p l a t e . 

Again introducing equations (5) and (7) or (6) and 

(8) , (as the case may b e ) , i n the transformed equation (3) 

and then applying the Gale rk ln ' s e r ro r minimising tech­

nique we get the following d i f f e r en t i a l equations for the 
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time function t ( t ) 

(9) 

for the clamped rhombic p la te^ and 

+ ^ {(l+-i>+2.̂ Ti^e)(l+ !?•+4ta-n^e) + A (5+17 Mn^e 

2 2 
for the Simply-Supported rhombic plate, where (D/ph) = h C_/12 

when D = EhVl2(l-V^) the Bending Rigidity of the plates, 

8 = h/2a the thickness-to-span ratio,/"- «= K(E/G ), (K being 

1 for Isotropic elastic plates^^^ ), the quantity signifying 

transverse shear deformation and rotatory inertia and ̂  = ̂ oo'^ 

the non-dimensional amplitude. The equations (9) and (10) are 

the familiar Duffing's equations. The solutions of these equa­

tions subject to the initial conditions T (0) = 1 and 't (0) = 0 

are well-Xnown and are obtained in terms of Jacobic elliptic 

functions. 
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NUMERICAL RESULTS 

Numerical r e s u l t s a r e p r e sen t ed h e r e i n the t a b u l a r 

forms^ both f o r immovable a s wel l as movable edge c o n d i t i o n s 

of modera te ly t h i c k i s o t r o p i c skew p l a t e s • I t i s to be borne 

in mind t n a t fo r movable edge c o n d i t i o n s oc = 0 . This i s b e ­

cause movable edge impl i e s s t r e s s - f r e e boundary. 

The r a t i o s of the n o n - l i n e a r p e r i o d T* of v i b r a t i o n s 

inc lud ing t h e e f f e c t s of t r a n s v e r s e shea r deformation and ro ta ­

t o r y i n e r i t i a to the cor responding l i n e a r p e r i o d T o t v i o r ^ -

t i o n s not i n c l u a i n g those e f f e c t s a re computed f o r skew a n g l e s 

e = 0°, 15° , 30° and 45° ; t h i c k n e s s pa r ame te r s 8 = 0 . 1 , 0 . 0 5 , 

0.03 and 0 .025 ; P o i s s o n ' s Ra t io |^ = 0 . 3 ; /^ >= 2 . 5 , 20 and 30 

and a t non-dimensional ampl i tudes of v i b r a t i o n ^ = 0 , 0 . 2 , 

0 . 4 , 0 . 6 , 0 .8 and 1 (Tables 1 - 7 ) . In t h e Table 8 , the 

r e s u l t s of t h e p r e s e n t s t u d y a re compared w i th those o b t a i n e d 

from the r e f e r e n c e s 146 and 151 . 
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TABLE 1 

Clamped Square P l a t e ( 6 = 0°) 

T*/T for Zranovable Edge T*/T for Movable Edge 

1/10 

1 /20 

1/30 

1/40 

0 

0 . 2 

0 . 4 

0 . 6 

0 . 8 

1 .0 

0 

0 . 2 

0 . 4 

0 . 6 

0 . 8 

1 .0 

0 

0 . 2 

0 . 4 

0 . 6 

0 . 8 

1 .0 

0 

0 . 2 

0 . 4 

0 . 6 

0 . 8 

1 .0 

1.0356 

1.0300 

1.0138 

0 .9886 

0 .9562 

0 . 9 1 9 1 

1.0090 

1.0041 

0 . 9 8 9 8 

0 . 9 6 7 3 

0 .9384 

0 . 9 0 4 8 

1.0040 

0 .9992 

0 . 9 8 5 3 

0 . 9 6 33 

0 . 9 3 5 0 

0 . 9 0 2 0 

1 .0023 

0 . 9 9 7 5 

0 . 9 8 3 7 

0 . 9 6 1 9 

0 . 9 3 3 8 

0 . 9 0 1 1 

1.2565 

1 .2438 

1.2079 

1.1546 

1.0907 

1.0224 

1.0699 

1.06 34 

1.0447 

1.0156 

0 . 9 7 8 8 

0 . 9 3 7 0 

1.0317 

1.0262 

1.0103 

0 .9855 

0 .9536 

0 . 9 1 7 0 

1.0179 

1.0128 

0 .9979 

0 . 9 7 4 5 

0 .9444 

0 .9096 

1.3669 

1.3494 

1.3007 

1.2304 

1.1490 

1.0648 

1,1032 

1.0958 

1,0744 

1.0414 

1.0001 

0.9536 

1.0471 

1.0413 

1.0243 

0 .9977 

0 .9639 

0.9252 

1.0268 

1.0214 

1.0059 

0 .9817 

0.9504 

0.9144 

1.0356 

1 .0331 

1.0259 

1.0142 

0 . 9 9 8 5 

0 . 9 7 9 5 

1.0090 

1.0069 

1 .0005 

0 .9902 

0 . 9 7 6 3 

0 . 9 5 9 3 

1.0040 

1.0019 

0 . 9 9 5 7 

0 . 9 8 5 7 

0 . 9 7 2 1 

0 . 9 5 5 5 

1 .0023 

1.0002 

0 . 9 9 4 0 

0 . 9 8 4 1 

0 .9706 

0 . 9 5 4 1 

1.2565 

1.2509 

1.2344 

1.2084 

1.1746 

1.1352 

1.0699 

1.0671 

1.0587 

1.0451 

1.0270 

1.0051 

1.0317 

1.0293 

1.0222 

1.0107 

0 .9953 

0 .9765 

1.0179 

1.0157 

1.0090 

0 .9983 

0 .9838 

0 .9661 

1.3669 

1.3591 

1.3365 

1.3012 

1.2564 

1.2052 

1.0132 

1.0999 

1 .0903 

1.0748 

1.0542 

1.0294 

1 .0471 

1.0446 

1.0370 

1.0247 

1.0082 

1.9882 

1.0268 

1.0244 

1.0175 

1.0063 

0 .9912 

0 . 9 7 2 8 



TABLE 2 

Clamped Rhombic P l a t e w i t h Skew Angle 9 = 15^ 

84 

s 

1/10 

m J0\ j ^ 

1/20 

1/30 

1/40 

P 

0 

0 , 2 

0 . 4 

0 . 6 

0 , 8 

1 .0 

0 

0 . 2 

C.4 

0 . 6 

0 . 8 

1 .0 

0 

0 . 2 

0 . 4 

0 . 6 

0 . 8 

1 .0 

0 

0 . 2 

0 . 4 

0 . 6 

0 . 8 

1 .0 

T*/T f o r 

/ ^ ^ 2 . 5 
1 

1.0381 

1 .0323 

1.0156 

0 .9994 

0 .9567 

0 .9186 

1.0097 

1.0046 

0 . 9 9 0 0 

0 .9674 

0 .9375 

0 . 9 0 3 3 

1 .0043 

0 . 9 9 9 9 

0 .9857 

0 .96 38 

0 .9340 

0 . 9 0 0 5 

1.0029 

0 . 9 9 7 9 

0 .9838 

0 . 9 6 1 3 

0 .9327 

0 .8995 

immovable 

>"-= 20 ' 

1.2730 

1.2590 

1.2198 

1.1621 

1.0937 

1.0213 

1.0748 

1.0680 

1.0483 

1.0179 

0.9796 

0.9362 

1.0339 

1.0282 

1.0118 

0.9862 

0 .9535 

0 .9159 

1.0192 

1.0139 

0.9986 

0.9746 

0 .9438 

0 .9083 

Edge 

1 

1 

1.3895 
1 .3700 

1 .3163 

1.2395 

1.1518 

1.0624 

1 .1103 

1.1024 

1.0797 

1.0449 

1.0015 

0 . 9 5 3 0 

1.0504 

1.0443 

1.0266 

0 .9991 

0 .9641 

0 .9242 

0 .0287 

1.0232 

1.0071 

0 . 9 8 2 1 

0 . 9 5 0 1 

0 .9132 

1 

•TVT for 
1 

; /U = 2 . 5 
1 

1.0381 
1.0356 

1 .0283 

1.0165 

1.0007 

0 .9814 

1.0097 

1.0075 

1.0011 

0 .9909 

0 . 9 7 7 0 

0 . 9 6 0 1 

1.004 3 

1.0022 

0 . 9 9 6 1 

0 .986 0 

0 .9725 

0 .9560 

1.0029 

1.0004 

0 . 9 9 4 3 

0 .984 3 

0 .9710 

0 .9546 

Movable Edge 

J / t = 20 
t 

1.2730 
1.2670 

1.2493 

1.2217 

1.1859 

1.1444 

1.0748 

1.0718 

1.0632 

1.0494 

1.0309 

1.0085 

1.0339 

1.0315 

1.0243 

1.0128 

0 .9973 

0 .9783 

1.0192 

1.0170 

1.0103 

0 .9995 

0 .9850 

0 .9673 

;/ t .= 30 

1 .3895 
1.3810 

1.3566 

1 .3418 

1.2708 

1 .2163 

/ 1 . 1 1 0 3 

1.1069 

1.0969 

1.0809 

1.0596 

1.0341 

1.0504 

1.0478 

1.0401 

1.0276 

1.0109 

0 .9906 

1.0287 

1 .0263 

1.0194 

1.0081 

0 .9929 

0 .9744 
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TABLE 3 

Clamped Rhombic P l a t e w i t h Skew Angle 6 = 30 

T*/T f o r Ininovable Edge ; T*/T f o r Movable Edge 

1/10 

1/20 

1/30 

1/40 

0 

0 . 2 

0 . 4 

0 . 6 

0 . 8 

1 .0 

0 

0 . 2 

0 . 4 

0 , 6 

0 . 8 

1 .0 

0 

0 . 2 

0 . 4 

G.6 

0 . 8 

1 .0 

0 

0 . 2 

0 . 4 

0 . 6 

0 . 8 

1 .0 

1.0471 

1.0407 

1.0221 

0 . 9 9 3 3 

0 . 9 5 6 8 

0 . 9 1 7 5 

1.0120 

1.0066 

0 . 9 9 1 1 

G.9677 

0 .936 5 

0 . 8 9 9 5 

1.0054 

1.0002 

0 .9849 

0 .96 16 

0 . 9 3 1 3 

0 .8964 

1.0039 

0 .9985 

0 .9839 

0 .9598 

0 .9299 

0 . 8 9 5 3 

1.3311 

1.3126 

1.2614 

1.1883 

1.1046 

1.0192 

1.0922 

1.0843 

1.0615 

1.0266 

0.9832 

0 .9348 

1.0420 

1.0357 

1.0176 

0 .9903 

0 .9537 

0.9132 

1.0238 

1.0181 

1.0015 

0.9757 

0 .9427 

0 .9050 

1.4690 

1.4421 

1.3698 

1.2706 

1.1622 

1.0567 

1.1355 

1.1260 

1.0989 

1.0586 

1.0074 

0 . 9 5 2 3 

1.0624 

1.0555 

1.0355 

1.0046 

0 . 9 6 5 9 

0 . 9 2 2 1 

1.0356 

1.0295 

1.0119 

0 .9925 

0 . 9 4 9 9 

0 . 9 1 0 3 

1 .0471 

1.0446 

1.0370 

1.0247 

1 .0083 

0 . 9 8 8 3 

1 .0120 

1.0115 

1.0035 

0 . 9 9 3 3 

0 .9794 

0 . 9 6 2 5 

1.0054 

1 .0033 

0 .9972 

0 . 9 8 7 3 

0 . 9 7 3 9 

0 . 9 5 7 5 

1.0039 

1 .0010 

0 . 9 9 5 0 

0 . 9 8 8 8 

0 . 9 7 2 0 

0 . 9 5 5 8 

1.3311 

1.3236 

1.3020 

1.2682 

1.2252 

1.1759 

1.0922 

1.0891 

1.0797 

1.0647 

1.0447 

1.0206 

1.0420 

1.0395 

1.0321 

1.0201 

1.0041 

0.9846 

1.0238 

1.0216 

1.0148 

1.0039 

0.9892 

0 .9712 

1.4690 

1.5481 

1.4269 

1.3792 

1 .3200 

1.2541 

1.1355 

1.1317 

1.1205 

1 .1131 

1.0789 

1.0507 

1.0624 

1.0596 

1.0515 

1 .0383 

1.0207 

0 . 9 9 9 3 

1.0356 

1.0331 

1.0260 

1.0144 

0 .9988 

0 .9798 
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TABLE 4 

Clamped Rhombic P l a t e w i t h Skew Angle © 45^ 

s 
-L. 

1/10 

1 /20 

« > « k ^^ 

1/30 

1 /40 

P 

0 

0 . 2 

0 . 4 

0 . 6 

0 . 8 

1 . 0 

0 

0 . 2 

0 . 4 

0 . 6 

0 . 8 

1 . 0 

0 

0 . 2 

0 . 4 

. 0 . 6 

0 . 8 

1 . 0 

0 

0 . 2 

0 . 4 

0 . 6 

0 . 8 

1 . 0 

T*/T for 

M' 2 .5 ! 

1 .0699 

1 .0621 

1 .0395 

1 .0049 

0 . 9 6 2 0 

0 .9147 

1 .0180 

1 .0140 

0 ,9947 

0 . 9 6 7 9 

0 .9338 

0 . 8 9 4 9 

1 .0080 

1 .0024 

0 . 9 8 9 9 

0 .9666 

0 .9292 

0 .8910 

1 .0045 
0 . 9 9 9 0 

0 . 9 8 4 3 

0 .9591 

0 .9262 

0 .8897 

Irnmovable 

yU,» 20 

1.4690 

1.4381 

1.356 3 

1.2468 

1.1308 

1.0196 

1.1355 

1.1250 

1.0949 

1.0498 

0 .9954 

0.9364 

1.0624 

1.0548 

1.0354 

0.9997 

0 .9580 

0 .9120 

1.0356 
1.0290 

1.0100 

0.9806 

0.9436 

0.9027 

Edge 

i / ^ = 30 

1 .6543 

1.6070 

1.4870 

1.3360 

1.1855 

1.0596 

1.1976 

1.1840 

1.1622 

1.0903 

1.0246 

0 .9554 

1.0922 

1.0835 

1.0584 

1.0204 

0.9736 

0 .9221 

1.0529 

1.0457 

1.0249 

0 .9939 

0 .9520 

0 .9081 

1 

' T*/T 
1 1 

1 

; / ^ = 2 . 5 
1 
< 

1 .0699 

1 .0670 

1 .0585 

1 .0448 
1.0266 

1 .0045 

1 .0180 

1 .0158 

1 . 0 0 9 3 

0 .9988 

0 .9847 

0 .9695 

1 .0080 

1 .0060 

0 . 9 9 9 9 

0 . 9 9 0 0 

0 .9766 

0 . 9 6 0 3 

1 .0045 

1 .0025 

0 , 9 9 6 5 

0 . 9 8 6 9 

0 . 9 7 8 8 

0 . 9 5 9 9 

for Angle 

1 

; /<<» 20 
1 

1.4690 

1.4575 
1.4247 

1.3749 
1 .3133 

1.2452 

1.1355 

1.1316 

1.1202 

1.1020 

1 .0779 

1.0492 

1.0624 

1.0596 

1.0514 

1.0382 

1.0206 

0 .9992 

1.0356 

1.0331 

1.0260 

1.0111 

0 .9990 

C.9802 

Edge 

; / i « 30 

1 .6543 

1.6366 

1.5870 

1.5136 
1.4264 

1.3838 

y 1.1976 

1.1926 

1.1780 

1.1550 

1 .1249 

1.0895 

1.0922 

1.0890 

1.0796 

1.0644 

1.0442 

1.0199 

1.0529 
1.0502 

1,0424 

1.0298 

1.013C 

0.9925 
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TABLE 5 

Simply-Supported Rhombic Plate with Skew Angle 6 = 15 

8 

1/10 

1/20 

1/30 

1/40 

• 

0 

0 . 2 

C.4 

0 . 6 

0 . 8 

1 .0 

0 

0 . 2 

0 . 4 

0 . 6 

0 . 8 

1 .0 

0 

0 . 2 

0 . 4 

0 . 6 

0 . 8 

1 .0 

0 

0 . 2 

0 . 4 

0 . 6 

0 . 8 

1.0 

T*/T fO 

/^= 2 . 5 

1.0287 

1.0158 

0 . 9 8 0 1 

0 .9284 

0 . 8 6 8 1 

0 .8056 

1.0072 

0 .9952 

0 .9617 

0 . 9 1 2 8 

0 .8556 

0 .7957 

1 .0033 

0 .9914 

0 .9582 

0 . 9 0 9 9 

0 .8532 

0 . 7 9 3 9 

1.0018 

0 . 9 9 0 0 

0 . 9 5 7 0 

0 . 9 0 8 9 

0 . 8 5 2 3 

0 .7932 

r Immovable 

;/<.= 20 

1.2104 

1.1692 

1.1318 

1.0525 

0.9652 

0 .8795 

1.0566 

1.0426 

1.0039 

0 .9483 

0 .8841 

0.818C 

1.0255 

1.0128 

0 .9774 

0 .9261 

0 .8663 

0 .8041 

1.0144 

1.0021 

0 .9679 

0 .9181 

0 .8598 

0 .7991 

! Eoge 

/<-= 30 

1 .3031 

1.2765 

1.2057 

1.1104 

1.0086 

0.9112 

1,0838 

1.0686 

1.0270 

0 .9674 

0 , 8 9 9 3 

0 .8298 

1.0381 

1.0249 

0 .9882 

0 .9351 

0 .8735 

0 .8098 

1.0216 

1.0090 

0 .9741 

0 .9232 

0 .8640 

0 .7763 

T*/T 

i /^= 2 . 5 

1.0287 

1 .0261 

1 .0183 

1.0058 

0 . 9 8 9 1 

0 .9689 

1.0072 

1.0048 

0 .9976 

0 .9858 

0 .9702 

0 .9511 

1 .0033 

1.0008 

0 .9937 

0 . 9 8 2 1 

0 .9666 

0 .9477 

1.0018 

0 .9994 

0 . 9 9 2 3 

0 . 9 8 0 8 

0 . 9 b 5 3 

0 .9465 

for Movable Edge 

:A= 20 

1.2104 

1.2062 

1.1934 

1.1731 

1.1463 

1.1145 

1.0566 

1.0537 

1.0453 

1.0318 

1.0137 

0 .9919 

1.0255 

1.0229 

1.0153 

1.0029 

0 .9864 

0 .9663 

1.0144 

1.0120 

1.0045 

0 .9926 

0 .9765 

0 .9571 

1 

i/̂ = 30 
f 

1.3031 

1.2976 

1.2817 

1.2564 

1.2235 

1.1848 

1.0838 

l ' :0807 

1.0716 

1.0570 

1,0375 

1.0140 

1.0318 

1.0354 

1.0274 

1.0146 

0 .9974 

0 .9766 

1.0216 

1.0190 

1.0115 

0 .9992 

0 .9829 

0 .96 30 
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TABLE 6 

Simply-Supported Rhombic P l a t e with Skew Angle 6 = 30*" 

8 

1/10 

1/20 

1/30 

1/40 

J 

0 

0 . 2 

0 . 4 

0 . 6 

0 . 8 

1 .0 

0 

0 . 2 

0 . 4 

0 . 6 

0 . 8 

1 .0 

0 

0 . 2 

0 . 4 

0 . 6 

0 . 8 

1 .0 

0 

0 . 2 

• 0 .4 

0 . 6 

0 . 8 

1 .0 

; T*/T f o 

; / ^= 2 . 5 

1.0356 

1 .0223 

0 , 9 8 5 5 

0 . 9 3 2 3 

0 .8707 

0 . 8 0 6 9 

1 .0090 

0 . 9 9 6 9 

0 .9632 

0 . 9 1 4 1 

0 .8566 

0 .7966 

1 .0040 

0 . 9 9 2 2 

0 . 9 5 9 0 

0 .9107 

0 . 8 5 3 9 

0 .7946 

1 .0023 

0 . 9 9 0 5 

0 . 9 5 7 5 

0 .9094 

0 . 8 5 3 0 

0 . 7 9 3 9 

r Immovabl< 

;/^= 20 

1.2565 

1.2309 

1.1627 

1.0710 

1.9728 

0 . 8 8 0 0 

1.0699 

1.0551 

1.0140 

0 .9554 

0 . 8 8 8 3 

0 .81S7 

1.0317 

1.0186 

0 . 9 8 2 3 

0 . 9 1 5 3 

0 .8686 

0 .8054 

1.0180 

1.0055 

0 .9707 

0 . 9 2 0 3 

0 .S614 

0 .8001 

B Edge 

:A= 30 

1.3669 

1.3332 

1.2456 

1.1319 

1.0151 

0 .9207 

1.1032 

1.0867 

1.0413 

0.9772 

0.9C47 

0 .8315 

1.0471 

1.0333 

0.S952 

0.9402 

0.8767 

0 .8113 

1.0268 

1.0139 

0.9782 

0.9264 

0 .8661 

0 .8035 

; T*/T f o r MDvable 
1 
] 
;A= 2.5 :A= 20 
r 1 
> 1 

1.0356 

1 .0331 

1 .0261 

1.0146 

0 .9992 

0 . 9 8 0 4 

1.0090 

1 .0068 

1 .0003 

0 . 9 8 9 8 

0 .9757 

0o9584 

1 .0040 

1.0019 

0 . 9 9 5 5 

0 .9852 

0 . 9 7 1 3 

0 .9542 

1 .0023 

l.OOCl 

0 . 9 9 3 8 

0 . 9 8 3 5 

0 . 9 6 9 7 

0 . 9 5 2 8 

1.2565 

1.2519 

1 .2383 

1.2167 

1.1883 

1.1546 

1.0699 

1 . 0 6 7 2 ^ 

1.0593 

1.0465 

1.0293 

1.0085 

1.0317 

1.0293 

1.0223 

1.0110 

0 .9957 

0 .9772 

1.0180 

1.0157 

1.0090 

0 .9982 

0 .9836 

0 . 96 58 

Edge 

!/C= 30 

1.366S 

1.3604 

1 . 3 4 n 

1.3122 

1.2743 

1.229S 

1.1032 

1.1002 

1.0914 

1.0772 

1 .058: 

1 .035; 

1.047] 

1.0446 

1.037-

1.0252 

1.0094 

0.989S 

1.026£ 

1.C24E 

1.0176 

1.0064 

0.9914 

0 .9731 
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ĉ
 

-J
 

en
 

O
 

»-
•
 

o
 

l-
»
 

o
 

«
^ 

•
J 

O
N I-
'
 

o
 

O
N 

V
O 

V
O 

>-
»
 

o
 

o
 

O
N o
 

o
 

O O
N 

V
O 

V
O 

•
 o
 

o
 

V
D en
 

o
 

0
0
 

ON
 

o
 

0
0
 

en
 

o
 

V
O 

<7
N 

•
J 

V
O 

O 0
0
 

o
 

0
5
 

V
D
 

O
 

•
 0
0
 

o
 

0
0
 

en
 

0
0
 

o
 

V
D
 

O
 

V
D
 

O
 

V
O
 

t
o
 

en
 

(7
N o
 

V
O 
0
3
 

ĉ
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I t i s t o be n o t e d t h a t f o r 9 = 0 i n t h e c a s e of S i m p l y - S u p p o r t e d I s o t r o p i c 

p l a t e , t h e r e s u l t s of t h e p r e s e n t s t u d y e r e i n e x a c t a g r e e m e n t w i t h t h o s e 

o b t a i n e d i n r e f e r e n c e 179 • 

TABLE 8 

Some c lamped p l a t e r e s u l t s compared w i t h t h o s e o b t a i n e d from r e f e ­

r e n c e s 146 and 1 5 1 ; / * '= 2 . 5 , V = 0 . 2 5 , S = 0 . 1 . 

T*/T 

P 

Immovable Edge ! Movable Edge 
1 1 

© = 15° i e = 30° ; e = 15° 

Present ', _ ^ , .^ ', P r e sen t ; _ ^ , . ^ i P r e s e n t ' ^ , - , 
Approach' ^^f-146: Approach I '^^^tl^ei Approach ' ^«f-151 

e = 30° 

P re sen t ] ^^£^^51 
Approach | 

0 1.03690 1 .0300 1.04578 1.0330 1 ,0369 1.0300 1 .04578 1 .0330 

0 , 2 1,03217 1 .0250 1.04036 1.0233 1 .0352 1.0260 1 .0440 1 . 0 2 9 3 

0 . 6 0 .9963 0 . 9 7 4 4 0 . 9 9 9 8 0 0 ,9800 1*0220 0 -9938 1 .03015 1.0C66 

1 .0 0.93466 0 . 8 9 2 5 0 .95154 0 .9056 0 . 9 9 6 8 0 . 9 4 7 0 1 ,00410 0 . 9 6 7 8 

O 



91 

OBSERVATIONS 

The n o n - l i n e a r behaviours of i s o t r o p i c e l a s t i c t h i c k 

skew p l a t e s a t l a rge ampl i tude t r a n s v e r s e v i b r a t i o n s a r e e v i ­

dent form the numerical r e s u l t s p r e s e n t e d h e r e . The combined 

e f f e c t s of t r a n s v e r s e s h e a r deformation and r o t a t o r y i n e r t i a 

on the l a r g e ampli tude v i b r a t i o n s of skew p l a t e s a re shown 

by a c o n s t a n t i nc rea se i n t h e n o n - l i n e a r p e r i o d T* wi th /^ , 8 

remaining cons t an t* The i n c r e a s e i n n o n - l i n e a r pe r iod i s l e s s 

fo r v i b r a t i o n s a t modera te ly l a rge ampl i tudes^ but th roughout 

the range of ampli tude fl , the e f f e c t o f / ^ i s very s i g h i f i -

c a n t . For the same value of /^ , as the t h i c k n e s s of the p l a t e 

d e c r e a s e s , T*/T decreases due to the dec r ea s ing i n f l u e n c e s 

of t r a n s v e r s e shear deformat ion and r o t a t o r y i n e r i t a . Those 

e f f e c t s a r e i n s i g n i f i c a n t fo r S ^ l / 3 0 . 

The pe r iod -ampl i t ude r e l a t i o n s h i p i s of the hardening 

type i . e . t he per iod of n o n - l i n e a r v i b r a t i o n decreases w i t h 

i n c r e a s i n g ampli tude i r r e s p e c t i v e of t h e boundary c o n d i t i o n s 

whether movable o r immovable. This i s a well-known pheno­

menon ^^^'^S-'^ . Again fo r a g iven value of / ^ , the p e r i o d 

r a t i o f o r a skew p l a t e (whether clamped o r Simply-Supported) 

with movable edge c o n d i t i o n s i s g r e a t e r than t h a t f o r a c o ­

r responding p l a t e wi th immovable edge c o n d i t i o n s . T h i s t r e n d 

i s in agreement with t h a t r epo r t ed in open l i t e r a t u r e f o r 

i s o t r o p i c r e c t a n g u l a r and skew p l a t e s . 

The pe r iod r a t i o v a r i e s s i g n i f i c a n t l y wi th skew ang le 

e . Square p l a t e s seem t o be more responding t o the i n f l u e n c e s 
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of transverse shear deformation and ro ta tory i n e r t i a a t small 

amplitudes than a t r e l a t ive ly large amplitudes, but , reverse i s 

the case with skew plates^ . For the same values of . /L , ^ and 

£ , T*/T genera l ly increases with 6 whether the p la te i s clamped 

o r Simply-Supported, AS 6 tends to zero, the present r e s u l t s 
179 agree exactly with those of Bhattacharjee and Banerjee in the 

case of Simply-Supported thick p l a t e . I t i s found also tha t for 

the same values of QtH', and S * T*/T i s g r e a t e r for clamped 

p l a t e than for Simply-Supported p l a t e . 

A comparative study of the resul ts / presented in Table 8 

speaks for i t s e l f . The la rger values of T*/T by the present 

approach ind ica te the influences of t ransverse shear deformation 

and rotatory i n e r t i a more prominently than by o ther approaches 

in open l i t e r a t u r e . 
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CONCLUSION OF THE THESIS 

The p r e s e n t p r o j e c t i s an humble a t tempt t o o f f e r a new 

s e t of uncoupled d i f f e r e n t i a l e q u a t i o n s i n ob l ique c o - o r d i n a t e s 

t o s tudy the n o n - l i n e a r behaviours of d i f f e r e n t rhombic p l a t e s 

(skew p l a t e s having a s p e c t r a t i o 1 ) , u n d e r • S t a t i c ' , •Dynamic* 

and'Thermal* l o a d i n g s . I t i s observed from the numer ica l r e s u l t s 

of t h e p r e s e n t s tudy ^ [as shown in t h e d i f f e r e n t t a b l e s fo r diffe< 

r e n t rhombic p l a t e s ( v i z . t h i n rhombic p l a t e s of uniform t h i c k ­

ness « rhombic p l a t e s of v a r i a b l e t h i c k n e s s , rhombic sandwich 

p l a t e s and t h i c k rhombic p l a t e s of uniform t h i c k n e s s j] , t h a t , 

t h e n o n - l i n e a r behav iour s of skew p l a t e s can be p r e d i c t e d wi th 

ease and accuracy by app ly ing the p r e s e n t s e t of d i f f e r e n t i a l 

e q u a t i o n s . Moreover r e s u l t s fo r Clamped and Simply-Supported 

p l a t e s w i th immovable as well as movable edge c o n d i t i o n s can be 

o b t a i n e d from the same s e t of d i f f e r e n t i a l e q u a t i o n s . This i s an 

a d d i t i o n a l advantage over Berger ' s equa t ion used by d i f f e r e n t 

a u t h o r s i n ana lys ing n o n - l i n e a r behaviours of e l a s t i c skew p l a t e s . 

Fur thermore , un l i ke Von-Kafrma^'s coupled d i f f e r e n t i a l equa t ions 

i n o b l i q u e c o - o r d i n a t e s , the proposed d i f f e r e n t i a l equa t ions 

o f f e r reasonably good r e s u l t s from the p r a c t i c a l p o i n t of view, 

wi th minimum computa t iona l l abour , because of i t s uncoupled foim. 

Thus c o n s i d e r i n g the s i m p l i c i t y , v e r s a t i l i t y and p r a c t i ­

c a b i l i t y , i t may be concluded t h a t the proposed d i f f e r e n t i a l 



equations presented in tne thesis are quite efficient to fill 

up void in the non-linear theory of skew plates. 
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Abstract—Non-linear static behaviour of rhombic plates has been analysed following Banerjee's 
hypothesis (B. Banerjee, Large deflections of polygonal plates under non-stationary temperature. 
J. Thermal Stresses 7, 285-292 (1984)). Calculations have been carried out for different skew angles. 
To test the accuracy of the theoretical results so obtained, experiments were carried out on copper 
and steel rhombic plates. The theoretical results were found to be in excellent agreement with those 
obtained from an analysis of the experimental data. 

INTRODUCTION 

Skew or oblique panels find wide applications in the aircraft and spaceship industry; hence, 
a study of the non-linear behaviour of skew plates is of great importance. In contrast to the 
non-linear behaviour analysis of elastic plates of geometries Uke circular, rectangular, 
triangular and elliptic, skew plates have not received much attention. This may be due to 
their relatively difficult mathematical models. 

The most important work in this field is due to Nowinski [2], who analysed the large-
amplitude oscillations of oblique panels having initial curvature. Two more interesting 
papers on non-linear vibration problems of skew plates are by Sathyamoorthy and Pandalai 
[3, 4]. They have analysed the non-linear flexural vibrations of simply supported skew 
plates of isotropic as well as anisotropic materials, using Berger's equation. In contrast to 
works on non-linear vibration problems of skew plates, the literature on non-linear 
deflection problems of skew plates is scanty. In this field three interesting papers could be 
located. Kennedy and Simon [5] carried out non-linear analysis of skew plates by the 
perturbation method. Srinivasan and Ramachandran [6] analysed the large deflections of 
skew plates of variable thickness using the Newton-Raphson procedure. Ashton's [7] work 
is on the linear static analysis of anisotropic skew plates. It is interesting to note that most of 
these investigations are carried out on skew plates of clamped edges only and the case of 
simply supported edges has not received proper attention. 

In this paper large deflections of simply supported rhombic plates are studied following 
Banerjee's approach. A set of uncoupled differential equations has been obtained in oblique 
coordinates and solved by applying the Galerkin technique. The case of a simply supported 
rhombic plate is discussed in detail. To test the accuracy of the method, experiments were 
carried out on copper and steel rhombic plates. The details of the experiments are given in 
the Appendix. The numerical results obtained from the theoretical and the experimental 
analysis are compared. The present method appears to be more acceptable from the 
practical point of view. 

* Formerly at: Department of Mathematics, Government Engineering College, Jalpaiguri and Hooghly Mohsin 
College, Serampore, Hooghly, West Bengal, India. 

Contributed by J. N. Reddy. 
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ANALYSIS 

Consider a rhombic plate of an elastic, isotropic material, having uniform thickness of h. 
Let the size of each side of the skew plate be a which is sufficiently large compared to h. The 
origin of the rectangular Cartesian coordinate (x, y) is located at one of the corners of the 
skew plate (see Fig. 1). The plate is considered to be simply supported along its edges and 
loaded uniformly all over. 

Following Banerjee's hypothesis [1], the differential equations, referred to the system of 
rectangular Cartesian coordinates are: 

V (̂a 
l2Afd^ 6/ 

V^w 
da)Y 

cy) ^ 

+ 2 + 4 dxdy J\dx D (1) 

where 
(a = the deflection normal to the middle plane of the plate 
V = Poisson's ratio of the material of the plate 

q = load per unit area acting on the plate 
D = the flexural rigidity of the plate = Eh^l\2(\ - v̂ ) 
E = the modulus of elasticity of the material of the plate 

1 du dv 
dx dy (2) 

which is a constant depending on the surface and edge conditions of the plate, and V̂  is the 
Laplacian operator. 

For a skew plate, let us adopt a system of oblique coordinates (Xj, >'i, 0), as shown in 
Fig. 1, 6 being the skew angle. 

Clearly, 
x = XiCos0, >> = ^i + Xj sin 0 (3) 

are the coordinate transformation equations. Hence the partial differential operators 
become 

ex ycxj cyi 

dx^ \dxl dxidyi 

1^ = 1^ 
dy ~ dyi 

+ tan^ 9 
dyi 

y, y 

Fig. 1. Plan form of skew plate. 
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and 

——- = secy -—-— 
oxoy \dxidyi dyi 

~ \dx\ dxidyi dyl) 

7'^ = sec*6 

dx\dyl dy\ 
(3a) 

Using these operators, transforming the differential equations (1) and (2) in oblique 
coordinates, we arrive at the following set of transformed differential equations: 

sec'^e 
d*co d'^m 

+ • 
d^co 

dx\ \dx\dy-^ ^ dx^^dyl 
+ 2(1 +2sin2 0) 

d*(o d^w 
+ • 

dx\dy\ dy\ 

\1A 
IF 

Jd- CO 
sec^0( ^r-^r — 2sin0 

\dxi 
8^co 

+ tan^ e—^ + v—y 
dxidyj dyi dyi 

fdoiV fdco_ 
dy^ 

dcoV d^co(doi\ 

\dx^ dyj dyl\dyj 
+ 4sec^0( —— sin0—y 

c7XiO)'i oyi 

da . 8(o\/ dco 

and 

^=-^sec^0 
dx. 

D 

2 s i n 0 | | ^ Y ^ ) + s i n ^ e | ^ 

(4) 

dxj\dy^ 8y^ + V 
dw 

dy^ 

„f du . ^du\ dv 
+ sec0 s i n 0 ^ + V-—, 

\dxi dyi J dy^ 

Now to solve the problem, let us assume 

. nx, . ny^ 
CO = co„ sin sin — 

a a 

(5) 

(6) 

COQ being the maximum central deflection. 
For the value of yl, let us integrate equation (5) over the whole area of the plate. Then we 

have 

j AcosOdx^dyi =-\ ^sec^O 
Jo Jo 2Jo Jo m-H^" 

After integration, we get 
^-»'S)(l^)j + V -— ycostiaxidy, . 

^ = ! ^ ( l + v + 2tan^0). (7) 

Here, it is to be noted that, since the normal displacements are our primary interest, the in-
plane displacements have been eliminated through integration by choosing suitable ex­
pressions for them, compatible with their boundary conditions. 

Now, applying Galerkin's method of approximation to the transformed differential 
equation (4) and keeping in mind the value of A from equation (7), we get the following 

file:///dxidyi


1010 A. K. RAY et al. 

cubic equation determining (I ( = cjoih). 

(1 + sin'e)(^]+-{[{[ +v) + (l-v)sin^0]^ 

Adopting the well known equation [8], of Berger with gjCl] neglected, the corresponding 
cubic equation determining the central deflection parameter (for immovable edges only) 
takes the following form (after applying Galerkin's technique): 

NUMERICAL CALCULATIONS 

For a steel plate we have £ = 2 x 10̂ ^ dyne/cm^ and v = 0.3, for which equation (8a) 
becomes 

(1 + sin2 0 ) ( ' ^ J + ^[(1.3 + O.Vsin^̂ )̂  

+ 0.09(5+ s i n ^ 0 ) ] ( ^ j = 22.66 X 10" ' ' ( ' ^ ' Jcos^e (9a) 

whereas for a copper plate we have E = 1.25 x 10'^ dyne/cm^ and v = 0.333, so that 
equation (8a) becomes 

(1 + sin20)( ^ j + ^[(1.333 + 0.667sin^0)2 

+ 0.11(5+ s in^0)] (^ J = 35.46 x lO- '5 (^ ' ) cos*0 . (9b) 

Also, for a steel plate equation (8b) becomes 

(1 + s i n ^ 0 ) [ ^ ] + l - 5 ( ^ Y = 22.66X lO- ' ' ( ' ^ )cos '^0 (9c) 

and for a copper plate it becomes 

(l + s in^(? ) ( ' ^ ' )+1 .5f^Y = 35.46xlO-»'('^')cos*0. (9d) 

Tables 1 and 2 present a comparative view of the various theoretical and experimental 
values of the central deflection parameter p ( = coo/h) for different values of the load 
function Q ( = qu'^/Dh), for the case of steel plate and copper plate, respectively. For 
movable edge conditions the value of A will be zero. (The experimental method is explained 
in the Appendix.) 

OBSERVATIONS 

It is observed from the two tables that the results of the present study are in excellent 
agreement with those obtained from the experimental analysis. It is well known that 
Berger's method fails [9] miserably under movable-edge conditions. The results for simply 
supported immovable edges, obtained by Berger's method (as shown in the Tables 1 and 2) 
show that this method is not even acceptable from the practical point of view. It is worth 
noting that Berger's method always gives less deflections for a given load. The errors of 
Berger's method (as shown in Tables 1 and 2) are certainly questionable from the view point 
of safety design. 



Table 1. The central deflection parameter (fi = (ojh) vs the load function (Q = qa*/Dh) for steel plate (a = 16 cm for skew angle 6 = 15° and a = 14 cm for 6 = 30°; h = 0.1343 cm) 

e 
qa^IDh 

Q 
qa^/Dh 

P (for e = 15°) 

Movable edges Immovable edges Percentage error 

Banerjee's 
hypothesis Experimental Percentage error Berger's method Banerjee's hypothesis Experimental Berger's method Banerjee's hypothesis 

111.72 
223.44 
335.16 
446.88 
558.6 

0.3716 
0.7038 
0.98592-
1.22484 
1.4303 

0.3872 
0.7372 
1.0201 
1.2882 
1.5115 

4% 
4 5 % 
3.3% 
4.9% 
5.4% 

0.3285 
0.5378 
0.6843 
0.7982 
0.8924 

0.3454 
0.5914 
0.7703 
0.9107 
1.027 

0.36485 
0.6329 
0.8414 
0.9903 
1.1244 

9.96% 
15% 
18.67% 
19.4% 
20.6%. 

5.33% 
6.56% 
8.45% 
8% 
8.66% 

o 
o' 
B 
O 

o-

3 

p (for 0 = 30°) 

Movable edges Immovable edges Percentage error 

Banerjee's 
hypothesis Experimental Percentage error Berger's method Banerjee's hypothesis Experimental Berger's method Banerjee's hypothesis 

The average percentage error from Banerjee's hypothesis is only around 6% for skew angles of 9 = 15°, 30° whereas from Berger's method it is around 17% for 9 = 15° and 10% for 9 = 30° 

t 

65.5 
131 
196.5 
262 
327.5 

0.12208 
0.2427 
0.3604 
0.4742 
0.5835 

0.134 
0.25316 
0.37975 
0.4989 
0.61802 

8.9% 
4.13% 
5.1% 
5% 
5.59% 

0.1202 
0.2301 
0.3254 
0.40782 
0.4795 

0.1209 
0.2346 
0.3369 
0.4276 
0.5081 

0.12658 
0.25316 
0.36485 
0.46165 
0.55845 

5% 
9.11% 

10.8 % 
11.66% 
14.2% 

4.49% 
7.33% 
7.66% 
7.4% 
9% 

•T3 

O 

3 -



Table 2. The central deflection parameter {P = cDjh) vs the load function (Q = qa*/Dh) for copper plate (a = 16 cm for skew angle 0 = 1 5 ° and a= 14 cm for 0 = 30°; h = 0.0789 cm) 

li (for 0= 15°) 

Movable edges Immovable edges Percentage error 

Q 
qa*/Dh 

1467.53 
2935.06 
4402.59 
5870.12 
7337.65 

Banerjee's 
hypothesis 

2.3727 
3.2506 
3.8437 
4.307 
4.6935 

Experimental 

2.4208 
3.308 
3.9924 
4.4867 
4.90494 

Percentage error 

2% 
1.7% 
3.72% 
4% 
4.3% 

Berger's method 

1.36820 
1.79580 
2.0891 
2.32003 
2.5138 

Banerjee's hypothesis 

1.57802 
2.08753 
2.43578 
2.7095 
2.93893 

Experimental 

1.673 
2,23067 
2.6109 
2.90241 
3.1559 

Berger's method 

18,22% 
19.5% 
19,98% 
20,07% 
20,35% 

Banerjee's hypothesis 

5.68% 
6.4% 
6.7% 
6.65% 
6.9% 

> 

pa 
p (for 0 = 30°) 

Movable edges Immovable edges Percentage error 

Q 
qa*/Dh 

860.2 
1720.4 
2580.6 
3440.8 
4301 

Banerjee's 
hypothesis 

1.2602 
1.9429 
2.4064 
2.765 
3.0617 

Experimental 

1.2801 
2.0279 
2.5095 
2.9404 
3.2319 

Percentage error 

1.55% 
4.2% 
4.1% 
6% 
5.3% 

Berger's method 

0.8553 
1.1901 
1.4156 
1.5913 
1.73760 

Banerjee's hypothesis 

0.9283 
1.3095 
1.5657 
1.7649 
1.9307 

Experimental 

0.9886 
1.40684 
1.6857 
1.90114 
2.09125 

Berger's method 

13.5% 
15.5% 
16% 
16.3% 
16.91% 

Banerjee's hypothesis 

6.1% 
6.92% 
7.12% 
7.17% 
7.7% 

The average percentage error from Banerjee's hypothesis is only around 5% for skew angles 0 = 15°, 30" whereas from Berger's method it is around 20% for 0 = 15" and around 15% for 
0 = 30". The errors are calculated considering the experimental results as standard (sacrificing instrumental and personal errors). 
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It is observed that deflections for movable edges are always greater than those for 
immovable edges. This is quite expected from the practical point of view, because movable 
edge conditions give stress-free boundary and, hence, there are large energy changes in the 
boundary. 

Here the results for skew angles 9 = 15° and 30° only have been considered, because for 
greater values of the skew angles the effect of non-linearity does not play important role in 
design, and the study of Unear analysis serves the practical purpose. 

CONCLUSIONS 

Von Karman's classical equations are in the coupled form and the transformations of 
these coupled equations in oblique coordinates will involve much mathematical complexity. 
So this entails difficulty in solution. Berger's equations, although decoupled are question­
able. Thus, the present method seems to be more advantageous. The main advantages are: 

(1) the differential equations are uncoupled and easy to solve; 
(2) it gives accurate results both for movable and immovable edge conditions; and 
(3) from a single cubic equation determining jS ( = ojo/h) the results could be obtained for 

movable as well as immovable edge conditions. 

Thus, to study non-linear behaviour of skew plates, the present method seems to be more 
acceptable. 
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A P P E N D I X 

Experimental arrangement 

A sketch of the apparatus used for the experimental purpose is shown in Fig. 2. Two skew boxes with upper side 
open are constructed and each of the four side walls are made of steel. Each vertical waU of one box is 16 cm and of 
the other is 14 cm. The upper side of each wall is made sharp (knife edge), care being taken to see that all the knife 
edges lie on the same horizontal plane. The walls of the box with sides 16 cm long are welded in a manner that the 
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CATHETO 
MCTER 

POINTER 

TO EXHAUST 
PUMf 

KNIFE EDGE 

KNIFE EDGE 

OETAIU PLAN OF KNIFE EDGE 
ARRANGEMENT 

Fig. 2. The experimental arrangement. 

two opposite angles are each 75° and the other two opposite angles are each 105". Two opposite angles of the 
second box with sides 14 cm long are each 60" and the other two opposite angles are each 120°. Two holes are 
drilled on two opposite sides of each box and fitted with short metal pipes, one of which acts as an air inlet and the 
other as an air outlet. 

For the experiment with the first skew box, the centre of the box is first found and then a plumb line is set as an 
indicator along the vertical line on which the centre of the box lies. For the free movable boundary conditions one 
test plate (which is approximately mirror surfaced) is symmetrically placed on the knife edges of the box and a 
pointer is fixed on the upper surface of the test plate with some adhesive along the plumb line. The outlet pipe is 
then joined to an exhaust pump by rubber tubing and the inlet pipe is joined to a standard vacuum meter and an 
air pressure regulator (as shown in the sketch). Along the contact line beneath the test plate some thick grease is 
used to make the box perfectly airtight. (Grease does not apply any appreciable tension on the plate.) When the 
exhaust pump operates, the box becomes evacuated, thereby causing the depression of the test plate by the excess 
outside air pressure, which is uniform all over the effective skew part of the test plate. The central deflection of the 
test plate is easily measured with the help of a precision cathetometer set at a distance of approximately 1.5 m from 
the pointer. 

To make the free boundaries of a skew plate immovable, four pieces of steel collars are taken whose lengths are 
equal to the length of outer boundary line of the skew plate. The collars are kept outside the box in contact with the 
lower surface of the plate and with the side walls of the box and then the collars are tightly clamped with the test 
plate using nuts and bolts in sufficient number well outside the boundary of skew section. 



MECCANICA 
International Journal of the Italian Association of Ttieoretical and Applied hAechanics AIMETA 

Editor: Professor Giullano August! 
Dip. di Ing. Strutturale e Geotecnica Univ. di Roma "La Sapienza" 
Via Eudossiana 18 - 00184 Rome (Italy) 
Tel. (+39.6)4458.5750 Fax (+39.6)448.4852 

Prof. G. August!, editor Te\. (+39.6)4458.5155 
Oottssa G. Corv!no, editorial assistantJel (+39.6)4458.5387 

Rome,July 5,1993 

Dr.Barun BAHERJEE 
Regional Education Officer 
Govt. West Bengal 
Jalpaiguri Division 
New Circular Road 
JALPAIGDRI, India 

Ref.:486 
Authors:RAY A.K.-BASERJEE B.-BHATTACHARYA B. 
Title :Hon-linear analysis of skewed sandwich plates. 

I an glad to infon you that the above Brief Note has been accepted for 
publication in HECCAHICA. 

Please find enclosed the Copyright Transfer Fon,that lust be returned to le, 
as soon as possible by express or air aail (not fax), together with the Infonation Fon. 

You shall receive the proofs directly froi the Publisher, probably within 2-3 
•onths. We recomend you to revise and send thei back iuediately, by fast lail (0(S) or courier. In 
this way you will lake sure of a speedy publication of your paper and avoid creating problems with 
respect to the working calendar established by the Journal for the printing of future issues. 

Thank you. 

P Giuliano Augusti 

NB.The paper no 453 will probably be publised on the last issue of 1993 or on the first one of 1994. 

AN l^^•ERNATIONAL JOURNAL PUBUSHED BY KLUWER ACADEMIC PUBLISHERS 
• -^——-- •'-"»-"->^o<v».T-i.. •)<»«. Tata*,, roi7g.33«S4:E-m«ll:»dt»ch«KAP.NL 



JOURNAL OF SOUND AND VIBRATION 
Senior Editor: P. E. DOAK. Institute oj Sound and Vihrution Research. Tlw University. Southampton S()9 5NH, fuiiiland. 
Telephone: Southampton <tWJ) 592064: Fat: l()703) 59.i24l iDirecl) or KUO^) .̂ 9.̂ y.•{9 tUnivetsitx) 

aHorial Hoard: C,\V. BERT . A. CABELEI : B.I.. CLARKSON ; IXG CRIGHTON : EH. DOWEl.l. 
1. ELISHAKOFF : P J T. FILIPPI : G.M.L. (}LADWEEL : M. HECKL : D.J. JOHN.S : A.W. LEISSA 
S. LINDBLAD : D.J. MEAD : CD. MCTPE : AD. PIERCE : A. POWELL : C.G. RICE : J.B. ROBERTS : DO. STEPHENS 
W. S/.EMPLlNSKA-STUPNlCKA ; J.M.T. THOMPSON : A. R)NDL : G.B. WARBURTON: R.G, WHITE : G. YAMADA 

Please quote in all correspoiulence: 

P / 3 2 1 / 9 2 v̂ j_A1?.<SE. ftMP. FB-EE V ) © R . A T I O K S , T9th July 1993 

Dr. B. Banerjee 
Regional Education Officer 
Govt, of West Bengal - Jalpaiguri Division 
New Circular Road 
Jalpaiguri, WEST BENGAL 
India 

Dear Dr. Banerjee, 

Thank you for your letter of 28th June, with the two copies of 
the revised manuscript P/321/92. I have asked the referees for their 
comments on the revised manuscript, and will write again when I have 
heard from them. In the meantime, I should be grateful if you would 
send me two further copies of the revised manuscript, as I now have no 
file copy nor a spare in case of a postal mishap. 

Yours sincerely, 

P.E. Doak 

Ptihlishcrs: Academic Press. 24/28 Oval Road. London NWI 7DX Telephone 071-267 4466 



M Kluwer Academic Publishers SSIT' '° 
Journals Editorial Office ? r ( 0 ^ 8 ' S ^ i r ^ i r S s ' S . : (0,78-334254 

Dr B. Banerjee/Dr. A.K. Ray 
A.D.P.I. 
Govt. Of West Bengal 
Jalpaiguri Div., Minaskhi Bhawan 
New Circular Road 
Jalpaiguri, Pin 735 101 
India 

Date: 07/07/1993 

Tel.no.(direct):(0)78 334.249 

our ref.: EIASlOOl NSAtTl' 2564S 

"Nonlinear behaviours of clamped rnombic piates" - a new 
approach 
RAY/BANERJEE/BHATTACHARJEE 
Dear Dr Banerjee/Dr. Ray, 

Thank you very much for your letter regarding the above-
mentioned manuscript. I received the original drawings. 

Your paper has been sent to the Editor, but to date I did not 
yet receive any instructions. Please find here his address in 
case you want to contact him yourself. 

Dr. D.E. Carlson 
University of Illinois 
Department of Theoretical and 
Applied Mathematics 
104 South Wright Street 
Urbana, IL 61801 
U.S.A. 

Could you please inform me to whom I should address any 
correspondence regarding this paper. Thank you. 

Sincerely yours, 
Kluwsr-Aeaaemic Publishers 

Editorial Office ELAS 

KluwBT academic publishers 8.V. incorporating: 

" " •'-K.I.™, nr w Junk Publishers, MTP Press. 

http://Tel.no


AMERICAN SOCIETY OF 
CIVIL ENGINEERS 

04/(15/1993 
345 East 47th Street P l e a s e u s e t h e f o l l o w i n g number when 
New York, NY 10017 r e f e r e n c i n g t h i s m a n u s c r i p t : 005908-EM 
(212) 705-7496 

Dr . Barion Bauier jee 
A . D . P . I . , G o v t . of West Benga l 
New C i r c u l a r Road 
J a l p a i g u r i D i v i s i o n 736 105 
J a l p a i g u r i , West B e n g a l 
INDIA 

Subject: NON-LINEAPfekNALYSIS OF RHOMBIC PLATES OF VARIABLE THICKNESS 
By: RAY/BANAR JEE/«B««Bf/BHATTACHARyA 

Dear Dr. Banerjee: 

Thank you very much for choosing The Americcui Society of Civil Engineers as the 
possible publisher of your paper (listed above). Your manuscript will be seriously 
considered by your peers for possible publication in the Society's Journal of 
Engineering Mechanics. 

Within the next few days, your manuscript will be forwarded to the appropriate editor 
or associate editor to begin the review process. Generally, the normal review period 
is three months. This office will promptly contact you with the results of the 
review as they arrive from the editor. There are some Society policies governing the 
submission of manuscripts of which you should be aware. Please let us know as soon 
as possible if your manuscript is in one of these categories. Do not contact us if 
your manuscript does not fall into any of these categories. 

Multiple submissions: The Society does not review mcuiuscripts which are being 
submitted simulteuieously to another organization for publication. 

Dual Publication: Material which has been previously published cannot be considered 
for publication at ASCE. A meuiuscript, which has been published in an ASCE 
Conference Proceedings, may be reviewed for publication only if it has been 
siqnificantlv revised. 

Resubmitted manuscripts: Declined mauiuscripts are sent through the review process 
again. If your manuscript has been svibmitted to us before vinder a different title, 
kindly let us know the earlier title. It is our policy to inform an editor that a 
manuscript has been previously reviewed, even when it has been reviewed by a 
different division. 

Again, on behalf of ASCE I would like to thank you for giving us the opportunity to 
consider your work for publication. 

Nina Kramer 
Mcuiager, Journals 

Prof. Gregory Miller 
r. Zdenek P. Bazeuit 
Civil engineers make the difference 
They build the quality of life 



SS'>1 ^^5 fHs oiT^ 

Inl. J. Solids Slruclures Vol. 00. No. 00, pp. 0000-0000, 1993 00a)-7683/93 S6.00+ .00 
Printed in Great Britain © l»»3 Pergamon Press Lid 

NON-LINEAR ANALYSIS OF HEATED RHOMBIC 
PLATES 

Airr KUMAR RAY 
Senior Lecturer in Physics, Alipurduar College, Alipurduar Court, Jalpaiguri, 736122, 

West Bengal, India 

B A R U N BANERJEEt 
A.D.P.L, Government of West Bengal, Minakshi Bhawan, New Circular Road, Jalpaiguri, 

736105, West Bengal, India 

and 

BiSWANATH B H A T T A C H A R J E E 
Faculty of Science, North Bengal University, Daijeeling 734430, West Bengal, India 

(Received 2A Seplemher 1992; in revised form 15 June 1993) 

Abstract—This paper concerns a new approach to the investigation of non-linear behaviours of 
heated rhombic plates. A new set of diffeiential equations in obUque co-ordinates have been derived 
in this investigation. Numerical results showing central deflection parameters versus thermal load 
functions have been computed for different skew angles 0. For 0 = 0° the results obtained in the 
present study are in excellent agreement with the known results. It is believed that the results 
obtained for other different skew angles are completely new. 

INTRODUCTION 

Determination of thermal deflections in thin elastic plates, is of vital importance in cases 
where the thermal stresses play a significant role. Although thermal deflections of thin elastic 
plates have been investigated by many authors (Aleck, 1949; Zizicas, 1952; Schneider, 1955; 
Boley and Weiner, 1960; Forray and Newmann, 1960; Nowacki, 1962; Katayama et al., 
1967; Sarkar, 1968; Kaiuk and Pavlenko, 1971,1972; Roychowdhury, 1972; Prabhu and 
Durvasuia, 1974; Matumoto and Sekiya, 1975), the literature on the large thermal deflec- ' WV̂ *' 
tions is somewhat sparse. The most interesting papers in this field areyWilliams (1955,1958)__—— T^^-'- ' ' ' ' '^ 
who quite elegantly carried out large deflection analysis for a plate strip subjected to normal v>Q 
pressure and heating. Biswas investigated the large deflection of heated circular plates under 
non-constant temperature (Biswas, 1974) and large deflections of heated elastic plates under • ' WJ) 

^ ^ uniform load (Biswas, 1975). The author followed Berger's equatioii in jiis investigations. Y\ . V v ^ B / ^ ' ^ 
V>\. VV^-^ Another interesting paper in this field is^nerjee and Dutta (1979),Jrinvestigation of non- \-—-"^ 
^^\fA linear behaviours of heated elastic plates under non-constant temperatures./^The authors .̂i , Vro'ir^'V -y'V^^ 

-' utilized a conformal mapping technique along with Berger's hypothesis. Later on Banerjee AiT*̂  
nror)o<;ed a new nnnrnafh tn tVip T Jirai* TW^flftrtinn analvs is o f thin plastir r>latft<s fRanerif^e pK*' proposed a new approach to the Large Deflection analysis of thin elastic plates (Banerjee 
and Dutt, 1981) and afterwards carried out quite elegantly the non-linear behaviours of 
polygonal plates under non-constant temperatures (Banerjee, 1984). Following Banerjee's /^ 7 ^y^ 
approach, another interesting paper is by Sinharav and Baneriee (1985) on non-linear 
behaviours of heated spherical and cyliinirical shells, where the authors have achieved 
satisfactory results from the practical point of view. Also, the works of Kamiya (1978) on 
the large thermal bending of sandwich plates are very attractive and useful too. 

All the investigations mentioned above deal with plate geometry either circular or 
rectangular or in the shape of regular polygons. Only five papers (Katayama et al., 1967; 
Kaiuk and Pavlenko, 1971, 1972; PraWiu and Durvasuia, 1974; Matumoto and Sekiya, 
1975) concerned with the study of thermal behaviours of skew plates are found in the 
literature. But these papers do not consider the large deflections of plates. To the authors' 
knowledge, no paper has been devoted to the investigations of non-linear behaviours of 

t Formerly head of the Department of Mathematics, Government Engineering College, Jalpaiguri, West 
Bengal, India. 
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heated elastic skew plates having various applications in modern design, especially in the 
space industry. 

In this paper non-linear behaviours of simply-supported heated skew plates (taken in 
rhombic form for simplicity of calculation) are investigated. Various numerical results 
have been calculated showing central deflection parameters versus thermal load functions. 
Whereas the results for skew angles other than 0° are believed to be new, the results for a 
0°-skew angle are found to be in remarkable agreement with the already known results [see 
Biswas (1975)]. 

ANALYSIS 

Let us consider a rhombic plate of skew angle 0 whose uniform thickness is h and 
edge-length 2a. The material of the plate is considered isotropic having mass density p, 
Young's modulus E and Poisson's ratio v. The origin of the co-ordinates is located at the 
geometric centre of the plate. The deflections are consideed to be of the same order of 
magnitude as the plate thickness, the edge-length being sufficiently large compared to the 
thickness. 

Now the uncoupled set of differential equations in rectangular Cartesian co-ordinates, 
governing the thermal behaviours of elastic plates [see Banerjee (1984)] is given by 

?^..r. --^(&^i^[-{ej^(ij 
c.V \CxJ cv^ \cyj J ex cv ex cv 

'^° /}nlv'-\-x?'-u:^n -u,A« û r = 1 
0-K 

where 

+ ̂ V;-(r-v=)-VW(l+v)a.V^r = -̂ , (1) l-"̂  

/. = v̂  for simply-supported elastic plates, and D = £/7'/12(l — v^), the flexural rigidity of 
the material of the elastic plate. 

It is to be noted that in the derivation of eqns (I) and (2) in rectangular Cartesian co­
ordinates, the expression 

(I-v=) 
Py 2 \dyj _ 

du dv dw 5M'Y 1 
+ \T: + -^.^T: \dx dy ex cyj 2(\+v) 

in the total P.E. of the elastic plate (Banerjee, 1984) has been replaced by 

m^m^ 
As a consequence the partial differential equations governing the deflection of the plate 
have become uncoupled and the two decoupled differential equations (1) and (2) have been 
obtained. 

In the present problem, the temperature is assumed to vary linearly w.r.t. the thickness 
direction z. We also note that 
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iX IX, 

in which 

Fig. I. Plan form of skew plate and co-ordinate system. 

T{x,y,z) = Xo{x,y)+zx(x,y), 

u = {{T, + T,), T = - ( r , - r , ) , 

r, = T (..4 and F; = r | A-,3', - - I (Banerjee, 1984). 

Clearly to is the temperature in the middle plane and T varies along the thickness of the 
plate and hence T / TO. 

The plan of the skew co-ordinates (jC|,>'i,0) is shown in Fig. 1. Clearly 

X = Xi cos 9 

and y = y\ -I-JC, sin 8 (3) 

are the co-ordinate transformation equations. Hence we have the following partial differ­
ential operators in oblique co-ordinates: 

d „( d . ^ d \ d d 
-r- = sece\- s in0^—I, — = -ir-, 
ox \dxi cytJ cy cy, 

and 

dx-
= sec^0 

^-

(^ W^ 
d' 

•^2 a2 

•2sine , ^ ^ - -|-sin^0T-^), 
cx,cvi cy-,; 

dy- cy]' dx cy = sec I 
c- d-

-—r sine-T-^ 
o.X| ^Vi cyi 

V^ = sec^ e{~-2 sin d-—:^- + - r^ 
d' 

\dxt dx^dy^ dyi 

W* = s e c ^ e ] ^ , „ 4 s i n 0 ( - - | l - ~ -|- ^ - ^ 3 ) - j - 2 ( l 4 - 2 s i n ^ 0 ) - 4 ^ , + | ^ 1 . (4) 
[dxt \Sx,dyi cx,dyiJ Sxidy] dy,) 

We now transform eqn (2) in oblique co-ordinates. For simply-supported plates the 
boundary conditions are 
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w = 0 at .V| = ±a and at j , = ±a, 

—-̂  = 0 at x^ = ±a and ^r-^ — O at >| = +a . 
dx-, dyi 

Then let us choose the deflection function for the simply-supported plate as 

TTX, Ky{ 
w = Wo cos -:;— cos ——, 

la la 
(5) 

which clearly satisfies the above-mentioned boundary conditions. 
Now putting (5) in eqn (2) transformed in oblique co-ordinates and then integrating 

the relation thus obtained, over the entire surface of the plate, we obtain the value of ^ in 
the following form: 

2 2 

32a 
v(l-l-v-f-2tan^0)-(l-f-v)a,To- (6) 

(As the normal displacement M- is our primary interest, the in-plane displacements u,v 
have been eliminated through integration by the choice of appropriate functions for such 
displacements^ Again transforming eqn (1) in oblique co-ordinates, introducing eqns (5) 
and (6) in the transformed equation and then applying Galerkin's error minimizing tech­
nique we get the following equation determining the central deflection parameter Wg/li 
depending on the thermal load function q'a^jEh^: 

(H-2tan^0)sec^0-
6S 

(I+v)7r 
5{2v'';-(l-v-')-sec-0 

+ (l+v)(l+v-(-2tan^0)} " ' -W8[( l + v + 2tan^0)^ 

.^(S.«.....„a„..„(^J = I55«l^(g;), (7) 

where 

and 

S = 2l-l(l-^v)a>To 

9' = 9-Z)a,(l+v)V2T. 

Equation (7) is applicable for the immovable edge condition of the simply-supported skew 
plate. For the movable edge condition we have /< = 0, so that eqn (7) takes the form: 

,t\?>-i 
^ 

(1-1-2 tan^0)sec^0-
12S 

(I-t-v)?: 
,yl(l— V*) • sec" Q 

- t - ^ ( 8 + 49tan^0 + 29 tan '0 ) ] f^^ ' ^^^^' 
n' {Eh' (8) 
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Tab!el.5 = 0,i.e.To = 0 

0 = 0= 

wjh by present method 

0=15' 0 = 30' 

'•'o/'' by Berger's methodt 

(Biswas, 
1975) 
0 = 0" 0=15" 0 = 30' 

Eh' 
Movable Immov-

edge able edge 
Movable Immov-

edge able edge 
Movable Immov- Immov- Immov- Immov-

edge able edge able edge able edge able edge 

2 
4-
8 
10 

1.30156 
2.1909 
3.23354 
3.73498 

0.91435 
1.3131 
1.78866 
1.9613 

1.08167 
1.85443 
2.8581 
3.2243 

0.82069 
1.20857 
1.67119 
1.83866 

0.6269 
1.14734 
1.89675 
2.17977 

0.53604 
0.84631 
1.22355 
1.3597 

0.9013 
1.29017 
1.75406 
1.92254 

0.79972 
1.16888 
1.60902 
1.76847 

0.53671 
0.848 
1.2266 
1.36324 

t Berger's method has been applied to the present problem by neglecting f j , the second strain invariant in 
the expression for total P.E. of the plate 

NUMERICAL RESULTS 

Numerical results are presented here (Tables 1 and 2) in the tabular forms for 5 = 0, 
0.1; 0 = 0^ 15°, 30= and q'a^jEh* = 2,4, 8, 10. 

1 T 
OBSERVATIONS AND CONCLUSIONS 

From the numerical analysis of the undertaken problem the following observations 
are made; 

(i) The nature of the central deflection of a skew plate under thermal loading is the 
same as that of the plate under mechanical loading, i.e. the central deflection increases 
continuously with the increase of loading for any edge condition of the skew plate, whether 
movable or immovable. 

(ii) The central deflection for the movable edge condition of the skew plate is always 
greater than that for the immovable edge condition of the plate, for the same loading. 

(iii) Irrespective of the edge condition, the central deflection decreases with the increase 
in the skew angle. 

(iv) The results for immovable edge conditions of the skew plate obtained by the 
present method, agree well with the results obtained by Berger's method. It is to be noted 
that Berger's method is a purely approximate method based on the neglect of ei- But the 
present study is based on Banerjee's hypothesis which suggests a modified strain-energy 
expression, and thus this model embraces less approximation (Banerjee and Dutt, 1981) than 
that of Berger. Again Berger's method is meaningful only for immovable edge conditions of 
the plates. 

(v) The deflections increase with to. 
The present method seems to be more advantageous than any other method found in 

open literature. The main advantages are: 

\ ^ 

Table2. 5 = 0.1,i.e. To^tO 

Eh' 

«„//i by present method 

0 = 0= 1=15^ 0 = 30° 

Movable Immov-
edge able edge 

Movable Immov-
edge able edge 

Movable Imraov-
edge able edge 

Wn/h by Berger's method (e j = 0) 

(Biswas, 
1975) 
0 = 0' 0 = 1 5 ' 0 = 30' 

Immov- Immov- Immov­
able edge able edge able edge 

2 
4 
8 
10 

1.32786 
2.22082 
3.35106 
3.76118 

0.94985 
1.34324 
I.8I3I6 
1.98415 

1.10168 
1.87831 
2.88067 
3.24585 

0.83899 
1.20992 
1.65221 
1.81269 

0.63597 
1.1604 
1.9111 
2.19385 

0.55925 
0.86901 
1.24302 
1.37799 

0.94058 
1.32336 
1.781 
1.94764 

0.83515 
1.19954 
1.63412 
1.79188 

0.56109 
0.87185 
1.24706 
1.38247 
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(1) The differential equations are decoupled and easy to solve; 
(2) from a single cubic equation determining M'o/ft, the results could be obtained for 

movable as well as immovable edge conditions; and 
(3) unlike Berger's method it gives accurate results both for movable and immovable 

edge conditions. Based on Banerjec's hypothesis a good number of works have 
been carried out and in each case sufficiently accurate results have been obtained 
[e.g. Banerjee and Dutt (1981), Banerjee (1984), Sinharay and Banerjee (1985) and 
Ray et al. (1992, 1993)]. So in the present case also, the same degree of accuracy 
was expected. 
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Abstract. Nonlinear static and dynamic behaviours of Trccly supported Rhombic sandwich plates have been 
studied following Banerjee't hypothesis. Numerical results lor 0" skew angle are compared with other k.uuv>n 
results. Results for other skew angles arc believed to be new. 

Soaunario. Si studia, scgucw^* llfMiet^ di banerjcc ti cu(i>|**'̂ ii>tn'̂ ^ nunlinearc statico e dinaimcn u\ 
lombiche seanpticeinente wp^ttg^H- Si piesentano cisuliati nunierici rdati»i a piastre ruinbiche e taut, J 
qucstl ulliiai vengono pangooaii a timifaM gti noti. menti« i pnmi si fii«>*gono miovi. 

Key words: Skew plalesri&aadwicb (dates; nonlinear analysis. 

1. Introduction 

Sandwich plates find wide applications in technology and modem design. Outstanding inves­
tigations [1-8] on large deflections as well as large amplitude vibrations of such plates are 
limited to the rectangular form only. No attempt on the nonlinear b'=:I. viours of skewed 
sandwich plates has been reported as yet. 

In this paper an attempt has been made to analyse the nonlinear behav. . ,,, : *" ^e'v 
supported skewed sandwich plates having an isotropic core within isotropic uppt . .vcr 
faces and under both static and dynamic loadings. For the sake of simplicity, a skewed 
plate in the form of a rhombus has been c -nsidered. Following the modified strain energy 
expression proposed by B. Banerjee, [8] a new set of decoupled differential equations for 
skewed sandwich plates has been derived. The final equations have been solved by Galerkin's 
method. Numerical results are computed and those for the 0*' skew angle are compared with 
the other known results. TIMJ results for other skew angles are completely new. 

2. tiuvtirii^iiti tiiiiiul^iiK 

Let cm;lv side of n IIUHHN wMt»*\Mt.h ptuli; >w i m ^o^ m* t> *M \4. i..uii: lA l̂iickn»">- -i 
isotropic uppei ^id tu* i n><-0'^ t»f kK^ntii.ul ilii> ku» M », I'-K M < /i. 

Now liA Mti set (MiKi iHkhNtjiuiiU carlesiiHi t nrj'Jt itH»' ,-irtn. EiB, tj, i) iind ¥>[r o. . 
coordinate system {'JH, JH, V) m IIM same iyoimt ni ihe)»|iv, , , <j IMJIHU In ihe uniiitk',. u.. 
of the core; Z the thickness direction; 11, y i are (iwullei to lh« iides of the plate aitd c. U-
skew angle (see Figure 1). Clearly, aM-the coordinate transformauon equations, a i * 

I = X J cos 6 andy ~ yi-\- xi sin 0 Lh 

C O . : PIPS Nr. : 47441 
meccHl . t ex - Date: February 11, 1994 Tiiae: 10 2j 
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Fig. 1. Plan form of skew plale. 

Following Banerjee's hypothesis, [8] the differential equations in . -o, cc angular coordmaie 
system governing the deflections and vibrations of sandwich plates are 

2(1 - J/2) ^ h 

-h/tV^Vf + 
i;tiA 

2Eii ,,„ ( ^ d^^ 

2 / ; i U / \ 2 ' ) i fdW\ 0W\' 
Py) 

M 

(1 - t/2)6" 

I iiJ'x Mr ) ^ Jy^ \dy) "̂  'ihh^ ' Ih 
yv/'i f(/V*l!^ » 

+ ̂  

when5( :» (//(/'r»fi Wiwiinvwsiaiit. ikil-tjt Mh, 

G' 
-!*••• —.—.. 

i)<2 
tor IIUH1U<I>>KU i^lihiik vlli«4ltLiitii, 

and/r = I OP iJLj 
Ux dy 

dwy fdwy 
dx ) \dy ) ^ 

— constant, for nonlinear static deflections u) 

— Cf{t) for nonlinear elastic vibrations, 

C being a constant depending on 6 . 'a) 

In the above equations W is the transverse deflection function; q, the lateral load dis. 1: -1.: ion 
function; P, Q are the in-plane displacements along a; and y axes respeclively; /•', liie i t ig 's 
Modulusof eiaslicily of the material of the upper and lowerfaccs;G',the shear riuidui,- • ! the 
core material; u, the poisson's ratio of the face material, A = u^; p\,pi are the surtatc ui. IH> 
and core density respectively, and f{t),F{l) are the functions of time such thai / ( ( j / (i) 
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It is to be noted that the strain-energy expression in ref. [8] has been modi(u-<l hy i 
Banerjee's hypothesis, which states that the stretching of the plate is propoiiionui Ui 

rdw\\(dw^ 
+ \dy) 

As a consequence of this assumption, a set of uncoupled differential equations has : •• •: 
obtained as given above. 

3. Analysis 

3.1. NON-LINEAR STATIC BEHAVIOUR OF FREELY SUPPORTED SKEWED SANDWICH FLATL 

To find normal displacement W, the inplane displacements of the upper and lower facc> ^r-
being eliminated through integration by choosing suitable expressions for them in the i^rni 
of trigonometric functions compatible with the boundary conditions of the plate |8J. 
transforming equation (3u) in oblique coordinates, choosing 

T H , 
nc-i 

W — W sm sm — 
a a 

and 
_ . ffxi TTyi 

q = q sin — Sin — 
a u 

t J 

and then integrating the translonned cquudun ovci Ihc whuie douiuin of (he pluic wc jî . 

/r = 8a2 
-{l+u + 2 lai? 0). 

Again transforming equation (2) with ^ = q/0", in oblique coordinates, introducing equuiiuus 
(4a), (4b) and (4c) in the transformed equation and llicn applying Galerkin procedure, we an i vc 
at the following cubic equation determining W, the ccairal Uellection of a freely suppoUcJ 
rhombic sandwich plate 

TTHI 

4(1 - i/2) {\-^)G'ai^^^ '^"^^ '"" ' t^)(l + <̂  + 4 tan^ 0) 

1 
+A(5 + 17 tan^ 6* + 12 tan'* 0)} + -{(1 + f + 2 tan^ 6)^ 

-l-A(5-i-ll tan^ e + 6 tan" e)} 
h 

+ (1 - u^jli 
( H - 2 tan^ d) K - 4 

qa 1 + 
TT^EhtiSec^e 
(1-1/2)^/^2 > } 

4. Numerical Results 

Table 1 shows different numerical results of the central dctlectioas of a (0.254 m A 0 - : 5 ii> 
rhombic plate having U = 6.35 x 10"* m,/» = 1.7135 x 10-^ m. [5, 8J. 
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Table I. iltuwuiR W/h vs &. E = 16.2 x lO^psra. C = 9.3 x lO'-psm, v 

= 0.3, | ^ » 1 0 [ 5 , 8 ] 

Value of Vy/Zt 

immovable edge Movable edge 

Value Calculated Otticr known Calcululud OUicr kiiowi^ 
ottf v«luc vttluB vrtliic value'"' 

IHl |0 | 

0" 1.4y»« 1.53 l.JU 2 3223 2,5«(8 
15° 1.3644 _ _ 2 1563 — 
30" 1.0328 — — 1.6360 — 
45" 0.6651 — — 1.0414 — 

Note: Por movable edge condilioa ot (lie freely supported plate 7"' - 0. 

4.1. NONLINEAR DYNAMIC BBIIAVIOURS OI- HRt-t-x-Y SUI'IXJRILU sKiiWiiu SANDWHii v. A I.S 

Let us now consider free vibrations of skewed sandwich plates. Neglecting iii-j>lai,. a lu 
for obvious reasons, transforming equation (3b) in oblique coordinates, choosing 

W = W sin ^^ sin ^F(t) 
a a 

for fundamental mode of vibration and then integrating the iransformed cqujtjon . JK 
whole domain of the plate we get 

IT = " 8 ^ ( 1 + J' + 2 tan^ e)F\t). ob; 

Now transforming equation (2) with ^ ^ -l£i.'.^^J ^Jijl in oblique coordinates. ; A imu 
equations (6a) and (6b) ui the transformed equation wiU then applying Galerkin's f • • -lure 
we get the following oqtiation for time function 

T^(^i'i -f i'.-/*)AU „ 2 . {piti i ink) 
Sec^ tf _ ilJ 

. .^2 77—-x—A I + 2 tiUĴ  0) Sec'' H 
(1 -!/*)«* ' 

4 ( 1 - . 2 ) , 4 | ( 1 _ , 2 ) ( ^ V | ^ ^ + ^ - ^ ^ ^ ^X' + '- + ^^^^ 

1 
+A(5+17 tan^ 6* + 12 tan'' 0) + - (I + t/ + 2 lan̂  e) ..n2 fl\2 

+A(5 + 11 tan^ ^ -I- 6 tan" (?)|}] F^ = 0, (7) 

which may be turned in the form F + /IF + BF^ = 0, the familiar Duffinp's equation. With 
the initial conditions F{Q) = 1 and F{0) - 0, the solution of equation (7) , , j i ' nown 
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TableIShumngw'/u, vs* 

Value 
of 
8 

0" 
15" 
30" 
45" 

0" 

15" 
30" 
45" 

VttlMJ 

of 
JL 

— 

— 

0.5 

— 

— 

— 

1.0 
— 

Vuluo ol uf] 

Immovable edge 

Calculated 
value 

1.15028 
1.16621 
1.22803 
1.36556 

1.51413 
1.56211 
1.74133 
2.11166 

Other known value 
18] [71 

1.12 1.14 
_- _ 
— — 
~ _ 

1.42 J.48 
— — 
— — 

— ~ 

fun 

Movable edge 

Calculated 
value 

1.03342 
1.03365 
1.04313 
1.06261 

1.12774 

1.1286 
1.1630 
1.2313 

Other known 
value 18J 

1.024 
— 
— 

— 

1.094 
— 
— 

— 

elliptic integral F{t) = C„(w*, t, k). Then the ratio of nonlinear frequency u^ to i I CM 
frequency wj is given by 

^+8(1 

il + u + 2iim^ 0){l+u + 4 tan̂  0) + A(5 + 17 tan^ 0 + \2 tan* ^ 

+ ^ |(1 + t/ + 2 lan^ tf)^ 4- ACi + 11 tan^ S + 0 tan" 0)\\ 

where/ti = tj -f- | , wi a \//lundw^ - -/.4 T7y. 

'«) 

5. Numerical Results 

Numerical results of the ratio ul/ui are shown in Table 2. For calculations, the .v- ^ ijt_ 
which are used in the study of static behaviours of sandwich plates are used hcsc ul-

6. Observations 

From the calculated results, the following observations are easily made. 
1. The results of both static and dynamic behaviours of a sandwich plate having sk -J .:^^,\C 

0 = 0° and aspect ratio 1 are in excellent agreement with those obtained by I ;, anj 
Banerjee [8]. 

2. It is seen that Uie ccmrul dcllectian gradually dtxncajics with the increase i» hi - .,,k;k 
for both movable as well as immovable edge conditions. 

3. Foranyassumcdikewanglethecentralde/kictionisgreaierforthemovablcedgc i ..la,.! 
than for the iramoviiWc edge condition. Iliis is tjuiie expected from a piatiic-. . ui oi 
view. 
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4. In the dynamic case, the frequency ratio cj'/wi increases continuously with i; . , vv 
angle 6, for both movable as well as immovable edge conditions of a skewed | iic 
ratio for immovublo edge condition being always ^rcalcr than that lor the inova; > t;c 
condition. 

7. Conclusions 

1. Greater deflections, obtained in the present ihcorciiLul study in coiiipaiison tu lit L c 
tions obtainable from the other theories in open literature, indicate acceptibilii. *! ihc 
present method for practical purposes. 

2. It is advantageous front the point of view llial lullowiin} this method it-sulib, ; i v̂ ih 
immovable as well its movitble edgucondiiiunsot the plate, can be derived iiviitt s >iiic 
cubic equation. 

3. The governing dittcreniial ctiualioiih, being Uo-coiii)led, are simple and easy lu ,M > ;>ut, 
are able to yield results with considerable accuracy. 

4. The great advantage of the present metJiod lies in the facl tlial the accui acy . •! JII. , utc 
does not depend on any correction factor and thus holds good for sandwich ^ . u: 
different geometry. 
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