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CHAPTER - I I I . 

INFLUENCES OF LARGE AMPLITUDES, TRANSVERSE 

SHEAR DEFORMATION AND ROTATCBY INERTIA ON 

FREE VIBRATIONS OF TRANSVERSELY ISOTROPIC 

PLATES - A NEW APPROACH. 

ABSTRACT 

In t h i s Chapter t h e n o n - l i n e a r s t a t i c and dynamic 

behaviours of moderately t h i c k p l a t e s of d i f f e r e n t shapes 

have been analysed with t h e he lp of a new s e t of uncoupled 

d i f f e r e n t i a l equa t ions proposed in t h e chap te r I . Numerical 

r e s u l t s for d i f f e r e n t p l a t e s with d i f f e r e n t edge c o n d i t i o n s 

have been computed and compared with o ther known r e s u l t s . 

A.Tlon-i'>neaAp ouyw.ly.sts of s q u a r e , e l l i p t i c a l and i s o s c e l e s r i g h t 

angled t r i a n g u l a r p l a t e s . 

Ana lys i s : -

Let us cons ide r t h e f r ee v i b r a t i o n s of t h i c k p l a t e s 

of t h i c k n e s s y^ in c a r t e s i a n c o - o r d i n a t e system. The m a t e r i a l 

i s t r a n s v e r s e l y i s o t r o p i c (such as p y r o l y t i c g r a p h i t e , for 

example) . The o r i g i n of c o - o r d i n a t e s i s l oca ted a t t h e c e n t r e 

of t h e square p l a t e of s i d e 2a and a t t h e c e n t r e of t h e 

e l l i p t i c p l a t e with semi-axes a and b . For i s o s c e l e s 

http://ouyw.ly.sts


right angled triangular plate of equal side a, it is located 

at one corner. The deflections are considered to be of the 

same order of magnitude as the plate thickness. 

(i) Square plate ; 
V 
, 

o 

1 

-^ X 

For square plate of side 2a, let 

us choose the deflection function 

in the following form 

F(G-2. ^ ex. 
.... (41) 

for fundamental mode of v i b r a t i o n s . C l e a r l y t h i s form of V\) 

sa.4«sJVes t h e fol lowing simply supported edge c o n d i t i o n s 

VO = 0 

VO = 0 

= 0 

= 0 

a^wj 
S x 
'^^-
'^y^-

at X = i 0-

at y = 4; a. 

at X = ± a 

at y = ± a. 

Putting (41) in(18b) of the first chapter and integrating 

over the area of the plate one gets 

^ ~ & o?h^ 

For transverse vibration the normal displacement is our primary 

interest. So the inplane displacements have been eliminated 

through integration by choosing suitable expression for them 

compatible with their boundary conditions i.e. U-^s o, Vo = 0 

on the boundary. 

(42) 

Published in the International Journal of Nonlinear Mechanics, 

(U.S.A.) Vol. 24, No. 3 PP. 159 - 164 , 1939. 



42 

Now inse r t ing (41) in (18a) of the 1st chapter. 

Considering (42) and applying Galerk in ' s error minimising 

technique one gets the following d i f f e r e n t i a l equation for 

the time function T ( t ) 

3 T^^P 
5 a'^Ga 

2̂ 

^^ )̂ + 4 ^ ^f*) + 5 2 a 4 

The above equation is of the form 

. (43) 

(44) C 

The solution of equation (44) subject to the <wi.ttaL 

conditions 

T (0) = 1 

f (0) = 0 

i s well-known and i s obtained in terms of Jacobi ' s e l l i p t i c 

function. The r a t i o of the nonlinear and l inear time periods 

i s 

T*̂  2K 
T A 

, , 7\^ E k^ 
' 2 o C l - ^ ^ ) G ^ a ^ 

... (45) 

A. 
where yS = ~C ^^ ^'^^ ratio of the static deflection to the 

thickness of the plate. 
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Ĉ  
« 
o 

N 

\3 
6) 
O 

o 
f^ 
OJ 

(T 
0 

•^ 
•^ 

— 

t ^ 
CM 

Ol 
o 
— 

CJ> 
o 
o o 
" 

0 

6) 
0 

^ 

0 

1/) 

6) 

V 

0 
6) 
00 
• 
0 

I/) 
N 
09 

0 

K 
O) 

r̂ 
oO 

6 

tn 
o 
(D 
0̂  
o 

lO 
• ^ 

li) 

6) 
O 

o 

^ 
6) 

6 

0) 

6) 

0 

0 

0 

^ 1 

OS i 
0 

fa 

tn 
r̂  
» 
0 

V9 
00 
t ^ 

0 

0 
N 
G 
r-
0 

U) 
OJ 
(5̂  

0 

CO 
15 

6̂  
00 

0 

01 
01 
CD 
CO 

o 

10 

0 

CO 

6 

CM 

0 

0) 
_ 
N 
• 
0 

0 

0 

0 
0 
cr 
^ 

6 
CO 
o 
in 
oo 

rO 
r \ 
Ol 

oo 
0 

0 

^ 

0 

CO 

0 

0 

— 1 



PRESENT PINDIKIGS l?EF. [ 3 S ] 

TA6LE-G 

i 

1 
i 

^ CJL 

1 
3 0 . 

1 

O 

c-2 

G-4 

O-G 

C - 6 

l - O ' 

1 

T 

Mi-) 
2 - 5 

{'0030 

0 - 9 9 J 2 _ 

0 - 9 S 7 5 

0 - 3 0 9 3 

0 - S 5 2 3 

o- 7e>30 

1 

l-OQBB 

I ' O I 1 1 

0 - 3 7 S 3 

0 - 9 2 4 7 

O - S G ^ ) 

3 0 

i - 6 3 S ^ 

) '02QS 

0-96Gf> 

0 - ^ 3 3 4 

0 - S 7 2 2 

- - 1 

0 - S C 5 I 0 - 8 0 B 7 
j 1 

i 

so 

1 •0 5 8 S 

I-0445 

\-C05S 

C ' B S O I 

Hi) 
2 - S 

1-OO30 

C - 3 8 n 

0 - 9 > l 7 s 

0 ' S 4 ' S 4 

i 
O- S S S S j C ' 7 < S 3 0 

i 
i 
1 

2 0 

l'C)'23S' 

1 • o.:>0 S 

0 - 3 3 3 3 

C ' S S > S € 

C ' 7 7 4 2 

O- ' o S > S 2 

3 0 

t - C 3 S S 

! -O 11 3 

0-B4B'2. 

C>'&G^3 

0 - 7 7 3 I 

O- G S & G 

S O 

l ' 0 5 S 5 

f ' ^ 2 2 / 

0 ' 9 G S C = 

o - 8 7 S / ^ 

O- 7 0 5 '2 

file:///-C05S


PREStNT STUDY R £ F [ 3 S ] -

CLASSICAL T\\\H PLATE Tt^EOQY 

TAfoLE - 7 . 

4& 

=̂t 

o 

0 ' 2 

0 ' 4 

O-G 

O'S 

I 'O 

T* 
T 

i 

0 ' 9 S S ' 2 

O ' 3 5 5 2. 

0 - 9 0 7 2 . 

O ' S S o y 

0 ' 7 3 l 7 

T 

4-
1 

0 ' 3 7 e i 

C) '92 ( O 

0 ' 8 > ^ ^ G 

O - 7 ( S 4 Q 

o- G&78 



41 

PRELSEN.! FtHDlMGS FOR MOVAftLE BDGE5 .(TABLESTO It) 
TAftLE - a 

2a lo 

O 

o-^ 

0-4 

O-iS 

c-B 

I'O 

X ' (O = o - 3 , ' X ^ ^ n ' 8 ] ) 

^(ll) 
2 ' S 

l ' 02GSO 

I'C)'24C)G 

\-n\Go] 

\-0aQ9& 

o'SSsy 

0 - 9 G 4 7 

2 f l 

M 9 7 S O 

1- I 9 3 Q 5 

1- I8C>5G 

| ' ( ( S 0 4 

I -1337G 

1-102Q 

3o 

I 'QSSO 

I -279G 

l ' 2 & 4 l 

1 -2334 

<- 20 7I 

1- ) G 3 3 

S O 

t - 4 4 4 o 

I M 3 C G 

I ' 4 l 4 7 

1 -3SC2 

i-3'5G'2. 

1 - 2 8 5 2 

T A B L t - 9 

1̂  1 

o 

0"2 

0-4 

O'G 

O'B 

(•o 

T 

2 - 5 

l'<::'OG7 

I'OOAQ-

C - 3 3 G G 

^ '9B44 

e'9G7& 

c = ; ' 9 4 S o 

( l ) = 0 - 3 

*r^) 
2o 

i ' D 5 2-5 

l ' C 4 9 9 

1 • c 4 1 2 . 

I ' O Q S / 

1 •QO'^^ 

f ^ ' 9 g 5 ^ 

ATOM'S] ) 

3 0 

i-o/sso 

1-075 a 

I ' C G S B 

] ' 0 5 C 9 

\ ' C - 3 I 0 

1' ccyo 

so 
!• 12754 

1 - I 2 3 3 

• ' 1 1 3 4 

1-0 ^G3 

l 'C73S> 

1-C4G& 

file:///-n/Go


4^ 

Table 10 

l-f 

o 

a-2 

0 ' 4 

O'G 

O ' S 

I 'O 

2 - 5 

\'0030 

\'OOOS 

O'^^30 

c>-3SOB 

0 ' 9 G 4 7 

0-9449 

T 

2o 

l'OQ39 

COQIS 

I - O I 3 2 

| 'C?O03 

o^^^3l 

O-SXSQQ. 

3 0 

l-flSSS" 

l ' 0 5 2 7 

(•C5245 

I 'OIIO 

C5 '3334 

0 - 3 7 2 0 

S O 

1-0585 

\-o^f)5 

l '04G7 

l 'C32© 

i ' 0 l B 3 

O ' e ) 3 l 0 

Table 11 

^ ^ = -

T 

o 

o-a 
0-4 

O-G 

0 ' 8 

o 

0 ' 9 9 7 5 

c=)-3300 

0-3779 

0-9GIG 

0 ' 9 4 I G 

Note tha t absurd r e s u l t s 
are obtained by Berger 's 
method for movable edge 
condi t ions . 



49 

H-hhio 

T* 
FOR 

SIMPLY S U P P O K T L D SSIUAKE. PLATE 

< 1 M M Q V A & L E &DGE.6) 

= REF.[3S3 

• = PRESENT STt/DY. 

*ffe)-30 

n±)-io 

a'2 0-4 0-6 0-8 i-O 

-^;? n c - 3 



50 

X* V5 71 FOR 

SIMPLY SUPPORTED SaU/vt^L PLATE 

C IMMOVABLE IDGES; 

-= PRESENT 5TDDY. 

ki^y^o 



1̂ 

i'5* 

VAOr 

1-3(> 

X* M5 Jh FOR 
T 

SIMPLY aUPPOR-TED SQUARE PLATE 

C M O V A B L E EDGE50. 

2 a 
J. 

Hkh^o 

F I G . - 6 

» 

t'10 + 

o-9i 

20 . 30 

pK(4),20. 

— r 1 f 1 — 
o'2 0-4 0-6 0 -8 

^ ^ 
F i G - e . 

7^ 

M T 2 a 

r^(l^)"2o 
i ' i ( 5 -

'-l^ 

1-0--

O-9-h 

20 

F I G . - 7 



52 

( i i ) Large d e f l e c t i o n s of uniformly loaded e l l i p t i c a l p l a t e 

with clamped edges : 

The p l a t e geometry and 

c o - o r d i n a t e system a r e 

shown in the f i g . 3 

PIG,-9 
The e l l i p t i c a l p l a t e with semi-axes a and b i s clamped along 

the boundary whose equat ion i s given by 

. . . (46) 

For static deflection let us rewrite the differential equation 

18(a) and 18(b) in the following forms by replacing the inertial 

term by the corresponding term due to mechanical loading. 

V'^V\) 
- ; 2 t ^ 

+ 5Cl-v>^ 

+ 3X 
5Cl-v>i) 

,̂.(|_)v=[v-w{(|̂ )V|̂ )̂  

+ 2^--(^1+^(1^)']+4- s îv aio aK) 
'b':K.^y Sy a^c 

^ " 
d'̂ vO 

5 x ' 
6A 4(^r-(w-fi 

44 ^W ^W 3i\' 
ax.ay S x By D 

(47) 
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where o^ is the intensity of continuously distributed LoacL, 

and 

.... (48) 

For movable edge condition 

Let us assume the deflection function in the following form 

W =- ̂ ô x^ y2 
-i2 

a? b^ .. (49) 

Clearly this form of k) satisfies the clamped edge conditions of 

the plate. 

Kow putting (49) in (48) and integrating over the are^ of the 

plate we get, 

r= ̂ ' r-i-+^) (50) 

Inser t ing (49) in (47), remembering (50) and applying Galerking' 

technique, as before, we <get the cubic equation determining the 

deflect ion function -^ 

4 
VOe 

' ^ ^ ^ ^ 'a4"^'b^'^3a^b^L 

IW 
5 0'^^J) <<(k)(4-^) 



3 (-^-t.y 64 

- = ^ 0 -

( i i i ) Lar 

gh t 

(51} 

Her* " ^ lO 
the dp-Ti « 

"' ' ' -^tion i , , , 

' ^ " l ^ J s . V , A:c 

'^"'•'^n in t h e f 

osen in +, 
•̂ n t h e f o i l ^ . 

cv. 

^^^^ for;, of VJ 

^^ ' ^d i t i on 
^^^isf ie^ 

^^^ fol-lov, 

and 

ivhere 

' ^ "5 ^ i ^ p l y s 

(52) 

^PPorted edge 

• (5.3) 

a ^ ^ ^ " ^ - ^ ^ J 
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Putting (5?) in (48) and using the same faethod as in the case 

of e l l i p t i c p la te we get 

2^2. 
.. (54 

Now inse r t ing (52) in (48), remembering (54) and applying 

Galerkin ' s technique as before we get the following cubic 

eqvjation determining {^) 

Vv̂o , fV)c:,\^ + (-^r G.S^G5^(-|^)-^4 4'B75A + 

Gel' cx^ (•2S75 + IS'GOSG ^ ^ ( - J ^ ) -

(55) 

Numerical Resu l ts : 

* Numerical r e su l t s are presented here in tabular foritis 

both for movable as well as immovable edg^s for di f ferent 

moderately thick i so t ropic p la tes and compared with other 

known r e s u l t s . The r e su l t s of the isosceles r ight angled 

t r i angu la r p la tes are new. 

For free v ibra t ions the r a t i o s of the non-linear period 

T* of vibrat ions including the effects of t ransverse shecir 

deformation to the corresponding l inear period T of thie 
i n e r t i a ) 

c l a s s i ca l p la te (not including t ransverse shear and ro ta tory^ 

are computed for various thickness parameter and material 

Constanta at d i f ferent nondimensional amplitudes of v ib ra t ion . 

I t i s to be noted that tb.e effects of ro ta tory iner t ia have 

been neglected in each case brcause these are considered to 



5G 

be small compared with effects due to t ransverse shear 

deformation as the p l a t e i s undergoing f lexural v ib ra t ions . 

To study the non-l inear s t a t i c behaviours of the p la tes 

the nondimensional def lect ion functions at the centre -r^ 

have been obtained for d i f ferent values of the nondimensional 

load parameter —~— , 

I t i s observed tha t for moderately thick p l a t e s , the 

non-l inear periods are dependent on the thickness paraTneter 

whereas they are independent of the same for thin p l a t e s . 
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J ^ vs. - % ' FOR 

STATIC PEFUCTIQNS OF C L A M P E D 
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7^-2.(MOVAe>LE EDGES) 

-g =2.(gLF.[4C>] - IMMOVABLE EDGES ) 



STATIC DE.FLLCTIOMS OF SIMPLY SUPPORTLD 

ISOSCELES RIGHT ANGLtD TI^IANGULAR PLATE. 

59 

EM 

Boo 

lOOO 

\50O 

2000 

la' 

IMMOVABLE. 

E-DGES. 

0 - 5 7 3 5 

(' 1 2 1 0 

MOVABLE 

EDGES 

0 ' 7 5 2 9-

1*4225 
& 3 3 3 



S( 

STATIC OEFLECTIOHS OF SIMPLY SUPPORTED 

RIGHT AWGLED ISOSCELES TRIANGULAR PLATE 

X»0-18, ^^J - i . 

5oo lOOO [500 

^T]^ 
P I G . - I '2 . 

•2OO0 



61 

B. ^Vibrations of clemoed circular plates. 

Let us consider a thick circular plate of radius a. The 

origin is located at the centre of the plates. The polar 

co-ordinates4** chosen in the analysis. The deflection of the 

plate is of the same order of magnitude as the thickness of 

the plate. 

For circular plate of radius a, let us choose the 

deflection function in the following form 

w =A.'rci)[i-g']^ ' .... (56) 
c lea r ly t h i s form of IA/ satisfjesthe following clamped edge 

condi t ions , 

^̂ <̂  ^-^jr^oL "^ (-

To evaluate the coupling parameter cC ,let us now recall our 

attention to equation 19(b) of Chapter I. Multiplying this 

equation by the integrating factor Y , putting (56) in this exact 

equation and finally integrating the equation between the limits 

0 and (X , the constant cC is obtained in the following form 

Putting (56) in 19(a) of 1st Chapter, considering (57) and 

applying Galerkin's error minimising technique one gets the 

following differential equation for the time function TC"^) 

* Published in the Journal of Sound and Vibration (U.K.) 

133(1), PP. 185 - 183, 1989 • 
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^ ^ ^ ±.R 
5 tv̂ Cp̂  ^ 5 Go J ^ ̂  3a.-TCi}^-f^TCt) 

+ 
^ C V^ 

0-^^)C^^45)(;^473 Vv̂  a^ 

+ 154 l ' ' 2^ '24- -
kl ^ 

a^K" (0-^3) ( _ ^ 4 s ) ( ; > ) 4 7 ) 

-f I0'Q4XW-
Gcy(i-^^) u^ (xA 

(58) 

The r a t i o of the non-linear and l inea r time period is obtained 

as before in the form 

T ~ TV 
-^ 

4- I44-438G 
^ 

(l.^2)(0 + 5X-^t7) 
^ ^ 

(•>>+3)C'v> + 5)('v>+7) 

40.̂ .06 A_ .k ( | _ ) |^ \o -^6S7o^2A^j 
'h 

•' (59) 

Numerical results : -

Numerical results have been computed here in tabular 

form both for movable as well as immovable edge conditions as 

in the previous case. 
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C. Large Amplitudes, Transverse shear Deformation 

and Rotatory Iner t ia on Free Vibrations of Moderately 

Thick Polygonal p l a t e s * 

Formulation of the d i f f e r e n t i a l equation : 

Let us consider the free v ibra t ions of thick polygonal p l a t e s 

of thickness K . 

In a complex co-ordinate system 2 = x - | - i 7 ^ z - ' X . - t ; / 

the equations 18(a) and 18(b) of t h e 1st chapter change. Lei: 

^ = ' { ( 0 •• • - - ̂  . . . . (601 

be the analy t ic function which maps the given shape in the 

z-plane on t o a unit c i r c l e in the "^ -plane. Subs t i tu t ing 

the r e l a t i on (60) in to the transformed equations in ( 2 , ^ ) 

the following set of d i f f e r e n t i a l equations in ( E , ^ ) 

co-ordinates have been obtained: 

^"K) / J ? \ 3 / d f \ 3 ŝ vo cd^z/c=(i\Vde>3 

^ f a ^ d^M-̂ " /̂ oî  +^ ^1^1 M^/^5^/ 

•Accepted for publicat ion in the Journal of Applied 
Mechanics (ASMt) - U.S.A, Jutie t99o . 
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c)^d "̂̂  •f^ft)" 
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^2 

whereSc' is obtained from the foil 

--0 

(61) 

ovdng ec^^uuxii <yir\ 

/a dV^df ^""'•+^'-<lf/M)HO-)(|f)(; 
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C 
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Here \ = T.<Z^ , ^ = Y. e , r being the radius of the circle. 

Values for 7\ have been obtained from the condition —^r- = 0, 

for minimum potential energy. 

For regular polygons the mapping function is 

where values L and ?̂o are given in a separate table. 

Let us choose the deflection function in the following 

form 

.... (64) 

c lea r ly w i s O dependent and s a t i s f i e s the simply supported edge 

condi t ions , namely, 

Subst i tu t ing equation (63) and (64) in (61) the error fuaction 

€ (^ , ^ , t ) is obtained. Galcrk in ' s technique requires 

.2^ 
I J€a,f,t)wc^,^,-t)rard© -o 
, ^ (65) 

The constant cC is determined by putt ing (64) in (62) 

using (63) and integrat ing over the area of the p l a t e . 

It i s to be noted that for t ransverse vibrat ions the 

normal displacement W ( "̂  ,% , t ) i s our primary interest. 

So, the in-plane displacements U-̂ and U, in equations (62) have 

been eliminated through in tegra t ion by choosing su i tab le 

expressions for them compatible with the i r boundary condi t ions , 

namely, u^a,\;=-aon the boundary for immovable edges. 

For movable edges pC = 0 . . . . (66) 



7e 

Evalua t ing t h e i n t e g r a l s in (65) and cons ider ing t h e 

va lues of oC obtained from ( 6 2 ) ( a f t e r i n t e g r a t i n g over t h e 

area of the p l a t e ) one o b t a i n s t h e Duff ing ' s equat ion as in 

the previous cases in t h e form 

Here t h e ^ i c o n s i s t s of a huge number of t e rms . So t he se 

terms have not been shown. Numerical r e s u l t s coming out from 

t h e s e terms have been p resen ted in t h e t a b l e s . 

The r a t i o of t he non l inea r t ime per iod and l i n e a r tim.e 

per iod in t h i s case i s 

2K r 
T 

•+ '̂ .V 
OC\ 

V2 
. (68) 

where 

Numerical results : -

Numerical results are presented here in the tabular form 

for movable as well as immovable edges, for moderately thick 

polygonal plates. If the mapping function is known, the 

nonlinear behaviours of thick plates of any shape can be 

studied with ease and accuracy by using the proposed differen

tial equations. 
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Observations : 

Numerical results obtained from different tables of this 

chapter show that the new approach presented in the present 

study can be conveniently applied to stud-/ the static as well as 

dynamic behaviours of different thick plates of different shapes 

under different edge conditions with ease and accuracy. 


