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CHAPTER - I . 

A îEW APPROACH TO THE NON-LINEAR ANALYSIS 

OF MODERATELY THICK ELASTIC PLATtS 

ABSTRACT 

In t h i s c h a p t e r a s e t of uncoup led d i f f e r e n t i p l 

e q u a t i o n s in c a r t e s i a n as w e l l as i n p o l a r c o - o r d i n a t e s 

have been f o r m u l a t e d t o s t u d y t h e n o n - l i n e a r b e h a v i o u r s 

of t h i c k p l a t e s showing t h e e f f e c t s of s h e a r d e f o r m a t i o n 

and r o t a t o r y i n e r t i a . B a n e r j e e ' s h y p o t h e s i s / f " l8_7 a l o n g 

w i t h R e i s s n e r ' s v a r i a t i o n a l t h e o r e m / ~ 2 6 _ 7 has been 

u t i l i s e d i n t h e f o r m u l a t i o n . 

FCRMULATKU OF THE DIFFERENTIAL EQUATIONS 

We conGitier t h e f r e e v i b r a t i o n of t h i c k e l a s t i c p l a t e s 

of t h i c k n e s s h . The m a t e r i a l i s t r a n s v e r s e l y i s o t r o p i c 

( such as p y r o l y t i c g r a p h i t e , for e x a m p l e ) . Tlie o r i g i n of 

t h e c o - o r d i n a t e s i s l o c a t e d a t t h e c e n t r e of t h e p l a t e . 

The d e f l e c t i o n s a r e c o n s i d e r e d t o be of t h e same o r d e r of 

magni tude as t h e p l a t e t h i c k n e s s . 
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So far as Reissner's variational theorem is applied, 

the stresses are taken in the form / 26 / 

{(S^->6'y ,6-?) -- -^(^^x ,N^/, Nxy) 4 | | ( M X , My, M x.y) . . . (1) 

3 
^ ^ > ^ 2 ) ^ 2 T ^ / C 2 ' - (X / - ) ( ^ - ^ ^ > ) . . . . (2) 

(T? = o (3) 

Note that the expressions of ^x^i^CTy? are assumed to be 

the same form as those for small deflection case. Since 

free vibrations are concerned, C^ is assumed equal to 

zero. The membrane stresses ^-y^^ , '̂ /̂K and ^•^y/l^ , 

involved in the expressions of <5'IL , <5y and O'x.y respec­

tively, which are neglected in the linear theory as outlined 

in ^26_J7, can no longer be disregarded in the analysis of 

large deflection problems. The foregoing equations also 

satisfy all the stress boundary conditions. 

In order to account for transverse shear deformation 

and rotatory inertia effects in the plate theory, where the 

lateral deflection is comparable with the thickness, the 

displacement components are assumed to be of the following 

expressions 128 1 

107196 



Ui(x,y;2,i) = Uo(x,>',t)+2oC(x,--jot) .... (4) 

W ( X , ^ , 2 o t ) = l̂) (x.Nj,^) .... (6) 

The subscript 0 is used to associate with the middle 

surface. It should be noted that the relations involve 

the combined action of bending and stretching which 

characterizes the behaviour of the problem. However, the 

thickness is assumed to be unchanged during the deformation 

procedure, and the elements normal to the middle surface 

before deformation are not required to remain perpendicular 

to the deformed middle plane. 

In view of equations (4) - (6), the strain-displace­

ment relations for large deflection of plates are of the 

form : 

^LXo 

x? -̂  7 V-^x. 

Cp = o 
(7) 
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The membrane s t r e s s r e su l t an t s in terms of s t r a in s are given 

by : 

where ^Xo » ^V/5 ^^^ ^̂ *-' normal s t r a in s of the middlf^ 

surface in the x and y -d i r ec t ions , r e spec t ive ly ; C Xo^o ^^ 

the middle surface shearing s t r a i n . From (7) i t is seen 

tha t 

Recall ing tha t the normal s t r e s s in the t ransverse d i rec t ion 

i s assumed t o be zero in equation (3 ) , the s t r a i n - s t r e s s 

r e l a t i ons for a t ransverse i so t ropic mater ia l , such as a 

pyrolyt ic graphi te mate r i a l , are found t o befB&J 

€ x ^ =^G '^^y '•> ̂ yz =^ I'GC'^^^ 

2Gc ^^^^ 
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The Reissner's functional as outlined in /~26__7is of the 

form 

-',« ij si 
— (11) 

I t i s t o be noted tha t the l a s t two in t eg ra t i ons , concerned 

with body forces and surface t r a c t i o n s , are eliminated in 

t h i s problem. Now, the Reissner ' s functional <^ becomes 

a s t ra in-energy expression as the f i r s t term on the r i g h t -

hand side of equation (11). 

The subs t i tu t ion of equations (7) and (10) in to 

equation (11) gives 

r 
77 

4-cr. y 
^ ^° f ? _ | ^ 4. _L / ^ » ^ f 

L ^y 5y 2 V -̂ y / 

-^ [ 1 (crx%^/;- -^^cr.6>4 ^-0+^).o-,; 

-+• <^X2^-f^7^^)j c i x d y dz (12) 
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Integrating equation (12) with respect to z and using 

equations (1), (2), (8) and (9) in the preceding, we 

obtain [^^J 

y = £k [l'-2Ci->))l]J 

-fMx^-fM,|A,M.,(^4M_) 

fb^ bK> + Cxif^^^)4e^(^+^ 

2E 
12 ̂ Mx^f M/)-- ̂ -4-M-Ŵ ^̂ ^̂ ^̂  

-5%:k(^-^^^>'j"^"^^- .. (13) 

where Je , lie. ^^^ "*̂he first and second invariants of 

the middle surface strains. These are 

— ^ -—• 7 

(14) 

Let us now apply Banerjee's hypothesis and rewr i te 

the expression for y in the following form : 

y M-
^y 

1 
2£ ^ ( M X \ M , V ^ 2/1 Mx My 0 

;̂̂  

5GcK 
(^X + Qy^)\^^ciy 15(a) 
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where 

and A. is a constant depending on Poisson' s ratio of the 

plate material /" i Q _7. 

The Kinetic energy equation after integrating through the 

thickness is 

•iimm-pm^m T 

3 r / ^ .̂  w'Z , N /, v's 

(16) 

In order to derive the equation of motion we now apply 

Hamilton's p r inc ip le in conjunction with the s t ra in-energy 

equation given by (15) as well as the k ine t i c energy given 

by (16) . Therefore we have t o minimise the i n t e g r a l , 

* = J ( H ' - " r ) c L i . . . . (17) 

Taking the var ia t ion of 4^ , equating i t to zero and 

eliminating M-̂ c* My . Mxy » e t c . we get the following 

set of decoupled d i f f e r e n t i a l equations governing the 

v ibra t ions of the p l a t e s : * 

* published in the In terna t ional Journa.1 of fJon-iir.car 
Mechanics, (U.5.A.) Vol. 24, Mo. 3.PP. 159 - 164 ^ 19a9. 
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v̂ w + ^^-^m § \ Y . ) v^(|^,.o|^) 

+ 3X H-tyHmHw) 
4- 2^ '̂ -̂̂  

3 W / Stv) \'^ b (v" / d tO \^ •̂x 
+ ̂  3**^ ^to b(^ 

6A V^K <̂> )̂ ^ (W-) 
i-

+ 2. 

w- cp^ ai ^''^ ^ o 
. . . . 18(a 

-7 2 The coupling parameter oC I's gL.v̂ v\ b; 

o<̂ K^ - r V ^ \ _ <̂ tXo . ^ •2>a 
I I 

T'ci) =4^+ 
ax_ ^y 

if bio \^^ ::^fhj^\'^ 

where X (-1) i s a function of time and Cp -• 

18(b; 

'/2 

)] 
is the speed of wave propagation along the surface of the 

plates. 
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For movable edge cond i t i on oC = 0 and for immovable 

edge cond i t i on UL̂ = L?o = 0 a t t h e boundary. 

In p o l a r c o - o r d i n a t e s t h e above s e t of equat ions a r e 

t ransformed i n t o t h e follov/ing form : * 

•2. 

3r^ '^ f 'df 

+ 
5 0-0^) HI) X^^j^^-i 

\Q-

5 V <> ^<^ r'Ct) 

J-

2>p- r 3r 

2 (1 )̂̂  P -d 1 

5 Gc 3t^ 
S^k) + ^ ?«tv 

^r^ r 3r 

^^r\^)T'^-\ ^^ A. A ^ 
^r2 '^ r ' br 

6 A 
I br^^ i^dr A ^ av4 ' 3 ^ / 

+ 12 
= o 

. . . . 19(a 

where 

19(b 

* Publ ished in the Jouma] of Sound and Vibra t ion 

^^•K.) 1 133(1) , FP. 185 - 188 ; 1989 
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For movable edge cond i t ion c^- 0 and for immovable edge 

cond i t i on U.o= 0 a t t h e boundary. Equa t i ons l8 ( a ) - 19(b) 

w i l l be u t i l i s e d to s tudy t h e non l inea r behaviours of 

d i f f e r e n t e l a s t i c p l a t e s . 

BERGER'S EQUATIONS : 

To d e r i v e B e r g e r ' s equa t i ons , as ou t l i ned by Wu and 

Vinson Z~38_J7, l e t us now r e c a l l our a t t e n t i o n t o t h e s t r a i n 

energy express ion given by equat ion ( 1 3 ) . If ] ] g i s 

neg lec ted in the express ion (13) we s h a l l a r r i v e a t t h e 

follov^ing se t of decoupled equa t ions by using t h e same 

procedure as adopted in t h e prev ious c a s e . 

i'^u' 
' + ^ r r ^ ^ ( ^ ) -f ̂ )̂ J v̂ w -^^Tti)Cv^w) 

^ • . ^ • w C v M . \0. ^^tO 

U-C^ -bi.' 
CD 

2 0 ( a ) 

where 

(̂ î(W=#^^^^> 
. . 20(b) 

Equations 20(a) and 20(b) a re well-knovm Berge r ' s e q u a t i o n s 

on the th ick p l a t e theory and wi l l nov/ be u t i l i s e d t o 

i n v e s t i g a t e the non-linear behaviours of d i f f e r e n t e l a s t i c 

p l a t e s . 


