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CHAPTER - III.

INFLUENCES OF LARGE AMPLITUDES, TRANSVERSE
SHEAR DEFORMATION AND ROTATCRY INERTIA ON
FREE VIBRATIONS OF TRANSVERSELY ISOTROPIC
PLATES - A NEW APPROACH.

ABSTRACT

In this Chapter thenon-linear static and dynamic
behaviours of moderately thick plates of different shapes
have been analysed with the help of a new set of uncoupled
differential equations proposed in the chapter I. Numerical
results for different plates with different edge conditions

have been computed and compared with other known results,

A . Non-linean a.né.lysis of square, elliptical and isosceles right

angled triangular plates,

Analysis : =~

Let us consider the free vibrations of thick plates
of thickness h in cartesian co-ordinate system. The material
is transversely isotropic (such as pyrolytic graphite, for
example). The origin of co-ordinates is located at the centre
of the square plate of side 2a and at the centre of the

elliptic plate with semi-axes a and b, For isosceles
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right angled triangular plate of equal side a, it is located
at one corner. The deflections are considered to be of the

same order of magnitude as the plate thickness,

"
(1) Square plate :
Y
4 For square plate of side 2a, let
3 us choose the deflection function
1\ @]  2C
in the following form
4+
el &l WaAY(t) Cos X, CosRY oo (1)
FIG-2

for fundamental mode of vibrations. Clearly this form of W
salisfies the following simply supported edge conditions

W = 0 at x = + «
W = 0 at 'y = 4+ a
w _ -+

—a ')El— 0 at X = x a.
> +
o= O at = — .
dy? Y

Putting (41) in(18b) of the first chapter and integrating

over the area of the plate one gets

—2 AS (14
X = %%. ;;f;'+ ) cee. (82)

For transverse vibration the normal displacement is our primary
interest,So the inplane displacements have been eliminated
through integration by choosing suitable expression for them
compatible with their boundary conditions i.e, Ll,= 0, Vo= 0

on the boundary.

*Published in the International Journal of Nonlinear Mechanics,

(U.S.A,) Vol. 24, No. 3 PP. 159 - 164 4 1989.



42

Now inserting’(4l) in (18a) of the lst chapter,
Considering (42) and applying Galerkin's error minimising
technique one gets the following differential equation for
the time function T (1)

(2 3 R2P (= 4 5 x4 RY
{hzcz +35 OQC{J ) +ag—3‘ T(t) + [—-—L 7\(%—)

32 a4
T4 4DV Ao RS R4  / E V7 Ac\?
t 37 39- 04 ( ) 4O 0C (I ->?) (Gc)( t:)
3 ne k 3
+ (%7\ e’ U ))2) (QC>( > ] C‘t) O ..., (43)
The above equation is of the form
—f(f)-fdﬁT(f)-+B|T3(t> = O el (44)
The solution of equation (44) subject to the {mitial
Aconditions
T (0) = 1
T (0) = 0

is well-known and is obtained in terms of Jacobi's elliptic

function. The ratio of the nonlinear and linear time periods

|+ S N 1"
T* 2K 20C1-»2) Ge a*
T
. A\ 7425 EVRR (149 )72
.!-+e)‘/5 ('*9)/5 +32(» 55 K ’%*leo \/GJ o2(1- t)"‘))

. (45)

. where /3 = J%fis the ratio of the static deflection to the
thickness of the plate.
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(ii) Large deflections of uniformly loaded elliptical plate

The
the

For

18(a

with clamped edges
4>

The plate geometry and
a
- co-ordinete system are
b -
ﬁ_/////// shown in the fig.9

FIG,- 2
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elliptical plate with semi-axes 3 and b is clamped along

boundary whose equation is given by

x* v ... (46
-2 -2 -0
e ) 2

\
/

static deflection let us rewrite the differential equation

) and 18(b) in the following forms by replacing the inertial

term by the corresponding term due to mechanical loading.

-2 2.
o( kv (axzwaw

4
VIW 4+ 5y 2

ESC"‘QQ) 1<<.<3c

¢ =2 v 720 (B HE)

%) [dw\? a%s)(avd 2 W 2w 3w
+2{axz<bx)+372 By) +4B’X—By Ay o%

-2 | o'W W | BA | g2 [loW N2, (AW
~a® | e ] [l (3 |+

aw/aw)+a‘w amf g 2w 2w | G
3X*\dx ayﬁ(by dx.2y dx VY -




h3

where g, is the intensity of continuously distributed Load ,

and

X2 Buo L BV 1 3w Y W)
12 >~ 3}""'5(3:4)“"2 ’ay)

(48)
For movable edge condition
oL =o
Let us assume the deflection function in the following form
N=No[l——c§—£]2 coo. (49)
Clearly this form of W satisfies the clamped edge conditions of

the plate,

Now putting (49) in (48) and integrating over the area of the

plate we get,

-2
oL = 4:)7_, a‘2+ ;32> e (50)

Inserting (49) in (47), remembering (50) and applying Galerking's
technique, as befcre, we get the cubic equation determining the

deflection function 'y

3

W w | L

° 4 o1, k( )(——-.;.._.-)

ks [h] A .2__{50 >z) "\a/lar B3
ot TBf Y3222

S ' l+9) R AYE
(af* ot T3 ""25@-9’)— Gc) e oo 9a4b2+9a’b4)
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Putting (52) in (48) and using the same method as in the case

of elliptic plate we get

0—52: |2 . gzhn (|+~D> el (54

Now inserting (5%2) in (48), remembering (54) and applying
Galerkin's technigque as before we get the following cubic
equation determining (w"

Wo 3 -
"\ + ) [6 sfccs5 K —w)'a—+48757\ +

2
[+2675 + 18 cose A k(-é?)—c%

48&((*-\)2). qfoa4 .
S5 X 6 E’q“ oo

Numerical Results

Numerical results are presented here in tabular forms
both for movable as well as immovable edges for different
moderately thick isotropic plates and compared with other

known results. The results of the isosceles right angled

triangular plates are new,

For free vibrations the ratics of the non-linear period
T* of vibrations including the effects of transverse shear
deformation to the corresponding linear period T of t
1P“t1a)
classical plate (not including transverse shear and rOLat01y4
are computed for various thickness parameter and material
constants at different nondimensional amplitudes of vibration.

It is to be ncted that the efrects of rotatory inertia have

been neglected in each case hecause these are ¢onsirdered to
g



56

be small compared with effects due to transverse shear
deformation as the plate is undergoing flexural vibrations,

To study the non-linear static behaviours of the plates

(=]

the nondimensional deflection functions at the centre‘ﬁ

have been obtained for different values of the nondimensional

. o4

d am
load parameter T

It is observed that for moderately thick plates, the
non-linear pericds are dependent on the thickness parameter

whereas they are independent of the same for thin plates.
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B. #*Vibrations of clamned circular plates,

Let us consider a thick circular plate of radius a, The
origin is located at the centre of the plates. The polar
co-ordinates §re chosen in the analysis., The deflection of the

plate is of the same order of magnitude as the thickness of

the plate,

For circular plate of radius a, let us choose the

deflection function in the following form
242 )
W=A°”c(t)[:—§} coe. (56)

clearly this form of W satisfiesthe following clamped edge

conditions,

(W)r-a =20
EMV)

and —_—

Sr/ir=o =

To evaluate the couplinyg parameter 5?2,let us now recall our
attention to equaticn 19(b) of Chapter I, Multiplying this
eguation by the integrating factor 1”9 , putting (56} in this exact
equation and firally integrating the equation between the limits

0 and Q4. , the constant éZ’ is obtained in the following form

72 =  1B36Y AZ
@tV B+D)I(T+Y) h*

Futting (56} in 19(a) of 1lst Chapter, considering (57) and

(57)

applying Galerkin's error minimising technique one gets the

following differential equation for the time function T (L)

*Published in the Journal of Sound and Vibration (U.K.)
133(1), PP. 185 - 188, 1989.
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[% hg;2+ 4. g JT(t) #2327
+[864'79872'*(2‘%%92)(»1)5)(%7"5" z:: %23
+1541-2224. cﬁiﬁ .(\>+z>) C\D’)+5><§>+;7>

+ 1024 ) - b b4 T2142 —?—2_-—%5]‘(3({) -

(58)

The ratio of the nomlinear and linear time period is obtained

as before in the form

T oy N A
=5 [y{l+at l’255k( )az (- ,)2)2)\>+5)Cs>+7)/32

- \“) -2
L4144+ 498G . (313 (D15 +7) /3

V2
7\ i’\'}. -2
+0'9606 s k(&) B p06as7062 A B
. (39)

Numerical results : =

Numerical results have been computed here in tabular
form both for movable as well as immovable edge conditions as

in the previcus case.
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cC. Large Amplitudes, Transverse shear Deformation

and Rotatory Inertia on Free Vibrations of Moderately

Thick Polygonal Plates *

Formulation of the differential equation :

Let us consider the free vibrations of thick polygonal plates
of thickness h .

In a complex co-ordinate system Z=xXtly, Z = x-ty

the equations 18(a) and 18(b) of the lst chapter change. lel

2g==:f(QE) .. PO eee. (6D)

be the analytic function which maps the given shape in the
z-plane on to a unit circle in the % -plane. Substituting
‘the relation (60) into the transformed equations 1n(12, 2)
the following set of differential equations in ( § , % )

co-ordinates have been obtained:
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Here % = Y:QLQ, 5% =v.e'® , ¥V being the radius of the circle,
Values for A have been cbtained from the conditicn -%%% = 0,
tfor minimum potential energy.
For regular polygors the mapping function is

Z =L% +No%"° . (63)

where values L and Ao are given in a separate table.

Let us choose the deflection function in the following
form
— ] - 2 T2 -
W =ATW[-2E][1-38 8 + L (87 +¥)(-%¢ 5]
(64)
clearly W is © dependent and satisfies the simply supported edge

conditions, namely,
W=O at ’Y':j

Substituting equation (63} and (64) in(6f) the error function

€ (% ,% , t ) is obtained. Galerkin's technique requires

2K . |
f Jecta,%',t)wcafi,t)rdvde o

(65
o Y=0 (65)
The constant o is determined by putting {64) in (62)

using (63) and integrating over the area of the plate.

It is to be noted that for transverse vibrations the
normal displacement W(% ,% , t ) is our primary interest.
So, the in-plane displacements W,and Y, in equations{62) have
been eliminated through integration by choosing suitable
expressions for them compatible with their boundary conditions,
namely, uzoy=aon the boundary for immovable edges.

For movable edges of = 0O cee. (66
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Evaluating the integrals in (65) and considering the
values of o obtained from (62)(after integrating over the
area of the plate)one obtains the Duffing's equation as in

the previous cases in the form

.. {
T+, XYY+, Tt =0 cene (6T
Here the B, consists of a huge number of terms, So these
terms have not heen shown., Numerical results coming out from

these terms have been presented in the tables,

The ratio of the nonlinear time period and linear time

period in this case is

Tt
T =
where

Numerical results : -

Numerical results are presented here in the tabular form
for movable as well as immovable edges, for moderately thick
polygonal plates. If the mapping function 1is known, the
nonlinear behaviours of thick plates of any shape can be
studied with ease and accuracy by using the proposed differen-

tial equations.
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TABLE - 279

MAPPING FUNCTION COEFFICIENTS.[57]

POLYGONS L Ao
SQUARE (0B -o i
 PENTAGON -ofza -0:o70
HEXAGON t-o38Q -0- 0850
HEPTAGON - 1-029a -0'0360
OCTAGON {0220 -0-0280.
TABLE - 26

LINEARTIME PERIOD.

Ti=(THICK PLATE)= 22 (& #0), TL(THIN PLATE) =2 (£:=0)

PoLvcons | T (B=02,E -24) I‘F{
SQUARE 1-5613 Helri-Nl
FPENTAGON fr2921 oz2es
HEXAGON il es 110296 i
HEPTAGON o722 1-0303 T;
OCTAGON 10469 0308 ”
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RATIC OF MNON-LINEAR TO LINEAR FERIOD FOR THE FUNDAMENTAL MODE OF
VIBRATION OF SIMPLY SUPPORTED POLYGONAL PLATES(SQUARE OF SIDE 2a).

TABLE - 27

T* . ‘ h { T
— FOR .IMMOVA.BLE epees [V=03 N=>[1g], e

§ ‘ ' ‘x
) -TT- FOR MOVABLE EDGES.(9=03,x=d2[1g] , & - L)

- S

-

THIN PLATE | | THIN PLATE

i
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7‘?
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N

RATIC OF NOCN-LINEAR TO LINEAR PERIOD FOR THE FUNDAMENTAL
MODE OF VIBRATION OF DIFFERENT POLYCONS.

TABLE-28
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k(&) C= k(=) k(£)
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Observations

Numerical results obtained from different tables of this
chapter show that the new approach presented in the present

study can be conveniently applied to study the static as well as

»

dynamic behaviours of different thick plates of different shapes

2

under different edge conditions with ease and accuracy.



